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V= variety of non-necessarily associative algebras over a field
F of characteristic zero.

Id(V) = {f ∈ F{X} | f ≡ 0 inV} = the T-ideal of the free
algebra F{X} of polynomial identities of V.

Pn = the space of multilinear polynomials in x1, . . . , xn.

cn(V) = dimF
Pn

Pn∩Id(V) is the n-th codimension ofV.
If V = var(A) then cn(V) = cn(A)

Regev (1972) There exist costants C , d ≥ 1 such that
cn(V) ≤ Cdn, for all n.
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Varieties of non Associative Algebras

Bahturin-Drensky (2002) V = var(A), dimA = d < ∞, then
cn(A) ≤ dn+1.

In general for varieties of nonassociative algebras cn(V) has
overexponential growth.

Volicenko(1984) variety of Lie algebras [[x1, x2, x3], [x4, x5, x6]] ≡ 0
overexponential growth

Petrogradsky (1997) constructed a scale of overexponential
functions behaving like the codimension sequences of suitable Lie
algebras.

Drensky (1987), Giambruno-Zelmanov(2011) varieties of Jordan
algebras with overexponential growth
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Giambruno-Zaicev (1999).

exp(V) = exp(A) = ĺım
n→∞

n
√

cn(V)

exists and is an integer called the PI-exponent of V.

Zaicev (2001) For any finite dimensional Lie algebra L, exp(L)
exists and is an integer.

Mishchenko-Zaicev(1999) Constructed a Lie algebra with non
integral exponential growth of the codimensions

Mishchenko(2011) variety of Lie algebras generated by a simple
infinite dimensional Lie algebra of Cartan type

Giambruno-Shestakov-Zaicev (2014) for varieties of finite
dimensional simple algebras exp(V) exists and is integer
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Let V = 2N be the variety of left nilpotent algebras of index two
that is the variety determined by the identity x(yz) ≡ 0.

Drensky(1992) V = variety of associative or Lie or Jordan algebras
whose sequence of codimensions is polynomially bounded

cn(V) = Cnk + O(nk−1).

Mishchenko-Zaicev(2008) For all α ∈ R, 3 < α < 4, there exist
Vα ⊆ 2N , such that for sufficiently large n

C1n
α < cn(Vα) < C2n

α,

where C1,C2 are positive constants.

In other words ĺımn→∞ logncn(Vα) = α
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Problem

Classify all possible growth of varieties V such that cn(V) ≤ Cnα,
with 0 < α < 3, for some constant C .

Theorem(M-V)

Let V be a variety of non necessarily associative algebras. If
cn(V) ≤ Cnα for some constants C > 0 and 0 < α < 1, then, for n
large, cn(V) ≤ 1.

Theorem(M-V)

Let V be a variety of commutative or anticommutative (non
necessarily associative) algebras. If cn(V) ≤ Cnα for some constant
C > 0 and 1 ≤ α < 2, then either, for n large, cn(V) ≤ 1 or
ĺımn→∞ logn cn(V) = 1.
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We found a correspondence between varieties of left nilpotent
algebras of index two and varieties of commutative (or
anticommutative) metabelian algebras.

We proved that the above results hold also for varieties of
commutative (or anticommutative) metabelian algebras.

We constructed a metabelian commutative (or anticommutative)
algebra and a left nilpotent algebras of index two that share the
same behavior of the sequence of codimensions.
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A = a left nilpotent algebra of index two.

A0 = {a ∈ A| ba = 0, ∀b ∈ A} = the right annihilator of A

{a1, a2, . . .} = a basis of A0.

We complete this basis to a basis B = {a1, a2, . . . b1, b2, . . .} of
the whole algebra A. Since ai ∈ A0 it follows that

aiaj = biaj = 0.

Let assume that in A holds ”the special condition”bibj = 0 ∀i , j .
From the identity x(yz) ≡ 0, it follows that

aibj =
∑
k

αk
ijak = cij .
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Let A+, (A−) be the algebra with basis B = {a1, a2, . . . b1, b2, . . .}
and with the following multiplication table: for all i , j

aiaj = bibj = 0, aibj = ±bjai =
∑
k

αk
ijak = cij , .

The algebra A± satisfies the identities (xy)(zt) ≡ 0, xy ≡ ±yx ,
and so is a metabelian commutative (anticommutative) algebra.

Theorem

1

2
cn(A) ≤ cn(A

±) ≤ cn(A).
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A± = a metabelian commutative (or anticommutative) algebra

Let A±
0 = (A±)2= span of products of elements of A±

{a1, a2, . . .} a basis of A±
0 .

We complete this basis to a basis B = {a1, a2, . . . b1, b2, . . .} of
A±.

Since A± is metabelian it follows that aiaj = 0 for any i , j and

aibj = ±bjai =
∑
k

αk
i ,jak = ci ,j , bibj = ±bjbi =

∑
k

βk
i ,jak = di ,j .
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As a consequence we obtain the following

Theorem
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Example of varieties of metabelian algebras with fractional
polynomial growth α, 3 < α < 4.

Let w = w1w2 · · ·wm be an associative word over the alphabet
{0, 1}.

Let A(w) the algebra with basis {a, b, z1, z2, . . . , zm+1} satisfying
the following relations:

1 zia = ±azi = (1− wi )zi+1, i = 1, 2, . . . ,m;

2 zib = ±bzi = wizi+1, i = 1, 2, . . . ,m;

3 a2 = b2 = ab = ba = zizj = 0, ∀i , j .



Example of varieties of metabelian algebras with fractional
polynomial growth α, 3 < α < 4.

Let w = w1w2 · · ·wm be an associative word over the alphabet
{0, 1}.

Let A(w) the algebra with basis {a, b, z1, z2, . . . , zm+1} satisfying
the following relations:

1 zia = ±azi = (1− wi )zi+1, i = 1, 2, . . . ,m;

2 zib = ±bzi = wizi+1, i = 1, 2, . . . ,m;

3 a2 = b2 = ab = ba = zizj = 0, ∀i , j .



Example of varieties of metabelian algebras with fractional
polynomial growth α, 3 < α < 4.

Let w = w1w2 · · ·wm be an associative word over the alphabet
{0, 1}.

Let A(w) the algebra with basis {a, b, z1, z2, . . . , zm+1} satisfying
the following relations:

1 zia = ±azi = (1− wi )zi+1, i = 1, 2, . . . ,m;

2 zib = ±bzi = wizi+1, i = 1, 2, . . . ,m;

3 a2 = b2 = ab = ba = zizj = 0, ∀i , j .



For any m, s positive integers, with 1 ≤ s ≤
√
m + 1, let

w(m, s) be the word of length m such that its s-th and m-th
letters are units and all other letters are zeros.

Let Vm = var(Am) be the variety generated by the algebra
A(m) = A(w(m, 1))⊕ A(w(m, 2))⊕ · · · ⊕ A(w(m, [

√
m + 1])).

Let
V =

⋃
m>1

Vm.

This variety is a variety of commutative or anticommutative
metabelian algebras it is possible to show that for any n ≥ 25

1

2
([
√
n ]−2)

n(n − 1)(n − 5)

6
≤ cn(V) ≤ n3

√
n+n2(2n+3

√
n)+n2.
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Let V = 2N

Giambruno-Mishchenko-Zaicev (2006) For any real number α,
0 < α < 1, there exists a variety Vα ⊆ 2N , that

ĺım
n→∞

logn logn cn(Vα) = α,

i.e. sequence cn(Vα) behaves like nn
α
, n = 1, 2, . . . .

Giambruno-Mishchenko-Zaicev (2008) For any real number β > 1,
there exists a variety Vβ ⊆ 2N , such that exp(Vβ) = β.



Let V = 2N

Giambruno-Mishchenko-Zaicev (2006) For any real number α,
0 < α < 1, there exists a variety Vα ⊆ 2N , that
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Since in the construction of the previous varieties were considered
left nilpotent algebras of index two satisfying the required
condition from the relation between cn(A

±) and cn(A) it follows
that exp (A) =exp(A±)

Corollary

For any real number α, 0 < α < 1, there exists a variety Vα of
commutative (or anticommutative) metabelian algebras such that

ĺım
n→∞

logn logn cn(Vα) = α,

i.e. the sequence cn(Vα) behaves like nn
α
, n = 1, 2, . . . .

Corollary

For any real number β > 1, there exists a variety Vβ of
commutative (or anticommutative) metabelian algebras such that
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ĺım
n→∞

logn logn cn(Vα) = α,

i.e. the sequence cn(Vα) behaves like nn
α
, n = 1, 2, . . . .

Corollary

For any real number β > 1, there exists a variety Vβ of
commutative (or anticommutative) metabelian algebras such that
exp(Vβ) = β.



Since in the construction of the previous varieties were considered
left nilpotent algebras of index two satisfying the required
condition from the relation between cn(A

±) and cn(A) it follows
that exp (A) =exp(A±)

Corollary

For any real number α, 0 < α < 1, there exists a variety Vα of
commutative (or anticommutative) metabelian algebras such that
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