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The Integral Wavelet Transform in
H*P(R") and Some Inverse Formulae
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In this paper, we shall be concerned with the integral wavelet transform in H*?(R"); s,p €
R; 1 < p < oo, the completion of the Schwartz space S(R") . Here the space S(R") in the
|l - lls,, norm defined by f € S(R"), then

1 £lls.p = </};n(1 + \W\2)5|f(w)\pdw)%.

Moreover, some inverse formulae to express the values of some classes of function f in terms
of values of such operator are also established.
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1. Preliminaries and notations

Denote by S(R"™) - the Schwartz space the set of all infinitely differen-
tiable functions ¢ defined in R™ such that for all multi-indices «, 8

sup [2°(DPg)()] < .
zeR™

For each f € S(R"™), the following norm is actually defined

1

e = (| @+ WPFIF@Pds)” 1<p <o

Rn

where s,p € R - the set of real numbers. The completion of the Schwartz space
S(R™) with the above norm will be denoted by H*P(R™). Now we assume



172 Ta Ngoc Tri

that ¢ € LY(R™) N /[/2 (R"™) such that whose integral over R" is zero and whose
Fourier transform ¢ (w), w € R", satisfies the following condition

+oo d
Cy = (2n" [ )T

is a nonzero constant for every w # 0.

For such classes of v, refer to [9] for the details. A function v as above
is called a basic wavelet. For each function f € S(R™), we define the following
integral

t—b
)dt,

(Lu)(ba) = IR
T T e
where a € R = R\ {0} and b € R™
In [4] and [5], we prove that (Ly f)(+; a) belongs to W™?(R™) and W,;"P(R"), m €
Z - the set of integer numbers. Based on those results, we can construct the

integral wavelet transforms in those spaces (W™P(R") and W;""(R"™) denote
the Sobolev and the weighted Sobolev spaces).

In the next section of this paper, we will consider the similar problem in H*P(R™)
which we have just defined above whereas the last section will be devoted to
some inverse formulae considered in H*2(R")- the normal Sobolev spaces H®.

2. The integral wavelet transform in H5?(R")

Let be given a basic wavelet 1, if f € S(R") and for each fixed a € R?,
then

Proposition 1. (L f)(-;a) € H*?(R").

Proof. Firstly, we see that (L f)(;a) = ﬁ(D‘aE x f)(+), where

D : LY{R")— LY (R"); (D) (z) = |a|" 29 (&) for a € R?, 3 € LY(R"). So
for f € S(R™), we have

27T” -~

Lof)(;a)] " (w %: w).
[(Ly£)(5 )] (w) = \/— 29 (—aw) f(w)

Next we will determine the H*? - norm of (Ly f)(-,a). For that, this following
inequality from Fourier analysis is needed

(W)l < 191l

1
Vv (2m)"
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where || - ||, stands for LP - norm, 1 < p < occ.

So finally, we have

ICan)Calt, = [ @iy

p

(L) a)] " (@) de

N T o PP @ P

1 —a,||P 2\8| T
< WHD yIE /R 1+ Il P

= K(a,¥)|fI,
1 np
where K(a, ) = al2 |||?.
It concludes the proof of Proposition 1. [ ]

From the result of Proposition 1 and the definition of H*P(R"); 1 < p < oo, we
can extend (Ly f)(-;a) uniquely from H*P(R") to itself for fixed a. We call it
the integral wavelet transform in H¥P(R"); s € R, 1 < p < oo. Next, we study
some properties of the integral wavelet transform which is just constructed.

Theorem 2. For basic wavelets 1, and f,g € H*P(R"); 1 < p < oo,
holds

IEui0) = Lol <ol (== = 2=l oo +

=5l = l)-

Proof. We only need to prove Theorem 2 in cases of f,g € S(R"). Truely, we
have

1Ly f)(50) = (Leg) (5 a)llsp <Ly f)(50) = (L f)(5a)llsp +
(Lo f)(50) = (Log) (5 )5 p

whereas

(L)) — (L0,
= [ @[ o - (Lo @

_ /n(1+\| [(\/ﬁ’ DJG_) f}/\( )(pdw.

dw

‘ p




174 Ta Ngoc Tri

)

Performing the same steps as in Proposition 1, we have

1Ly ) (30) = (Lpf)(5a)llsp < lal 2 (

Similarly, we have

D™ % p
IEaf)00) = Ca 2y = [ o] [ 22+ (- 9] )] 't
P = el
np ® p
< |CL| 2p H— Hf_g sp) -
(Gvren NEREID
It concludes the proof of this theorem from two above estimations. ]

Corollary 3. Let be given a wavelet ¢, a function f € H¥P(R"), so

1Ly ) @)lsp = Olal?).

Now, our study is devoted to the integral wavelet transform in H*2(R")
which is identical with the normal Sobolev spaces H?.

3. Some inverse formulae

Any formula that expresses function f in terms of (Ly, f)(b, a) is called an
inverse formula. Next, we will establish some inverse formulae for some classes
of functions. The following lemma will help us.

1 T

a) If ¢ is a nonnegative, real valued function such that its integral over R"™
equals 1, p(x) is decreasing as |x| tends to infinite and hlim+<ph(:r) = 0 for every
—0

x, x #0. Then for all functions f € L*(R™), we get

lim (f*on)(z) = f(z)

h—0+

Lemma 4. For each function ¢(x), denoting by @p(x) :=

at every point x € R™ where f is continuous.

b) If ¢ is a nonnegative, real valued function, its integral over R™ equals 1 and
f is bounded, then

Jim (f +n)(z) = f(2)
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at every point x where f is continuous.

Proof. a) Let function f be continuous at x and £ > 0 be arbitrarily given. We
select 7 > 0 such that |f(x —y) — f(z)|] < € for all y € R™ where |y| < r. We
have

(Fen@ = 1@l =] [ e =nen) - F)entlas]
< [ 11— v) - F@lentw)dy
= [ v s@lawd+ [ 1@~ @l
=t /| 7 = y)lenty)dy) + /|| 17 (@) lon(v)dy-
We notice that

[ e < mexen) [ e =) [ 1@l

lyl=r lyl>r

where yo € {y \ |y| = r}. It implies from the assumption that

—0t

/ £~ w)len(s)dy — 0.
ly|>r

Moreover / |f(2)|en(y z)| / t)dt vt 0 because of the finite-
ly|>r %

ness of/ o(z)dz.
Rn
So as h — 0T, the right hand side of our estimation can be arbitrarily small.

This concludes the proof of part a) of Lemma 4.
b) Similarly, we get

(fxon)(@) = flz)| = || [fl@—y)— f@))enly)dy| =

R”

[ =t~ f@leod] < [ 1fth) - f@)] el

R'IL

By applying the dominated convergence theorem, we end the remaining of
Lemma 4. [

For s € R, we denote by
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A%(R™) = {/ defined in R" such that / (1+ |2[2)%] £(2)|2dz < oo}
Rn

We have the following inverse formulae in case of the integral wavelet transform
of H*(R") and H%?(R™). We also denote by

(@) = e (17

Theorem 5. Let be given a basic wavelet 1 which is bounded, real valued and
continuous. We have

o/ If s> 5 and f € H*(R™), then

1 oo dbda
f0 =g [ [ B0

at every point x where f is continuous.

b/ If f € H**(R") and s > %, then

1 oo dbda
f0 =g [ [ G0

at almost everywhere points x € R™.

Proof. We have had the similar results in case of n = 1 in my work [12] by
using Gaussian function for proving. Here, we shall apply the results of Lemma
4 with the class of more general functions in place of the Gaussian one.

Truely, for f,g € L?(R™) arbitrarily, we have

(Lyf)(ba) = ﬁmww:ﬁ@%@

[ JafE P aw) Flaw)e ™ duw

I
B

Similarly, we have

(Lyg)(b,a) =
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Applying Parseval Identity and Fubini theorem, we have

+oo —  _dbda
/ / (L )b,0){Log) (5,0) e

A

= f( )§(w)dw = | f(x)g(x)de
Rn

da
an+1

w)[th(aw) P dw

Noting that if f € fAIS(R”), s > % then f € L'(R") because of the following
estimation

| U@de = [ @+ o) @I + o) e <

< ([ aripyisepas) ([ e )

Moreover, f € L>(R") if f € fAIS(R”), s > 0. So, we get

N

| [ aeneolatass - [ i

Now using the radial function g, that is a function g such that g(z) = g(y) for |z| =
ly| . Moreover, g satisfies the conditions of Lemma 4a, replace g(-) by gp(z — )
and allowing h — 0, we arrive

)= Jim = [ [ (L)@

at every point = where f is continuous. So the first part of theorem is completely
proved.

For the remaining, we can prove as follows:

If s > 2 then H*?(R") is embedded in C(R™)NL>®(R™) (the embedding Sobolev
theorem). Applying the same arguments as above proof and using the result of
Lemma 5b, we get

dbda

1 o
10 == [ fo et

at almost everywhere points x € R”.
It concludes the proof of Theorem 5. ]
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