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PREFACE

The Bulgarian Section of SIAM (BGSIAM) was formed in 2007 with the purpose
to promote and support the application of mathematics to science, engineering and
technology in Republic of Bulgaria. The goals of BGSIAM follow the general goals of
SIAM:

� To advance the application of mathematics and computational science to engi-
neering, industry, science, and society;

� To promote research that will lead to e�ective new mathematical and compu-
tational methods and techniques for science, engineering, industry, and society;

� To provide media for the exchange of information and ideas among mathemati-
cians, engineers, and scientists.

During BGSIAM’16 conference a wide range of problems concerning recent achieve-
ments in the �eld of industrial and applied mathematics will be presented and dis-
cussed. The meeting provided a forum for exchange of ideas between scientists, who
develop and study mathematical methods and algorithms, and researchers, who apply
them for solving real life problems. The conference support provided by the SIAM is
highly appreciated.

List of the Invited Speakers include:

� Vassil Alexandrov (Barcelona Supercomputing Center) "Data and Computa-
tional Science Methods Applied to Social Media"

� Krassimir Danov (So�a University) "Modeling of Membranes with Complex
Rheology: Computational Aspects"

� Oleg Iliev (Fraunhofer ITWM) "Toward MLMC based exascale computations
for Uncertainty Quanti�cation for 
ow in porous media"

� Ivan Markovsky (Vrije Universiteit Brussel) "A low-rank matrix completion
approach to data-driven signal processing"

The following special sessions are organized in the framework of the BGSIAM 2016
annual meeting:

� Biomedical Applications,

� Computational Mechanics (joint event with the Bulgarian National Section of
GAMM), and

� Mathematics in Industry.



The present volume contains extended abstracts of the presentations (Part A) and
list of participants (Part B).

Krassimir Georgiev
Chair of BGSIAM Section

Michail Todorov
Vice-Chair of BGSIAM Section

Ivan Georgiev
Secretary of BGSIAM Section

So�a, December 2016
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Extended abstracts1
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Method and algorithm for WSN time
synchronization based on Kalman �lter and

Fraser-Potter equation

A. Alexandrov

The accurate and energy optimized clock synchronization is very important in Wire-
less Sensor Networks (WSN). Most of the sensor nodes in WSN are autonomous and
battery powered. Therefore they have a limited power capacity and practically is not
possible to achieve clock synchronization by unlimited passing information among
sensor nodes.
Due to thermal, vibration and moisture environment and the quartz crystal degra-
dation rate, the sensor module clock crystal frequency is not very precise and need a
regular adjustment.
The clock frequency deviation can cause synchronization lost during the packets send-
ing and sometimes can crash the communications in all the sensor network.
Most clock synchronization protocols as NTP, LTS, HRTS, ITR, TSync and etc. use
stochastic methods, describing constant models, working in relatively permanent en-
vironment. These protocols work very well for compensation of the "white" noise
and slow changes in the external environment. At the same time the real working
conditions very often include, for example fast and extremely high or low environment
temperature, which cause big clock frequency deviation.

The current paper describe method and algorithm for adaptive compensation of the
deviations in quartz stabilized clocks, embedded in the wireless sensor modules. The
method is e�ective in cases of dynamic change of external temperature, vibration and
moisture.
The proposed method and algorithm are based on the Extended Kalman Filter, Cen-
tral Limit Theorem and Fraser-Potter equation.
The diagram of Figure 1 illustrate the basic principles of the method.

Figure 1

The paper describe two level iteration process, based on the data from network syn-
chronization packets, to predict the size of the time compensation correction.
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The �rst level use the Extended Kalman Filter and the second level use Central Limit
Theorem and Fraser-Potter equation to smooth the correction curve.
The proposed method and algorithm lead to sensitive reducing of the tra�c, generated
from time synchronization packets in WSN’s, builded on CSMA/CA and TDMA
communication protocols. The other important bene�t is the energy saving in battery
powered sensor modules.
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Local perturbation analysis of the stochastic matrix
Riccati equation with applications in �nance

Vera Angelova

Consider the stochastic matrix Riccati equation /SMRE/ with applications in linear
quadratic optimization of stochastic �nance models

ATX +XA+Q+
mX
j=1

CTj XCj (1)

�

0@XB +
mX
j=1

CTj XDj

1A 0@R+

mX
j=1

DT
j XDj

1A�1 0@XB +

mX
j=1

CTj XDj

1AT

= 0;

with R +
Pm
j=1 D

T
j XDj > 0. The matrices Q, R, A, B, and Cj , Dj for j = 1;m

are constant matrices with appropriate dimensions and X is the unknown symmetric
n� n real matrix.
The problem of existence and uniqueness of the solution of SMRE (1) is considered
by Rami and Zhou in [2] and then extended by Ivanov and Lomev in [1], where two
numerically e�ective iterations are proposed and compared with the approach based
on the solution to a semide�nite programming problem.
In order to accurately and e�ectively solve equation (1) on a computer, an e�ective
algorithm, as well as the knowledge of the sensitivity and the conditioning of the
equation to perturbations in the data are needed. A measure of the conditioning of
a computational problem are its condition numbers given by the ratio of the relative
changes in the solution to the relative changes in the argument. The condition num-
bers are involved in the formulation of perturbation upper bounds of the error in the
computed solution. In turn, the perturbation error bounds estimate the sensitivity
of the computational problem and are one of the elements of the high-performance
computations.
In this paper, the conditioning and the sensitivity of the stochastic matrix Riccati
equation (1) are studied. Norm-wise absolute and relative condition numbers are
proposed. For this purpose, equation (1) is rewritten in equivalent form using a�ne
linear operators. Then the techniques of Fr�echet derivatives are applied. Local per-
turbation bounds, based on the condition numbers are formulated as well.

References

[1] I.G. Ivanov and B. Lomev. Numerical properties of stochastic linear quadratic
model with applications in �ance. The Online Journal of Science and Trchnologu,
2:41{46, 2012.
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[2] M. Rami and X. Zgou. Linear matrix inequalities. Riccati equations, and indef-
inite stochastic linear quadratic control. IEEE Trans. Automat. Control, AC-
45:1131{1143, 2000.
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On a constitutive equation of heat conduction with
fractional derivatives of complex order

Teodor M. Atanackovi�c

We study heat conduction with constitutive equation containing fractional derivatives
of complex order. Motivated by the results of our previous works [1,2] in viscoelas-
ticity, we propose a constitutive equation for the heat 
ux vector in the following
form

q (x; t) + ba t0D�
t q (x; t) + 2 t0

�D

t q (x; t) = �K1

@T (x; t)

@x
; t > 0; x 2 (0;1) :

Here T is temperature, t0D�
t is a fractional order derivative, � 2 (0; 1), given by

t0D�
t q(x; t) =

1

�(1 � �)

Z t

t0

1

(t� �)�
@q(x; �)

@�
d�;

and t0
�D�;�
t ; � > 0 is combination of complex order fractional derivatives de�ned as

t0
�D�;�
t q(x; t) =

1

2

�bbTi�t0D�+i�
t

q(x; t)

dt
+ bbT�i�

t0D��i�
t

q(x; t)

dt

�
=

1

2

�bbTi�
�

t���i�

� (1 � �)
� q(x; t)

dt

�
+ bbT�i�

�
t��+i�

� (1 � �)
� q(x; t)

dt

��
;

t � t0; 0 < � < 1; � > 0;

where i =
p

�1 and T is a constant having the dimension of time, ba;bb � 0 are

constants having dimension (time)
1=�

. Both constants ba and T may be interpreted
as relaxation times. Note that q(x; t) is a real valued function of x and t.
The constitutive equation for q is a generalization of the classical Fourier law and
the Cattaneo conduction law. Physically it shows thermal inertia of fractional type,
i.e., thermal inertia with memory e�ects. Our central result in this work, are the
restrictions on the coe�cients in constitutive equation that are consequence of the
entropy inequality Z d

0

q (x; t)
@T (x; t)

@x
dt � 0:

Several known constitutive equations follow from our model as special cases. For a
new constitutive equation we present a concrete example.

This is a joint work with Stevan Pilipovi�c.

Acknowledgements: Partially supported by the Bilateral Research Project: \Math-
ematical Modeling by Means of Integral Transform Methods, Partial Di�erential
Equations, Special and Generalized Functions, Numerical Analysis" between SASA
and BAS.
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Advanced services for Virtual Research
Environments

Emanouil Atanassov, Aneta Karaivanova, Todor Gurov

The computational science have been long been considered as the third pillar of re-
search, along with theory and experimentation. The growth in scale and depth of
computational experiments lead to the establishment of large-scale research infras-
tructures comprising of supercomputers and large clusters complemented with huge
storage capacities and advanced networking interconnections. Infrastructures built
using Grid and Cloud technologies link resources from multiple institutions, while the
actual computations are optimized to make full use of HPC technologies like multi-
core programming, GPGPU, accelerators, etc. However, most researchers are only
interested in achieving results and desire to be isolated from the details of the un-
derlying hardware and middleware. The explosive growth of services at the top-level,
which organize work into portals, hubs and databases, increases e�ciency but also
adds complexity and creates a risk of incompatibility between access and transfer pro-
tocols, identi�cation etc. That is why the concept of the integrated Virtual Research
Environment (VRE) has been developed, with the aim to provide scientists with in-
tegrated set of services that foster sharing and collaboration and take into account
speci�c needs of the corresponding scienti�c discipline.
In the South Eastern Europe the need for collaboration and sharing of resources is
palpable, because of the lack of economic resources and the danger of brain drain
in general and especially in the scienti�c �eld. Through the years this lead to the
establishment of Grid infrastructure and then to the HPC infrastructure that consists
of some supercomputers and large clusters, with common policies and access protocols.
The aim of the VI-SEEM project is to bring this collaboration to another level, by
establishing VRE that o�ers top-level domain oriented services but also integrates the
Grid, Cloud, HPC and storage resources of partners providing easy access to scientists
from the target research communities in Life Sciences, climatology and digital cultural
heritage.
Bulgaria has strong position in this consortium because of its leadership in the domain
of High Performance Computing, after the provisioning of the supercomputer system
Avitohol, which was deployed at the Institute of Information and Communication
Technologies of the Bulgarian Academy of Sciences in 2015 and reached 332ndplace
in the Top500 list.
The challenges to the project come from the desire to o�er transparent access to
research data, organized using state-of-the-art technologies. In this work we illustrate
how we can use di�erent sources for authentication information and then how the
di�erent services are accessed. While the authentication information can be provided
from stand-alone Identity Providers or from eduGAIN Identity Providers, or also from
the VI-SEEM VHO, they all go the VI-SEEM Proxy Service. For the authorization we
use VI-SEEM VHO and HEXAA AuthZ. Then the actual VRE services are divided
into two main types { web-based services that use this information directly from the
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VI-SEEM Proxy and more resourceful services like HPC, Grid, Cloud that use it
through the token translator.
Some of these services required more work to be adapted to this framework while
others are more straightforward. However, our goal is to create an extensible envi-
ronment, so that new services that are requested by the scientists become easier to
be added. Most of the domain-speci�c services that are requested are web-based.
For example, the Clowder service is used throughout the Digital Cultural Heritage
scienti�c community as a research data management system. Apart from the web
front end, it provides RESTful web services and can do preprocessing or extraction
services for extracting appropriate data and metadata.
Another example of domain-speci�c service is the ChemBioServer, which is used for
e�ectively mining and �ltering chemical compounds used in drug discovery. It allows
for pre-processing of compounds prior to a computational search, as well as for post-
processing of the best resulting molecules. The aim of this service is to increase the
quality and e�ciency of compound selection in order to save time and money during
the more expensive experimental tests phase. Researchers can browse and visualize
compounds along with their properties. It is obvious that such service aims to increase
the e�ectiveness of the raw computational and storage services and to gain from the
collaborative e�ort.
More complex service that o�ers powerful possibilities to researchers is the Scienti�c
Application Environment, which is based on highly tuned, optimized and validated
applications. Our experience shows that even well-known and widely researched appli-
cations can be hand-tuned to the particular hardware and software platform through
changing parameters like compiler options, MPI and OpenMP launching options and
by adding pragmas in strategic places. As an example, we modi�ed the OpenFOAM
source using an automated procedure and obtained about 50% overall improvement
in speed, when using the Xeon Phi accelerators. In this way we made the case the
using accelerators is faster than using the regular CPUs, even without modifying the
sources through addition of vector intrinsic functions. The gradual extension of the
Scienti�c Application Environment is a constant work in progress, but the current
set of applications available already covers much of the needs expressed during our
collection of requirements.
The Virtual Research Environment of the VI-SEEM project is an extensible set of
services integrated through common authentication, authorization and accounting
mechanisms. We plan to add more domain-speci�c services and later-on take other
research communities on board of it, with special emphasis on the needs of the South
East Europe’s science and society.
Acknowledgments: This work was supported by EC programme HORIZON2020,
Grant Agreement Number 675121, VI-SEEM project.
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Image construction with 2D ellipses by genetic
algorithms optimization

Todor Balabanov, Maria Barova, Delyan Keremedchiev

In Geometry there is a class of optimization problems called packing problems. It is
an attempt to pack objects together into containers. In the most common case the
goal is to pack a single container as densely as possible. For each packing problem
there is a dual covering problem. In the covering problem it is asked how many of the
same objects are required to completely cover every region of the container when, in
the common case, objects are allowed to overlap. In this study a covering problem is
presented where an image should be covered with regular ellipses with di�erent colors
and overlapping is allowed. The optimization objective function is strongly related to
the composite picture and it is not so strongly related to the optimal packing. The
criteria for good optimization is the Euclidean distance between the original image
and the approximated image. The images are compared in HSV color space.
Some drawing devices are not capable to represent the visual information as pixels.
For such devices the visual information should be transformed in a group of simple
geometric shapes. This process of image data transformation is related to information
reduction. The process is transformation of true colors image in a set of simple
geometric shapes. This problem is very well known in literature and one of the most
impressive implementations has been done with the image of Mona Lisa. The goal
of this project was to approximate the picture of Mona Lisa by no more than 50
polygons. The colors and the points of the polygons were optimized by GAs.
The model proposed is based on Genetic Algorithms (GA). GA is applied over a set of
shapes, represented by position and orientation. It is an unsupervised system which
takes digital photographs as input and generates simpli�ed, stylized vector data as
output.
A raster image usually contains many details that are not relevant for a visual query
and increase the cost of manipulations. Simpli�cation of raster images is a process
to eliminate the most useless elements, while retaining the perceptually dominant
elements and shape. Simpli�cation of raster images is a widely used process in the
area of document analysis and recognition as a preprocessing step for high-level object
recognition, such as optical character recognition (OCR) and graphic objects recog-
nition. In image simpli�cation and vectorization digital photographs are the input
when generates simpli�ed, stylized vector data are the output. The objective of im-
age simpli�cation by vectorization is to split the original image into simple geometric
regions. In this process color reduction is also applied.
In this study ellipses were chosen as approximation shape, which to be used for image
reconstruction. Each shape is described by its X,Y coordinates, angle of rotation and
color. Each individual in the GA’s population consists of an ordered set of shapes and
�tness value. The ordered set of shapes is chosen so that the most used color in the
picture is painted �rst. The less used colors are painted last. The �tness value is cal-
culated as Euclidean distance between the approximate image and the original image.
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The approximated image is assembled by shapes (in our case ellipses) with di�erent
colors given as a colormap at the input of the program. Color reduction is done in
HSV color space. Each color from the original image is matched to a color in the given
colormap. As an initial step GA population is initialized with randomly generated
sets of shapes. For each shape X,Y coordinates and rotation angle are taken randomly.
The color of each shape is not taken randomly. Color reduction is done from the color
on the X,Y pixel coordinates in the original image instead. Such initialization creates
approximated image very close to the optimal approximation. During GA’s evolu-
tionary process individuals are selected from the population, crossover, mutation,
evaluation and survival are applied so that the image approximation is approved. In
this study a binary crossover is chosen. Mutation is applied as X,Y shifting and color
change of one shape in the individual. During evaluation phase the approximated
image is compared with the original image. The result of the comparison is used
as a �tness value of the individual. During the survival process it is decided which
individual to be kept: the newly created or the already existing. The only stopping
criteria used is the total number of image evaluations. Software implementation of the
model proposed is absolutely free available, as open-source project, at GitHub repos-
itory ( https://github.com/TodorBalabanov/EllipsesImageApproximator/ ). All ex-
periments are done with an elitism rule, population size of 37 and maximum number
of recombinations 10000. Initial population is assembled by randomly taken shapes
according to the color of the pixel from the original image. An image of a 
ower is
used for the experiments, but any other picture can be sent as input for the optimiza-
tion program. Sixteen basic colors are used as colormap. The gaps in the image are
getting smaller with the progress of the optimization procedure. The orientation of
the basic shapes also gets better during the optimization process. Vectorized images
can be produced by digital plotter with oil paint and can be presented as part ot the
concept for the digital home.
Experiments show that using GA may be very e�cient and image approximation is
pretty accurate in the limits of the color simpli�cation. Optimization convergence is
related to the probabilistic nature of GA. Image comparison is time consuming and
slows down the optimization process. As further research, it could be interesting for
GA to be implemented as distributed computing algorithm. Such distributed imple-
mentation is e�ciently applicable for the class of evolutionary algorithms in which
GA is. Set of ellipses can be treated as a multidimensional space and optimization
can provide much better results.
Acknowledgements: This work was supported by private funding of Velbazhd Soft-
ware LLC.
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Authenticity management algorithm for digital
images

Todor Balabanov, Nikolai Manev, Walter Mudzimbabwe,
Petar Tomov, Ilian Zankinski, Stela Zhelezova

Nowadays network services are gaining great attention. Image authentication is of
great importance due to the large number of multimedia applications in various �elds.
Currently, the amount of digital images transmitted over non-secure channels is grow-
ing rapidly. Therefore, the protection of image integrity is of great interest.
The problem we consider is following. There is an image taken in an Android applica-
tion. The application have to sign digitally the image without the user’s knowledge in
order to verify its origin. Apart from this, a digital watermark has to be added such
that in case of tampering the modi�ed part of the image is indicated. The application
sends the image to the server where a corresponding algorithm part veri�es the origin
and the integrity of the image.
The initial restrictions with respect to this particular problem are:

� Size of the original image n � m pixels in Bitmap. Minimal size: 1024 � 768.
This is the worst case, because the hidden bits place is proportional to the image
size.

� Content: interior and car pictures. The content is important in the connection
with the hiding bits methods. If the image content is almost the same, i.e. the
colors are evenly distributed hiding of information is much more di�cult.

� The value of perceptual transparency is measured with Signal-to-noise ratio
(SNR). SNR is used in science and engineering to compare the level of a desired
signal to the level of background noise. It is de�ned as the ratio of signal power
to the noise power:

SNR = 10:log(MAX2=MSE)

MAX - the expected pixel values,
MSE - the standard deviation of the pixel values between the original image
(OI) and the watermarked image (WI) bits.

MSE =
1

m:n

X
i

X
j

(Oi;j �Wi;j)
2;

where i 2 f1; :::; ng; j 2 f1; :::;mg are the dimensions of the original picture.

For the considered problem it is required SNR > 30.
Because of the particular case in which the watermarking is considered, we employ
steganographic technique to embed data. The proposed authentication schema uses
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spatial domain. Least Signi�cant Bit (LSB) hiding is one of today’s easiest techniques
for image steganography. It imply adding some secret information in the least signif-
icant bits of the image pixel. The image quality is distorted for the number of bits
embedded in a pixel greater than 3.
For the considered problem, the group propose an algorithm with client-server ar-
chitecture. The chosen digital signature algorithm is based on image content and is
according to latest NIST speci�cations.
The most common way to model color images in Computer Graphics is the RGB color
model. We can use a packed ordering - the tree color components are placed together
in a single array element. Next a matrix with zeroes in each bit which we will use
later for hiding information is obtained. Then the "zerobits" image sequence ZBIs is
obtained according to a pixel permutation depending of a private key. User must not
be involved in the signing procedure so as source of randomness the information about
particular user, device and time parameters is used. Signing is performed applying
SHA3-256withDSA. As a result the digital signature is embedded in 3-LSB of ZBIs.
To ensure tampering detection a blocking technique is used. The CRC16 is applied
on each block. The relevant 16 bits codewords CRC16 are hidden in LSB. Only
the signed and watermarked image sequence SWIs is sent to the server part of the
proposed algorithm.
In the server part of our algorithm the encoded public key is extracted. Next the
digital signature for veri�cation from the used 3-LSB and the CRC16 words for ver-
i�cation (CRC16V ) from LSB also are extracted in order to remain the ZBIs. It is
used to verify the digital signature.
For a tampering detection the algorithm compare the extracted CRC16V values and
CRC16 words calculated on the received ZBIs. If the image is not tampered the
algorithm returns "true" else it changes the color of tampered blocks. As a result
the matrix with zeroes in each used bit is obtained. It is not the original image, but
perceptually indistinguishable.
The experiments with real data are needed in order to evaluate the lowest possible
SNR for di�erent parameters and to ensure the best performance of the algorithm.
The real media environment have to be considered to supply the algorithm with error
protection during the transmission.

The problem was considered during the 120 European Study Group with Industry,
July 25-29, 2016, So�a, Bulgaria.
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An embedded compact scheme for biharmonic
problems in irregular domains

M. Ben-Artzi, J.-P. Croisille, D. Fishelov

We consider in this contribution the biharmonic problem in a domain 
 � R2 subject
to Dirichlet boundary conditions:(

�2 (x; y) = f; (x; y) 2 
;

 (x; y) = @ 
@n (x; y) = 0; (x; y) 2 @
:

(1)

We present the design of a compact �nite di�erence scheme for the problem (1), which
is capable of handling irregular boundaries by an embedding method [2, 1]. The main
properties of our scheme are the following:

� The grid is Cartesian with points (xi; yj) = (ih; jh), where h > 0 is step size.

� At each point of the Cartesian grid, we attach a polynomial P (x; y) of order 6:

P (x; y) =
19X
p=1

aplp(x; y); (2)

where the 19 polynomials lp(x; y) are8>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>:

l1(x; y) = 1;

l2(x; y) = x; l3(x; y) = x2; l4(x; y) = x3;

l5(x; y) = x4; l6(x; y) = x5;

l7(x; y) = y; l8(x; y) = y2; l9(x; y) = y3;

l10(x; y) = y4; l11(x; y) = y5;

l12(x; y) = xy;

l13(x; y) = xy(x+ y); l14(x; y) = xy(x� y);

l15(x; y) = xy(x+ y)2; l16(x; y) = xy(x� y)2;

l17(x; y) = xy(x+ y)3; l18(x; y) = xy(x� y)3;

l19(x; y) = x2y2(x2 + y2):

(3)

The coe�cients of P (x; y) are calculated using values of the function and its �rst-
order derivatives at neighboring points around (xi; yj) on a logically Cartesian
9 points stencil.

� The computational stencil is rectangular at regular interior points (xi; yj). At
near boundary points, the stencil is irregular, with Cartesian near-boundary
gridpoints replaced by suitable boundary points. The discrete biharmonic is
de�ned at the point (xi; yj) by

�2
hui;j = �2P (xi; yj): (4)

14



mesh 17 � 17 Rate 33 � 33 Rate 65 � 65
e1 3.9014(-7) 4.49 1.7420(-8) 4.12 9.9940(-10)

(ex)1 3.5979(-6) 1.91 9.5902(-7) 3.39 9.1149(-8)
e2 9.2739(-8) 4.75 3.4312(-9) 4.20 1.8602(-10)

(ex)2 1.5938(-6) 3.64 1.2719(-7) 4.02 7.7963(-9)

Table 1: Compact scheme for �2 = 0.  (x; y) = x2 + y2 + ex sin(y) inside the star
shaped domain given in Fig. 1. The domain is embedded in the square [�1; 1]�[�1; 1].
We present e and ex, which are the errors for the streamfunction  and for @x in
the l2 and l1 norms.

Numerical results showing a remarkable accuracy even on coarse Cartesian grids (see
Table 1 and Fig. 1) are reported and discussed.

Figure 1: A star shaped domain (left) and the approximate solution (right) to the
problem �2 = 0 with boundary data matching the exact solution  (x; y) = x2 +
y2 + ex sin(y). The grid is Cartesian 33 � 33.
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On the formulation of population growth models by
means of reaction networks

Milen Borisov, Nukolay Kyurkchiev, Svetoslav Markov

It has been recently demonstrated that some dynamical growth processes (e. g. lo-
gistic growth) can be formulated in terms of reaction networks. Such formulations
suggest an insight on the intrinsic mechanisms of the physical (biological, biochemical,
social) phenomena and thus can be useful for the interpretation and development of
an adequate mathematical model. Another advantage of the reaction network pre-
sentation is that this presentation makes it easy for nonmathematicians to better
understand the basic ideas behind the mathematical model. We elaborate further
this idea by presenting various case studies of the realization of dynamical growth
processes using suitable reaction networks. We especially focus on he time-course
evolution of social processes following a logistic development and their possible inter-
pretations. Numerical examples from social sciences are presented.
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Industrial mathematics - phase transitions,
scatering, structures

Stefan Bushev

The processes of structures formation are: phase transitions of I�st order (casting)
and II�nd order (heat treatment); elastic and plastic deformation. The type of these
structures is polycrystalline grains with size of macro-scale to 1�m or micro-scale
below 1�m under a lattice parameter in A. The structure of all materials is a winner
of its properties and the based interest of industries is: 1. improving the work-
ing properties of known materials; 2. creating new materials by structures design.
Mathematical description of the phase transitions [1-7] presented by: the theory of
thermal conductivity with the tasks of Stefan and Stefan - Schwartz; the fundamental
equation of the formation of new phases of Kashchiev. On the Fig.1 we introduced
castings technologies with di�erent velocity of solidi�cation and science support of
micro-foundry.

solidification and science support of micro-foundry 

 
 

Fig. 1 Industrial mathematics micro-foundry. Solidification process in temperature zone and Figure 1: Industrial mathematics micro-foundry. Solidi�cation process in temperature
zone and character temperatures (TS , TLS and TL, where solid S and liquid L): 1 air
craft engine with complex geometry; 2 rapid solidi�cation metallic glass; 3 scattering
of latent heat of phase transition in solidi�cation point (zone) - structure design,
crystallization, velocity, computational physics, mathematical physics, fundamental
and applied mathematics.

Electronic structure is origin of all properties of the metals and its alloys. For descrip-
tion the structures and properties of the metals and alloys are approach mathematics
and mathematical physics. It will not be wrong to say that we need a nearly full
knowledge i.e. tasks Stefan and Stefan-Schwarz must include mathematics and math-
ematical physics. This is done through mathematical tasks bridges between mathe-
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matical �elds and quantum mechanics. An example of such approach is the use of
the results of the theory of scattering. In paper [2] is developed classical Stefan’s
problem. In Institute of Mathematics of Bulgarian academy of science are obtained
great results about mathematical theory of scatThe �rst base problem of scattering
theory is proving existence of scattering operator. The second direction of devel-
opment is inverse problem. It is well known, that thermodynamics driving force of
the nucleation at phase transitions of 1�st order (crystallization: liquid (L) $ solid
(S)) is �� = �L � �S = QLln(Tm=T ); where �L(S)are thermodynamics potentials
of base (matter) and new phases; Tm and T are temperatures of transition and su-
percooling of the base (L) phase; QL - latent heat of melting. The supercooling is
ln(Tm=T ) = �Tr + �Tk + �TS , where �Tr - supercooling e�ect radius of curvature,
�Tk - supercooling for the transfer of atoms in the interface of liquid-solid phase;
�TS - supercooled liquid phase, which scatter heat of the phase transition. Received
development task of Stephen with scatter theory [2] and assessments of supercooled
melt (�TS = 0; 1; 2; � � � ;maxK) in charge of literature [9]. Here many investigations
are to be performed, but our opinion is that �TS is a bridge to Quantum mechan-
ics. The aim of this paper is to show methodological need to use the full modern
knowledge required by the industry examples of casting and heat treatment.
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Modeling of membranes with complex rheology:
computational aspects

Krassimir Danov

The mathematical and computational modeling of the equilibrium and dynamic
behavior of membranes is a general problem in mechanics and biomechanics with a
wide application to the medicine, pharmacy, foam and emulsion technologies, etc.
The protein adsorption layers, phospholipid mono- and multilayers (biomembranes),

oating thin polymer �lms, layers of nanoparticles on oil/water interfaces, monolayers
of metal-organic complexes, etc. are modeled as 2D elastic membranes, which interact
with the surrounding bulk phases.

We developed a theoretical model for 2D elastic continuum, which accounts for
the complex rheology of interfaces. The parameters of the model are the surface
(membrane) stretching and shear elasticity, Helfrich curvature elastic moduli. It is
a special case of the general concept of Cosserat continuum with bending elasticity.
The �nal result is a system of six strongly nonlinear partial di�erential equations,
which expresses:

1. The surface balance of the linear momentum written for the pressure di�erence
and surface stress tensor;

2. The surface balance of the angular momentum written for the surface torque
and stress tensors.

To close the system of equations we use surface rheological constitutive relationships
- the dependencies of the stress and torque tensors on the metric and curvature ten-
sors of membrane surface. When one de�nes the necessary boundary conditions one
should solve numerically the respective boundary value problem. For known physical
constants the boundary value problem has many solutions and the criterion for the
physical one is the minimization of the free energy of the system. For that reason
original numerical methods are developed.

The model is applied to and veri�ed with experimental data for di�erent sys-
tems. In the case of biomembranes it is used to determine the membrane tension
and adhesion energy of erythrocytes and the mechanism of stomatocyte-echinocyte
transformations of red blood cells [1,2]. For elastic Langmuir layers and membranes
the model is applied to calculate various shapes (nonharmonic oscillations, toothed
pro�les, and pro�les with two characteristic wavelengths) and the bending elasticity
[3]. Di�erent numerical schemes for real time data processing of rotating axisym-
metric drops are compared in Ref. [4]. The numerical procedures for calculation of
experimental values of the components of stress tensors and energy of adhesion of
drops and bubbles at di�erent interfaces become a basis of the capillary meniscus
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dynamometry (CMD) realized on commercial apparatuses.
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Approximate method for non-instantaneous
impulsive di�erence equations with a periodic

boundary condition

Svetoslav Enkov, Snezhana Hristova, Ekaterina Madamlieva

One of the powerful apparatus for discrete modeling of the dynamics of many real
world processes are di�erence equations. They allow us directly to be implemented
in computer programs. There are many processes and phenomena which are charac-
terized by rapid changes in their state. In the literature there are two popular types
of impulses:
{ instantaneous impulses - the duration of these changes is relatively short compared
to the overall duration of the whole process. The model is given by impulsive di�erence
equations (see, for example, [2], [3], [4]);
{ noninstantaneous impulses - an impulsive action, which starts at an arbitrary �xed
point and remains active on a �nite time interval. As a motivation for the study of
these systems we consider the following simpli�ed situation concerning the hemody-
namical equilibrium of a person. In the case of a decompensation (for example, high
or low levels of glucose) one can prescribe some intravenous drugs (insulin). Since
the introduction of the drugs in the bloodstream and the consequent absorption for
the body are gradual and continuous processes, we can interpret the situation as an
impulsive action which starts abruptly and stays active on a �nite time interval.
One of the problems in di�erence equations is approximate obtaining of the solution.
It is very important specially in the case when the unknown function in the present
time is involved in both side parts of the nonlinear equation. One of the approxi-
mate methods is based on the method of upper and lower solutions combined with a
monotone - iterative technique (see [1], [3], [4], [5], [7]). This method allows us to be
constructed two monotonous sequences of upper and lower solutions of the nonlinear
noninstantaneous impulsive di�erence equation. These functional sequences converge
monotonically to the minimal and maximal solutions of the nonlinear equation. Each
term of the sequences is obtained as a solution of a periodic boundary value problem
for linear non-instantaneous impulsive di�erence equation. An explicit formula for
the successive approximations is given. Some comparison results are studied. Also,
the existence result of extremal solutions of the boundary value problem for the non-
linear di�erence equation is obtained. The suggested algorithm is computerized. We
developed a web-based tool in Javascript, which gives us 
exibility to experiment in a
platform-independent environment. We used two open-source libraries Math Parser
by Matthew Crumley and Function Plot by Maurizio Poppe. Math Parser provides
us with parsing text-based formulas, which allows us to de�ne the formulas as text
strings, without changing the code of our tool. We use Function Plot to visualize the
functions. The tool provides input validation, compliance of the constants and steps
of the algorithm, protection against loops, and calculation validation. Calculations
are performed with a precision of 15 digits after the decimal point. The suggested
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algorithm is illustrated on an example.
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Ant Colony optimization algorithm for 1D Cutting
Stock Problem

Georgi Evtimov, Stefka Fidanova

Every day di�erent companies in industry have to solve many optimization problems.
One of them is cutting out of linear materials, like steel or aluminum pro�les, steel or
wood beams and so on. It is so called cutting stocks problem (CSP). It is well known
NP-hard combinatorial optimization problem. The accurate and fast cutting out is
very important element from the working process. The aim in CSP is to cut items from
stocks of certain length, minimizing the total number of stocks (wast). The compu-
tational time increases exponentially when the number of items increase. Finding the
optimal solution for large-sized problems for a reasonable time is impossible. There-
fore exact algorithms and traditional numerical methods can be apply only on very
small problems. Mostly appropriate methods for this kind of problems are methods
based on stochastic search or so called metaheuristic methods. Various metaheuris-
tics have been applied on CSP. Some authors apply evolutionary algorithms including
Genetic algorithm [4, 5, 6, 6] others apply Tabu search and Simulated annealing [4].
On this work we will propose a variant of Ant Colony Optimization (ACO) algorithm
to solve CSP.
The �rst ACO algorithm was developed by Dorigo in his PhD thesis in 1992. During
the years it has been improved several times and was created di�erent variants of
ACO algorithm. ACO was successfully applied on various combinatorial optimization
problems. It is constructive method which does not need initial solution. ACO is
very competitive method and outperforms others especially when it is applied on
combinatorial optimization problems with strong constraints [1].
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Error estimate in the iterative numerical method for
two-dimensional nonlinear Hammerstein-Fredholm

fuzzy functional integral equations

Atanaska Georgieva, Albena Pavlova, Iva Naydenova

The concepts of fuzzy integrals and di�erential equations have been studied by many
mathematicians and authors. The study of fuzzy integral equations begins with the
investigations performed by of Kaleva [1], Goetshel and Voxman [2] and others. The
interest in fuzzy Fredholm integral equations is based primarily on its applications in
fuzzy �nancial and economic systems [3].
In this work, we investigate the two-dimensional nonlinear Fredholm fuzzy functional
integral equation

F (s; t) = g(s; t)�f(s; t; F (s; t))�(FR)

Z d

c

(FR)

Z b

a

K(s; t; x; y)�H(x; y; F (x; y)) dx dy ;

where K(s; t; x; y) is an arbitrary positive kernel on [a; b] � [c; d] � [a; b] � [c; d],
g; F : [a; b] � [c; d] ! RF are continuous fuzzy-number valued functions and
f; H : [a; b] � [c; d] � RF ! RF is a continuous functions on RF .
The existence and uniqueness of the solution is proven by Banach’s �xed point the-
orem. We approximate the solution of equation using the quadrature formula of
rectangles and the method of successive approximations we approximate solution of
equation. The error estimation of the iterative method is obtained in terms of uniform
and partial modulus of continuity, proving the convergence of the method. The error
estimate obtained in this paper is expressed in terms of the modulus of continuity
for g and K, which e�ect the statement concerning numerical stability. We illustrate
the iterative method of numerical experiment by testing the convergence and the nu-
merical stability with respect to the choice of the �rst iterations. Some numerical
examples are included in order to con�rm the theoretical results.
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Fast algorithm for solving ‘0-constrained
graph-Laplacian minimization

Stanislav Harizanov

Let Gu be a weighted graph associated to the discrete vertex set u of cardinality
n, whose edge weights !i;j are non-negative, u-dependent, and a priori computed.
Denote by

J(v) :=
1

4

nX
i;j=1

!i;j(vi � vj)
2;

the (scaled) ‘2 norm of the discrete non-local gradient rv, related to Gu. This
functional is directly related to the the graph-Laplacian operator 4! via J(v) =
1
2 h4!v;vi. In this talk we consider the following ‘0-constrained problem

min
v2f0;1gn

J(v) subject to vi =

�
1; i 2 L1;
0; i 2 L0;

kvk0 = N;

that is applicable to nonlocal image and signal processing. The sets L1 and L0 are
very small, �xed, and responsible for the uniqueness of the minimizer. The value
N < n has certain physical meaning that depends on the application.
The counting measure ‘0 is non-convex while the admissible class of functions is dis-
crete (namely, the vertices of the n-dimensional unit cube), so the above optimization
problem is NP-Hard and cannot be e�ciently solved directly. We numerically study
an iterative steepest-descent-type solver for it, based on the solution of the penalized
continuous relaxation family

min
v2[0;1]n

J(v) � �hs;vi subject to vi =

�
1; i 2 L1;
0; i 2 L0;

kvk1 = N:

The penalizer � and the direction s are free parameters that may vary from itera-
tion to iteration. The proposed algorithm is theoretically convergent. Moreover, the
conducted numerical experiments in the �eld of 2-phase image segmentation suggest
that the algorithm always converges exponentially towards the true minimizer of the
‘0-constrained problem. The e�ciency of each iterative step is achieved due to a
convenient change of basis in the image domain, for which the relaxed target function
is decomposed element-wise. The most computationally expensive part is the genera-
tion of the weight matrix W , which needs to be done only once at the beginning and
is part of the preprocessing.
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Multi-frame denoising of still images

S. Harizanov, D. Dimov, N. Naidenov, S. Kostadinova

During the 120th European Study Group with Industry (ESGI’120), the following prob-
lem was addressed by the company MM Solutions AD: A sequence of 8 images are
captured quickly one-by-one while camera is held in hand and unintentional hand
shake is present. When capturing in low light conditions (< 20Lux), the images ap-
pear blurred and noisy because the camera uses long exposure (1/15..1/5 sec) and
high gain (ISO). The target is to combine multiple frames to produce an image with
less noise and less (ideally no) blur. The processing algorithm should not be too
computationally expensive. As usual in the image processing, the target is to get
a good looking image, rather than removing the noise and the blur to achieve the
ground-truth latent image.
In this talk we report the results of our study group that were achieved during and
after the event. Two di�erent denoising algorithms are proposed, implemented, and
numerically investigated. The �rst one deals with aligned input data and is based on
penalized regularization. The regularization term used in the target function is the
mixed ‘2;1 norm (also known as the TV semi-norm) of the discrete gradient of the
output image. The data �delity term used as a penalizer in the target function is the ‘2

norm of the o�set vector between the output and a weighted convex combination of the
8 input frames. Our numerical solver of the above model is based on the Alternating
Direction Method of Multipliers (ADMM). The conducted numerical experiments gave
rise to convincing results, where both the quality of the output image and the time
e�ciency of the denoising process are satisfactory.
The second approach deals with unaligned input data and is based on Inverse Noise
Filtering. Assuming that the motion between two chronologically consecutive frames
f1 and f2 is linear and their misalignment �f is known, we model the \dynamic" noise
caused by the frame move, then reconstruct frame f1 from f2, �f , and the \dynamic"
noise, and �nally extract information about the static noise level from the di�erence
between f1 and its reconstruction. The implemented numerical algorithm uses direct
and inverse FFT and performs all the computations in the Fourier domain, making
the aligning process time e�cient.
Combining the two di�erent approaches into one is work in progress. There are also
other aspects that needs improvement. Firstly, replacing the direct solver of a linear
system in the ADMM algorithm step via an appropriate iterative one will increase the
overall time e�ciency. Secondly, apart from alignment, the Inverse Noise Filtering
approach should take into consideration rotation, scaling, and rolling-shutter, which
are also typical for CMOS cameras.
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Denoising and feature extraction of 2D CT
radiographic images

Stanislav Harizanov, Jaume de Dios Pont, Sebastian St�ahl,
Dennis Wenzel

In both industrial and medical applications the use of 2D radiography has increased
in recent years as it o�ers in many cases a more reliable way of examining physical
objects than performing quantitative measurements on them directly. The drawback
of CT radiographic images is that they are generated by counting photons that pene-
trate the object of interest, thus they are often a�ected by measurement inaccuracies
leading to generation of image noise. This reduces the amount of valuable information
that can be extracted from the raw image as important structures might be domi-
nated by the noise. In this talk we propose and analyze innovative image processing
techniques that allow us to improve the data quality and to correctly extract most of
the important structural information from it.

An obvious but ine�ective way to deal with the presence of image noise is based on
the central limit theorem: by averaging over an increasing number of di�erent image
instances the variance of the noise distribution tends to zero. The main problem of
this approach is the need of a su�ciently large number of images. This causes addi-
tional problems, especially in medical applications where radiation exposure should
be kept as low as possible for health reasons. The alternative is to develop more
advanced image denoising techniques, suitable to the task speci�cs.

The �rst step of our research is a statistical analysis of the noise on real 2D CT data
in order to �nd proper mathematical models for its removal. From the physical point
of view we expect the noise to be a mixture of Poisson and Gaussian components but
it is crucial for the design of e�ective methods to exactly know the noise parameters.
The analysis is performed on various data sets of 8 to 16 images of the same object
and the pixel-wise intensity relations between mean value and variance are studied.

Once the noise distribution has been determined, we examine two di�erent approaches
for its removal: the �rst one uses a variance-stabilizing transformation (VST) on the
input image that transforms all the noise to a purely Gaussian one and afterwards
standard additive white Gaussian noise (AWGN) denoising methods are applied, while
the second one neglects the Gaussian component, works directly with the statistics
of the dominant Poisson component and uses an iterative primal-dual algorithm di-
rectly on the input image. The �rst approach we consider makes use of the generalized
Anscombe transform, which is designed to transform mixtures of Gaussian and Pois-
son noise into purely Gaussian noise, given the variance of the Gaussian part. The
second approach we consider applies the Alternating direction method of multipliers
(ADMM) to a constrained optimization problem with discrete gradient as regulariza-
tion term and the Kullback-Leibler divergence as data �delity term. Note that in the
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ADMM algorithm there is a parameter to be chosen according to estimations. Un-
derestimating this parameter leads to over-smoothing while over-estimations increase
the intensity of the noise left after applying the algorithm.

The last step of the research is applying the denoising methods to two di�erent real
world CT radiographic images, one showing a 3D printed object and one showing
an industrial metal welding. Especially the second example shows the need of e�ec-
tive denoising algorithms as the work piece contains small air bubbles in the weld
seam possibly causing stability problems. In the original noisy image the bubbles are
strongly overlaid by noise, making them almost invisible for the human eye, while
they are very well visible in the denoised image.

Figure 2: Noisy image (left), denoised image (right).
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Material parameter identi�cation of thin �lm with
diamond nanoparticles via nanoindentation

D. Iankov, M. Datcheva, R. Iankov

The basic aim of the present paper is to present an adequate model for numerical sim-
ulation of nanoindentation process of thin �lm with diamond nanoparticles deposited
on Si substrate.
The goal of nanoindentation test is to extract elastic modulus and hardness (HIT) in
a local point of the specimen employing the measured load-displacement curve (P-h
curve). The elastic or indentation modulus EIT can be determined from the slope
of the unloading part of the P-h curve [2]. The experiments on nanoindentation can
be used to determine the mechanical characteristics of thin �lm and layers where
the conventional test approaches fail. However, there are some limitations: (i) using
nanoindentation we cannot determine the yield strength of the material because we
have indirect information about the plastic properties by means of nanohardness.
Moreover, the nanohardness value is highly dependent on the indenter tip geometry.
This is also valid for homogeneous bulk materials but is more evident for thin coatings.
(ii) It is uncertain to what extend the determined EIT and HIT for a system of thin
�lm and substrate represent the properties of the thin �lm. (iii) The accepted in
literature criterion to consider in determining the �lm characteristics only penetration
depths up to 10% of the �lm thickness ([1]) is not applicable for all thin �lm-substrate
system.

 

Comparison between experimental data and numerical simulation of indentation 

Figure 1: 2D BVP problem and FEM model.

The limitation of the interpretation of the nanoindebtation results based solely on
the P h curve as a geometric object can be overcome by numerical simulations of the
experiment employing the contact analysis. Deformation process in the area of contact
is a highly nonlinear problem due to the material nonlinearity, geometry nonlinearity
(large deformation) and nonlinearity due to the friction and contact interfaces.
The combination of �nite element modelling and experimental data from nanoinden-
tation tests can help to extract more information about the mechanical properties of
the material and especially for the properties of thin coatings independently of the
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