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Abstract. The paper discusses some features of intelligent computer algebra systems that make them more applicable in mathematics education than "classical" ones like Reduce, Maple, Mathematica etc.

The experimental intelligent computer algebra system STRAMS being under development at the Faculty of Mathematics and Informatics, Sofia University, is briefly described. STRAMS may be characterized as a knowledge-based computer algebra system with the following main features: it can solve various types of problems using a set of methods and techniques traditionally taught in the secondary school and in the introductory university courses; it is able to learn new mathematical problem solving methods; it can generate different kinds of explanations; it may easily be integrated with other software packages; its functional facilities can easily be extended.

These features of STRAMS are analyzed in order to give reasons for its potential applicability in building intelligent tutoring systems in various domains of mathematics.

1. INTRODUCTION

Computer Algebra Systems (CAS) have been widely used in many fields of science and engineering for more than 30 years. One of the important applications of CAS is mathematics education at all levels. They have been used in order to facilitate and encourage experiments, to illustrate new mathematical contents and to bring a more concrete form in teaching a lot of abstract mathematical subjects. By using CAS for computer-aided instruction one can improve the individual training (Aspetsberger, 1988). Such a system may serve as a tutor for students who perform badly and as a stimulus for good students. The use of CAS for educational purposes can help students to learn how to deal with mathematics and can increase the certainty in their own knowledge and skills. CAS may significantly decrease the dependence of the quality of students’ mathematical training on the level of teaching (Moses, 1981). The proper application of CAS can help one to automate most tedious tasks (like computing derivatives and integrals, solving equations, simplifying expressions etc.) and hence to concentrate on the essential parts of the problem solving process (such as finding the mathematical formulation of a specific problem, developing a strategy for solving a specific problem etc.).

This paper discusses the potential applicability of the so-called intelligent CAS in mathematics education.

2. SOME PROBLEMS WITH “CLASSICAL” COMPUTER ALGEBRA SYSTEMS

Irrespective of their good capabilities, “classical” CAS like Reduce, Macsyma, Derive, Maple, Mathematica etc. are sometimes difficult for educational use. Some of the most serious problems with them may be formulated as follows:

- they behave as black boxes (they do not give information about the used method(s) and the consecutive solution steps) and therefore the interpretation of the suggested solutions can call for significant efforts;

- they often use problem solving methods and algorithms that are not taught in the secondary school and in the introductory university courses;

- the extension of their functional facilities is usually a hard job that needs a great amount of programming labour;

- it is difficult to integrate most of them with other software packages (some of them are not open, others are too big etc.).

One of the reasons for these problems is that “classical” CAS have no mathematical knowledge represented in an explicit way. Their knowledge is embedded implicitly in the algorithms and is inaccessible to the user.

Therefore one of the possible solutions is the development of the so-called intelligent CAS and their application for educational purposes.

In general, intelligent computer algebra systems are CAS that can manipulate different types of mathematical knowledge and use a large set of Artificial Intelligence methods and techniques.

Lately a series of successful attempts have been made in order to build various kinds of intelligent CAS. As some of the most popular systems of this type we can mention AXIOM (Jenks, 1992), APS (Kapitonova, 1995), MANTRA (Calmet, 1996), ((((( (Homann, 1995) etc.

A set of projects aimed at the investigation of different aspects of building intelligent CAS has been under development at the Faculty of Mathematics and Informatics, Sofia University. An approach to building intelligent CAS has been developed (Nisheva-Pavlova, 1996). This approach is a modification and further development of the ideas of the so-called Precondition Analysis suggested by B. Silver and realized in his system LP (Silver, 1986). The first version of a knowledge-based tool for developing CAS called KAM (Nisheva-Pavlova, 1997) has been implemented. An experimental intelligent CAS called STRAMS has been under development using KAM. In this paper we discuss the most significant features of STRAMS from an educational point of view.
3. AN OVERVIEW OF THE INTELLIGENT COMPUTER ALGEBRA SYSTEM STRAMS

As was mentioned above, STRAMS is an experimental CAS being under development at the Faculty of Mathematics and Informatics, Sofia University. It is described in details in (Nisheva-Pavlova, 1996-1998). Here we present it in brief and analyze its potential applicability in mathematics education.

3.1. MAIN FEATURES AND FUNCTIONAL FACILITIES OF STRAMS

STRAMS is a general-purpose CAS with the following main features:

- it can manipulate several types of mathematical knowledge;

- it can solve various types of problems using a set of methods and techniques traditionally taught in the secondary school and in the introductory university courses;

- it is able to learn new mathematical problem solving methods;

- it can generate different kinds of explanations;

- it may easily be integrated with other software packages;

- its functional facilities may easily be extended.

The definition domain D of the expressions that can be manipulated in STRAMS includes all expressions containing numbers, symbols and the functions: +, -, *, /, power function, exponential, logarithmic and trigonometric functions. STRAMS is intended for solving the following main problem types:

- simplification (reduction to a canonical form) of expressions from D;

- symbolic equation solving (solving equations of the form expr1=expr2  where expr1  and expr2  are expressions from D);

- symbolic differentiation of expressions from D;

- symbolic integration (formal integration of functions belonging to a particular subset of D).

3.2. ARCHITECTURE OF STRAMS
The architecture of STRAMS is determined by its functional facilities and some additional design requirements discussed above like transparency and learning and explanation generation capability.

STRAMS includes the following functional components: a mathematical problem solving engine, an explanation module, an interface module, and a control block.

The architecture of STRAMS is shown in figure 1.




Fig. 1. Architecture of STRAMS

The mathematical problem solving engine consists of two modules: a knowledge engine and a learning module realizing respectively the problem solving and the learning capabilities of STRAMS. The structure and the functioning mechanisms of the mathematical problem solving engine are discussed in section 3.4.

The explanation module realizes the explanation generation capabilities of STRAMS described in section 3.5.

The interface module is the component of STRAMS the users are in touch with. It analyzes the user requests, converts them into the corresponding internal form and sends appropriate messages to the control block. The current version of the interface module provides only some relatively primitive communication means that will be improved in the further versions.

The control block realizes the general control of the system's work and the interaction between the other components.

3.3. KNOWLEDGE REPRESENTATION IN STRAMS
The formalism used for the representation of mathematical knowledge in STRAMS is a hybrid one. It includes three levels of representation.

The knowledge of STRAMS about the properties of the manipulated functions is described using a special type of rules called rewrite rules. The structure of each rewrite rule includes the description of a correct transformation of a class of mathematical expressions and the formulation of some general preconditions for its performance (if there are any).

The description of the methods for transformation of the expressions and equations STRAMS can manipulate is realized by the so-called generalized rules (methods). Each generalized rule describes a sequence of transformations of the given expression (equation) aimed at its conversion into a particular form. In this sense generalized rules usually contain sequences of properly grouped rewrite rules. More precisely, each generalized rule consists of two parts - a precondition and a body. The precondition is a predicate whose satisfaction is a necessary condition for the application of the generalized rule and for achieving its purpose. The evaluation of the precondition of a given generalized rule is the first step of its application. If the precondition is true then the body of the generalized rule is performed. Depending on the contents and the application mode of their bodies, generalized rules are classified as declarative, procedural and hybrid. The body of a declarative generalized rule contains a sequence of rewrite rules. Each of them may include some additional control information. The body of a procedural generalized rule contains the code of a procedure realizing the application of the rule and the body of a hybrid generalized rule contains a set of pairs (pattern, procedure) such that when the examined expression matches one of the patterns the corresponding procedure is executed.
Another classification criterion of the generalized rules is the role they play in the problem solving process of a given, relatively complex task (such tasks in STRAMS are equation solving and symbolic integration). In this sense they can be classified as key and non-key ones. The key generalized rules play a significant role in the control of the search in the state graph of the corresponding problem.

In the role of examples of key and non-key generalized rules we give here the descriptions of four generalized rules included in the knowledge base of the equation solving subsystem of STRAMS.

Example 1. Isolation

Let an equation eq: expr1 = expr2  be given and let f be the outermost function in expr1. The execution of the body of the generalized rule consists in the application of the inverse of f to expr1  and expr2. The precondition of the generalized rule is: the unknown occurs in only one of the arguments of f and expr2  doesn't contain the unknown. The goal is to remain in the left-hand side of eq only the argument containing the unknown.

This generalized rule is a key one and is implemented procedurally due to effectiveness considerations.

Example 2. Factorization

Factorization is a key generalized rule that may be applied to equations of the form  expr1 expr2  . . .  exprn = 0.

The solution of such an equation is the disjunction of the solutions of the equations expri = 0. In this way Factorization has the effect of splitting a complex equation into several simpler ones.

Example 3. Collection

The goal of this generalized rule is to reduce the number of occurrences of the unknown. Collection is a non-key generalized rule with no explicit precondition. STRAMS applies it only if none of the key generalized rules can be applied. So the precondition of Collection (and of all non-key generalized rules) is: there is no key generalized rule with satisfied preconditions.

This generalized rule is declarative, normal. One of its rewrite rules is:

AB + AC = A(B + C)   with precondition A must contain the unknown.

Example 4. Attraction

Attraction is a non-key generalized rule with no explicit precondition. The goal here is to move the occurrences of the unknown "closer" together in hope that another generalized rule (for example Collection) will then be applicable. One of the rewrite rules of Attraction is:

AC + BC = (A + B)C .

In this rule the expressions A and B are attracted, so they must contain the unknown.

The knowledge of STRAMS about the problem solving methods for the included types of tasks is described either directly by proper generalized rules or using specific constructions called schemata. A schema is a sequence of non-key generalized rules. It describes a definite step in the problem solving process of a relatively complex task (equation solving or symbolic integration). For a more precise definition of the concept of a schema one can use the following additional considerations:

- each schema is a sequence of at least two non-key generalized rules;

- each schema begins either with the first generalized rule used in the problem solving process or with a generalized rule applied after the application of a key generalized rule;

- after the application of a schema either the corresponding problem is found to be solved or a key generalized rule can be applied.

Thus schemata are a natural generalization of generalized rules. The precondition of a schema is the applicability of its first generalized rule. The goal is to solve the problem or to be able to apply a key generalized rule after the application of the schema.

More details about the knowledge representation formalism and appropriate examples of rewrite rules and generalized rules used in STRAMS can be found in (Nisheva-Pavlova, 1998).

3.4. MATHEMATICAL PROBLEM SOLVING AND LEARNING IN STRAMS

The problem solving and learning facilities of STRAMS are realized by its mathematical problem solving engine.

As it was mentioned in section 3.2, the mathematical problem solving engine of STRAMS consists of two modules: a knowledge engine and a learning module. The knowledge engine includes the so-called inference control block and the following processing subsystems:

- a simplification subsystem;

- an equation solving subsystem;

- a symbolic differentiation subsystem;

- a symbolic integration subsystem.

The structure of the knowledge engine is shown in figure 2.



Fig. 2. Structure of the knowledge engine

The processing subsystems realize the main functional facilities of STRAMS listed in section 3.1. Each of these subsystems is a relatively autonomous knowledge-based system with its own knowledge base and problem solving program. The knowledge base of each processing subsystem includes the set of generalized rules and rewrite rules that have been used in solving the corresponding type of problems. Additionally the knowledge bases of the equation solving subsystem and the symbolic integration subsystem contain the corresponding schemata accumulated by the learning module of STRAMS during the system's work.

The problem solver of each processing subsystem realizes the search in the state space of the current problem of the corresponding type. This problem can either be formulated by the user or be generated by some of the processing subsystems. In the role of operators in the state space search the problem solvers use the schemata and generalized rules available at the moment. Some additional search control knowledge has also been used by the problem solvers. It is formulated as a result of some experiments carried out with the particular processing subsystems.

The inference control block realizes the interaction between the knowledge engine and the learning module of STRAMS. The second main function of the inference control block is to manage the interaction between the particular processing subsystems (for example, all processing subsystems generate canonization problems that are solved by the simplification subsystem).

Whenever a given, relatively complex problem is successfully solved, an attempt for the extraction of new schemata is made. For that purpose the inference control block activates the learning module of STRAMS. The learning module analyzes the used sequence of generalized rules, constructs the new schemata candidates and merges them with the set of existing schemata. In this way STRAMS does a kind of unsupervised learning by accumulation in the corresponding knowledge base of new, successfully applied schemata that may be used in its further work. 

3.5. EXPLANATION GENERATION IN STRAMS

The current version of the explanation module of STRAMS supports the capability to explain the mode in which a given problem is solved. For this purpose the discussed module keeps in a special record the history of the current session. The history of a given session contains the sequence of problems solved at the time of this session and the main steps of their problem solving process. These steps correspond to the generalized rules used by the knowledge engine. The processing of a given explanation request is performed in two steps: extracting the corresponding information from the record and generating the text of the explanation. This text is in natural language (Bulgarian or English) and contains a description of the consequent steps of the problem solving process. If the explanation request concerns a problem that has not been solved at the time of the current session, STRAMS first of all solves the problem, then puts the solution into the history of the session and finally comes up to the construction of the explanation.

Currently some activities have been carried out in order to improve the existing explanation generation facilities of STRAMS. The goal is to achieve the ability to generate explanations based not only on the used generalized rules but also on the schemata used or constructed by the mathematical problem solving engine. In this way STRAMS will be able to construct the explanation of the solution path of the given problem in comparison with the one of a previously solved problem. The same mechanism could be used for the generation of proper advices to the student in the case of application of STRAMS for educational purposes.

Our further plans are directed to the development of a methodology for generating explanations with different degrees of detailization.

3.6. AN EXAMPLE WORKING SESSION

The following example working session demonstrates how STRAMS can be used in order to solve the equation
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and to generate an appropriate explanation to the user.

*** WELCOME TO STRAMS VERSION 1.0 ***

#1> solve(cos(x)+3*cos(2*x)+cos(3*x)=0, x). 

    x = (2*k+1)*pi/4

#2> explain(#1).

     STEP 1

     Current equation:

cos(x)+3*cos(2*x)+cos(3*x) = 0

     Used method: TrigAttraction

     Current result:

2*cos((x+3*x)/2)*cos((x-3*x)/2)+3*cos(2*x) = 0

     STEP 2

     Current equation:

2*cos(2*x)*cos(-x)+3*cos(2*x) = 0

     Used method: Collection

     Current result:

cos(2*x)*(2*cos(-x)+3) = 0

     STEP 3

     Current equation:

cos(2*x)*(2*cos(-x)+3) = 0

     Used method: Factorization

     Current result:

(cos(2*x) = 0) U (2*cos(-x)+3 = 0)

     STEP 4

     Current equation:

cos(2*x) = 0

     Used method: CosNx

     Current result:

x = (2*k+1)*pi/4                      (Solved)

     STEP 5

     Current equation:

2*cos(-x)+3 = 0

     Used method: Isolation

     Current result:

No_solution                           (Solved)

     FINAL RESULT: x = (2*k+1)*pi/4

#3> bye.

Fig. 3. An example session

In this example TrigAttraction is the name of a non-key generalized rule similar to Attraction but usable in the case of trigonometric equations. One of its rewrite rules is 
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 with precondition A, B must contain the unknown. In addition, CosNx is the key generalized rule applicable to the equations of the form 
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After finishing the problem solving process the learning module of STRAMS examines the used sequence of generalized rules and finds that the schema S = {TrigAttraction, Collection} has been successfully applied to the given equation. Next this new schema candidate is merged with the set of existing schemata in the knowledge base of the equation solving subsystem.

4. POSSIBLE APPLICATIONS OF STRAMS IN MATHEMATICS EDUCATION

The potential applicability of STRAMS at different levels of mathematics education is determined by most of its features formulated in section 3.

The knowledge representation formalism used in STRAMS satisfies the usual criteria of naturalness and modularity. It is oriented to the description of knowledge about the properties of the manipulated functions and the methods for mathematical problem solving defined by these properties. STRAMS can solve various types of mathematical problems. Moreover, the generalized rules included in its particular knowledge bases define a set of problem solving methods and techniques coinciding with the ones traditionally taught in the secondary school and in the introductory university courses. At the same time, the functional facilities of STRAMS may easily be extended or reduced. It is possible for example to use only a part of the processing subsystems of STRAMS. It is also possible to include in the particular knowledge bases only a definite amount of knowledge corresponding e.g. to a given school level. All of these features of STRAMS in combination with its explanation generation facilities are the preconditions for its direct applicability for educational purposes.

The architecture of STRAMS and the characteristics of the knowledge-based environment KAM used for its implementation (Nisheva-Pavlova, 1997) determine the possibility to integrate it easily with other software packages. Because of that STRAMS may be used in the development of tutoring systems and learning environments in different domains of mathematics.

More concretely, our point of view is that the following types of applications of STRAMS in mathematics education are advisable and topical:

- STRAMS (or its properly constructed subsets) can directly be used for educational purposes. In this case the usual style of application of STRAMS seems as follows. The student formulates the problem he is interested in as a proper request to STRAMS. Then the system solves the problem and explains the consecutive solution steps. Moreover, STRAMS can use in such situations an amount of knowledge (a set of problem solving methods and techniques) previously determined by the teacher;

- STRAMS may be used as a tool for building the expert modules of intelligent tutoring systems in elementary algebra, trigonometry, calculus etc. The expert module of an intelligent tutoring system contains the knowledge the student will be taught. This module performs a twofold function. On the one hand, it operates as a source of knowledge that should be presented to the student. On the other hand, it plays the role of a standard for the evaluation of the student’s result. The mathematical problem solving engine of STRAMS (or its properly constructed subsets) may be used in building the expert modules of intelligent tutoring systems in the mentioned mathematical domains. For that purpose we should provide one more mode of functioning of the problem solving programs. In this mode STRAMS will be able to generate all possible solutions of the given problem (not only the “best” one as in the basic mode) in order to compare them with the solution suggested by the student;

- STRAMS can be used in building the environment modules of intelligent tutoring systems in different domains of mathematics. The environment module (Burton, 1988) is the part of an intelligent tutoring system that specifies or gives assistance to the activities performed by the student. In the case the mathematical problem solving engine of STRAMS is used in building the expert module of a given intelligent tutoring system, the explanation module of STRAMS may be used in the development of the environment module of the same tutoring system;

- STRAMS can be used in the development of intelligent learning environments in various mathematical domains. In this case (as in the previous one) the mathematical problem solving engine and the explanation module of STRAMS may be used for the purpose.

5. SUMMARY AND CONCLUSION

In this paper we described in brief the intelligent computer algebra system STRAMS and discussed its potential applicability in mathematics education.

Our current activities are directed to the improvement of the explanation generation facilities of STRAMS and to its application in the development of an intelligent tutoring system in the field of symbolic integration.

Since the use of analogies with already known situations is one of the characteristics of human thinking, our further plans include the development and the integration to STRAMS of some proper mechanisms for problem solving, learning and explanation generation by analogy. Our hypothesis is that the methodology suggested in (Carbonell, 1983) can be used for this purpose.
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