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In this paper the new method for simultaneous extraction of all roots, when the roots
can be multiple, of polynomials over an arbitrary Chebyshev system is developed. This is the
most generalized case when simultaneous methods can be applied. A cubic convergence of
iteration process is proved. The method presented is a generalization of the classical methods
of Chebyshev and Makrelov for simultaneous searching of simple roots.
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1. Introduction

Seeking of all roots of polynomial equations is the problem, which arises
early in the history. The first iteration method, which is widely applied, has
been given by Newton. Later many problems arise and they are connected
with applying and using of iteration methods such as finding a range and order
of convergence, type of polynomial (algebraic, trigonometric, exponential and
generalized) for which the method can be applied.

Weierstrass’s [9] and Dochev’s [1] works gave the origin of a new category
of methods for simultaneous finding of all the roots (SFAR), which has been the
objective of a deep investigation for the last forty years. These investigations

1This work has been supported by NIMP, University of Plovdiv under contract No MU-
1/2002.
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became very popular because the methods for SFAR are practically applicable
on computers with parallel processors.

2. Generalized polynomials

Let functions ¢g (), 1 (), ..., on (x) be smooth enough and constitute
a Chebyshev system within the interval (a,b). Let consider a generalized poly-
nomial upon that system:

(1) @)= ajp;(x),
=0

whose zeroes x1, 9, ..., Ty, are of multiplicities aq, s, ..., ayy, respectively. As-

m

sume Y. «; =n. Denote the approximations of the k-th iteration zeroes of (1)
j=1

k k k

)

It is known that f (z) can be represented as:

with z

po(x) p1(x) o pn(2)
wo(z1) ¢1(z1) o pn(21)

(2) fay=| 20 e e e e )
©0(Tm) ©1(Tm) o Pn(Tm)
o D) G D wm) o (@)
def Yo 1 - Pn def
= det| z 21 .. Ty |, a0 = L.

Qg Q1 ... Qup

For simultaneous calculation of the zeroes of polynomial f (x) it will be
used the iteration formula:

o= —asf (28) 10 (@F)] [ |7 (@) 00 (=)

-1

3 xQu(a) [(ai+1)Qi(x£’d)]1] Li=T,m, k=0,1,2,..,

where
doi Yo ®1 .. $¥n L
Qi(z) = e det | z x[lk] x[T’fL] ,t=1,m.

ay Q1 ... Qup
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If we compare this iteration formula with (4), which has been obtained
at an earlier stage [4,7]:

P A L R CH) (wgk}) [ fles) (%[;k]) _ flai=D) Gk])

-1

(4) x Qri (217 [2Q; (wEk])}_l} L i=T,m.k=0,1,2,..

it can be seen that the new formula (3) requires only the calculation of f/(z) only
instead of f(®) (z) as in (4). Method (3) is simpler than (4) and achieves a cubic
convergence, too. This formula is a generalization of the iteration formulae of
Chebyshev and Makrelov [5].

Definition. ([3]) For the functions p(z;) and ¢ (z;) we will write
p(z;) = q(xj) mod (:Ej — zlH
R\
J

; )7 ,j=1,m ( p(z;) comparable with ¢ (z;) mod-
ulo (x] —x:') ,j=1,m ), when the difference p(z;) — ¢ (z;) can be repre-
sented as h (w] — ]> j = 1,m, where the function h (y;), (y; = zj — wg-k] )
whose derivatives of order up to v — 1 are equal to zero when y; = 0.
In [3] it is proved
[o%; k T
Qi (z) = f(*) (x) mod (:L‘E}—.'I}]) j=1m
o k
Qi (w) = fO+ (2) mod (af — ), j =

After transition of (3) we receive

(6) B ;=G (m‘gk]) [P (;U[klﬂ - ,i=1,m,

(5)

(2 7

where

(7)
G(@) = (i + 1) [(z = 2) [/ @) = oif (2) 11 (2)] Qi (2) = e f? () Qui (w),
P () = (i + 1) [/ (2)]° Qi ().

Now, from (7) we obtain
(8) Gr (x) = G () = ... = G247 () = G4 (1) = 0.
We compute

20@

G(2a1;) (xz) — (ai + 1) < 1 ) [(al + 1) f(oci-i—l) (l'z) — azf(a1+1) (IL‘Z)]

Q5
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20(2‘
0%

(9) X £ () Qi () — ( ) (£ @) Qi ()

= (i + 1) (200)! [ — D! (i + D7 FOF (@) O (23) Qi ()

— ai(200)! [oil] 2 [ ()] Q1 ().

By means of (5) and (9) we receive

(10) G2 (z;) = 0 mod (iﬁ‘gk} — :Uj) i=1m,i=1m.

From (10) we arrive at

(11) G () =3 Aiy (al —2) Li=Tm.
s=1

After applying Taylor’s formula and using (8) we end

20(1'

G (=) = G (@) [(200)] 7" (& = 2) "+ [0+ 1)

(12) % ((2ait1) (Cgk]) (%Ek] B $1)2ai+1'

Analogously, we find P/ (z;) = Pr(z;) = ... = PC%=3) (z;) = 0.

For P%=2) (z;) | i =T, m we obtain (j = I, m):
PR=2) (2) = (o + 1) (205 — 2)! [(; — 1)1 2 [f(o‘i) (mz)]S mod (xgk} — a:j) .

It results in (i = 1, m):
(13)

3 m
P2 (3;) = (o + 1) (205 — 2)! (s = D! 7 [ £ ()| + Y Bis (2l — 2,
s=1
Consequently,

P () = (205 - 271 P2 () (ol — )"
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A1)+ (o -y PR () ()T = T

)

We replace the excerption representations (12) and (14) for G <x£k]) and

P (w£k1> respectively in (6) and the following expression has been received

ol = (1207 60 (a) (ol - i)™ o (2004 1Y 6D ()

(3

(15) (xz[k] _ xi>2a¢+1 (20, — 2)!]71 p(20i-2) () (xgk] _ xz) 20,2

7

(20 =7 P () (o =) i

From (15) we get

LS R [[(2%)!]1 G2 () (xik] _ x@.)z

)

(16)  + [2oi + 1) G () (2 - xﬂ [[(20; = 2)] 7"

x pai=2) () + [(20; — 1)!]_1 pRai-1) (n[-k]) (w[k] — ZL‘Z'):|_1 . i=1,m.

7 2

After applying the findings (11) and (13) in (16) we obtain (i = 1,m):

(17) oty = l[@az‘)!]_l (:rgk] - wz')2 i Ais (w[f] - :cs>
s=1

3

+ (204 + 1)1 G () (2 xﬂ [(ai +1) [(as = )7 £ ()]

m -1
- _ oyt (R 1yt pQai=1) (RN (R .
+ [(2ai — 2)]] ;st (333 xs) +[(20; — )] P (7]2 ) (xl xz)]
Let
def def

X = max {sup|A;s|}, Y = max {sup|Bisl},
s,i=1,m

s,i=1,m
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def
(18) 7 = Z.:la%{sup’G(?O‘ﬁl) (aj)‘},
def def
R = oo |[PEN @} T = i it @]}

Let ¢ and ¢ < 1 be real positive numbers such that the following inequal-
ities are true:

c? [mX + Z (20 + 1)71} < (i 4+ 1) 20)! (o — 1)) 2 T3

(19) —2co; [(20; —1)Ym+R], i=1,m.

Let xgk] — 2i| < ¢ for some k € NU{0}. From (17), (18) and (19) it follows

the result:

—1
x [(@i+ 1) [(i = D72 T3 = [(20 = 2))7 Yimeg™ — [(205 = 1)!] 7 Reg™ |
< cq?’kJr1 , t=1,m.

Thus we prove that the method (3) has a cubic order of convergence.

Numerical example. From the base system of function {1,:[),$2,

exp(x)} a generalized polynomial f(z) is constructed having z; = 0.5 and zo = 1
as its roots with multiplicities oy = 2 and o = 1, correspondingly.

method (3)
0.20000000000 | 1.10000000000
0.48986659316 | 1.01298188153
0.49999678856 | 1.00004555603
0.49999999999 | 1.00000000000

WIN| =]

Numerical experiments applying method (3) were performed and they
showed absolutely identical results (to the 11-th digit) as the generalization of
the Chebyshev method for extraction of multiple roots in the particular cases
of algebraic, trigonometric, and exponential polynomials [2]. In these particular
cases it is better to use the specialized methods [2,6,7,8] because method (3)
requires the calculation of determinants, which is laborious operation.
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