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We find new representations of the derivatives of the weight functions used by de
Branges in his proof of the Milin, Robertson and Bieberbach conjectures.
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1. Introduction
Let S denote the class of all functions
o0
(1) f(z) = Z anzn7 ap = ]-a
n=1

analytic and univalent in the unit disk |z| < 1. Bieberbach [1] conjectured that
the inequalities

(2) lan| <n, n=2,3,...,

hold, where the equalities hold only for the Koebe function
(3) fo(z) = 1_2 an S

and its rotations e~ fo(ze'¥) € S, where « is real.

De Branges [2] - [3] proved the Bieberbach conjecture (1) - (3). Fitzgerald
and Pommerenke [4] - [5], Weinstein [6], and the author [7] - [11] simpler proved
the same conjecture, respectively (see the Grinshpan reviews in [12]).
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For any positive integer n > 1, de Branges [2] - [3] introduced and used
the system of functions

n—k
Ck+v+1),2k+2v+2)n—k—v _pipt
4 t)==k —1)Y v
) or(t) V;)( ) (k+v)vl(n—k—v)! ¢
for 0 <t < 400 and k = 1,2,...,n, where (a), for an arbitrary number a
denotes
(5) (a)y =ala+1)...(a+v—-1), v=1,2,...; (a)o=1.

The functions (4), having in mind (5), are the unique solution of the de Branges
system of differential equations

o, (t) _ Ohi1

(© ou(t) = o (t) = =T — AL

0<t<oo, k=1,2,....,n, opt1(t) =0,

with initial conditions
(7) or(0)=n—-k+1, k=1,2,...,n.

The author [7] - [11] introduced and used the full notations o (t) =
op(t), n>k,k=12...,n, 0<t< 400, of the de Branges functions (4)
and o), = o0.(t), n>k, k=1,2,...,n, 0<t < 400, of their derivatives,
respectively. Further, we shall use the notations o, (t) and o, (t) (1 <k <
n+1) for the kth de Branges weight function oy (t) and its derivative o}, (t) which
satisfy (6) - (7) for any fixed value n (n=1,2,...).

The derivatives o/, (t) are determined by the de Branges formula (see [2]
- [5] and [7] - [10])

O (t) n+k+1 _n+k7n+k+2,k+%;e*t
(8) T Lo—kt 3Fy 5
ke n—k k+3,2k+1

for 0 <t < 400, 1 <k<n, n>1, where 3F5 for arbitrary numbers a1, a2,

a3 and Bi2 #0,—1,-2,..., denotes the Clausen hypergeometric function
ar, 2,037\ _ o= (1), (a2),(a3), 2¥

9 3F2 — v v V_’ x| < 1’

®) ( b1, B ) D AR P

keeping in mind (5).
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The derivatives o/,,(t) are related to certain positive Jacobi polynomial
sums, considered by Askey and Gasper [13] - [15] and Kazarinoff [16]. According
to the results of these authors, the identity (8) has the equivalent representation

oln(t) v+ 2k »
(10) —ke_kt:VZ:O on JEv+2k+ 1,2k + 1ie7)

for 0 <t <400, 1 <k<n n>1, where F for arbitrary numbers «, 8 and
v#0,—1,—2, ..., denotes the Gauss hypergeometric function

= (@), (B)y ¥
(1) Flo i) = 3 P el <

keeping in mind (5).
Weinstein [6] used the implicit form of the expansion

etwarl

1 —w?

(12) = > AW, k=1,2,..,
n=0

for |z] <1 and 0 <t < 400, where A}(t) are the unknown Taylor coefficients
and w = w(z,t) is the Pick function (see references in [7] - [9]), determined by
the equation

z etw

1 — 1,0<t
( 3) (1_2)2 (1—'11))27 ‘Z|< ) 0_ < +00,

which satisfies the inequality
(14) lw(z, t)] < z|, |2| <1, 0<t< +o0,

where, for 0 < ¢ < 400, the equality holds only for z = 0. In [7] - [9] we found
that

(15) AN =0, 0<n<h-1; Ant) =2 o s

for 0 <t < +4o0.
2. New representations of the derivatives
of the de Branges functions

These representations originate from (12) and (15) and in our method [7]
- [9]-
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Theorem 1. The natural powers wP,p =1,2,..., of the Pick function
w = w(z,t), determined by (13) have the following expansions

(16) wP —e*ptz <n+p )F(p—n,p+n; 2p+ 142"

for|z| <1 and 0 <t < +o0, where F is the hypergeometric function

n—p

_ — +n), _
1 F(p — -9 1: ty (p n)l/(p v —ut
(17) (p—mnp+n2p+Liet)=> TES

v=0

having in mind the notation (5).

Proof. Let the complex number z and the real number r be fixed with
0 < |z| < r < 1. Then, on the basis of (14) for the Pick function w = w(z,1),
determined by (13), and the Cauchy theorem on residues, we have the integral
representation

1 Sl
p_ p_ (1-¢°
(18) w o \/|§|—7"C etc P dC

(1-0* (-2

for 0 <t < 400, and p = 1,2,..., where the integration along the circle |(| = r
is performed in positive direction. From (18) we obtain the Taylor expansion as
follows

Lo A
(19) wl = — —
2mi Jie)= 1—-¢ 11— %ﬁ

00 SV —vt (1+C)(1_C)2V71
X:: 1 —Z 2” 27TZ /<|:r Cl/fp+1 dg
_ et o B 2v _y nt+rv—1 .
_Z;?(—l) Py(y_ > tz( e )

V=
] n—p
=e Y 2" ay(n,p)e

n=p v=0
for |[z2] < 1,0 <t < 400, p=1,2,..., where

(20) ay(n,p) = (-1 2 <2V+2p> <n+v+p—1>

vV+p 14 n—p—v
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for0<v<n—p,n>p p=12,.... From (20) it follows that

av(mp)  (p—n+v-1(p+n+v-1)
21) ai(mp) @+ )0

forl<v<n—-p,n>p+1,p=12,... with

-1
(22) ao(n,p):<n2—iz;zj_1 )7 an, p:1727""

From (21) and (22) we deduce that

_(ntp=1\(p—n)(p+n)
(23) ay(n, p) = < 2 —1 ) (2p + 1),

for0<v<n-—p,n>p, p=1,2,..., having in mind the notation (5). With
the help of (23), having in mind (11), the expansion (19) takes the form (16) -
(17).

This completes the proof of Theorem 1. ]

Corollary. The natural powers wP, p = 1,2,..., of the Pick function
w = w(z,t), determined by (13), have the following Taylor expansions

(24) wP = e PP
> [(n+p—1
+e P11 —e™h) Z ( >F(p+1—n,p—|—1—|—n;2p+ Le )"
n=p+1 2p —1
for|z| <1 and 0 <t < +o0, where F is the hypergeometric function
n—p—

(25) Flp+1—n,p+1+mn2p+1e ") = Z
v=0

"p+1-n)(p+14n)
(2p+ 1),

I

having in mind the notation (5).

Proof. According to the basic linear transformation formulas of the
Gauss hypergeometric function (11) (see, for example, in [17, formulas 9.131:1]),
applied to the hypergeometric function (17) for n > p+1 and 0 <t < 400, we
have the factorization

(26) F(p—n,p+n;2p+Lie ) =1—-e HF(p+1—n,p+1+n;2p+1;e7)

with the help of the hypergeometric function (25). Therefore, the identities (26)
transform the expansion (16) - (17) into the form (24) - (25). [
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In particular, for p = 1 and v := ew, 0 <t < 400, T :=e 5,0 < 7 < 1,
Theorem 1 (and its Corollary) is obtained by us in [18] in another way.

Theorem 2 Having in mind the notations (9) and (11), the identity (8)
(or (10)) has the equivalent representation

@) one(t) 5 <2u +k+n+ 1) v

T Lo—kt A
ke 0<Iven—k n—k—2u

XxFQu4k—n,2v+k+n+2;4v + 2k + 3;¢e7Y)

for0 <t < +o0,1<k<mn,n>1, where the sum is taken for all integers v for
which 0 <v < (n—k)/2.
In particular, we have the identities

ol (1) = (20+2k+2m+1) _
2 _Ink — 2ut
(28) ke—kt 112::0 < 2m — 2v )e

x F(2v — 2m, 2v + 2k + 2m + 2;4v + 2k + 3;¢ 1)

form—k=2m, m=0,1,2,..., and

ol (1) = (20+2k+2m+2) _
2 __“nk — 2ut
(29) ke Z( 2m +1— 2w )e

x F(2v —2m — 1,20 + 2k + 2m + 3;4v + 2k + 3;¢7)
form—k=2m+1, m=0,1,2,....

Remark . The identity (27) can be written in the form

(30) ol (t) :’§“1+(—1)V <1/+k+n+1>eyt

n—k—v

[\

xFv+k—nuv+k+n+2;20+2k+3;e ")

for0<t<+4o0,1<k<n,n>1.

Proof. Besides (15), another explicit form of the Taylor coefficients
Aj(t) in (12) can be obtained with the help of the expansion

wk—i—l

oo
(31) ﬁ:wa’““, w| <1, k=1,2,...,
—w v=0
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and the expansion (16) for p = 2v + k + 1. Thus (31), (16) and (15) yield the
identity (27). The identities (28) and (29) follow from (27) for n — k = 2m and
n—k=2m+1(m=0,1,2,...), respectively. The identity (30) follows from
(27) with the replacement of v by v/2.

According to the well known Gauss formula for the limit of the hyperge-
ometric function as its argument tends to unit (see, for example, in [17, formula
9.122:1]), applied to the hypergeometric functions in (28) and (29) we obtain
immediately the equations

(32) o (0)=—k, n>kk>1, n—k=2mm=0,1,2,...,
and
(33) o (0)=0,n>kk>1,n—k=2m+1,m=0,1,2,....

The equations (32) and (33) are obtained by us in [7] - [9] in another way. m

Theorem 3 Having in mind the notation (9) and (11), the identity (8)
(or (10)) has the equivalent representation

/
Colp(t)  1{n+k+1
(34) ke=kt 2\ n—k
—n+kn+k+2k+ et
><{3F2< 3 2 >+F(—n+k,n+k+2,2k+2;et)}
k+35,2k+2

for0<t< 400, 1 <k<n,n>1.

Proof. Besides (15) and (27) - (30), the following explicit form of the
Taylor coefficients A} (t) in (12) can be obtained with the help of the identity

k+1 k+1 k+1

w 1 w w

(35) 5 = 5 +
1—w 2'14+w  1—w

)

and the integral representation formulas (see (18))

et (14¢)

_ b 0" e
TEw  2miJig=r 1385 — 2

,wk+1 B 1 Ck+1

(36)

From (36) with the procedure in (19) - (20) (see also [7] - [9]) we find the
expansions

k+1

w _ —(k+1)t — [(n+k+1 F(— 2:9 2: ¢t
(37) i n;( i (—n+k,n+k+22k+2e )2
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and
wht! = (n+k+1
_ —(k+1)t

(38) 1w © T;g n—=k

1. —

X o F —n+k,n+3k+2,k:+§,e t o+l
kot 2,2k + 2

for the Pick function w = w(z,t), determined by (13), in 2] < 1 and 0 < ¢ <
+oo, k=1,2,.... Now (37), (38), (35) and (15) leads us to (34). [

In particular, for ¢ = 0 from (37) and (38) we obtain the identities

1
(39) <anZ )F(—n+k,n+k+2;2k+2;1):(—1)”_k, n>kk>1,

and

E+1 —n+k, k+2,k+41:1
(40) nERER R nﬁ SRR =1, n>k, k>1.
n—k ]43—|—§,2k‘—|—2

From (34) for ¢t = 0 with the help of (39) and (40) we obtain again the equations
(32) and (33).
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