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1. Introduction

The practice delivers sometimes extremal problems, in which the objec-
tive function is not strictly fixed. Such problems are considered as depending on
some parameters (for example, the time) and are usually called limit extremal.
Such a situation arises for the extremal problems

f∗ = inf{f(x) : x ∈ X},(1.1)

f∗k = inf{fk(x) : x ∈ X}, k = 1, 2, . . . ,(1.2)

where f, fk : R
m → R and X ⊂ Rm. Here the function f is a limit in some

sense of the functions fk. We suppose that only the problems (1.2) are known.
We search the global minima of the problem (1.1). For this purpose it is not
felicitous neither to take the limit in the problems (1.2) as k → ∞, nor to
consider only one of the problems (1.2), [7].

The following notations will be used: Conv(Rm) is the set of all nonempty
closed convex subset of Rm, the symbol := denotes equal by definition, hx, yi is
the Euclidean scalar product of the vectors x, y ∈ Rm, kxk =

p
hx, xi is the norm

of the vector x ∈ Rm, B(x, r) is the closed ball of center x and radius r. For each
positive number � and A ∈ Conv(Rm) we denote the interior of A by intA, the
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closure of A by clA, the diameter of the bounded set A by diamA := sup{kx−
yk : x, y ∈ A}, the orthogonal projection of the vector x onto A by Π(A, x), the
distance between the point x and the set A by ρ(x,A) := inf{kx− yk : y ∈ A},
the set of all points x such that ρ(x,A) ≤ � by S�(A), the set of all points x such
that ρ(x,A) < � by U�(A), the restriction of the function f to A by f |A, the
epigraph of this restriction by epi(f |A) := {(x, β) ∈ Rm+1 : β ≥ f(x), x ∈ A}.
For any sequence {yk}∞k=1 such that yk converges to y, we denote this condition
by yk → y. Denote the sets of solutions of the problems (1.1) and (1.2) by

X∗ := {x ∈ X : f(x) = f∗} and X∗
k := {x ∈ X : fk(x) = f∗k},

respectively.

Recall the following well-known concepts.

Definition 1.1. A sequence of functions {hk}∞k=1, hk:A→ R, A ⊂ Rm

is said to be continuously convergent to some function h:A→ R on the set
A if for any sequence {yk}, yk ∈ A

yk → y implies that hk(yk)→ h(y).(1.3)

A sequence of functions {hk}∞k=1, hk:Rm → R, is said to be uniformly
convergent on the bounded sets to some function h:Rm → R, if

sup{|hk(x)− h(x)| : x ∈ F}→ 0

for every bounded F ⊂ Rm [5, p.56].

It is well-known that if a sequence of continuous functions {hk} is uni-
formly convergent on a set A to a function h, then hk continuously converges
to h [11, Theorem 16.5.5]. If the set A is compact, then any continuously con-
vergent on A to a function h sequence of continuous functions hk is uniformly
convergent [11, Theorem 16.5.5]. A sequence of continuous functions is contin-
uously convergent if and only if this sequence is uniformly convergent on the
bounded sets. Each continuously convergent sequence is pointwise convergent.
Every subsequence of the continuously convergent sequence is convergent with
the same limit.

Definition 1.2. The function h:Rm → R is said to be quasiconvex,
if

h(x+ t(y − x)) ≤ max{h(x), h(y)} whenever x, y ∈ Rm, 0 ≤ t ≤ 1.

The function h:Rm → R is said to be strictly quasiconvex, if

h(x+t(y−x)) < max{h(x), h(y)} whenever x, y ∈ Rm, h(x) 6= h(y), 0 ≤ t ≤ 1.
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For any fixed point x ∈ Rm and for arbitrary quasiconvex function
h:Rm → R, we consider the cone

D h(x) := {ξ ∈ Rm : hξ, y − xi ≤ 0 ∀y ∈ Rm such that h(y) ≤ h(x)}.

Really, this is the normal cone to the sublevel set of h at x.

Lemma 1.1. [12, p.59], [9]. Let the function h:Rm → R be upper
semicontinuous and quasiconvex. Then h(y) < h(x) implies that hξ, y − xi < 0
for all ξ ∈ D h(x) such that ξ 6= 0.

Lemma 1.2. Let X ⊂ Rm be a nonempty open convex set, and the
function h:X → R be continuous. Then h is strictly quasiconvex on X iff it
is quasiconvex on X, and for all x ∈ X \ X∗, where X∗ is the set of global
minimizers, there exists ξ ∈ D h(x) such that ξ 6= 0.

Pr o o f. Assume that the function h is strictly quasiconvex on X. It is
well-known that each lower semicontinuous strictly quasiconvex function defined
on a convex set is quasiconvex [10]. Therefore h is quasiconvex. Denote by
Lh(x) := {y ∈ X : h(y) ≤ h(x)} and Ih(x) := {y ∈ X : h(y) < h(x)} the
sublevel sets at x. It is well-known that Lh(x) = cl Ih(x) for all x ∈ X \X∗ [8],
and x is boundary point of Lh(x). Then the necessity follows from Separability
theorem.

Suppose that h is quasiconvex on X, and for all x ∈ X \X∗, there exists
ξ ∈ D h(x) such that ξ 6= 0. Assume the contrary: there exist x, y ∈ X with
h(x) > h(y), and λ ∈ (0, 1) such that xλ := x+ λ(y − x) satisfies the inequality
h(x) ≤ h(xλ). Therefore, hξ, y − xi ≥ 0 for all ξ ∈ D h(xλ). Since xλ /∈ X∗ and
h(y) < h(xλ), then, by Lemma 1.1, hξ, y−xi < 0 for all ξ ∈ D h(xλ), ξ 6= 0. We
got two inequalities that contradict each other.

It is easy to show that if a sequence of quasiconvex functions hk converges
pointwise to a function h, then h is quasiconvex. If a sequence hk of continuous
functions is continuously convergent to a function h, then h is also continuous.

We make these comments, because in the limit extremal problems the
properties of the limit functions may not be known.

We make the following common assumptions about the considered prob-
lems:

1) the set X ∈ Conv(Rm);

2) the functions fk are real-valued, upper semicontinuous and quasicon-
vex;

3) fk → f continuously on the space Rm;
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4) there exist non-zero vectors in the cones D fk(x) for all x ∈ X \X∗
k ,

and we suppose that in the present paper are chosen such non-zero vectors from
these cones.

Similar to Assumption 4) is considered in the usual subgradient method
in case of quasiconvex functions [12].

By Lemma 1.2, if the functions fk are continuous, then they are strictly
quasiconvex on intX.

We shall investigate the convergence of the subgradient method of Shor-
Polyak for solving the problem (1.1). Let the sequence {λk}∞k=0 of step-size
multipliers be apriori chosen such that

λk > 0, λk → 0,
∞X
k=0

λk =∞.(1.4)

Suppose that x0 is any initial approximation of the solution. Assume that for
k = 0, 1, 2, ... the approximate solution xk is known. The next approximation
is constructed as follows:

xk+1 =

(
Π(X,xk − λk

ξk
kξkk), if ξk ∈ D fk(xk), ξk 6= 0,

xk, if D fk(xk) = {0}.
(1.5)

The subgradient method, or so-called generalized gradient me-
thod, is suggested by N. Z. Shor [16] for solving the unconstrained minimization
problem of a piecewise-linear convex, not necessarily differentiable function, and
later applied in [17]. In [13] this method is extended to constrained minimization
problems. Some of the conditions of convergence of the method are given in [6,
15]. Its further development and refinement may be seen in the books [4, 12,
14, 18].

In [7] it is studied the convergence of the subgradient method for solv-
ing limit extremal problems of the type (1.1), when X is convex and compact
set, the functions fk are convex and uniformly convergent on X. The present
paper generalizes this result. In comparison to [7], now we consider the more
general case when the set X is not necessary bounded, as in the usual subgra-
dient method of Shor-Polyak, the sequence {fk} is continuously convergent to
f being a weaker convergence than the uniform one, and the used functions are
quasiconvex. The proofs are based on a different approach.

2. Weak convergence of the subgradient method

Lemma 2.1. Let Assumption 3 be fulfilled. Then for every a > f∗,
there exist a positive integer s, a real number r > 0, and x̄ ∈ X, for which
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B(x̄, r) ⊂ Iak := {x ∈ Rm : fk(x) < a} ∀ k ≥ s.

Pr o o f. Assume that a > f∗ is arbitrary. By (1.1), there exists x̄ ∈ X
such that f∗ < f(x̄) < a. Suppose that the claim fails. Then for each integer s
and for every rs > 0, there exist an integer ks ≥ s and ys ∈ B(x̄, rs) such that
ys /∈ Iaks . Let the sequence {rs} be such that rs → 0. Consequently, ys → x̄,
and fks(ys) ≥ a for every integer s. By Assumption 3, f(x̄) ≥ a, since each
subsequence of continuous convergent sequence is continuous convergent, too.
We got a contradiction.

Theorem 2.1. Let Assumptions 1, 2, 3, 4 be fulfilled, and f∗k → f∗.
Then, in both cases, f∗ > −∞ or f∗ = −∞ the sequence (1.5) has a subsequence
{xks}∞s=1, which is asymptotically minimizing [19], i.e. fks(xks)→ f∗, and
each accumulation point of this subsequence is solution of the problem (1.1).

Pr o o f. Assume that there exist a > f∗, initial approximation x0, and
an integer s such that

xk /∈ V a
k := {x ∈ Rm : fk(x) ≤ a} ∀k ≥ s.

Let us fix such an index k. Therefore, fk(x) ≤ a < fk(xk) for all x ∈ V a
k . It

follows from Assumption 4 and Lemma 1.1 that

hξk, x− xki < 0 ∀k ≥ s, ∀x ∈ V a
k .

By Lemma 2.1 there exist x̄ ∈ X and a positive number r and an integer
s1(s1 ≥ s) such that

hξk, x− xki < 0 ∀x ∈ B(x̄, r), ∀k ≥ s1.(2.1)

By choosing x = x̄+ r ξk
kξkk , we obtain from (2.1) that

hξk, x̄− xki < −rkξkk ∀k ≥ s1.(2.2)

Using that x̄ ∈ X and the projection operator is contractive, by (2.2), we have

kxk+1 − x̄k2 = kΠ(X,xk − λk
ξk
kξkk)−Π(X, x̄)k2

≤ kxk − λk
ξk
kξkk − x̄k2 = kxk − x̄k2 + λ2k

+ 2λk
kξkkhξk, x̄− xki < kxk − x̄k2 + λ2k − 2rλk.

(2.3)

Since λk → 0, then for all sufficiently large k we have that λ2k < rλk. Whence,
by (2.3), there exists an integer n (n ≥ s1) such that

kxk+1 − x̄k2 < kxk − x̄k2 − rλk ∀k ≥ n.
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By summing up these inequalities, we conclude that

r
N−1X
i=0

λn+i < kxn − x̄k2 − kxn+N − x̄k2 for each integer N ≥ 1,(2.4)

which contradicts the condition
P∞

i=0 λi =∞.
Thus, for every a > f∗, for any initial approximation x0, and for each

positive integer s, there exists some integer k ≥ s such that xk ∈ V a
k . Hence,

there exists a subsequence {xks}, for which fks(xks) ≤ as, where as → f∗,
as > f∗. Then the relation xks ∈ X means that fks(xks) ≥ f∗ks , and the claim
follows from the assumptions of the theorem.

R ema r k 2.1. As we show in Section 4, the assumption f∗k → f∗ is
consequence of the common assumptions in the case when the functions fk are
continuous.

3. Strong convergence of the subgradient method

For each k = 1, 2, 3, ..., if f∗k > −∞, denote
Xδ
k := {x ∈ Rm : fk(x) ≤ f∗k + δ}.

Lemma 3.1. Let Assumptions 1, 2, 3 be fulfilled, and X∗ be nonempty
and bounded. Assume that f∗k → f∗. Then for every positive number �, there
exist δ > 0 and an integer s such that

X ∩Xδ
k ⊂ U�(X

∗) ∀ k ≥ s.

Pr o o f. Assume by contradiction that there exists � > 0 such that for
each integer s and for every δs → 0, δs > 0, there exist ks ≥ s and ys ∈ X∩Xδs

ks
,

for which ρ(ys,X
∗) ≥ �.

Consider the following two cases:
1) The sequence {ys} is bounded. Without loss of generality ys → y0.

The set X is closed, and therefore y0 ∈ X. From relation ys ∈ Xδs
ks
it follows

that y0 ∈ X∗, which contrary to the inequality ρ(ys,X∗) ≥ �.
2) The sequence {ys} is unbounded. Without loss of generality kysk →

∞. Let x∗ be any point of the set X∗, and d = diamX∗. Hence, kys−x∗k > 2d
for each integer sufficiently large s. Consider the sequence

zs = x∗ +
2d

kys − x∗k(ys − x∗).

Since ys ∈ X and x∗ ∈ X, then zs ∈ X,
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kzs − x∗k = 2d.(3.1)

This implies that the sequence {zs} is bounded, and without loss of generality
zs converges to some point z0. Since zs ∈ X, then z0 ∈ X. By quasiconvexity

fks(zs) ≤ max{fks(ys), fks(x∗)} ≤ max{f∗ks + δs, fks(x
∗)}.

Taking limits as s → ∞, by (1.3), we get that z0 ∈ X∗, which contradicts the
equality (3.1) and the choice of d.

Lemma 3.2. Let Assumptions 1, 3 be fulfilled, the functions fk be
continuous, and X∗ be nonempty and bounded. Assume that f∗k → f∗. Then for
any δ > 0 however small, there exist r > 0 and an integer s such that

Sr(X
∗) ⊂ Xδ

k ∀ k ≥ s.

Pr o o f. For contradiction, suppose that there exists δ > 0 such that
for each integer s and for every sequence of real positive numbers {rs}, there
exist a sequence of integers {ks}, ks ≥ s, and a sequence {ys}, ys ∈ Srs(X

∗)
such that ys /∈ Xδs

ks
. Let rs → 0. The sequence {ys} is bounded, because X∗ is

bounded. Without loss of generality ys → y0. We conclude from the inequality
fks(ys) > f∗ks + δ, by taking the limits as s → ∞ that f(y0) ≥ f∗ + δ. This
is a contradiction, since it follows from continuity of the functions fk that f is
continuous, and therefore, the set X∗ is closed. Hence, y0 ∈ X∗.

Theorem 3.1. Let Assumptions 1, 2, 3, 4 be fulfilled, the functions fk
be continuous, and f∗k → f∗. If the set X∗ is nonempty and bounded, then

ρ(xk,X
∗)→ 0, and fk(xk)→ f∗.

Pr o o f. First, we show that

lim inf
k→∞

ρ(xk,X
∗) = 0,(3.2)

for any initial approximation x0. Otherwise, there exist x0 ∈ Rm, � > 0 and an
integer s such that ρ(xk,X

∗) ≥ � for all k ≥ s. By Lemma 3.1., there exist δ > 0
and an integer s1 ≥ s such that xk /∈ Xδ

k for all k ≥ s1. By Theorem 2.1., Lemma
3.2., considering an arbitrary x∗ ∈ X∗ instead of x̄ we get a contradiction.

Second, we verify the equality

lim
k→∞

ρ(xk,X
∗) = 0.(3.3)
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According to the Lemmas 3.1., 3.2., and to the proof of Theorem 2.1., for each
number � > 0 there exist an integer s and a real number r > 0, which satisfy
the inequality

hξk, x∗ − xki < −rkξkk ∀x∗ ∈ X∗, ∀k ≥ s such that ρ(xk,X
∗) ≥ �.(3.4)

Assume that x∗ is any point of the set X∗. Consequently,

kxk+1 − x∗k2 = kΠ(X,xk − λk
ξk
kξkk)−Π(X,x∗)k2

≤ kxk − λk
ξk
kξkk − x∗k2 = kxk − x∗k2 + λ2k + 2

λk
kξkkhξk, x

∗ − xki.

If we replace in these inequalities x∗ by x∗k := Π(X
∗, xk), then by (3.4) we get

to the following inequalities

ρ2(xk+1,X
∗) ≤ kxk+1 − x∗kk2 ≤ ρ2(xk,X

∗) + λ2k − 2rλk
< ρ2(xk,X

∗)− rλk.
(3.5)

for all k ≥ s such that λk < r and ρ(xk,X
∗) ≥ �. By (3.2), we conclude that for

every � > 0, there exists an infinite set K of indices k, for which ρ(xk,X
∗) < �.

Let the index k ∈ K be such that k ≥ s, and λn ≤ �, λn < r, for each n ≥ k.
Clearly,

|ρ(xk+1,X∗)− ρ(xk,X
∗)| ≤ kxk+1 − xkk

= kΠ(X,xk − λk
ξk
kξkk)−Π(X,xk)k ≤ λk.

(3.6)

(If xk ∈ X∗
k , then xk+1 = xk. Otherwise, xk+1 = Π(X,xk − λk

ξk
kξkk), ξk 6= 0.

Hence,

ρ(xk+1,X
∗) ≤ 2�.(3.7)

If ρ(xk+1,X
∗) ≤ �, then by (3.6), applied for k + 1 instead of k,

ρ(xk+2,X
∗) ≤ ρ(xk+1,X

∗) + � ≤ 2�.
If ρ(xk+1,X

∗) ≥ �, it follows from (3.5) that

ρ(xk+2,X
∗) ≤

q
ρ2(xk+1,X∗)− rλk+1.

Whence, by (3.7) ρ(xk+2,X
∗) ≤

p
4�2 − rλk+1 ≤ 2�. By induction, we conclude

that ρ(xk+i,X
∗) ≤ 2� for each i = 1, 2, ... Since, � is preassigned positive real

number, however small, this implies that the equality (3.3) holds.
At last, we show that fk(xk)→ f∗. By (3.3), it follows from the assump-

tions of the set X∗ that the sequence {xk} is bounded, and all its accumulation
points are from X∗. According to the relation (1.3) fk(xk)→ f∗.
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4. Stability of the quasiconvex problem

It turn out that not all of the assumptions, considered in the theorems,
are independent. Assumption f∗k → f∗ is a consequence of the rest when
the functions fk are continuous. It is connected with the so-called concepts
Hadamard well-posedness and stability of the problem (1.1) (see, for ex-
ample, the book [5]).

Definition 4.1. ([1]) Let {Ak}∞k=1 be a sequence of subsets of the space
Rm. The set

lim sup
k→∞

Ak := {x ∈ Rm : lim inf
k→∞

ρ(x,Ak) = 0}

is called the upper limit of the sequence {Ak}, and the set

lim inf
k→∞

Ak := {x ∈ Rm : lim
k→∞

ρ(x,Ak) = 0}

is called its lower limit.

Definition 4.2. ([2]) A sequence {hk}∞k=1 of real-valued lower semicon-
tinuous on Rm functions is said to be epi-convergent to lower semicontinuous
function h provided at each x ∈ Rm:

(i) whenever {xk} is convergent to x, then
h(x) ≤ lim infk→∞ hk(xk);

(ii) there exists a sequence {yk}, convergent to x such that
h(x) = limk→∞ hk(yk).

Denote the infimum of h over the set A by v(h|A) and the infimum of hk
over Ak by v(hk|Ak). The following sufficient conditions for stability holds.

Theorem 4.1. ([3]) Let h, h1, h2,... be lower semicontinuous quasi-
convex functions on Rm, and {hk} be epi-convergent to h. Assume that A, Ak ∈
Conv(Rm) for k = 1, 2, 3,.... Suppose further that lim supk→∞ Ak ⊂ A, and
the set X∗ of the global minimizer of the function h over the set A is compact,
and there exists some point x∗ ∈ X∗ with (x∗, h(x∗)) ∈ lim infk→∞ epi (hk|Ak).
Then v(h|A) = limk→∞ v(hk|Ak).

Consider the problems (1.1), (1.2). The following corollary concern to
them.

Corollary 4.1. If Assumptions 1, 2, 3 are fulfilled, the functions fk
are continuous on Rm, and the set X∗ is nonempty and bounded, then f∗k → f∗.
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P r o o f. The sequence {fk} is epi-convergent to f . The function f is
continuous and quasiconvex, since the functions fk are continuous and qua-
siconvex. For all x∗ ∈ X∗ there exists a sequence {yk}, yk ∈ X such that
yk → x∗. Hence, by continuous convergence, fk(yk)→ f(x∗), and (x∗, f(x∗)) ∈
lim infk→∞ epi (fk|X). Then the claim follows from Theorem 4.1.
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