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In this paper, we establish several sharp estimates pertaining to the maximummodulus
of the polar derivative of a polynomial P (z) with restricted zeros. Our results refine and
generalize certain known polynomial inequalities including some results of Turán, Malik, Govil,
Rahman and Schmeisser.
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1. Introduction and statement of results

Let P (z) be a polynomial of degree n and P 0(z) be its derivative, then it
was shown by Turán [16] that

(1) max
|z|=1

|P 0(z)| ≥ n

2
max
|z|=1

|P (z)|.

Inequality (1) is sharp and equality holds for P (z) = azn + b where |a| = |b|.
As an extension of (1), Malik [13] proved that if P (z) has all its zero in |z| ≤ k
where k ≤ 1, then

(2) max
|z|=1

|P 0(z)| ≥ n

1 + k
max
|z|=1

|P (z)|,

whereas Govil [9] showed that if P (z) has all its zero in |z| ≤ k where k ≥ 1,
then

(3) max
|z|=1

|P 0(z)| ≥ n

1 + kn
max
|z|=1

|P (z)|.
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As an improvement of (3), A. Aziz [1] proved that if the polynomial P (z) =
nY

ν=1

(z − zν) has all its zeros in |z| ≤ k where k ≥ 1, then

(4) max
|z|=1

|P 0(z)| ≥ 2

1 + kn

nX
ν=1

µ
k

k + |zν |

¶
max
|z|=1

|P (z)|.

Let DαP (z) denote the polar differentiation of the polynomial P (z) of
degree n with respect to a point α, then

DαP (z) = nP (z) + (α− z)P 0(z).

The polynomial DαP (z) is of degree at most n− 1 and generalizes the ordinary
derivative in the sense that

(5) lim
α→∞

∙
DαP (z)

α

¸
= P 0(z).

A. Aziz [2] proved several sharp results concerning the maximummodulus
of the polar derivative of a polynomial P (z) with restricted zeros.

Recently the authors [5] extended the inequalities (2) and (3) to the
polar derivative of a polynomial P (z) by showing that if P (z) has all its zeros
in |z| ≤ k where k ≤ 1, then for every real or complex number α with |α| ≥ k,

(6) max
|z|=1

|DαP (z)| ≥ n

µ |α|− k

1 + k

¶
max
|z|=1

|P (z)|,

whereas if P (z) = 0 for |z| ≤ k where k ≥ 1, then every real or complex number
α with |α| ≥ k,

(7) max
|z|=1

|DαP (z)| ≥ n

µ |α|− k

1 + kn

¶
max
|z|=1

|P (z)|.

The estimate (6) is sharp and equality holds for P (z) = (z − k)n with α ≥ k.
For k = 1, inequality (6) is due to Shah [15].

In both inequalities (6) and (7), the bound depends only on the zeros
of largest modulus and not on other zeros. It would be interesting to obtain
a bound which depends upon modulli of all the zeros and also on some of the
coefficients of the given polynomial P (z). In this direction, we first present the
following result which is a refinement of inequality (6) with P (0) 6= 0 and obtain
a bound that depends on modulli of all zeros of polynomial P (z).
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Theorem 1.1. Let P (z) =
nY

ν=1

(z − zν) be a polynomial of degree n. If

|zν | ≤ kν , kν ≤ 1, ν = 1, 2, . . . , n and P (0) 6= 0, then for every real or complex
number α with |α| ≥ t0

(8) max
|z|=1

|DαP (z)| ≥ n

µ |α|− t0
1 + t0

¶
max
|z|=1

|P (z)|,

where t0 is defined by

(9) t0 = 1−
Ã
n

,
nX

ν=1

µ
1

1− kν

¶!
.

The result is best possible and equality in (8) holds for P (z) = (z − k)n with
α ≥ t0.

Rema r k 1.1. Dividing the two sides of (8) by |α| and letting |α|→∞,
we obtain under the hypothesis of Theorem 1.1,

max
|z|=1

|P 0(z)| ≥ n

1 + t0
max
|z|=1

|P (z)|,

where t0 is defined by (9). This interesting refinement of inequality (2) was
recently proved by the authors [4].

Next we establish following result which is a refinement of (6) and also
extends the result due to Govil, Rahman and Schmeisser [12, Corollary 2] to the
polar derivative of a polynomial.

Theorem 1.2. If P (z) =
nX

ν=0

aνz
ν is a polynomial of degree n having all

its zeros in |z| ≤ k where k ≤ 1, then for every real or complex number α with
|α| ≥ δk,l,

(10) max
|z|=1

|DαP (z)| ≥ n

Ã
|α|− δk,l
1 + δk,l

!
max
|z|=1

|P (z)|,

where δk,l is defined by

δk,l =
n|an|k2 + |an−1|
n|an|+ |an−1|

.

The result is sharp and equality in (10) holds for P (z) = (z− k)n with α ≥ δk,l.
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R ema r k 1.2. Dividing the two sides of (10) by |α| and letting |α|→∞,
we get a result due to Govil, Rahman and Schmeisser [12].

Instead of proving Theorem 1.2, we prove the following more general
result which among other things includes inequality (10) as a special case.

Theorem 1.3. If P (z) = anz
n +

nX
ν=m

an−νz
n−ν, 1 ≤ m ≤ n, is a

polynomial of degree n having all its zeros in |z| ≤ k where k ≤ 1, then for every
real or complex number α with |α| ≥ δk,m

(11) max
|z|=1

|DαP (z)| ≥ n

Ã
|α|− δk,m
1 + δk,m

!
max
|z|=1

|P (z)|,

where

(12) δk,m =
n|an|k2m +m|an−m|km−l
n|an|km−l +m|an−m|

.

Rema r k 1.3. For m = 1 Theorem 1.3 reduces to Theorem 1.2.

R ema r k 1.4. Since δk,m ≤ km, 1 ≤ m ≤ n, Theorem 1.3 in particular
holds for |α| ≥ km also.

The following corollary which is an interseting generalization of a result
due to Govil, Rahman and Schmeisser [12] immediately follows from Theorem
1.3 with the help of (5).

Corollary 1.1. If P (z) = anz
n +

nX
ν=m

an−νz
n−ν, 1 ≤ m ≤ n, is a

polynomial of degree n having all its zeros in |z| ≤ k where k ≤ 1, then

(13) max
|z|=1

|P 0(z)| ≥ n

(
n|an|km−1 +m|an−m|

n(km−1 + k2m)|an|+m(1 + km−1)|an−m|

)
max
|z|=1

|P (z)|.

The result is sharp and equality in (13) holds for P (z) = (zm + km)n/m where
n is a multiple of m.

The next result also follows from Theorem 1.3 by observing that

|α|− δk,m
1 + δk,m

≥ |α|− km

1 + km
,

which can be easily verified by using inequality (19).
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Corollary 1.2. If P (z) = anz
n +

nX
ν=m

an−νz
n−ν, 1 ≤ m ≤ n, is a

polynomial of degree n having all its zeros in |z| ≤ k where k ≤ 1, then for every
real or complex number α with |α| ≥ km,

max
|z|=1

|DαP (z)| ≥ n

µ |α|− km

1 + km

¶
max
|z|=1

|P (z)|.

For m = 1, Corollary 1.2 reduces to (6).

Finally we present the following result which is a refinement of inequality
(7) and extends a result of Govil [10, Theorem 1] to the polar derivative of a
polynomial.

Theorem 1.4. If P (z) =
nX

ν=0

aνz
ν = an

nY
ν=1

(z−zν), an 6= 0, be a polyno-

mial of degree n ≥ 2, |zν | ≤ kν , 1 ≤ ν ≤ n and let k = max(k1, k2, . . . , kn) ≥ 1.
Then for every real or complex number α with |α| ≥ k,

(14) max
|z|=1

|DαP (z)| ≥ 2
µ |α|− k

1 + kn

¶ nX
ν=1

k

k + |zν |
max
|z|=1

|P (z)|

+2|an−1|
µ |α|− k

1 + kn

¶ nX
ν=1

1

k + |zν |

Ã
kn − 1

n
− kn−2 − 1

n− 2

!

+

µ
1− 1

k2

¶
|na0 + αa1|, if n > 2

and

(15) max
|z|=1

|DαP (z)| ≥ 2
µ |α|− k

1 + kn

¶ nX
ν=1

k

k + |zν |
max
|z|=1

|P (z)|

+

µ |α|− k

1 + kn

¶
(k − 1)n|a1|

nX
ν=1

k

k + |zν |

+

µ
1− 1

k

¶
|na0 + αa1|, if n = 2.

Rema r k 1.5. Dividing the two sides of (14) and (15) by |α| and letting
|α|→∞, we get a result due to Govil [10].
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2. Lemmas

For the proof of these theorems, we need the following lemmas.

Lemma 2.1. [11] or [3]. If P (z) is a polynomial of degree n, then for
|z| = 1,

|P 0(z)|+ |nP (z)− zP 0(z)| ≤ nmax
|z|=1

|P (z)|.

Lemma 2.2. [8]. If P (z) = c
nY

ν=1

(z − zν) is a polynomial of degree n

with |zν | ≥ kν where kν ≥ 1, 1 ≤ ν ≤ n and Q(z) = znP (1/z), then¯̄̄̄
Q0(z)

P 0(z)

¯̄̄̄
≥ 1 +

(
n

,
nX

ν=1

1

kν − 1

)
for |z| = 1.

Lemma 2.3. If P (z) = a0+amz
m+am+1z

m+1+. . .+anz
n, 1 ≤ m ≤ n,

is a polynomial of degree n which does not vanish in |z| < k where k ≥ 1 and
Q(z) = znP (1/z), then for |z| = 1,(

n|a0|km+1 +m|am|k2m
n|a0|+m|am|km+1

)
|P 0(z)| ≤ |Q0(z)|

and
m

n

¯̄̄̄
am
a0

¯̄̄̄
km ≤ 1.

The above lemma follows easily on using arguments similar to that used
in Qazi [14, Lemma 1].

By applying Lemma 2.3 to the polynomial znP (1/z), we immediately get
the following result.

Lemma 2.4. If P (z) = a0+a1z+ . . .+an−mzn−m+anz
n, 1 ≤ m ≤ n,

is a polynomial of degree n having all its zeros in |z| ≤ k where k ≤ 1, P (0) 6= 0
and Q(z) = znP (1/z), then

(16)

(
n|an|k2m +m|an−m|km−1
n|an|km−1 +m|an−m|

)
|P 0(z)| ≥ |Q0(z)| for |z| = 1

and

(17)
m

n

¯̄̄̄
an−m
an

¯̄̄̄
≤ km.
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We use Lemma 2.4 to prove the following more general result.

Lemma 2.5. If If P (z) = a0+a1z+ . . .+an−mzn−m+anz
n, 1 ≤ m ≤ n,

is a polynomial of degree n having all its zeros in |z| ≤ k where k ≤ 1 and
Q(z) = znP (1/z), then

(18)

(
n|an|k2m +m|an−m|km−1
n|an|km−1 +m|an−m|

)
|P 0(z)| ≥ |Q0(z)| for |z| = 1

and

(19)
m

n

¯̄̄̄
an−m
an

¯̄̄̄
≤ km.

P r o o f o f L e m m a 2.5. By hypothesis all the zeros of polynomial

P (z) = a0 + a1z + . . .+ an−mz
n−m + anz

n, 1 ≤ m ≤ n,

of degree n in |z| ≤ k where k ≤ 1. In case P (0) = a0 6= 0, Lemma 2.5 is identical
with Lemma 2.4. Hence to establish Lemma 2.5 in general, it is sufficient to
consider the case when P (0) = a0 = 0. For k = 1, the inequality (18) follows
from a result of De Brujin [6, p. 1265]. To prove inequality (19) for k = 1, let
aμ be the first non-zero coefficient of P (z) so that

P (z) = aμz
μ + aμ+1z

μ+1 + . . .+ an−mz
n−m + anz

n = zμh(z),

where

h(z) = aμ + aμ+1z + . . .+ an−mz
n−μ−m + anz

n−μ, 0 ≤ μ ≤ n−m,

is a polynomial of degree (n−μ) having all its zeros in |z| ≤ 1 with h(0) = aμ 6= 0.
Applying inequality (17) of Lemma 2.4 to the polynomial h(z) with k = 1, we
get

m

n− μ

¯̄̄̄
an−m
an

¯̄̄̄
≤ 1.

Since n− μ ≤ n, it follows that

m

n

¯̄̄̄
an−m
an

¯̄̄̄
≤ m

n− μ

¯̄̄̄
an−m
an

¯̄̄̄
≤ 1,
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which is inequality (19) for k = 1. This proves Lemma 2.5 for k = 1. Henceforth
we shall assume that k < 1. Since P (0) = a0 = 0, we can write as before

P (z) = aμz
μ + aμ+1z

μ+1 + . . .+ an−mz
n−m + anz

n

where aμ 6= 0, 0 ≤ μ ≤ n−m. By hypothesis all the zeros of P (z) lie in |z| ≤ k
where k < 1. Let r with 1 < r < 1/k be any positive real number such that
P (z) 6= 0 for |z| = ρ where k < ρ = kr < 1, then

δ = min
|z|=ρ

|P (z)| > 0

and

(20) δ ≤ |P (z)| for |z| = ρ.

Now δ > 0, we choose a positive real number ε such that 0 < ε < δ and from
(20), we get for every λ with |λ| = 1,

|λε| = ε < δ ≤ |P (z)| for |z| = ρ.

Applying Rouche’s theorem and noting that all the zeros of P (z) lie in |z| ≤
k < ρ, it follows that the polynomial

F (z) = P (z) + λε = anz
n + an−mz

n−m + . . .+ aμz
μ + λε

has all its zeros in |z| < ρ < 1 with F (0) = λε 6= 0. If G(z) = znF (1/z),
then G0(z) = Q0(z) + nλεzn−1. Using Lemma 2.4 to the polynomial F (z) and
observing that F 0(z) = P 0(z), we conclude that

(21)

(
n|an|ρ2m +m|an−m|ρm−1
n|an|ρm−1 +m|an−m|

)
|P 0(z)| ≥ |Q0(z) + nλεzn−1| for |z| = 1

and

(22)
m

n

¯̄̄̄
an−m
an

¯̄̄̄
≤ ρm.

Choosing the argument λ suitably in the right hand side of (21), we obtain(
n|an|ρ2m +m|an−m|ρm−1
n|an|ρm−1 +m|an−m|

)
|P 0(z)| ≥ |Q0(z)|+ nε

(23) > |Q0(z)| for |z| = 1
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for every ρ = kr, 1 < r < 1/k. Letting r → 1 so that ρ → k in (22) and (23),
we immediately get inequalities (18) and (19) for k < 1. This proves Lemma
2.5 completely.

Lemma 2.6. [7] If P (z) = a0+a1z+ . . .+anz
n, an 6= 0 is a polynomial

of degree n ≥ 1, then for all R ≥ 1,

(24) max
|z|=R

|P (z)| ≤ Rnmax
|z|=1

|P (z)|− (Rn −Rn−2)|P (z)| if n ≥ 2

and

(25) max
|z|=R

|P (z)| ≤ Rmax
|z|=1

|P (z)|− (R− 1)|P (0)| if n = 1.

Lemma 2.7. [10] If P (z) = an

nY
ν=1

(z − zν), an 6= 0, is a polynomial of

degree n ≥ 2, then for all R ≥ 1,
(26)

max
|z|=R

|P (z)| ≤ (R
n + 1)

2
max
|z|=1

|P (z)|−
Ã
Rn − 1

n
− Rn−1 − 1

n− 2

!
|P 0(0)| if n > 2

and

(27) max
|z|=R

|P (z)| ≤ (R
2 + 1)

2
max
|z|=1

|P (z)|− (R− 1)
2

2
|P 0(0)| if n = 2.

3. Proof of the theorems

P r o o f o f T h e o r e m 1. By hypothesis P (z) = c
nY

ν=1

(z − zν)

is a polynomial of degree n with |zν | ≤ kν , kν ≤ 1, 1 ≤ ν ≤ n and P (0) 6= 0,

therefore Q(z) = znP (1/z) = c
nY

ν=1

(1 − zzν) is a polynomial of degree n with

|1/zν | ≥ 1/kν , (1/kν) ≥ 1, 1 ≤ ν ≤ n. Applying Lemma 2.2 to the polynomial
Q(z), it follows that

(28) |P 0(z)| ≥
"
1 +

(
n

,
nX

ν=1

µ
kν

1− kν

¶)#
|Q0(z)| for |z| = 1.

Since
Q0(z) = nzn−1P (1/z)− zn−2P 0(1/z),
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therefore,

|Q0(z)| = |nP (z)− zP 0(z)| for |z| = 1.

Using this in (28), we get

|P 0(z)| ≥
"
1 +

(
n

,
nX

ν=1

kν
1− kν

)#
|nP (z)− zP 0(z)| for |z| = 1,

which after short simplification yields,

(29) t0|P 0(z)| ≥ |nP (z)− zP 0(z)| for |z| = 1,

where

t0 = 1−
Ã
n

,
nX

ν=1

1

1− kν

!
.

Now for every real or complex number α with |α| ≥ t0, it follows with the help
of (29) that for |z| = 1,

(1 + t0)|DαP (z)| = (1 + t0)|nP (z)− zP 0(z) + αP 0(z)|

≥ (1 + t0)
©
|α||P 0(z)|− |nP (z)− zP 0(z)|

ª
= |α||P 0(z)|− |nP (z)− zP 0(z)|

+|α|t0|P 0(z)|− t0|nP (z)− zP 0(z)|

= |α||P 0(z)|− |nP (z)− zP 0(z)|

+(|α|+ 1)t0|P 0(z)|− t0
©
|P 0(z)|+ |nP (z)− P 0(z)|

ª
≥ |α||P 0(z)|− |nP (z)− zP 0(z)|

+(|α|+ 1)|nP (z)− zP 0(z)|− t0
©
|nP 0(z)|+ |P (z)− zP 0(z)|

ª
= (|α|− t0)

©
|P 0(z)|+ |nP (z)− zP 0(z)|

ª
≥ (|α|− t0)|zP 0(z) + nP (z)− zP 0(z)|

= n(|α|− t0)|P (z)|.

This implies for every real or complex number α with |α| ≥ t0,

max
|z|=1

|DαP (z)| ≥ n

µ |α|− t0
1 + t0

¶
max
|z|=1

|P (z)|,

which completes the proof of Theorem 1.1.
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P r o o f o f T h e o r e m 1.3. Proceeding similarly as in the proof of
Theorem 1.1 and using the inequality

δk,m|P 0(z)| ≥ |nP (z)− zP 0(z)| for |z| = 1

(Lemma 2.5), where δk,m is defined by (12), instead of inequality (29), we can
complete the proof of Theorem 1.3.

P r o o f o f T h e o r e m 1.4. We first prove inequality (14). By
hypothesis all the zeros of polynomial P (z) lies in |z| ≤ k where k ≥ 1, therefore,
all the zeros of polynomial F (z) = P (kz) lie in |z| ≤ 1. Applying Lemma 2.5
(with m = 1 and k = 1) to the polynomial F (z) and noting that

|nF (z)− zF 0(z)| = |G0(z)| for |z| = 1,

where G(z) = znF (1/z), it follows that

|F 0(z)| ≥ |G0(z)|

(31) = |nF (z)− zF 0(z)| for |z| = 1.

Now for every real or complex number α with |α| ≥ k,

|Dα/kF (z)| = |nF (z)− zF 0(z) +
α

k
F 0(z)|

≥ |α|
k
|F 0(z)|− |nF (z)− zF 0(z)| for |z| = 1.

This implies with help of (31) that for |α| ≥ k and |z| = 1,

(32) |Dα/kF (z)| ≥
µ |α|− k

k

¶
|F 0(z)|.

Since F (z) = P (kz) =
nY

ν=1

(kz − zν) with |zν/k| ≤ 1, 1 ≤ ν ≤ n, it follows that

for points eiθ, 0 ≤ θ < 2π, other than the zeros of F (z),

<
Ã
eiθP 0(eiθ)

P (eiθ)

!
=

nX
ν=1

<
Ã

eiθ

eiθ − (zν/k)

!
≥

nX
ν=1

µ
1

1 + |zν/k|

¶
,

which implies

(33) |F 0(eiθ)| ≥
nX

ν=1

µ
k

k + |zν |

¶
|F (eiθ)|
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for points eiθ, 0 ≤ θ < 2π, other than the zeros of F (z). Since (33) is trivially
true for points eiθ, 0 ≤ θ < 2π, which are the zeros of F (z), it follows that

|F 0(z)| ≥
nX

ν=1

µ
k

k + |zν |

¶
|F (z)| for |z| = 1.

Using this in (32) and replacing F (z) by P (kz), we obtain for |z| = 1,
(34)

max
|z|=1

|Dα/kP (kz)| ≥
µ |α|− k

k

¶ nX
ν=1

µ
k

k + |zν |

¶
max
|z|=k

|P (z)| , where |α| ≥ k.

Again, since all the zeros of polynomial F (z) of degree n > 2 lie in |z| ≤ 1, all
the zeros of the polynomial G(z) lie in |z| ≥ 1. Therefore, by inequality (26)
(with R = k, k ≥ 1), we have

max
|z|=k

|G(z) ≤
µ
kn + 1

2

¶
max
|z|=1

|G(z)|− kn−1|an−1|
Ã
kn − 1

n
− kn−2 − 1

n− 2

!
.

Replacing G(z) by znF (1/z) and F (z) by P (kz), we get

knmax
|z|=1

|P (z)| ≤
µ
kn + 1

2

¶
max
|z|=k

|P (z)|− kn−1|an−1|
Ã
kn − 1

n
− kn−2 − 1

n− 2

!
,

which is equivalent to

(35) max
|z|=k

|P (z)| ≥
µ
2kn

kn + 1

¶
max
|z|=1

|P (z)|− 2k
n−1|an−1|
kn + 1

Ã
kn − 1

n
− kn−2 − 1

n− 2

!
.

Combining (34) and (35), it follows that for every real or complex number α
with |α| ≥ k,

(36) max
|z|=1

|Dα/kP (kz)| ≥
µ |α|− k

k

¶ nX
ν=1

µ
k

k + |zν |

¶½µ
2kn

kn + 1

¶
max
|z|=1

|P (z)|

− 2k
n−1|an−1|
kn + 1

Ã
kn − 1

n
− kn−2 − 1

n− 2

!)
.

Now nP (z) + (α − z)P 0(z) = DαP (z) is a polynomial of degree at most n− 1,
therefore, by inequality (24) of Lemma 2.6 (with R = k, k ≥ 1),

max
|z|=1

|Dα/kP (kz)| = max|z|=1
|nP (kz) +

µ
α

k
− z

¶
kP 0(kz)|
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= max
|z|=k

|nP (z) + (α− z)P 0(z)|

≤ kn−1max
|z|=1

|DαP (z)|− (kn−1 − kn−3)|na0 + αa1|.

This in conjunction with (36) yields,

max
|z|=1

|DαP (z)| ≥ 2
µ |α|− k

1 + kn

¶ nX
ν=1

k

k + |zν |
max
|z|=1

|P (z)|

+2|an−1|
µ |α|− k

1 + kn

¶ nX
ν=1

1

k + |zν |

Ã
kn − 1

n
− kn−2 − 1

n− 2

!

+

µ
1− 1

k2

¶
|na0 + αa1|,

which proves inequality (14).
The inequality (15) can be proved in the same way as above, but now

instead of using inequalities (26) and (24), we use inequalities (27) and (25)
respectively. This completes the proof of Theorem 1.4.
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