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In this paper, we shall be concerned with the integral wavelet transform inHs,p(Rn); s, p ∈
R; 1 ≤ p < ∞, the completion of the Schwartz space S(Rn) . Here the space S(Rn) in the
k · ks,p norm defined by f ∈ S(Rn), then

kfks,p =
³ Z

Rn
(1 + |ω|2)s| bf(ω)|pdω´ 1

p
.

Moreover, some inverse formulae to express the values of some classes of function f in terms
of values of such operator are also established.
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1. Preliminaries and notations

Denote by S(Rn) - the Schwartz space the set of all infinitely differen-
tiable functions ϕ defined in Rn such that for all multi-indices α, β

sup
x∈Rn

|xα(Dβϕ)(x)| <∞.

For each f ∈ S(Rn), the following norm is actually defined

kfks,p =
³Z

Rn

(1 + |ω|2)s| bf(ω)|pdω´ 1
p
; 1 ≤ p <∞

where s, p ∈ R - the set of real numbers. The completion of the Schwartz space
S(Rn) with the above norm will be denoted by Hs,p(Rn). Now we assume
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that ψ ∈ L1(Rn) ∩ L2(Rn) such that whose integral over Rn is zero and whose
Fourier transform bψ(ω), ω ∈ Rn, satisfies the following condition

Cψ := (2π)
n

Z +∞

0
| bψ(tω)|2dt

t

is a nonzero constant for every ω 6= 0.
For such classes of ψ, refer to [9] for the details. A function ψ as above

is called a basic wavelet. For each function f ∈ S(Rn), we define the following
integral

(Lψf)(b, a) :=
1p
Cψ

1p
|a|n

Z
Rn

f(t)ψ
¡t− b

a

¢
dt,

where a ∈ R0 = R \ {0} and b ∈ Rn.

In [4] and [5], we prove that (Lψf)(·; a) belongs toWm,p(Rn) andWm,p
ω (Rn),m ∈

Z - the set of integer numbers. Based on those results, we can construct the
integral wavelet transforms in those spaces (Wm,p(Rn) and Wm,p

ω (Rn) denote
the Sobolev and the weighted Sobolev spaces).

In the next section of this paper, we will consider the similar problem inHs,p(Rn)
which we have just defined above whereas the last section will be devoted to
some inverse formulae considered in Hs,2(Rn)- the normal Sobolev spaces Hs.

2. The integral wavelet transform in Hs,p(Rn)

Let be given a basic wavelet ψ, if f ∈ S(Rn) and for each fixed a ∈ R0,
then

Proposition 1. (Lψf)(·; a) ∈ Hs,p(Rn).

Proof. Firstly, we see that (Lψf)(·; a) = 1√
Cψ
(D−aψ ∗ f)(·), where

Da : L1(Rn)−→L1(Rn); (Daψ)(x) = |a|−n
2 ψ
¡
x
a

¢
for a ∈ R0, ψ ∈ L1(Rn). So

for f ∈ S(Rn), we have

£
(Lψf)(·; a)

¤∧
(ω) =

p
(2π)np
Cψ

|a|n2 bψ(−aω) bf(ω).
Next we will determine the Hs,p - norm of (Lψf)(·, a). For that, this following
inequality from Fourier analysis is needed

| bψ(ω)| ≤ 1p
(2π)n

kψk1
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where k · kp stands for Lp - norm, 1 ≤ p <∞.
So finally, we have

k(Lψf)(·, a)kps,p =

Z
Rn

(1 + |ω|2)s
¯̄̄£
(Lψf)(·, a)

¤∧
(ω)
¯̄̄p
dω

≤
p
(2π)npp
(Cψ)p

Z
Rn

(1 + |ω|2)2
¯̄
(D−aψ)∧(ω) bf(ω)¯̄pdω

≤ 1p
(Cψ)p

kD−aψkp1
Z
Rn

(1 + |ω|2)s| bf(ω)|pdω
= K(a, ψ)kfkps,p

where K(a, ψ) =
1p
(Cψ)p

|a|
np
2 kψkp1.

It concludes the proof of Proposition 1.

From the result of Proposition 1 and the definition of Hs,p(Rn); 1 ≤ p <∞, we
can extend (Lψf)(·; a) uniquely from Hs,p(Rn) to itself for fixed a. We call it
the integral wavelet transform in Hs,p(Rn); s ∈ R, 1 ≤ p <∞. Next, we study
some properties of the integral wavelet transform which is just constructed.

Theorem 2. For basic wavelets ψ,ϕ and f, g ∈ Hs,p(Rn); 1 ≤ p < ∞,
holds

k(Lψf)(·; a)− (Lϕg)(·; a)ks,p ≤ |a|
n
2

³°° ψp
Cψ

− ϕp
Cϕ

°°
1
kfks,p +

°° ϕp
Cϕ

°°
1
kf − gks,p

´
.

Proof. We only need to prove Theorem 2 in cases of f, g ∈ S(Rn). Truely, we
have

k(Lψf)(·; a)− (Lϕg)(·; a)ks,p ≤ k(Lψf)(·; a)− (Lϕf)(·; a)ks,p +

k(Lϕf)(·; a)− (Lϕg)(·; a)ks,p
whereas

k(Lψf)(·; a)− (Lϕf)(·; a)kps,p

=

Z
Rn

(1 + |ω|2)s
¯̄̄£
(Lψf)(·; a)− (Lϕf)(·; a)

¤∧
(ω)
¯̄̄p
dω

=

Z
Rn

(1 + |ω|2)s
¯̄̄h³D−aψp

Cψ

− D−aϕp
Cϕ

´
∗ f
i∧
(ω)
¯̄̄p
dω.
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Performing the same steps as in Proposition 1, we have

k(Lψf)(·; a)− (Lϕf)(·; a)ks,p ≤ |a|
n
2

Ã°°°° ψp
Cψ

− ϕp
Cϕ

°°°°
1

kfks,p

!
.

Similarly, we have

k(Lϕf)(·, a)− (Lϕg)(·, a)kps,p =

Z
Rn

(1 + |ω|2)s
¯̄̄hD−aϕp

Cϕ

∗ (f − g)
i∧
(ω)
¯̄̄p
dω

≤ |a|
np
2

³°° ϕp
Cϕ

°°°
1
kf − gks,p

´p
.

It concludes the proof of this theorem from two above estimations.

Corollary 3. Let be given a wavelet ψ, a function f ∈ Hs,p(Rn), so

k(Lψf)(·, a)ks,p = O(|a|n2 ).

Now, our study is devoted to the integral wavelet transform in Hs,2(Rn)
which is identical with the normal Sobolev spaces Hs.

3. Some inverse formulae

Any formula that expresses function f in terms of (Lψf)(b, a) is called an
inverse formula. Next, we will establish some inverse formulae for some classes
of functions. The following lemma will help us.

Lemma 4. For each function ϕ(x), denoting by ϕh(x) :=
1

hn
ϕ
¡x
h

¢
, h 6= 0.

a) If ϕ is a nonnegative, real valued function such that its integral over Rn

equals 1, ϕ(x) is decreasing as |x| tends to infinite and lim
h→0+

ϕh(x) = 0 for every

x, x 6= 0. Then for all functions f ∈ L1(Rn), we get

lim
h→0+

(f ∗ ϕh)(x) = f(x)

at every point x ∈ Rn where f is continuous.

b) If ϕ is a nonnegative, real valued function, its integral over Rn equals 1 and
f is bounded, then

lim
h→0+

(f ∗ ϕh)(x) = f(x)
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at every point x where f is continuous.

Proof. a) Let function f be continuous at x and ε > 0 be arbitrarily given. We
select r > 0 such that |f(x − y) − f(x)| < ε for all y ∈ Rn where |y| < r. We
have

|(f ∗ ϕh)(x)− f(x)| =
¯̄ Z

Rn

[f(x− y)ϕh(y)− f(x)ϕh(y)]dy
¯̄

≤
Z
Rn

|f(x− y)− f(x)|ϕh(y)dy

=

Z
|y|<r

|f(x− y)− f(x)|ϕh(y)dy) +
Z
|y|≥r

|f(x− y)− f(x)|ϕh(y)dy

< ε+

Z
|y|≥r

|f(x− y)|ϕh(y)dy) +
Z
|y|≥r

|f(x)|ϕh(y)dy.

We notice thatZ
|y|≥r

|f(x−y)|ϕh(y)dy ≤ max
|y|≥r

ϕh(y)

Z
|y|≥r

|f(x−y)|dy = ϕh(y0)

Z
|y|≥r

|f(x−y)|dy

where y0 ∈ {y \ |y| = r}. It implies from the assumption thatZ
|y|≥r

|f(x− y)|ϕh(y)dy −→
h→0+

0.

Moreover

Z
|y|≥r

|f(x)|ϕh(y)dy = |f(x)|
Z
|t|≥ r

h

ϕ(t)dt −→
h→0+

0 because of the finite-

ness of

Z
Rn

ϕ(x)dx.

So as h → 0+, the right hand side of our estimation can be arbitrarily small.
This concludes the proof of part a) of Lemma 4.

b) Similarly, we get

|(f ∗ ϕh)(x)− f(x)| =
¯̄ Z
Rn

[f(x− y)− f(x)]ϕh(y)dy
¯̄
=

¯̄ Z
Rn

[f(x− th)− f(x)]ϕ(t)dt
¯̄
≤

Z
Rn

|f(x− th)− f(x)| ϕ(t)dt.

By applying the dominated convergence theorem, we end the remaining of
Lemma 4.

For s ∈ R, we denote by
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bHs(Rn) = {f defined in Rn such that

Z
Rn

(1 + |x|2)s|f(x)|2dx <∞}.

We have the following inverse formulae in case of the integral wavelet transform
of bHs(Rn) and Hs,2(Rn). We also denote by

ψb,a(x) :=
1p
|a|n

ψ

µ
x− b

a

¶
.

Theorem 5. Let be given a basic wavelet ψ which is bounded, real valued and
continuous. We have

a/ If s > n
2 and f ∈ bHs(Rn), then

f(x) =
1p
Cψ

Z +∞

0

Z
Rn

(Lψf)(b, a)ψb,a(x)
dbda

an+1

at every point x where f is continuous.

b/ If f ∈ Hs,2(Rn) and s > n
2 , then

f(x) =
1p
Cψ

Z +∞

0

Z
Rn

(Lψf)(b, a)ψb,a(x)
dbda

an+1

at almost everywhere points x ∈ Rn.

Proof. We have had the similar results in case of n = 1 in my work [12] by
using Gaussian function for proving. Here, we shall apply the results of Lemma
4 with the class of more general functions in place of the Gaussian one.

Truely, for f, g ∈ L2(Rn) arbitrarily, we have

(Lψf)(b, a) =
1p
Cψ

­
f, ψb,a

®
=

1p
Cψ

­ bf ; bψb,a®
=

1p
Cψ

Z
Rn

|a|n2 bψ(aω) bf(aω)e−ibωdω
=

(2π)
n
2p

Cψ

[|a|n2 bψ(aω) bf(ω)]∧(b).
Similarly, we have

(Lψg)(b, a) =
(2π)

n
2p

Cψ

£
|a|n2 bψ(aω)ĝ(ω)¤∧(b).
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Applying Parseval Identity and Fubini theorem, we haveZ +∞

0

Z
Rn

(Lψf)(b, a)(Lψg)(b, a)
dbda

an+1

=

Z +∞

0

(2π)n

Cψ

Z
Rn

|a|n| bf(ω)ĝ(ω)| bψ(aω)|2dω da

an+1

=

Z
Rn

bf(ω)ĝ(ω)dω = Z
Rn

f(x)g(x)dx.

Noting that if f ∈ bHs(Rn), s > n
2 then f ∈ L1(Rn) because of the following

estimation Z
Rn

|f(x)|dx =
Z
Rn

(1 + |x|2) s2 |f(x)|(1 + |x|2) s2dx ≤

≤
³Z

Rn

(1 + |x|2)s|f(x)|2dx
´ 1
2
³Z

Rn

(1 + |x|2)−sdx
´ 1
2
.

Moreover, f ∈ L2(Rn) if f ∈ bHs(Rn), s ≥ 0. So, we getZ ∞

0

Z
Rn

(Lψf)(b, a)(Lψg)(b, a)
dbda

an+1
=

Z
Rn

f(x)g(x)dx.

Now using the radial function g, that is a function g such that g(x) = g(y) for |x| =
|y| . Moreover, g satisfies the conditions of Lemma 4a, replace g(·) by gh(x− ·)
and allowing h→ 0, we arrive

f(x) = lim
h→0+

1p
Cψ

Z ∞

0

Z
Rn

(Lψf)(b, a)ψb,a(x)
dbda

an+1
,

at every point x where f is continuous. So the first part of theorem is completely
proved.
For the remaining, we can prove as follows:
If s > n

2 thenH
s,2(Rn) is embedded in C(Rn)∩L∞(Rn) (the embedding Sobolev

theorem). Applying the same arguments as above proof and using the result of
Lemma 5b, we get

f(x) =
1p
Cψ

Z ∞

0

Z
Rn

(Lψf)(b, a)ψb,a(x)
dbda

an+1

at almost everywhere points x ∈ Rn.
It concludes the proof of Theorem 5.
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