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1. The present paper deals with the operational calculus based on the
n-dimensional Laplace transformation

f(pl,...,p,,)=pl...p,,f...fexp(—Zp,-x,-)k(x,,..., Xp)dx,...dx,,
0 0

where & is the ‘original’ and f its ‘image’, f being the operational represen-
tation of 4, expressed symbolically as fch or /zD 1.

In this paper, I shall derive one theorem in n- dlmensmnal Laplace trans-
formation and apply this theorem (especially with n==2) to evaluate certain
definite integrals, not easy to tackle otherwise in a neat form. In the theorem,
I shall take D(oy,..., 0,) to represent the set of points for which R(p;)>
R(Px‘o)=0io>(_)- i

In establishing the theorem it has been frequently necessary to effect
changes in the orders of integrations in the muliple integrals. For the justi-
fication of the process, we can see Fubini’s theorem and lemmas given below.

2. Lemma (i). If one of the repeated integrals

f dxf S dy, f dy f |fix, 9) dx

be fim'te, then the integrals of f(x, y) over the domain (a, b; co, ) is finite
and is equal to the repeated integrals over the domain.

3. Lemma (ii). If f(x,y) be non-negative and measurable and be defined
in (a, b; 00, ), then

[ ax[ 190y fdy [ 15 9rs [ f fix, 9)dxdy;

are all finite and equal or else all infinite.

4. The domain of convergence of the n-dimensional Laplace transforma-
tion has been defined by me already in my Ph. D. thesis, submitted to
B. L. T. S, Pilani.
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(i) Aprseos P T Ay, - Xa)

and let #(x,,..., x,) be continuous and absolutely integrable in each of the
variables in (0, o) ;

for (py,.... pa)€ Doy, . .., an) the funciion

(ii) e~V x"f(x, ..., X)

be integrable L in (0, ) and the operational variable p corresponds
to x. Then

: 1
(5.1) xo—ng—vx X, ..., X 2-v '(2u42 j . f 18(P+U1+ +Un)
A )C (204 )100 J ot by

1
V2p+u 4 +uy)

provided that R(v)> —1, R(p>0 and the integral on the right exists as an
absolutely convergent double integral and where D,(x) is the parabolic
cylinder function.

Since the definition integral (i) is absolutely convergent (by definition)
for (py,.... pa)€D(o1g, ..., onp), it must be absolutely convergent for all
Pi, pj such that R(p,)—-R(p,) R(p)>0 holds. Hence the definition integral
in (i) can be written as

A D»<20—2

\h(ul,..., u,)du,...du,,

-]

.x-l'—"lf‘('v’ e ey dt):;f ° . 'f x‘U exp (_—xZ ul ) h(ul LI ”") dul' * 'du"’
0 0 =l
where x>0, v>—1,

Multiplying both sides by e—?*—v*, R(p)>0, and then integrating with
respect to x between (0, ), we obtain

(-]

(5.2) / exp (—px—\x) xv-" f(x, ..., x)dx

fexp(—px \/x)dx{ [x”exp (—xZu,) h(ay,...,u,)du,...du,.
1] i=1

Since exp(—px— \,/x)exp( wz, )x"lz(u, , . .., lty) is integrable L in (0, o)
i= l

with respect to x and u,,..., u,, we can change the order of integration
on the right of (5.2) by Fubini’s theorem, so as to obtain

oo

(5.3) [exp(—px—-\,/i) Xt f(x,..., X)dx
o
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=j ...flz(ul,...,u,,)dul...du,,[x”exp[—(p-{-Zu,-)xJe**’rdx.
0 0 0 i=l

Evaluating the inner integral on the right of (5.3) by

f x¥ exp (— px —\Jx) dx=I(2v+2) 2-7p—1~* exp (é,) D_ 9y (\/;—;, ) )

0

we obtain the required result.

6. Applications

a) Let , =~_—q—,-_-, so that A(x, y)= ,1_—— *1_~-
(a) f(p, q) i (*, ) N P

Hence from the theorem we get

"-1-v 1 A )
; 0f(l7+u+v) exp (8(p+u+v;))D-2v—2 (\/2‘(7-@'_))(\/6' v'u_ﬁ}'“) dudv
=20+ 1)(20)2v— 1)) y2n exp (i )p—"Diso (72‘_7) : R@)>

In particular, when v=3/4 we get

1 exp srrrtrl Do (g
J [ oo () Do oy i ) e

1 ,, 1 1
=(75) #2211 exp (g5 Kin (g5)-
_ 1 I B VE VEJ 2,
(b) Let f(p, q)_p_*_‘,pq so that h(x,y)_“/y tan v | =
Hence from the theorem we get

6[ 6[ (ptu--v)-1-vexp (8(’;7-?1:?:")) D_zg_.z( Jz(p_:u+;)[l/gf:——tan—11/ g]dud'v'

=[[Qu+2- (20 —2) 7p'~ exp(g;) Dozo (=) RE@)>1.

_ V5 (%) _ 1 Ve
(C) Let f(p, (])—m? so that h(.\f, y)—J: sz_*:yﬁ

Hence from the theorem we get

[ttt (LI e
; R WaAp

(p+u+v)°t! B +u+v') Viro?
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=[I'2v+2)|-' [(2v—1) 2z exp (gl—p) PV D9y (7%’—,—) ; R(U)>(’;“) .

(d) Let f(p, q)=1“2(yifv+—é-- (%)"—IW_",” (%) so that

=[5 o () Vo2

Hence from the theorem we get

[ rtutor= e grima—ar) Dres (s

KW, 1.0(7) dudo’ = 4 [F@u+ 2|1 @0 =2y (v 5 ) =V exp (;“Jr%;)
W.pue (1) Dase (1) Rptwto—5)>0: R@)>1: Rlptwtg)>0.

D n/2
e) Let y )= (.—"/p-‘i—) so that A(x, y)= l (537

Hence from the theorem we get
> o | | 1
a2 "N—ni2-1/2 n—1—-
0

1/8
F(Qv—n—l)l‘(;—+1)e P I

1 1
D—sy_ _ - — Dysort (-1 )
K-z 2(J2<p+u+zr))dud”' [(2u+2) 2"P—17 po—ni2—112 Dn—2o+1 (sz)’

R(n)>—2; R@)>—y -

(f) Let a(x, y)=exp(—x/y)—1 so that f(p, q)=(q/p)exp(q/p) E{—q/p)-
Hence from the theorem we get

—ulv __ N—1—p R , . ¢

=4[[2v+ )] F(2v—2) ' E(—1)p'=7exp i) Da-2o ( ) . R@)>1.

1
V2p
(h) Let A(x, y) =x—m—*-12 y2m—1 g—xiy g0 that

f(p, @)= a5 £m—k) p+1g" " Wi $) ea?r.
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Hence from the theorem we get
oo oo l
o —\m+b+ —
/ fﬂ"’”“"u (mr T"’)
0 0

(Pt 0) = exp gy =)

N D—2v—2( .

1
) . m—k+2— . _ N
Jm)dudv—Q [[(Qu+-2)]-' [(2v—2m -2k 1)

B exp ) D ez

R@)>—1; R(m)>0; R(v—2m+4-1)>0; R(%im—k)>0.

N 1‘:2(-‘2--im—k

: Lyt q 1+ q+VPP+q
i) Let A(x, y)=(-=—=| so that f(p,q)=-—-LL_ log LIV IT
) Lel Al y) (\/x2+_v?) o that f(p,9) P F e

Hence from the theorem we get

u?--p'?)-12 - v')o+! -—-1——,— Doy —_l—_—_-: dudv'
6[6[( + 012 (p+ut) exp(s(p+,,+v)) 2 2(J2(p+:z+v')) udv

= 22 [2v-+2)]~' 120) log (1+2) p=exp (5] Dzo ( J;_p) : R(v)>0.

n the end, I thank Dr. S.C. Mitra for the valuable suggestions and criticism
of the paper. Thanks are also due to the referee for suggestions.
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EJHA TEOPEMA BbPXY n-MEPHATA
JIA[VVTACOBA TPAHC®OPMALIHS

P. C. Haxus

(Pesaroue)

Heka

5o,
f(pl,...,p,,)=p1...p,,f...fe Pi "h(x,...x,)dx,...dx,
0 0

B TakbB cayuail npu cbOTBETHH NMpPeNNoJoXeHHs QyHKUUsTA

x?-"e—V<f(x,...x,) ce npeo6pasyBa c¢ nomomra Ha Jlannacosara TpaHucdop-
Mauus B

1(2v+2) j f """8<p+u1+ —¥u,) D_,_,v_z[ I _w]
(p+uy+- - -+uy)* ! VAp+u +---+i)

~h(uy,...,us)du,...du,.

ONHA TEOPEMA Ob n-MEPHOM [IPEOBPA3OBAHHH JIAIVIACA

P. C. Haxus
(Pesrone)
MycTtb
flps . p)=p,. f f ”h(x, LX) dx, .. .dx,.

B 3ToM cayyae npH COOTBeTCTBYIOLIHX NMPeANOJOXEeHHAX (YHKLHA
x?—ne=Vx f(x,...x,) npeoGpasyercs Cc NOMOIbIO MOACTaHOBKH Jlannaca B

1'Qu+2) f /’”’8(p+u.+ ) ) o ___]
2? (p+uy+- - 4u,)?H! P A p gttty

h(uy .. ug)dug .. du,.
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