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Definitions and notations

Joint work with Vesselin Drensky

The ground field is C.

Topic of classical invariant theory: Let G be a group and let V be a
finite dimensional representation of G. By C[V] we denote the algebra of
polynomial functions on V. The goal of classical invariant theory is to
describe the subalgebra of G-invariant polynomial functions

C[VI® ={feC[V]:g-f=fforall g c G}
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Definitions and notations

Joint work with Vesselin Drensky

The ground field is C.

Topic of classical invariant theory: Let G be a group and let V be a
finite dimensional representation of G. By C[V] we denote the algebra of
polynomial functions on V. The goal of classical invariant theory is to
describe the subalgebra of G-invariant polynomial functions

C[VI® ={feC[V]:g-f=fforall g c G}

Questions:
1. Is C[V]© a finitely generated algebra over C?
2. Is C[V]® a polynomial algebra?
3. Can we describe C[V]C in terms of generators and relations?
4. Can we give some upper bounds on the number of generators in a

minimal generating set?
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Definitions and notations

Definition

Let A= @ A’ be a finitely generated graded algebra over C such that
i>0
A% = C or A° = 0. The Hilbert series of A is the formal power series

H(A t) =) (dim A))t'.

i>0

v

The Hilbert series H(A, t) gives information about the lowest degree of the
generators in a minimal generating set of A and the maximal number of
generators in each degree.
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Definitions and notations

o Let A\= (A1 >--- > \,) € (Np)” be a non-negative integer partition.
By V) we denote the irreducible GL(n)-module with highest weight A.
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Definitions and notations

o Let A\= (A1 >--- > \,) € (Np)” be a non-negative integer partition.
By V) we denote the irreducible GL(n)-module with highest weight A.

@ A finite dimensional GL(n)-module W is called polynomial if

W = B k(A) Vi
A

Elitza Hristova Hilbert series and invariant theory TCRT 2021



Definitions and notations

o Let A\= (A1 >--- > \,) € (Np)” be a non-negative integer partition.
By V) we denote the irreducible GL(n)-module with highest weight A.

@ A finite dimensional GL(n)-module W is called polynomial if
W = B k(A) Vi
A

We consider the following class of algebras:

o Let A= @Ai be a finitely generated graded algebra such that each
i>0
homogeneous component A’ is a polynomial GL(n)-module.
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Definitions and notations

o Let A\= (A1 >--- > \,) € (Np)” be a non-negative integer partition.
By V) we denote the irreducible GL(n)-module with highest weight A.

@ A finite dimensional GL(n)-module W is called polynomial if
W = B k(A) Vi
A

We consider the following class of algebras:
o Let A= @Ai be a finitely generated graded algebra such that each
i>0
homogeneous component A’ is a polynomial GL(n)-module.

Determine H(A®, t), where G is O(n), SO(n), or Sp(2d) (for n = 2d).
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Definitions and notations

First examples:
Let W be a polynomial GL(n)-module.
o S(W)= @SIW, the symmetric algebra of W. S(W) = C[W"*].
i>0
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Definitions and notations

First examples:
Let W be a polynomial GL(n)-module.
o S(W)= @SIW, the symmetric algebra of W. S(W) = C[W"*].
i>0
o A(W) = @AIW, the exterior algebra of W.
i>0
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Definitions and notations

First examples:
Let W be a polynomial GL(n)-module.

o S(W)= @SIW, the symmetric algebra of W. S(W) = C[W"*].
i>0

o A(W) = @AIW, the exterior algebra of W.
i>0
More generally:

e T(W)/I, where

TW) =Pws=CceweWeW)e(WeWaW)ae.

i>0

is the tensor algebra of W and [ is a GL(n)-invariant ideal in T(W).
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Definitions and notations

First examples:
Let W be a polynomial GL(n)-module.

o S(W)= @SIW, the symmetric algebra of W. S(W) = C[W"*].
i>0

o A(W) = @AIW, the exterior algebra of W.
i>0
More generally:

e T(W)/I, where

TW)=Pw=CcowaWaW)a(WeWeW)e---
>0
is the tensor algebra of W and [ is a GL(n)-invariant ideal in T(W).

o Relatively free algebras of varieties of associative algebras.
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Multigraded algebras and Hilbert series

Definition

Let M = D, cnn M(12) be a finitely generated algebra (or a vector space)
with an Ng—gra(?ing. The Hilbert series of M with respect to this grading is

the formal power series H(M, x1, ..., xp) € Z[[x1, - .., xn]] given by

HM,x1,...,xp) = Z dim M(p)x{™ ... xhn,
U:(l‘l,yﬂn)eNH
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Multigraded algebras and Hilbert series

Definition

Let M = D, cnn M(12) be a finitely generated algebra (or a vector space)
with an Ng—gra(?ing. The Hilbert series of M with respect to this grading is

the formal power series H(M, x1, ..., xp) € Z[[x1, - .., xn]] given by

HM,x1,...,xp) = Z dim M(p)x{™ ... xhn,
U:(l‘l,yﬂn)ENH

@ The module V) has an Ng-grading
V)\ = @ V)\(,U),
HENG

where V(1) denotes the weight space corresponding to the weight .
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Multigraded algebras and Hilbert series

Definition

Let M = D, cnn M(12) be a finitely generated algebra (or a vector space)
with an Ng—gra(?ing. The Hilbert series of M with respect to this grading is

the formal power series H(M, x1, ..., xp) € Z[[x1, - .., xn]] given by

HM,x1,...,xp) = Z dim M(p)x{™ ... xhn,
U:(l‘l,yﬂn)ENH

@ The module V) has an Ng-grading
V)\ = @ V)\(:u)v

HENG

where V(1) denotes the weight space corresponding to the weight .
@ The Hilbert series of V) with respect to this grading has the form

H(Vx, x1, ..., xn) = xvy (X1, - - Xn) = Sa(X1, ..., Xn),
where Sy(x1, .

Elitza Hristova

.., Xp) is the Schur polynomial corresponding to .
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Multigraded algebras and Hilbert series

@ Any polynomial GL(n)-module W = @, k(\) V) has an Nj-grading.
For the Hilbert series of W we get

H(W,xi,...,xp) = Zk )Sa(x1, - xn) = xw(xt, .. s Xn)-
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Multigraded algebras and Hilbert series

@ Any polynomial GL(n)-module W = @, k(\) V) has an Nj-grading.
For the Hilbert series of W we get

H(W,xi,...,xp) = Zk )Sa(x1, - xn) = xw(xt, .. s Xn)-

@ The algebra A = @Ai = @@ m;(A) V) has two gradings — an
i>0 i>0 A
No-grading and an Nj-grading. Following a work of Benanti,
Boumova, Drensky, Genov, and Koev for S(W), we introduce a
Hilbert series of A which takes into account both gradings:

H(A x1, ..., Xp, t) = ZH(AI,Xl, LX)t =

i>0

ZXAi(Xl,..., Z (Zm, 5>\ X1,...,X,,)> ti

i>0 i>0

Elitza Hristova Hilbert series and invariant theory TCRT 2021 7/31



Hilbert series and multiplicity series

H(A, x1,...,Xn, t) —Z<Zm, )Sa( X]_,...,Xn)) tl

i>0
€ Zxa, - - xall > [[¢1],

where S,, denotes the symmetric group in n variables. Following BBDGK,
we introduce the multiplicity series of A by

M(A,; x1,...,Xn, t) —Z<Zm, . ,),‘") th,

i>0

By a change of variables vi = x1, vo = x1x2, ..., Vs = X1 - - - X, One can
rewrite the above series as

An1—An ;
M (A vi, ... vy, t Z (E mi(A)vt My v,/,\"> t'.
i>0

M and M’ carry the information about the GL(n)-structure of A.
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The algebra A® for G = SL(n), O(n), SO(n), or Sp(2d)

Theorem (BBDGK, 2012)

For the Hilbert series of ASY(") we obtain

H(ASM™, £) = M'(A,0,...,0,1,1).

Let n = 2d. For the Hilbert series of ASP(29) we obtain

H(ASPQ‘/)7 t) = M/(A, 0,1,0,1,...,0,1,¢t).
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The algebra A® for G = SL(n), O(n), SO(n), or Sp(2d)

For the Hilbert series of A(") we obtain
H(AS(™ ) = M,(t),
where
Mi(x2, ...y Xn, t) =
% (M(A, =1, x2, ..., xn, t) + M(A,1,x2,...,Xn, t)),
Ma(x3, ..., Xn, t) = %(Ml(—].,X3, coy Xny £) + Mi(1,x3, ... Xn, t)),

Mo(t) = %(M,,_l(—l, £) + My_1(1, ).

o
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The algebra A® for G = SL(n), O(n), SO(n), or Sp(2d)

For the Hilbert series of ASO(") we obtain

H(ASO) £) = M (t),
where

Mi(va, ..., va, t) =

1
E(M,(A’ —1Lvo, ooV t) + M(A L va, ... v, t)),

1
My(va, ..., vy, t) = E(Mi(_l’ V3, .oy Vi, t) + Mi(1,v3, ..., vy, t)),
/ 1 / /
n—l(Vna t) = E( n—2(_1a Vn, t) + Mn—2(17 Vn, t))v
M (t) = M, _1(1, t).
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Applications and examples

Recall that if A =D @D mi(A)Va then
i>0 A

M(A, x1,...,Xn, t) —Z<Zm, f,‘”) ¢

i>0

M/(A,Vl-,--wvfl?t)_z(Zmi(A) 1)\1 )\2,..Vr/7\n11 An 3\,1) ti.

i>0 A

I.) If we know the coefficients m;(\) then we can determine M and M'.
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Applications and examples

Recall that if A =D @D mi(A)Va then
i>0 A

M(A, x1,...,Xn, t) = Z (Z m,-()\)xf‘1 - -Xf,‘”) tl,
A

i>0

M (A v, ... vy, t) = Z (Z m,-()\)vl)‘lf)‘2 e vr;\j_ll_k" v,?‘") th.

i>0 A

I.) If we know the coefficients m;(\) then we can determine M and M'.
Examples:
Let V = C" denote the natural GL(n)-module. Then for A we can take:

e S(S2V), S(AN?V), S(V @ N2V);
o A(S2V) and A(A2V).
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Applications: Hilbert series for some relatively free algebras

o Let V = C" be the natural representation of GL(n) and let
A=TV)/([u,v],w]: forall u,v,w e T(V)).

A is called the relatively free algebra of rank n in the variety
generated by the Grassmann algebra.
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Applications: Hilbert series for some relatively free algebras

o Let V = C" be the natural representation of GL(n) and let
A=TV)/([u,v],w]: forall u,v,w e T(V)).

A is called the relatively free algebra of rank n in the variety
generated by the Grassmann algebra.
e Decomposition of A as a GL(n)-module: Let

P = {all partitions A € Ny : A = (k,1,...,1,0,...,0),k,s, t > 0}.
\_v_/\_\t,_/
S

Hence, P contains all partitions A with Young diagram consisting of
one long row and one long column. Then

A%@@ V.

i>0 AeP
=i
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Applications: Hilbert series for some relatively free algebras

o Let V = C" be the natural representation of GL(n) and let
A=TV)/([u,v],w]: forall u,v,w e T(V)).

A is called the relatively free algebra of rank n in the variety
generated by the Grassmann algebra.
e Decomposition of A as a GL(n)-module: Let

P = {all partitions A € Ny : A = (k,1,...,1,0,...,0),k,s, t > 0}.
\_v_/\_\t,_/
S

Hence, P contains all partitions A with Young diagram consisting of
one long row and one long column. Then

A%@@ V.

i>0 AeP
=i

@ Hence, M(A,x1,...,Xp, t) = Z(Z xlAl coxt)

i>0 MeP
=i
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Applications: Hilbert series for some relatively free algebras

o For the Hilbert series H(ASM") t) and H(ASP(29) t) we obtain:
H(ASMU™ £ =1+ t";

HASPCD ) =142 4 t* + ...+ 29 where n = 2d.
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Applications: Hilbert series for some relatively free algebras

o For the Hilbert series H(ASM") t) and H(ASP(29) t) we obtain:
H(ASMU™ £ =1+ t";
HASPCD ) =142 4 t* + ...+ 29 where n = 2d.
o Let {x1,...,xn} be the standard basis for V = C".

The algebra ASH(" is generated by the standard polynomial of degree
n

f=Sty(x1,...,xn) = Z sign(o)Xs(1) @+ @ Xy (n)-
0€ES,
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Applications: Hilbert series for some relatively free algebras

o For the Hilbert series H(ASM") t) and H(ASP(29) t) we obtain:
H(ASMU™ £ =1+ t";
HASPCD ) =142 4 t* + ...+ 29 where n = 2d.
o Let {x1,...,xn} be the standard basis for V = C".

The algebra ASH(" is generated by the standard polynomial of degree
n

f=Sty(x1,...,xn) = Z sign(o)Xs(1) @+ @ Xy (n)-
0€ES,

o The algebra ASP(29) is generated by
f = [x1, Xg+1] + [x2, Xd+2] + -+ + [xd, X2d]-
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Applications: Hilbert series for some relatively free algebras

o For the Hilbert series H(A®(" t) and H(ASO(") t) we obtain:

H(AO(n)7 t) _ 1

H(ASO(M) [ t) = 1t

Elitza Hristova
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Applications: Hilbert series for some relatively free algebras

o For the Hilbert series H(A®(" t) and H(ASO(") t) we obtain:

H(Ao(n)v t) - 1 ! t2;

1+ ¢"
H(ASOW) 1) = 1 + s

@ The algebra AO(n) s generated by f = x3 ® x1 + -+ + X ® Xp.
o The algebra ASO(" is generated by the elements f; and f>, where

A=x1®x1+ 4+ Xp® Xp,

fo = Stp(x1,. ..y Xn)-

Elitza Hristova
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Hilbert series for some relatively free algebras

Let V = C" and let | be an ideal in T(V). I is called a T-ideal of T(V)
if I is closed under all endomorphisms of T(V) as an algebra over C.

Theorem (Domokos-Drensky, 1998)

Let G C GL(n) be a reductive group and let | be a T-ideal of T(V). If
the algebra T(V')/I satisfies the polynomial identity [xi, ..., x,] = 0 for
some n, then the algebra of invariants (T(V)/1)¢ is finitely generated.
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Applications: Hilbert series for some relatively free algebras

o Let V = C" with basis {xi1,...,xp} and let
A=T(V)/(|u1, u2) ® [u3,us] : forall ug,...,us € T(V)).

A is called the relatively free algebra of rank n in the variety
generated by the algebra of 2 x 2 upper triangular matrices.

Elitza Hristova Hilbert series and invariant theory TCRT 2021 17 /31



Applications: Hilbert series for some relatively free algebras

o Let V = C" with basis {xi1,...,xp} and let
A=T(V)/(|u1, u2) ® [u3,us] : forall ug,...,us € T(V)).

A is called the relatively free algebra of rank n in the variety
generated by the algebra of 2 x 2 upper triangular matrices.
o The Hilbert series of ASP(29) js

H(/4Sp(2d)7 t) — ﬁ
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Applications: Hilbert series for some relatively free algebras

o Let V = C" with basis {xi1,...,xp} and let
A=T(V)/(|u1, u2) ® [u3,us] : forall ug,...,us € T(V)).

A is called the relatively free algebra of rank n in the variety
generated by the algebra of 2 x 2 upper triangular matrices.

@ The Hilbert series of ASP(29) g
H(ASPRY) ) = L

1—1¢2°

o ASP(29) is not finitely generated. A set of generators can be defined
inductively by

fi =[x, xaqa] + Do, Xa2] + - + Xy xea] = DX Xal,

d

m+1 le®f ®Xd+I_Xd+I®f & X, m:1727"'
i=1

Elitza Hristova Hilbert series and invariant theory TCRT 2021 17 /31



Applications: Hilbert series for some relatively free algebras

@ The Hilbert series of A9(") s

1—2t> 42t
H(ACM ) = = ——
( ) ) (1 _ t2)3
@ For the Hilbert series of ASO(") we obtain
(i) If n=2, then
1—t? 42t
SO(2) 1y
H(A ’ t) (1 _ t2)3
(ii) If n=3, then

C1-22 483+ 21*
T -y

H(ASO®), ¢)

(iii) If n> 3, then
H(ASOM t) = H(AC( ¢).

@ The algebras A" and ASC(") are not finitely generated.
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Applications: Computing H(A(W)€,t) and H(S(W)C, t)

[I.) If the coefficients m;(\) are not known, we can try to determine first
H(A,x1,...,xn, t) and then M and M’.
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Applications: Computing H(A(W)€,t) and H(S(W)C, t)

[I.) If the coefficients m;(\) are not known, we can try to determine first
H(A,x1,...,xn, t) and then M and M’.

Let W be a p-dimensional polynomial GL(n)-module. Let

a1 = (a11,...,01n), ..., ap = (Qp1,...,pn) denote the weights of W
(with possible repetitions). Then,

HIMW), x1, - xmt) = > Xpiw) (3, -, )t =
i>0
p
H(l +x; ).

j=1

H(S(W),x1, X ) = Y Xsiqwy (X1, -y xa)t =
i>0

P 1

a1 Q
1—x7 o xp"t

Jj=1
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Applications: Computing H(A(W)®, t) and H(S(W)C, t)

A generalization of a lemma of Berele.

Lemma (Berele, 2006)

Let X = {x1,...,xn} and let H(A, X, t) denote the Hilbert series of A. Let

gX,t) = HAX O [ —x) =D ailriv - ri)xgt - xam)t,

i<j i>0 r;>0
for some «j(riy, ..., ri)) € C. Then the multiplicity series of A is given by

M(A; x1, ..., Xn, t) =

1l } : } : I r 1
. . - 1 DY f !
xn=lyn=2_ .2 ( a’(rll""’r’n)xl X”n)t )
1 2 n—2%n—1 i>0 r,-j>r,-j+1
where the sum is over all ri = (ri,, ..., r;) such that ry, > rj, >--->r;.
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Applications: Computing H(A(W)®, t)

Table: Hilbert series for n = 2

k H(A(Sk \/)Sp(Q):SL(2)7 t)

3 14+2+t4

4 [14+¢°

5 | 1+t2+t441¢°

6 | 1+3+tr+1¢7

7 [ 1+2+t2 40448

8 |1+t +t2°+1¢°

9 | 14 t2+2t% 420 + ¢8 4 10

10 1+83 4+ +t"+8 4112

11 [ 1+ 2 +2t% 4+ 310 + 268 10 12

12 [ 14+ 2t% +26° + 268 4+ 29 4 13

13 [ 14+ 62+ 2t% + 410 + 448 42110 4 12 4 14
14 [ 1+ 3 +2t* +4t7 + 48 + 2611 4 12 4 ¢15
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Applications: Computing H(A(W)®, t)

Table: Hilbert series for n = 2

k | HA(S*V)O®@ 1) H(A(S*V)30@) 1)
3 |1+t 14282+t
4 | 1+t+t*+1¢° L+t+22 213 44 15
5 | 1+3¢t 1+ 3t2 +3t* 4 t°
6 | 1+t+t3+ 4144385 14+t 432 +53 +5t4 4315+ 10 + ¢7
7 | 1+7t4+¢8 14412 +8t% + 415+ 18
8 | 1+t+2t3+9t* +9t°+ 1+t + 412 + 863 + 12t* + 1265+
2t0 4+ 8 4 ¢° 8t0 + 4t7 + 8 + ¢°
9 | 1+ 14t* 4 4t5 4 5¢8 1+ 5t2 4 18t* 4 18t 4 5¢8 4- 10
10 | 14+t 4+ 423 417t 42185+ | 14t +5t2 + 1313 + 24t + 325+
115 4+ 7¢7 +9¢8 4+ 5¢° 32t% + 2417 4+ 13¢8 + 5% 4 +10 4 11
11 | 1+ 24t% +19t% + 2448 4 12 | 14 6¢% + 33t* + 58t° + 3318 + 6110 + t12
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Applications: Computing H(A(W)®, t)

Table: Hilbert series for n = 3

k | HIA(S*V)OG) 1)

H(A(S*V)300) )

w

1+ 2t* 4 2¢6 4 ¢10

1433 4+ 2¢* + 20 + 3¢7 4+ ¢10

4 | 14+ t+3t4 4 12t° + 1515+ 8t7+
818 + 15¢% 4 12¢10 4 3114
t14 + t15

1+ t+3t* +12¢% 4+ 155 + 8t'+
818 + 15¢% 4 12¢10 4 3¢11 4 #14 4 ¢15

5 | 14 10t* + 60t° 4 158¢8 4 294¢104+

210t'2 + 125¢14 4 15¢16 4 7¢18

14783 +10t* + 15¢° + 6015+
125¢7 + 15818 4 210t° + 2941104
20411 4+ 210¢12 + 158¢13 + 125414+
60t'° + 15¢1° + 10¢17 4 7¢18 4 ¢!

Similarly, we computed H(A(S3V)°(") t), H(A(S3V)3O(" t), and
H(A(S3V)3P(K) ) for n =4 and n = 5.
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Applications: Computing H(S(W)C, t)

We use an algorithm of Benanti, Boumova, Drensky, Genov, and Koev for
computing M and M’. This algorithm is based on Berele's lemma.

Table: Hilbert series for n = 2

W | HS(W)°®), 1) H(S(W)59®) 1)
—_ 2 1 1
v ; C 112 I 1-—t2 I
S°V (1-t)(1-¢t?) (1—t)(1—4t2)
3 1 14t
S°V (1—-t2)2(1-t% (1—-t2)2(1-t%
S4y 1 1+¢3
(1-t)(1—-t2)2(1-13) (1-t)(1-t2)2(1-13)
S5y 1+ 6243t +4t54 565441704 3¢ 194 £1° 1+t246t7+9t°4+1265+9t 046172 +15 10
(A-t?)(1-t8)(1-tH)(1-t?)? (A-t®)(1-t0)(1-t*)(1-¢2)?
X% 12342t 4 242604t £ 4 ¢ 10 1+ t2435+4t7 440 +4t5 437+ t5 410
(1-t)(1-t2)>1-t3)(1-tH)(1-1t>) (1-t)(1—-t2)2(1-t3)(1-tH)(1-1t°)
NV L hE
1—¢2 1-t
V, _ 1 1
(3.1) (1—12)? (D)
V, 1+t* 1+83
(51) (1—2)3(1-13) A—)(=-2)2(1-25)
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Applications: Computing H(S(W)C, t)

Table: Hilbert series for n = 2

W H(S(W)°® t) H(S(W)SO®) t)
VoSV | aaaerae O
VOV | ey =iy
VONV | ey A
SVONV | ey R
NVeNy | =
VovaeVv | G5F LA
Voves?y | T Eia)iie) T
VsV | e e
Vo Sty A+t (At 5+t 2 4t°) 12 4at4 4 5417
O-CPOFPIe) | TP oi-e)a—m)
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Applications: Computing H(S(W)C, t)

Let n =3 and W = S3V. Then we obtain that

H(S(W)°®), 1) =
(14 tY)(1+ ) (1 + 2 + t* + 3t0 + 5¢8 + 3¢10 4+ 12 4 ¢14 4 +19)
(T—2)(1—t%)3(1 - t°)2(1 — £19) '

and

H(S(W)%°0®) t) =
t14 13 2l 9 4 58 45T 4510 2 — 213 4t 41
(1—3)2(1 = t5)(1 — t2)2(1 — t*)2(1 + t)
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Applications: Computing H(S(W)C, t)

Let n=3 and W = S*V. Then,

HS(W)°®, 1) = H(S(W)*0®), 1) =
At
(1= )1 - P e - OF( - )

where

A(t) =t28 + 77 1+ 3¢2* 4 9123 + 17622 4 22t + 28120 4 411 + 63t18+
+85¢17 +107¢10 4 118¢1° + 121+ + 118¢13+
+107t'? + 85t + 63110 + 41¢° + 28¢% + 227 + 175+

+9t° +3t" +t+ 1.
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Applications: Computing H(S(W)C, t)

Let n=3and W = V(31). Then,

H(S(W)°D), 1) = H(S(W)*°®), 1) =
A(t)
(1— 521 — P31 - B)F(1— 2P+ 1)’

where
A(t) =t + 2 +9t%2 + 22¢21 1+ 50¢%0 + 79¢1° + 120¢'8 4 160t +
+ 22116 4 269¢15 4 325114 + 339¢13 + 325412 + 269+ +
+ 22110 4+ 160¢° + 120¢8 + 79¢7 + 50t% 4+ 22>+

+ot* +t+1.
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Applications: Coregular O(2)- and O(3)-representations

@ Let G be a reductive complex linear algebraic group. A finite
dimensional representation W of G is called coregular if the algebra of
invariants C[W]C is regular, i.e. isomophic to a polynomial algebra.

@ The irreducible coregular representations of connected simple complex
algebraic groups were classified by Kac, Popov and Vinberg in 1976.

@ The reducible coregular representations of connected simple complex
algebraic groups were classified by Schwarz in 1978.

Question: What can we say about C[W]°(")?

We use that if

H(C[W]O™ t) = H'(Ii(i)th")’ where p(t) = Z th.

and if p(t) # 1 then C[W]°(" is not polynomial, hence W is not
coregular.
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Coregular O(2)- and O(3)-representations

Let W be a polynomial GL(2)-module. If the algebra S(W)°®?) js
polynomial, then up to an O(2)-isomorphism W is one of the following:

(1) V, S2V, $3V, SV, AV, V(sy);
2 VeV, Ve sV, S2Va S2V, Va A2V, S2V e A2V,

Theorem

Let W be a polynomial GL(3)-module. If the algebra S(W)°®) js
polynomial, then up to an O(3)-isomorphism W is one of the following:

(1) Vv, S2V, A2V, N3V;

(2) VeV, VaeS?V, VaNNV, VeV, S2Vae ANV, N2V eV,
ANV e ANV,

B) VeVvVoV,VaVaohNV, NPVeNVaAV.
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Thank you for your attention! |
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