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Let Lo be the closure of minimal symmetric operator generated by the expression of
differential which is expressed as

1/2—

Iy) = " (@) + —5 " y(@) +q(x) y(2), 0<z <oo,

where 0 < v < 1 and ¢ is a real continuous function in [0, c0).
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0. Introduction
Let us consider the following differential expression

2

& U(y) = =y"(@) + L y(@) + () y(a). 0<a <o,

where 0 < v < 1 and ¢(z) is a real continuous function in [0, c0). Let us denote
by Lo the closure of the minimal symmetric operator [1] generated by (1). We
denote by D the set of all functions y(z) from L2(0,00) whose first derivatives
are locally absolutely continuous in [0, c0) and [(y) € L2(0,00) ; D is the domain
of the maximal operator L , and L = L§ [1]. The symmetric operator Ly has a
defect index (2,2) or (1,1) [1].

Previously, for v = 1/2, the spaces of boundary value, maximal dissipa-
tive and selfadjoint extensions of the operator Ly have been obtained [2].
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Section 1.

In this work, first of all, we assume that the symmetric operator Ly has
defect index (2,2). We recall that a triple ( H, —oo, —c0), where H is Hilbert
space and I'; and T’y are linear maps of D(A*) into H , is called the space of
boundary values (SBV) of closed symmetric operator A in the Hilbert space H
with equal, defect indices, if the following two conditions hold:

1) For every f,ge D(A*)

(A" f,9)n — ([, A" ga = (D1 f.T29)n — (T2 £, T19)m
2) For every g1, g2 € H there is a vector f € D(A*) such that
[1f=g1and Ty f = go.

Let v1(z) and ve(z) denote the solutions of I(y) = 0 satisfying the inital
conditions

Ul(l) =1, U/l(l) =0, U2(1> =0, U,Z(l) =1
clearly, vi(x) and v2(z) are linearly independent and their Wronskians are equal

to one:
W[Ul,vg]x = W['Ul, ”Ug]l =1

We consider the following linear maps of D into C2.

(2) I f= (%?’ﬁi) , Iof= (%g’&i) , feD.

Theorem 1. The triple (C2,T1,T3) defined by (2) is the space of
boundary values of the operator Ly.

Proof. In order to check the first condition of SBV we first prove the

following lemma.

Lemma 1. For arbitrary functions y(z),z(x) € D we have the condi-
tions

(3) Wiy, Zlz =Wy, v1]s . W[Z,v2]le — Wy, vo]e . W[Z,01]z , 0z <00

Proof. Observing that vi(z) and ve(x) are real functions, we have,

Wly,vi]z . W[Z,ve], —

= (y(z)vi(z) —y'(z) 1
—(y(z) vy(x) — ¢/ (z) va(z
= (y(z)Z'(z) — ¥'(z) Z(2)

[ ,UQ] W[?,'Ul]x
(z)) (Z(z) v
)) (Z(z)v

—Z'(x)v
Wly,zle , 0<ax<o0.
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Thus, Lemma 1 is proved. ]
For y(z), z(z) € D we have Lagrange’s formula

(4) (Lyvz)Lz(O,oo) - (yv LZ)LQ(O,OO) = W[y,?]oo - W[z/?E]O .
We have, by Lemma 1 and (5),

(Flg,r?z)beQ — T2y, T2)c2 = Wly, va]o W[z, v1]o
+Wly, viloo W[Z, v2]o0 — Wy, v1]o W[Z,v2]o
—W[y,UQ]OO W[Ev Ul]oo = W[yvz]oo - W[y,g]o

Therefore, the first requirement of the SBYV is fulfilled. The second requirement
will be proved as the following lemma.

Lemma 2. For any complex numbers ag, 1,80 and (1 there is a
function y € D satisfying

(5) W[y,vl]ozao ) W[ya U2]0:a1 , W[y, Ul]oo:BO s W[yav2]oo:/81 .

Proof. Let us denote by Ly the closure of minimal symmetric operator
generated by I(y) and the interval 1 < z < co. First of all, for any complex
numbers o, 71, fo and S there is a function y;(z) € D(L}) which satisfies the
following conditions

(6) y(]-) =70 , y/(]-) =7, W[yavl]oo - BO ) W[Z/,"UQ]oo - /Bl .
We consider a function f(z) € La(1, 00) satisfying
(7) (fsv1)Ly(1,00) =Bo+71 5 ([i02)11(1,00) = B1— 0 -

Let y1(z) denote the solution of equation I(y) = f(z) , (1<zx<o0) sa-
tisfying the initial conditions

y() =, ¥y1)=mn.

This solution can be written as
y1(z) = yov1(z) + 71 v2(x) + /{Ul(iﬁ‘) v2(§) —v1(§) va(x)} f(§) dE -
1

This expression shows that y;(z) € D(L1*). Let us apply Lagrange’s formula
to the functions y;(z) and v; (z) (j =1,2)
(8)

(f305) L2 (1,00 =(1(Y1)5 V) Lo (1,00) = WY1, Viloe — WY1, vi]1 + (4, 1(v5)) Lo(1,00) -
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In eq.(7) if we let [(v;) =0 and y;(1) =~p , y;(1) =1 we get

o) m forj=1
W[yl’vj]l_{ v forj=2

and we find
(fsvD)La(100) = WY1, v1]ee +m1
(fsv2) 120,000 = Wly1,v2] =70 -

From eq.(7) we obtain

Wiy, viloo = o+ Wlyt,v2]eo = B1

Hence, we have proved that there exists a function y; (x) € D(L1*) which satisfies
eq.(6).

Let us denote by Lo the closure of minimal symmetric operator generated
by I(y) and the interval 0 < z < 1.

For any complex numbers «g, a1,y and 7; let us show that there exist
a function ya(x) € D(L2*) which satisfies the following conditions

9)  Wp,vlo=a , Wy, vwlo=a1r , y(l)=7% , yl)=mn.

Now, we consider a function g(z) € L2(0, 1) which satisfies

(10) (9, v1)Ly000) = —@0 =71 5 (9:V2)1,(0,1) = —Q1 + 70 -

We denote by y2(x) the solution of f(y) = g(z) in the interval 0 < z < 1 which
satisfies the conditions y(1) =70 , ¥'(1) = 1. This solution can be shown as

1

va(e) = 30 v1(2) + 7 va() = [ {or(2) v2() = 0a(6) val@)} 9(€) d

x

This expression shows that ya(x) € D(L2).
Applying Lagrange’s formula to ys(x) and vj(x) (j=1,2) we obtain

(11) (9,v5) La(0,0) = ((Y2)5v5) 1200,1) = Wy2, vl =Wy, vilo+(y, 1(v5)) Ly (0,1) -
If we consider [(v;) =0 and y2(1) =70 , y5(1) =71 in expression (11) we get

—vy1 forj=1
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and we obtain
(9701)L2(0,1) = —Wly2,v1]o —

(9:v2)Ly000) = —Wly2,v2] + 0.
If we get
(9, 1) Ly000) = —@0 =71 (f,02)15001) = —01 + 0,
we obtain from expression (11) that
Wiy2,viJo=a0 , Wlya,valo = .

Hence we have proved that a function ya(z) € D(L2*) which satisfies eq.(9)
exists.
Now let us define the function

) p(z) 0<z<1
y(w)—{ y?(:c) 1<z <o

It is clear that y(z) € D. From eq.(9) we get
Wiy, o =a0 , Wy, va]o = au,
and from eq.(6) we find
Wiy, viloo =060 , Wly,v2le0 =1 -

Hence, Lemma 2 and Theorem 1 are proved. ]

Using Theorem 1 and Theorem 1.6, [3], we can write the following theo-
rem.

Theorem 2. For any compression K in C? the restriction of operator
L to the set of functions y € D satisfying either

(12) (K-DTy+i(K+1)Tay=0
(13) (K—1)T1y—i(K +I)Tyy =0,

1s respectively the maximal dissipative and accretive extension of the symmetric
operator Ly.
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Conversely, each mazimally dissipative (accretive) extension of Ly is the
restriction of L to the set of functions y € D satisfying (12),(13), and the
compression K is Lo (0,00) are described by conditions (12),(13), in which K
s an itsometry. These conditions define selfadjoint extensions, if K is unitary.

Section 2

Now, we assume that the symmetric operator Ly has defect index (1,1).
Let uj(z) and ug(x) be the solutions of equation I(y) = 0 (0 <x <1)
satisfying the initial conditions

Then,
W[ul,uQ]x:W[uhuQ]l:l s 0<z<1.

We consider the following linear maps of D into C:
(14) Flf:W[fvu2]0 ) F2f:W[fvul]0 ) fGD

Theorem 3. The triple (C,I'1,T'2) defined by (14) is the space of
boundary values of the operator L.

Proof. Since the defect index of the operator Ly is (1,1) for every
y(z) ,z(z) € D which satisfies W[y, Z|o = 0, we have the following Lagrange’s
formula
(15) (L Y, Z)L2(0,OO) - (yaLz)Lz(O,oo) = _W[yvz]0~

Using Lemma 1 from eq.(15), we have

(Try,T2z)c— T2y , T12)c = Wy, u2lo W[z, u1]o — Wy, u1]o W[z, uz]o
= —W[yaf]o — W[y, Ul]o W[?, 'LLQ]O = —W[y’

Hence the first requirement of the SBV is fulfilled. The second require-
ment will be proved as the following lemma.

Lemma 3. For any complex numbers ag and «y there is a function
y(z) € D satisfying

(16) Wly,u1lo =a0 , Wly,uz] = ap .

Proof. For any complex numbers vy and 71 let y1(z)=yp u1(z)+71 ua2(z)
be. Then

nl) =% , vi(l)=m
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with respect to condition (9), for any complex numbers «g, aj , 79 and ~; there
is a function ya(x) € D(L3) satisfying
W[yZ’ul]O =aqp , W[Z/Z,Uﬂ =qQy, y?(l) =70 , 3/2(1) =M

Now, we define

) o) 0<zx<1
y(m)—{ yi(w) 1<z <o

it is clear that y € D. With respect to the definition of y(z) we obtain
Wly,urJo = Wiy, u1] = g, Wly,uzlo = Wlyz, uzlo = ap -

Therefore, Lemma 3 and Theorem 3 are proved. ]

Using Theorem 3 and Theorem 1.6, [3] we can write the following theo-
rem.

Theorem 4.  For every number h € C, Imh > 0 or h = oo, the
restriction of the L to the set of functions y € D satisfying either

(17) W[y, UQ]() — hW[y,ul]g = 0
(18) W[y, U2]0 + hW[y, ul]g =0

18 respectively the maximal dissipative and accretive extension of the symmetric
operator Ly. Conversely, every mazimally dissipative (accretive) extention of
Lo is the restriction of L to the set of functions y(z) € D satisfying (17) or
(18). If Imh = 0 or h = 0, the conditions (17) and (18) define all selfadjoint
extentions of the operator Ly. Where for h = oo, the conditions (17) and (18)
form Wy, u1]p = 0.
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