ON SOME INTERPOLATORY PROPERTIES OF LEGENDRE
AND ULTRASPHERICAL POLYNOMIALS —1I

R. B. Saxena (Lucknow, India)

1. In 1907, Birkhoff treated a general problem on Interpolation and con-
sidered a system of pairs of numbers (K, x;) (i=1,2,..., n) where K; are
integers > 0 and x; are any points in a given interval. A particular case
n = 2 was treated directly by Pdlya. Moreover most of the known quadra-
ture and interpolation formulae, viz. Lagrange’s interpolation formula, Gauss-
Jacobi quadrature formula — are in some way or the other particular cases
of this more general formula of Birkhoff. In most of the problems of Inter-
polation we prescribe the values of the function at each point x, and also
some of its consecutive derivatives there. In Lagranges interpolation formula
we prescribe the values of the function at some points in a given interval
while in Hermite .interpolation formula the values of the function and its
first derivatives at those points in a given interval are prescribed. Tchaka-
loff has obtained a formula for the remainder in the case where the values
of the function at some points in a given interval and its m—1 consecutive
derivatives at those points are prescribed. But the case where the prescribed
derivatives are not consecutive has not been treated in general except by
Birkhoff. Turdn has remarked “that his point of view was so general that
one cannot expect better formulae than those of Hermite”.

In two of his recent papers Turin has considered the simplest case of
what he calls (0,2) interpolation, where the value of the function and its
second derivatives are given at some points. He considers the problem of
their existence and uniqueness and also the problem of their explicit repre-
sentation. He has also promised a study of the problem of convergence.

In a previous paper Dr. A. Sharma and myself have considered the (0, 1, 3)
interpolation where the value of the function, its first and third derivatives
are prescribed at some points. We have considered the problem of existence,
uniqueness and problem of explicit representation of those polynomials.

In this paper we propose to extend the programme of previous paper
with (0, 1, 2, 4) interepolation where the values of the function, its first, second
and fourth derivatives are given at the same points. The general case
(0,1,2,...,m—1, m+41) interpolation can similarly be attacked but already
for m=3, the computations become cumbersome.

2. We seek a polynomial f,,—,(x) of degree < 4n—1, where the value
of the function, its first, second and fourth derivatives are prescribed at the
n points x,, where
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(2.1 —1 <Xy < XpgyeonXy 1
that is we are given (say):
(2.2) B )=y k=01,2,4; »r=1,23,...,n).

In order to simplify the proof, we choose the points (2.1) to be the same
as those chosen by Turdn and his associates for the case of (0, 2) interpo-
lation, as the zeros

(2.3) —l=5<a,< =1
of the polynomials
(2:4) a(%) = (1=x2) P)_,(x)

where P, ;(x) is the (n—1)th Legendre polynomial with 7, (1) = 1.

3. Let n=2k41, and let

(3.1) 12X, >%> - Xp > X1 =0>Xp 9> >Xopqy = — |
with
(3.2) Xj=—Xopa1o_j (J=R+2, k+3,. .., 2r-}-1).

We shall prove

Theorem I. If n = 2k 41 and the points x, X,,..., x, satisfy (3.1) and
(3.2) there is in general no polynomial f(x) of degree  4n—1, such that
for given y, , (k-=0, 1, 2, 4),

(3.3) fAx)=yr (R=0,1,2,4; »=1,2,...,n).

If there exists one such polynomial, then there is an infinity of them.
Thus in the case of an odd number of distinct symmetrical points x,,
both the problems of existence and uniqueness have a negative solution.
Taking x, as the points (2.3) we shall show that in the case of infini-
tely many solutions in Theorem I for n > 3, the general form of the solu-
tion is
(3.4) f(x) = fo(x) + cf1(x),
where f,(x) and f,(x) are fixed polynomials of degres 4n —1 and ¢ is
an arbitrary complex number.

4. In the case of n even (=2k) the situation changes. We shall show the

Theorem II. If n=2k, then to prescribed values y, ,(k=0,1,2, 4) there
is a uniquely determined polynomial f(x) of degree  4n—1, such that

(4.1) f®E) = e (6=0,1,24;v=1,2,...,n)

where g, stands as in (2.3) for the zeros of m,(x). This means, of course,
that in the case

(4.2) Yoo=Ye1=W2=Vy=0 (=1,2,...,n)
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n even, the only solution of (4.1) is j(x) 0. This result is curious because
the polynomial Q;,(x)=n3(x) has the property

Qan(&0) = Q3,(5,) = Q3,(&) =0,

but QY (s)=0, for »=2,3,..., n—1, i. e, there is a non-trivial polynomial
of degree 4n satisfying almost the requirements (4.2) i. e., all except the two
conditions f'V (&)= fV(s,)=0. Theorem II shows that for n even, there is no
polynomial of degree 4n—1 satisfying condition (4.2) except f(x)=0.

5. If we replace in the interpolation problem (2.2) the points x, by the
zeros n* of the nth Ultraspherical polynomial P¥)(x) with 4> —1/2 (for 4

=—1/2, we come back to the case of Theorem II) which satisfies the dif-
ferential equation

(5.1) (1—x?)y"—(2i4+1)xy'+n(n+22) y=0

with
P (1)= (”+i+1> for 10

= 1 for 1 =0.
Then by the method used by Turdn and Suranyi, we get the following

Theorem II}. If the polynomials g(x) of degree 4n—1 satisfy the con-
dition (1> —1/2)
g(i)(":',‘):oi l=0, l: 2! 4’

for v=0, 1, ., n, then the following cases occur:
(@) If n>4, n+31+7, 341+5/,+ odd integer, then
g(x)=0
(b) If n= even and > 3147/, n>4, 31+ 5/,=0dd integer, then g(x)=cK{(x)
where ¢ is arbitrary and K{(x) is of degree 3n+-314-3/,.

(c) If 34+ 8/, = odd integer, n == even and < 31--3/,, then g(x)=0.
The proof of this theorem is omitted as it can be easily carried out on the
same pattern as that of the corresponding theorem of Turan.

6. We now prove Theorem 1. We decompose the polynomial
4n—1

f(x) = _20 ¢, X’

into an even and an odd part:

4r41 4k+1
s(x) = Z Cor X%y H(X) = 2 Coyppq X211,
y=0 r=0

The first part of the condition (2.2) will then give
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(6.1) f(x) = s(6) + %) = I } y=1,2...,k
f(—=x,) = s(x,) —t(%) = Ya—yt1.0
since s'(x) and #'(x) are odd and even polynomials respectively, from the
second part of the condition follows:
6.2) f’,(x.)=s(x,’)+t’(x,?=y.,1 } y=1,2... k
f(—x1)= —S$ (x,) + t (x') = Ya—r+1.1

since s”(x) and ¢"(x) are now even and odd polynomials respectively, from
the third part of the condition follows:

f7(e) = 8" (%) + £7(%) = Y
©3) Pt 0 i |72k
the fourth condition gives

V() =sV(x) + tV(x,) = y.4
V(=) = sV(x,) = V(%) = Ynosira
From (6.1), (6.2), (6.3) and (6.4) we get for #(x)

(6.4) } v=12,..., &

1
tH(x) = 5 (Vr.o—Yn—v+1.0)
2

, 1
t'(x,)= §(J’v.1+.1’v—n+1.1)

" 1
t"(x,) =9 (Vr.a — Va—rt1.2)

v=1,2,...,k

1
tlv(xv)zg(J’M — Vnvt1.4)
and of course
(6.6) £(0) =0, t'(0)=1¢, t"(0)=0, £V(0)=0.

The coefficients to be determined are 4k + 2 out of which one is obtained
from (6.6). For the remaining 4% 41 coefficients we have 4k equations which
is one less than the number of coefficients to be determined. Hence there
are infinitely many solutions.

For s(x) the equations (6.1), (6.2), (6.3) and (6.4) give

1
5 (%)= 9 (Yr.0 + Yn—rt1.0)
1
s'(x,) = 5 (W1 — Ya—rt1.1)
(6.7) i} 1
5" (x) =9 (Vr.3 + Yn—vt1.2)

]
sV(x,)= 9 (Wros -+ Ya—rt1.0)
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and
(6.8) s(0)=1¢co $§(0)=0, 5"(0)=c, s W(0)= 24c,.

The coefficients to be determined are 4k£+2, out of which 3 are determined
from (6.8) and for the remaining 4k—1 coefficients are furnished 4% equa-
tions, which is one more than the number of coefficients to be determined.

7. As stated in § 3, we shall consider with an odd », in the case of
x, =¢,, the general structure of the solution. The assertion is obviously pro-
ved if we show that in our case all polynomials f(x) of degree < 4n—I1
satisfying

(7.1) fO@E)=0 (k=0,1,2,4; v=1,2,...,n)
are
(7.2) c73(X) (Pa—y(X) — 5/5)

with arbitrary numerical ¢. If f(x) satisfies (7.1), the first three conditions
lead us to write

(7.3) f(x) = 75(%) gn—y (%)

where ¢,—,(x) is a polynomial of degree < n—1. But the last part of the
condition gives from fWV(5)=0, (»=1,2,..., n)

(7.4) 2473() 4, (&) + 3677(&) ) (87) Gy (&) = 0.
The differential equation satisfied by

(7.5) an(x) = (1=x3) P, _,(x)

is

(7.6) (I=x®)al (x) + n(n—1)7(x) = 0 n> 2.
This gives

(7.6a) ") =0, (»=23,...,n—1).

Therefore since ¢, are simple zeros of n,(x), (7.4) gives
(7.7) g, (&) =0, (v=2,3,...,n-1)

But this means that ¢,  (x) has all its zeros common with P!_ (x) i e,
q,_,(x) = cP,_,(x) with a numerical ¢. Hence if ¢ # 0,

, Gn—1(X) = € (Pa—1(x) + ¢1)
that is

(7'8) f(X) = Cni(X) (Pn—l(x) + ¢y)-

To determine ¢ and c,, we shall make use of fIV(+1) = 0. We shall now
require the following results which are known and easy to verify.
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(7.9) Pi_(1)= g a(n=1) = (=1} P, (1)

(7.10) 7l (1) = —n(n—1) = (—1y=1z! (—1)

(7.11) n;,'(l):—% P (n—1= (—1ya"(—1)

(7.12) (1) = —g 12— 1 (1= 2) (2 1)=(— 1yt~ 1)
(n—3)(n-+2)

(7.13) aV(1) =

6 (1), aV(=1)= 7' (=1).

The requirement f!V(1) =0, then gives with the help of (7.9), (7.10) and
(7.11) ¢y=—5/3. Hence

(7.14) f(x) = e73(%) (Paey (%) — 5/3)

For n odd it is easy to verify with (7.9), (7.10) and (7.11) that the
polynomial (7.14) satisfies also the condition fIV(—1)=0. If ¢ =0, then
gn_1(x) = constant, i. e, f(x) would be ca®(x) with numerical ¢; but then

fV(1) % 0. Hence only the polynomials (7.14) fulfil our requirement.

_ (n—3) (fl + 2) "
6

8. The proof of Theorem II in the case of n even runs parallel to that
of Theorem I. In the case of n even, it is proved also that if

(8.1) fBE)=0, (=0,1,24)
then f(x) has necessarily the form (7.14) with numerical ¢, without using the

requirement f'V(—1) = 0.
For even n, it can be seen with the help of formulae (7.9), (7.10) and

(7.11) that
[dé;i {nf,(x) (Pn_l(x) — g)” £ 0. P

Hence ¢ =0, i. e,

(82) f(x) O.
Now this means that writing out (8.1) as a linear system, the determinant
is not zero. Considering the general problem

(8.3) fOE)=y,, k=0,1,24; »=1,2...,n

this shows that corresponding linear system is always uniquely soluble, and
the Theorem II is proved.

9. Explicit representation of the Interpolatory Poly-
nomials: We now consider the following problem of (0, 1, 2, 4) interpolation:

Given n(=2k) distinct points &,. &, ..., & satisfying (2.3) and arbitrary
Ay, Aoy oo oy Any by by, ...y by €4, Coyev vy Cny dyy Ay, ..., dn we want to find
explicit form of the polynomial R,(x) of degree < 4n—1 such that
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(9.1) R.(&) =a; R.(&)=0b,; RI(&) =c; RY()=d,
(r=1,2...,n).

The existence and uniqueness has already been proved in Theorem II. For
convenience we select the numbers £, as n different real x-Zeros

(9.2) —l=x, < Xp—q... X< Xy =1

of the polynomial z,(x).
For R,.(x) we have evidently the form

2k 2k 2k 2k
(9.3) Ru(x) = X a, A,(¥)+ D, b,B,(¥) + X, ¢, Co(¥) + 2, d, D),
V=l y=l

y=1 r=1

where the polynomials A,(x), B,(x), C,(x) and D,(x), the fundamental poly-
nomials of the first, second, third and fourth kind of (0, I, 2, 4) interpola-
tion belonging to the x,-points respectively, are polynomials of degree
< 4n—1=8k—1, uniquely determined by the following requirements:

1 j=» ’ "
(9.4) Ade) = g for T, A) = A = A(x) =0
05 BAo)=0. Blx)=g for L B~ BYex)=0
00 Cm)=Ceo)=0 Clm)= g for T =0
j#v
O7)  DAR)=Ds)=Dl(x)=0, D)= for” 71,
Y 0 j¥»

respectively, where j=1,2,3,..., n. In what follows we shall explicitly
determine these fundamental polynomials A,(x), B,(x), C,(x) and D,(x).

10. We shall denote by [/,(x) the fundamental polynomial of Lagrange
Interpolation, i. e.,

(10.1) (%)= (x—__’;()fn)m

We shall make use of an observation of Fejer that

(10.2) I'ix,)=0 (»=23,..., n—1).
Furiher, we have

1 Jj=v .
10.3 l(x)= _for =12,..,n).
(103) =g ol )

We shall also require the following results which are easy to verify:
(10.4) (1= (t=x,) L&)+ 21— L) +n(n—1)(¢—x,) L,(t) = O

4 Mapectus Ha MaremaTwueckus WHCIMTYT, T. V, Ki. 1
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For 2 » n—1,

(105) £ () = — %ﬁ?
(10.6) L= x”) l)(x) z;(—l)=(—1)"+=(~H_"i”);',)(x)
o7) z=(= 2 + ey, nen= (- A -2 -y

" l J‘I:," l) 1" " " :l” —l
(10.8) l'(')zl—x.{n,;((x,)“%“)J L'(=1)= llx'{:sz,(—l)—-é(.;_-))]

and

(10.9) 1(1)_1’3’ b, 1.’(—1)=(»?§')"
(10.10) /()= 2)(”“”)1(1), [(—1) = — "= =20t iy
(10.11) ,;"(1)2(_”—_3)8(_"@4:(1), (1) = — = 3)(n+2),( n
(10.12) 1:V(1)=(”‘41)(()”+3)11"(1) W-n=-= )(” Ny
(10.13) z:,(l):(";"ﬂ, l:,(—l)_—__i(”li__ﬂ
(10.14) (1) = (”T—Q);_’?j") L),  l(=1)=— (”-2)6(”*‘1) Li(—1)

=30 py, g n=—=AEED g

(10.15) ;1) =

(fl—4)(ﬂ+3) o M (’l 4)(ﬂ+3) "
08 iy, -ny=- B(-1)

(10.16)  L¥(1) = o

11. Theorem IV. The fundamental polynomials A,(x), B,(x), C,(x) and
D,(x) are given by the following:

(a)
a3 5
(11.1) D\(x)=— 6‘0;226(121’)—4 (Pn—l(x)+ 3 )

a8 5
(112)  Dilx)= sW'ET(f:)T)i(Pn—l(x)ﬁ)

and for 2 <v < n—1,
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73(%) Paai(® X
(11.3) D.(x)= 24P l(x)n'a(x){ t—; 4= [1—x’

3 2+ 3x, 1
T 5(I=x) Py (%) ] Pt = 30—y ¥ 1= Py (w) }

(b) Denoting #2(x) by Qaa(x)

Qzn (%) 5 1 Qz.(%)
(149 Gl = QZ;(I)[’*"‘”( - o) - e
where
(118 k) =3 0o - 00+

+(]_6 n ?3';?(;:—;_17) 7n(%) [1 + % P,.-l(x)]

Qun() | 5 %),
(11.6)  Cu(x) = Q;( )[rn(x)+ Bn(n=1) ﬁ)""(xH 16nzn—1)“]

3

where

(11.7) ra(%) =

12( )_|_ l (%), (x)+
+ (% + erz——l)) n,,(x)[l — % n—1 (x)]

and for 2 < v < n—1,

(11.8) C,(x) = Q.?""‘)[ o)+ 20D e nn(x)+a"Q,n(x)]

Qy (x.) 3(1—x?)
where
, 4
(11.9) b T On(n—1)(1—x) P2_(x,)
(11.10) l

T 9 (n—1(1—x0) P2 (x,)

7p(X)

Ly ) =L+ 5E— 1)Pn-1(x)[ x'() dt +

X [

L() n—1(%)
+_f,t‘—‘x”;d‘+ 30— x’);” T (x.) ]

and

7a(X) AP (6)
(11.12) () = Gm(n—1y7 PL (x){(‘“xf)f el
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(c)
(11.13)

where

(11.14)
(11.15)

(11.16)
(11.17)

(11.18)

R. Saxena

2)f t"“'( ) dt + 2P, (x) | L X, + 3P,,_11(x,,)] 4}.

(1)

(1)C 1(%)

Bi(x) = Ex; [4(x) + By wy(x) + B wa(x)] —

n(n—

l) 4 3 2
576~ (71n* — 14203 + 15112 — 80n — 12)

ﬁ1=

= "1 (7308 — 14600 + 13702 — 64n 4 12)

o (14 g Pesto)

Wy(x)=— Gn?(g;;(j)l)g (1 - ;‘Pn—l(x))

w,(x)=

() = B0 + 72 11,00) 1) — 108(1) 7 (0] +

37,(1)
+ Ry wy(x) + & wa(x)
k =— ”(’;2—])( 23— 17n%--18n+-8)
k! = "(’;6 D) (258 —50m3 + 3502 — 101 —48)

and c¢,(x) is a polynomial of degree < 4n—1, given by (11.4) and (11.5).

(11.19)
where

(11.20)

(11.21)

(11.22)

w,(=1)

a(=1) )

&M)—%L%MUHmeHﬂwMH

B -’fﬂs’%—‘l (7314 — 14613+ 137n2— 64n+12)

Bl = ”(5”76- D (71m— 1420+ 15102 —80n—12)
1n(0) = 13(3) 4 5 72 1) )= 100, (= (2]
+Kn wl(x) + K, wn(x)
Kn= ”(%2 D (m—2m—17n21+18n+8)
n(n 1)

K, =— (25n*—50n34-35n2% — 10n — 48)
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and ¢,(x) is the polynomial of degree < 4n—1 given by (11.6) and (11.7).
For 2 <v < n—1, '

(129 B9 = 55 ) — R w0t 8w
where

- nd(n—1)px, 12n(n—1) 3
(124 "= 301 - 873k [(1 O Pee) ~ Py

(11.25) go—  mn=1)x, [ 12n(n—1)

r T 30(1— ) ad(x,) [(1=x) Paey(x,) ~ Pa- 1(x)+5]

- ) P (o 1
(]].253) w,(X) = ();I’:(:V:) an(X) [_1 t—_xT‘ dt — QT———xz) (2)5, Pn-l (xv))

R . (14~ _1(7))]

ﬂn(x)lv(x)l,,,(x) 4’1(’1 l)x

(“%)%M=€WH"—§TQM‘ = w,(X)+
ont (n—1)¢ ond(n— 1)t
= m ey O e )

(d) Lastly for 2 v < n—1, we have

(1127)  A(x)=1(x) + —i’"{’f)) [12(x) (%) — 90 (x,) 7, (%)) +

+ 7.D,(x) + . Dy(x) 4 ¥ Dn(x)

where
3 8x2
(11.28) yy=— (';(” 2)2) [(n 2)(n+1)— 1= xz]
. 3n?(n—1)2 10 n(n—1) 2
(129 7, = =22 P ) (o) [1—x,+(1+x.)2 (1+P—1(x ))}

(11.30) y:',_ n?(n—l) [ 10 +n(n—1) (1__2ﬁ)]

A4(1+x, P PS_ (%) n,(x,) [14x (I—x,)? Ppy(x,)
(1.31) w(x) = 25 [ + 5D +
"l,,(X) QQn(x)

T En(= ) (1—x) PL (x,)  18n2(n =T (1—x2) P* (%)

and D,(x), D,(x) and D,(x) are the polynomials each of degree < 4n—1
given by (11.1), (11.2) and (11.3).
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(11.32) Ay(x)= (%) + f "((])) [L3(x) 1 (%) — (9L} (1)+ 1012 (1)) (x)—
— 170 (1) uy(x)] + v, Dy () + v; Da(x)
where
(11.33) n=- H%O—SI) (328918 — 9867154 1191514 — 252513 +960n2 — 3772n
—1728]
(11.34) y, = ”(l’; 661)[653n“ 1959784 303514 — 280513 4135212 — 2761 - 864]
and
7n(X) { (n—2)(n+1) Q,,(x)
11.35 = InlX __m)
( ) ui(*) (1) n(x) + 48n(n—1) a(%) 32n(n—1)}
(11.36) An(x) = 13(x) + ""((")1) 1200 13(6) — (9L (= 1) +
+ 1002(= 1)) va(x) =171 (= 1) un(X)] + 72 D1(x) + 7, Da(x)
where
(11.37) ya= ”(1”536 ) (65305 — 195975t 3035n¢ — 280573 + 135212 — 2761 - 864]
(11.38) y. = %68—)[3289n°-—9867n5+ 11915n¢ — 252513469012 —3772n—1728)
and
__m(x)] (n—2)(n+1) Qs(%)
(11.39) Un(X) = =D ra(x) + (1) n"(x)+32n(n )]

12. In order to prove part (a) of the above theorem, we observe that
in view of the conditions (9.7), we take

Dy(x)="4y 73(x) (4; + Pn1 (%))
which is of degree < 4n—1, so that it only remains to verify that DIV(x,)=0

ior j=2,3,. - This is easily done in virtue of (7.5) and (7.6a). In
order to determme 21 and A/, we use the requirement

DV(1)=1, DWV(-1)=0,
which gives on simplification with the help of (7.9)—(7.11)
DIV(1)=4,[—12n* (n—1)*—18n¢ (n—1) (1 +-2)]=1
and
DV(—1)=1,[12n* (n—1)*—18n* (n—1)* (= 1+4]]=0

whence we get (11.1). Similarly, we get (11.2). For obtaining (11.3), for
2 »< n—1, we put
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— xp:l—_l(t) ' "
D,(x)=12, #(x) [J;_t——_x:— at+ 2 Pn—l(x)—H,] y
The conditions

D,(xj) = D|(x))=Dl(x)=0 for j=1,2,..., n
are already seen to be true. Also

P! (%
DV(x)=121, f 23() [ 2 (x,-)] +

xj___.x' y " n—l

+ 23 7 (%) [ fft—ﬂ dE-2L Py (2) + 2 } }
=1 Ty
=0, /%» j=2,3,..,n—1
P (x;
DV(x,) =244, 23(x,) lim —"“( 2 =
xj=x, i_x,
_ 1
= WP (x)a(x)

A/ ana 4! are determined from the two conditions DV(+1)=0, which gives
two equations to determine i’ and 1,

1

A,

’ 7] 2 6x' — 6 =
L I E it Bl Sy N e
’ "o ___2__ —
and =544 31+ - = 0.
Thus =— 1t °
' l—x'f 5(1 —Xf) Pn—l(x-)
;."= 2+3x’ 1

P =T a(0—x) T =) Poy(x)

and (11.13) is established.

13. In order to obtain part (b) of Theorem IV, we require the polyno-
mials r,(x) and p,(x) each of degree < 2n—1, obtained by P. Turan and
J. Balazs for (0,2)-interpolation for »=1, 2,..., n, where we have

. 1 j=v],.
13.1 ()= f ~1,2...
(13.1) i) =g for 7 2L )
ri(x) =0
and
(13.2) 0,(x) =0
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" 1 j=1’ .
x;) = for =12...,n).
i) =g for /MG )

We shall require the following results, which are easy to verify:

(13.3) r;(1)=3(1_x2)1‘,33 O RiCSUNNEESE

134)  r)=y+ 0D o
(135)  r()=— ]1—2 — f’f’~(gfl)- = ri(=1)

o 1
(13.6) 0.(‘)-n(n_l)pg_,(x,)(l“Lm)’

U —_— 1 l
D= 1)P21(x)( 3R, 1(x—))

0 2<r<n—1
4 ,
(13.7) e,(1) = 3n(n—1)’ o,(—=1)= — Sn(n=1)

4
138) =gy @D = g6
(13.9) 2 (%:) =0, (=223...n1—1)
(13.10) (1) = 2n2(n—1)2 = Qy (—1)

(13.11) (1) =3n3(n—1) =— Q. (—1)
3
a312) Q=T sm_sn—a) = Qu(-1)
We now determine C,(x) of degree < 4n—1 for 2 <<y < n—1 in the form:

C.(x) = Qﬂ"("‘)) (%) + a0, (%) -+ @ 1) + 0" QL ()]

C(x)=C(x)=0, j=12,...,n

Clearly

Also
Cln=0 jFr ) 9. . n
= 1 j= y
follows from (13.1) and (13.2). With the help of relations (13.1), (13.2) and
(13.9) we have

CV(x) =0, jEr (j=23,... 01
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and
C:V(x,) = E '; + 6a, =
when o = @Qn (%) _ 2n(n—1)

6Q2n(x ) 3(1—x2)

The constants o] and o are determined from the condition CIV(+1) =0,
which furnish the two linear equations

%,%,:_,612;0,'(1)-*-25'(1) —3n(n—1)a’ 4 10n(n—1)2d¢" = 0
and ’

4n(n—1) , , , . »

3(1— x2) e,(—1)+ 2r (—1) + 3n(n—1)a, + 10n* (n—1)*a

Thus from (13.3) and (13.6) we have (11.9) and (11.10) and hence the for-
mula (11.8). In order to obtain C,(x), we take

Cy(x) = Q?"((’?) 1RO+ () Q, ()

We can easily see that
Ci(x)=Ci(x)=0, j=1,2,...,n
and
j =23,
j =1
Also CV(xj) =0 for j=2,3,..., n—1, while C}V(£1)=0 help us to de-
termine a, and ;. With the help of (7.10), (7.11), (13.10), (13.11), (13.12),
ClV(£1) = 0 furnish two linear equations

" 0
Cl (xj) = l

-1%(5n’—5n—4) +2(r;(1) = rj(—=1))—6n(n—1)a; =0

and
—11—2(5n2—5n—4) 207 (1) 4 (= 1)) + 202 (n—1)a! =

Therefore using (13.4) we have

__. . .5
M T 18n(n—=1) T 72
o1
% T Ton(n—1)

Hence we get (11.4). The formula (11.6) can be obtained in a similar man-
ner by choosing the form of
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€0 = ottt} 154 + an () + 0] @3 (4.

14. In order to obtain part (c) of Theorem IV we require the polynomi-
als u,(x) and w,(x), each of degree < 3n—1, obtained by Dr. A. Sharma
and myself for (0, 1, 3)-interpolation for »=1, 2,..., n, where we have

(14.1) u, (x) = for/ =7 } U'(x)) = U"(x;) = 0
0 jF Y Y .
(14.2) w,(x)=Wi(x)=0 W"(x)= : for /=7 }
0 jFr

G=1L2...,n).
We shall require the following results which can very easily be obtained
from (11.16), (11.17), (11.18), (11.22), (11.25a) and (11.26). For even n:

(14.1) w1 = —ul(—1) = —u’(1)=u (—1)=
288( 614412273 —113n2-+5n—192)

(14.2) w'(1)=— 3(1_1’3251’33&1;3 WD 2 e

I

(48w == gy = 3D

145w =" (1 e )

9 W= (1 )

We now determine B,(x) of degree  4n—1 for 2« »< n—1 in the form:

B,(x) = %) 1) + B, (%) 1 Bl w () + Brwa(x)].

7, (%)
Clearly B,(x;) =0 for j=1,2,..., n and
B(x)— or /¥ } J=1,2,.n
j—v

follows from (14.1) and (14.2). Also with the help of (14.1), (14.2) and (7.6a)
we have

B'(x)=0, (j=12...n; BY(x)=0j¥» (j=23...,n=1),
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while
lV(x')
BjV(x) ",( ) + 48, =
whence !
v X,
B x
47, (x,) 1—x?

The conditions BV(+1) =0 -furnish two linear equations to determine g
and 7. BIV(1) =0 gives
67, (1) [, (1) + 3, @, (1) + B, @] (1) + B, @\ (1)] + 4=, (1)8, =0
which when simplified with the help of (7.10), (7.11), (14.2), (14.3), (14.4) and
(14.5) gives
2nd(n—-1)3x,

(147) Gnln=0a/ )+ (T 2p gy () P ,<x>< Py 2B =0

Similarly B!V(—1) = 0 gives

" _ 2rz3(n—1)3 1 ' y1pe
(148) 610108 (=)~ (1 e Py ~2) 10 =0
whence we have
A= _<,.’Ea(_”____1_)3’_c_r__ {.E”@:l) - 3 5
» 301 —x2) 23(x,) (1—x2) P._i(x,) B P.i(x,) B ]
w_ BE=10x, [ 122(pn—-1) 3
b = 3001 —xD3(x,) [(l—xz) Pri(%) ” Pry(x) +5]

This proves the formula (11.23). For B,(x), we have the form:

By(x)= "El))|u1(x)+ﬁ1wl(x)+ﬂ,wn<x)1— LUSDYNPY
Obviously B (x) i=12,.
1(x7) =0 =
B (x/)— j_f B See (9.6)

Bi(x)=0, j=12,..,n
Also BV(x) =0, (j=2,3,..., n—1) is obvious from (14.1) and (14.2). The
constants B, and f; are determined by the conditions B/V(41) =0, which
give IV(I) N 61!"(1) [ »
a0 " (D)

((f)) u!(=1) 4 by ) (—1) + Bw!(—1)] — 48] =O.

(1) + B, w/(1) + B, w,(1)| 4 48, =0

and
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These equations with the help of (7.10), (7.11), (7.13), (14.1), (14.3) aud
(14.5) give

_ n(n=1) ‘“_ 3 2 _ 80n—
pr="gae " (T1nt — 14207 4 15102 — 80n—12)
Bl = ”(g;éll (73n* — 146n® 4 137n® — 64n + 12)

and this proves (11.13). Similarly (11.19) can be obtained by taking the form
of B,(x) as
(n —1)

By(x) = ,,"'('( )1) (4() + Bo () + B a(0)] = " Colx).

15. We shall now determine the explicit representation of A,(x). For
this purpose we shall need the polynomials v, (x) obtained by Dr. A. Shar-
ma and myself for (0, 1, 3)-interpolation for »=1, 2,..., n, where we have

(15.1) v (%) =0, v/(x))= (1) for 1'11::' }, v (%) =0
J=
(J=1,2,..., n)

We shall also need the polynomials D,(x), D,(x) and D,(x) (2 » n-1),
each of degree  4n—1, given by (11.1), (11.2) and (11.3). The following
results can atonce be obtained from (11.31), (11.35) and (11.37).

(15.2) vl”(1)=%~(3n2—3n+]), H(—1) = — Ur—tnt1)

(15.3) v(l) = (4n2—4n+1) v, (—1)= —-%(3n‘-’—3n+1)

" l 2
(154 ”r(‘>=3<“1‘—7e‘:‘>‘f>:?<x,>( ) B

" 1 2
i _l)=_§(1—x2)P3_1(x7)( e ))

For determmmg A,(x)(2 < v < n—1) we start with the form (11.27) with con-
stants y,, v/, ¥/, still to be determmed The first of condition (9.4) is seen

to be true in consequence of (9.7) and (10.3). Also A (x;)=0 (j=1,2,3,.,n)
follows from (9.7), (10.2), (10.3) and (15.1), and A](x) =0 (j=1,2,3,..,n)
again follows from (9.7), (10.2), (10.3) and (15.1). Further from (9.7), (10.3),

(15.1), (7.6a)
[’2 ; lll ]
(15.42) AN(x) = 241 + DL CDT )
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2, i) T\t
:121;2(x){ L) — -0 ﬂ((;c; -0
jEr, (See (]0.5) and (10.1))
2. Il—l, m( )

AV(x,) = 5V (x,) + 420"%(x,) — ) I(x,)+ 2 =0

2<r<n-l)
which can be satisfied with the help of the formulae

(15.5) 51V (x,) = -’;lg_;

(15.6) 31 (x,) = Zgj) - ”](”:?x?l)

(15.7) gﬁgg - li—ixﬁ

8 i) ™ (1o [+ 6= ota=)

and the valuc y, is found to be (11.28). The constants y’ and y! are deter-
mined from the two conditions AV(41) = 0. AV(1) = 0 gives

6, (1)

4L1(1) + (x )121’*( ) — 9 (x,) v (V)] +
(15.9) + (( ))[121'2(1)1"(1)]4 7, =0.
But
122 (1 1203(1) (1
2411(1) 4 EHA ()) HOINOES :{((L,)'( )

i nlrll(l) 10113 ] 9[11 7" ’
9 'n_,;—(x:)[ - (1) — ,.(xr)’(’,.(l)]'f' y, =0.

Similarly AV(—1) =0 gives
i H(_ )
2 :zn(x')

These two equations therefore determine »’ and y as (11.29) and (11.30).
Heavy calculations are involved in obtaining the constants y,, 7|, 7, », in
the determination of A,(x) and A,(x) when their forms are chosen to be

[10L3(—1) — 9L (x,) », (= 1)] + #, = 0.
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(11.32) and (11.36) respectively. We shall give the proof of (11.32) and (11.36)
will follow in the same manner.

We start with the form (11.32) for A,(x) and see that first, second and
third of the conditions (9.4) are satisfied in consequence of the relations
(9.7), (10.2) (10.3), (7.6a) etc.

1202) 4} (%)) 7, (%))
X0
(j=23,...,n=1) (See (15.4a))

It only remains to obtain the constants y, and y; for which the conditions
AlV(£1) =0 furnish two linear equations:

LIV (1) + [564(1) /(1) + 420;2(1)] + 1562 (1) 7 (1)

AV (x)) = 241P3(x)) + 0

gari(y — Dy 8 W
- ,()—W“ 1()—~;ﬂ17[1()+ ()]
37" (1
- 2,775‘1‘)) (1) -+ 61 £7(1) + 262(1) = (94°(1) + 1062(1)) 57/(1)
! —17L (DY’ (1)] + 7, = 0
and
3”;:(- 1) ! n "”
24/ (=1 + “2(1) [2L3(—1)—=(9L (1) + 10L2(1)) v, (1) —
122,(—1) , ,
— 7Ly (= 1) 4~ 1<) (= 1) 4 9] = 0.

7,(1)

With the help of (7.10)—(7.13), (10.9)—(10.12), (14.1) and (15.1) the above
two equations can be simplified to give y, and y; (11.33) and (11.34). The

simplification is rather cumbersome.

I am grateful to Dr. A. Sharma for his valuable guidance in the prepa-

ration of this paper.
Received on May 22, 1958.
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HIKOW UHTEPIOJIALIMOHHW CBOWMCTBA HA JIEXXAHIPOBWUTE
U YIATPACOEPHUYHHUTE [NMOJIMHOMH

P. B. Cakcena
PE3IOME

[lpenmer Ha paGoTaTa Ha aBTOpa € pellleHHETO Ha CJeJiHaTa HHTepnona-
1IHOHHA npo6Gnema: [lameHu ca 7 pasnH4yHH BB3NH Xy, Xg, ..., Xno 1BPCH CE
TaKbB NMOJHHOM f,,—,(X) OT cTeneH = 4n--1, 3a KOHTO Ja ca B CHJa paBeH-
CTBaTa

fM—l(XV) = Vo f;,,_l(xV) =i ;;,_1(xr) = Vvas f‘ql,\,l_l(xV) =Yy =1, 2,...,n

ABTOpBT noJayyaBa pe3ynaraTd, nonoOHH Ha pedynraTHTe Ha Typan—Illlypanu
(1), a umenHo:

l. Ako n =2R+1 ¥ Xj=—Xgp1o—j HE CBLIECTBYBA H300ILO MOJHHOM
fin—y(x) oT cTenen < 4n—1, 3a KOHTO

(1) f®x,) =y, (k=0,1,2,4; v=1,2,..., n).

Ako MMa elMH TaKbB MOJHHOM, TO CblUECTBYBaT 6e36poil MOJHHOMH CbC
C’bUIOTO CBOHCTBO.
2. [Ipn n=2k, ako Bb3AuTE X, CbBNanar ¢ Hyante va (1—x?)P _ (x),

KbleTo P,(x) o3nayaBa m-Tus JlexxaHApPOB MOJHHOM, TO CblIeCTBYyBa NpH
MPOH3BOJIHO JaJleHH

Voor Vvvs Yoy Yoy ¥V = O) 1: 2a-- . N,

€JIMH eJIMHCTBEH MOJHHOM OT CTeneH < 4n—1, 3a KOHTO ca B CHJa ypaBHe-
wudara (1).
ABTOPBT HM3cJelBa H BBNPOCA 3a CJAyyauTe, IPH KOMUTO HYJHTE Ha yJaTpa-

1
cepuunus noausom PA(x) npu »r>— o Morat Ja ObAAaT Bb3JH Ha Pasriex-

Jlaiata OT HEro HHTepnoJauHOHHA npo6nema.
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HEKOTOPBIE MHTEPITOJIILIMOHHBIE CBOMCTBA JIEXXAHIPOBBIX
1 YJIbTPACPEPHMYECKHX [TOJITMHOMOB

P. b. Cakcena

PE3IOME

[IpeameTom 3T0# paGoThl ABAAETCA pellleHHe Caeayiollled HHTepnoJsiH-
OHHOI Npo6seMbl ;

JlaHbl 7 pa3NHUHBIX Y3J0B X, Xa, ..., Xp. OTBICKHBaeTCH TaKOH MOJIHHOM
fin—1(x) cTenenn He BhILle 47— 1, IJST KOTOPOrO B CHJe PaBEHCTBA

ful—l(xr):yvm f;n_l(xv)=yvl’ ;;_](X,)=y,2, f:;l,‘,/_l(xv)=yr4; v=1,2,..., n

ABTOp nosyyaer pe3yJbTaTh, 10400HbIe pe3yabTatam Typau-lllypauu (1),
a HMEHHO:

. Ecnu n=2k+4-1 v X;j=—Xgp1o_,, TO BOOOILE He CyIUECTByeT MOJH-
HOMa f,—,(X) cTeneHn He Bbile 4n—1, AJA KOTOPOro

(1 fOx,)=y,. (k=0,1,2,4; v=1,2,..., n).

Ecnu ke cyuiecTsyeT OIMH TaKOH TMOMHHOM, TO CyLIECTBYeT G6eCKOHeyHoe
YHCJIO TIOJHHOMOB C TaKHM )K€ CaMbiM CBOHCTBOM.
2. [lpu n=2k, ecan y3nol X, coBnanaiot ¢ Hyasmu (1—x?)P’ _ (x), rae
P, (x) o3navaer m-biii noausom Jlexxanapa, TO NpH NPOH3BONLHO 3aJaHHBIX
Yvor Yoty Yvr Vot ¥=1, 2, ..., 1 CyLIECTBYeT OJHH €JHHCTBEHHBI MOJHHOM
cTeneHu He Bhillle 4n— 1, AAS KOTOpOro B cuae Oynyt ypasHeuus (I).
ABTOp HCC/eLyeT TaK}e BOMPOC CO CJVYasiMH, KOTAa HYJH yJabTpacge-

]
puyeckoro mosuioma PM(x) mpu 1 > o MOTYT ObITH y3n1aMH paccMaTpHBae-

MOH HHTepPNOJSLHOHHOIN nMpob6JeMBl.
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