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1 Introduction

Starting with the belief that the spatial entities like points and lines usually considered
in Euclidean geometry are too abstract, de Laguna [20] and Whitehead [31] have put
forward other primitive entities like solids, or regions. Between these entities, they
have considered relations of “connection” (a ternary relation for de Laguna and a bi-
nary relation for Whitehead). They have also axiomatically defined sets of properties
that these relations should possess in order to provide an adequate analog of the reality
we perceive about the connection relation between solids, or regions. The ideas about
space of de Laguna and Whitehead have enjoyed an uncommon destiny. They consti-
tute the basis of multifarious pointless theories of space since the days of Tarski’s ge-
ometry of solids. We can cite Grzegorczyk’s theory of the binary relations of “part-of”
and “separation” [14], de Vries’ compingent algebras [30] based on a binary relation
that would be called today “non-tangential proper part”, etc. See [12] for details.

The reason for the success of the axiomatic method within the context of the region-
based theories of space certainly lies in the fact that our perception of space inevitably
leads us to think out the relative positions of the objects that occupy space in terms
of “part-of” and “separation”, or in terms of “part-of” and “connection”. After the
contributions of Clarke [3, 4], several region-based theories of space have been devel-
oped in artificial intelligence and computer science within the context of the so-called



area of qualitative spatial reasoning [5, 21, 23, 24, 25]. In these theories, one gener-
ally assumes that solids, or regions are regular closed subsets in, for example, the real
plane together with its ordinary topology and one generally studies pointless theories
of space based — together with some other relations like “partial overlap”, “tangential
proper part”, etc — on the binary relation of “contact” which holds between two regu-

lar closed subsets when they have common points.

There are mainly two kinds of results: representability in concrete geometrical struc-
tures like topological spaces of abstract algebraic structures like contact algebras [6,
7, 8, 9]; computability of the satisfiability problem with respect to a quantifier-free
first-order language to be interpreted in such contact algebras [16, 17, 18, 19]. In
this context, the unary relation of “internal connectedness” has been considered which
holds for those regular closed subsets which cannot be represented as the union of two
disjoint nonempty open sets. See the above-mentioned references for details. As re-
marked by Ivanova [15, Chapter 2] in her doctoral thesis, this unary relation cannot
be elementarily defined in terms of the binary relation of “contact” within the class of
all topological spaces. This has led her to introduce the ternary relation of “covering”
which holds between three regular closed subsets when the points common to the first
two subsets belong to the third subset. See also Vakarelov [29] for a multi-ary version
of this relation.

By using techniques based on the theory of filters and ideals, Ivanova [15, Chapter 2]
has proved the representability in ordinary topological spaces of the extended contact
algebras that she has defined. As suggested by the ideas of Galton [10, 11] and Va-
karelov [27], representability in concrete relational structures like Kripke frames of
abstract algebraic structures like contact algebras might be obtained too. The aim of
this paper is to give new representability this time in concrete relational structures for
extended contact algebras. In Section 2, we introduce contact and extended contact re-
lations between regions in topological spaces. Section 3 defines contact and extended
contact algebras and discusses about their topological and relational representations.
In Sections 4 and 5, two other kinds of extended contact algebra based on equivalence
relations are introduced and the representability of extended contact algebras in them
is proved.

2 Contact and extended contact relations

In this section, we introduce the contact and extended contact relations between regular
closed subsets of topological spaces.

2.1 Topological spaces

A topological space is a structure of the form (X, 7) where X is a nonempty set and 7
is a fopology on X, i.e. a set of subsets of X such that the following conditions hold:

e (isin T,



e XisinT,
o if {A;: i € I}isafinite subset of 7 then (\{4;: i € I}isinT,
o if {A;: i€ I}isasubsetof 7then|J{A;: i € [}isinT.

The subsets of X in 7 are called open sets whereas their complements are called closed
sets. Let (X, 7) be a topological space. For all subsets A of X, the interior of A (de-
noted Int- (A)) is the union of the open subsets B of X such that B C A. Itis the great-
est open set contained in A. For all subsets A of X, the closure of A (denoted Cl,(A))
is the intersection of the closed subsets B of X such that A C B. It is the least closed
set containing A. A subset A of X is regular closed iff Cl.(Int;(A)) = A. Regular
closed subsets of X will also be called regions. It is well-known that the set RC'(X, 7)
of all regular closed subsets of X forms a Boolean algebra (RC'(X,7),0x,*x,Ux)
where for all A, B € RC(X, 1),

o Ox =0,

o Ax =Cl. (X \ A),

e AUx B=AUB.
In this Boolean algebra, of course, we have for all A, B € RC(X,7), 1x = 0% and
ANx B = (A*X Ux B**)*x ie. 1x = X and ANy B = Cl.(Int, (A N B)).
2.2 Standard contact algebra of regular closed sets

Given a topological space (X, 7), since regions are regular closed subsets of X, there-
fore two regions are in contact iff they have a nonempty intersection. For this reason,
we define the binary relation Cx on RC(X, 7) by

e Cx (A, B) iff A and B have a nonempty intersection.

The relation Cx is called contact relation on RC(X,7) and we read Cx (A, B) as
follows: “A and B are in contact”. As for the structure (RC (X, 7),0x,*x,Ux,Cx)
based on the set RC' (X, 7) of all regular closed subsets of X, it is called the standard
contact algebra of regular closed sets. It has been studied at great length within the
context of first-order mereotopologies [22] and region-based theories of space [1, 28].
Another structure, this time based on the set RO(X, 7) of all regular open subsets of
X, i.e. those subsets A of X such that Int, (Cl.(A)) = A, can be defined as well. It
is the structure (RO(X,7),0x,*x,Ux,Cx) called the standard contact algebra of
regular open sets and where for all A, B € RO(X, 7),

e Ox =1,

o A*x =TInt (X \ A),

e AUx B =1Int,(Cl,(AU B)),

o Cx (A, B)iff Cl;(A) and Cl,(B) have a nonempty intersection.



At the Boolean level, of course, we have for all A,B € RO(X,7), 1x = 0}’( and
ANy B = (A** Ux B*X)** ie. 1x = X and ANx B = AN B. Since an arbitrary
standard contact algebra of regular open sets is isomorphic to the corresponding stan-
dard contact algebra of regular closed sets, therefore in this paper, we will only interest
with the standard contact algebras of regular closed sets. In order to give a flavor of the
properties of the contact relation, let us remark that for all A, B, D, E € RC(X, 1),

e if Cx(A,B), AC Dand B C E then Cx (D, E),

o if Cx(A Ux D,B Ux E) then Cx(A,B), or Cx(A,E), or Cx(D7B), or
Cx(D, E),

e if Cx(A, B) then A # 0x and B # Oy,
o if A 75 Ox then Cx(A7A),
° lfCX(A7B) then Cx(B,A)

These conditions, or equivalent ones, have given rise in [6, 7] to the algebras of regions
known as contact algebras. See also [8, 9]. Representation theorems establishing a
correspondence between region-based models such as contact algebras and point-based
models such as topological spaces have been obtained. See Subsection 3.2.

2.3 Internal connectedness

Within the context of topological logics over Euclidean spaces [16, 17, 18, 19, 26], the
relation of internal connectedness has been considered too. Given a topological space
(X, 7), the relation of internal connectedness is the unary relation ¢ on RC(X, 7)
defined by

o % (A)iff Int,(A) is connected, i.e. Int, (A) cannot be represented as the union
of two disjoint nonempty open sets.

We read ¢ (A) as follows: “A is internally connected”. Immediately, the question
arises as to whether the relation of internal connectedness can be elementarily defined
in terms of the contact relation within the class of all topological spaces. This question
has been negatively answered.

Example 1 Let X = {1,2,3,4,5,6,7} and T be the least topology on X containing
{1,2,3}, {2,5,7} and {3,6,7}. Let X' = {2,3,4,5,6,7} and 7’ be the least topology
on X' containing {2, 3}, {2, 5,7} and {3, 6, 7}. Obviously, for all subsets A of X, A €
RC(X,7)iff A\ {1} € RC(X',7"). Moreover, for all A, B € RC(X, 1), Cx (A, B)
iff Cx/(A\ {1}, B\ {1}). Hence, the function f associating to each regular closed
subset of X a regular closed subset of X' defined by f(A) = A\{1} is an isomorphism
from (RC(X,7),0x,xx,Ux,Cx) to (RC(X',7"),0x/,%xx/,Uxs,Cx/). Since the
regular closed subset {1,2,3,4,5,6} of X is internally connected and the regular
closed subset {2,3,4,5,6} of X' is not internally connected, therefore the relation of
internal connectedness cannot be elementarily defined in terms of the contact relation
within the class of all topological spaces. See [15, Chapter 2] for details.



24 Covering

Example 1 has led, given a topological space (X, 7), to the relation of covering on
RC(X, 7). Itis the ternary relation -x on RC(X, 7) defined in [15, Chapter 2] by

e (A, B) Fx D iff the intersection of A and B is included in D.

We read (A, B) Fx D as follows: “A and B are covered by D”. The relation Fx
is also called extended contact relation on RC(X, 7). Obviously, the contact relation
can be elementarily defined in terms of the relation of covering within the class of all
topological spaces, seeing that for all A, B € RC(X, 1),

o Cx(A,B)iff (A, B) ifx 0.

More interestingly, it turns out that the relation of internal connectedness can be as
well elementarily defined in terms of the relation of covering within the class of all
topological spaces, seeing that for all A € RC(X, 1),

o & (A)iffforall B,D € RC(X,7), B,D #0,if A= BUx D then (B, D) t/x
A*x

Since the relation of internal connectedness cannot be elementarily defined in terms
of the contact relation within the class of all topological spaces, therefore the relation
of covering cannot be elementarily defined in terms of the contact relation within the
class of all topological spaces. The question as to whether the contact relation can be
elementarily defined in terms of the relation of internal connectedness within the class
of all topological spaces is still open. In order to give a flavor of the properties of the
relation of covering, let us remark that for all A, B, D, E, F € RC(X, 1),

o if (A, B) Fx Fthen (AUy D,BUx E) Fx DUx EUx F,

o if (A, B) Fx D, (A, B) Fx Eand (D,E) Fx F then (A, B) Fx F,
e if ACF,or BC Fthen(A,B)Fx F,

o if (A, B)Fyx Fthen ANy BC F,

o if (A, B) -x Fthen (B, A) Fx F.

These conditions, or equivalent ones, have given rise in [15, Chapter 2] to the algebras
of regions known as extended contact algebras. Representation theorems establishing
a correspondence between region-based models such as extended contact algebras and
point-based models such as topological spaces have been obtained. See Subsection 3.5.

3 Contact and extended contact algebras

In this section, we introduce contact and extended contact algebras and we discuss
about their topological and relational representations.



3.1 Contact algebras

After [6, 7], a contact algebra is a structure of the form (R,0x,*gr,Ur,Cr) where
(R,0%,*Rr,URr) is a non-degenerate Boolean algebra and C'z is a binary relation on
‘R such that for all a,b,d,e € R,

if CR(Q, b), a <gr dand b <p e then CR(d, 6),

if Cr(aUg d,bUg e) then Cg(a,b), or Cr(a,e), or Cr(d,b), or Cr(d,e),

(CA)
(CAy)
(CA3) if Cr(a,b) then a # Og and b # Og,
(CAy) if a # Og then Cr(a, a),

(C4s5)

if Cr(a,b) then Cr (b, a).

At the Boolean level, of course, we have for all a,b € R, 1z = O%R and a N b =
(a*® U b*®)*=. The elements of R are called regions.

3.2 Topological representation of contact algebras

We have seen, in Section 2, that for all topological spaces (X, 7), the structure (RC'(X,
7),0x,*x,Ux, Cx) based on the set RC(X, 7) of all regular closed subsets of X is
a contact algebra. With the following proposition [6, 7, 9], one can say that standard
contact algebras of regular closed sets are typical examples of contact algebras.

Proposition 1 Let (R,0r,*r,Ur, Cr) be a contact algebra. There exists a topolo-
gical space (X, 1) and an embedding of (R,0r,*r,Ur,Cr) in (RC(X,7),0x,*x,
Ux, Cx). Moreover, if R is finite then X is finite and h is surjective.

3.3 Relational representation of contact algebras

Another kind of contact algebra has been independently considered by Galton [10, 11]
and Vakarelov [27]. A frame is a structure of the form (W, R) where W is a nonempty
set and R is a binary relation on W. Given a frame (W, R), let Cy be the binary
relation on W’s powerset defined by

o Cyw (A, B) iff there exists s € A and there exists ¢ € B such that R(s, t).

Assuming that R is reflexive and symmetric, the reader may easily verify that the struc-
ture (P(W), 0w, *w,Uw, Cw ), where Oy is the empty set, xy is the complement
operation with respect to W and Uy is the union operation, is a contact algebra.
At the Boolean level, of course, we have for all A,B € P(W), 1y = 0}/ and
ANw B = (AW Uy B*W)*W ie. lyy = W and ANy B = AN B. With the
following proposition [8], one can say that these contact algebras are typical examples
of contact algebras as well.

Proposition 2 Let (R,0r,*r,Ur,Cr) be a contact algebra. There exists a frame
(W, R) and an embedding of (R,0r,*r,Ur,Cr) in (P(W), 0w, *w, Uw, Cw).



3.4 Extended contact algebras

After [15, Chapter 2], an extended contact algebra is a structure of the form (R, O,
*r,Ur,Rr) where (R, 0z, *%r,Ur) is a non-degenerate Boolean algebra and -5 is
a ternary relation on R such that for all a,b,d, e, f € R,

(ECA,) if (a,b) Fr f then (a Ug d,bUg ¢) Fr d Ug e Ug f,
(ECAs) if (a,b) Fr d, (a,b) Fr e and (d,¢) Fr f then (a,b) Fr f,
(ECA3) ifa <g f,orb<g fthen (a,b) Fr f,

(ECA,) if (a,b) Fr fthenaNg b <g f,

(ECAs) if (a,b) Fr fthen (b,a) Fr f.

At the Boolean level, of course, we have for all a,b € R, 1z = O%R and a N b =
(a*® Ug b*R)*®. Again, the elements of R are called regions. It is remarkable that the
binary relation Cz on R defined as follows satisfies the conditions (C' A1 )-(C As):

o CR(av b) iff (aa b) |7(73 OR.

This leads us to associate to each g € R, the binary relation RC% (g) on R of relative
contact defined as follows:

e RCr(g)(a,b)iff (a,b) R g.

This definition of the binary relation RCr(g) on R associated to each g € R has
interesting consequences.

Proposition 3 Let (R,0r,*r,Ur,Fr) be an extended contact algebra. For all a, b,
d,e,g € R, the following conditions hold:

1. If RCr(g)(a,b), a <g dand b <g e then RCx(g)(d,e).

2. If RCr(g9)(aUrd,bUge) then RCr(g)(a,b), or RCr(g)(a,e), or RCr(g)(d,
b), or RCr(g)(d,e).

3. If RCr(g)(a,b) then a £ g and b £x g.

4. Ifa £ g then RCr(g)(a, a).

5. If RCr(g)(a,b) then RCg(g)(b, a).
Proof. (1) Suppose RCr(g)(a,b), a <r dand b <z e. Hence, (a,b) /g g. By
items (5) and (6) of Proposition 5, (d, e) l/z g. Thus, RCr (g)(d, e).

(2) Suppose RCz(g)(a Ur d,bUx €). Hence, (a Ug d,bUg €) t/r g. By item (3) of
Proposition 5, (a,bUx €) t/r g, or (d,bUx €) t/r g. In the former case, by item (4) of
Proposition 5, (a,b) t/r g, or (a,e) /g g. Thus, RCz(g)(a,b), or RCr(g)(a,e). In
the latter case, by item (4) of Proposition 5, (d, b) t/z g, or (d, ) /% g. Consequently,
RC%(g)(d,b), or RCg(g)(d,e). In both cases, RCr(g)(a,b), or RCr(g)(a,e), or



RCr(9)(d,b), o RCx(g)(d,€).
(3) Suppose RCx(g)(a,b). Hence, (a,b) /r g. By (ECA3),a £z gand b €% g.
(4) Suppose a £z g. By (ECA4), (a,a) /= g. Hence, RCz(g)(a,a).

(5) Suppose RCz(g)(a,b). Hence, (a,b) /r g. By (ECA5), (b,a) /r g. Thus,
RCx(g)(b.a). "

3.5 Topological representation of extended contact algebras

We have seen, in Section 2, that for all topological spaces (X, 7), the structure (RC'(X,
7),0x,%x,Ux,Fx) based on the set RC (X, 7) of all regular closed subsets of X is
an extended contact algebra. With the following proposition [15, Chapter 2], one can
say that standard extended contact algebras of regular closed sets are typical examples
of extended contact algebras. See also [29].

Proposition 4 Let (R,0r,*gr,Ur,br) be an extended contact algebra. There exists
a topological space (X, T) and an embedding of (R,0r,*r,Ur,Fr) in (RC(X, 1),
Ox,*x,Ux,Fx). Moreover, if R is finite then X is finite and h is surjective.

3.6 Relational representation of extended contact algebras

Another kind of extended contact algebra based on parametrized frames can be consi-
dered. A weak extended contact algebra is a structure of the form (R, 0z, *r, Ur, %)
where (R, Og,*%r,Ur) is a non-degenerate Boolean algebra and |5, is a ternary rela-
tion on R such that for all a, b,d, e, f € R,

(WECAl) ifa <g d,b <g eand (d, 6) Fr f then (a, b) Fr f,
(WECAQ) if a = 0, or b = O then (a, b) Fr f,

(WECAs;) if (a,b) Fr f and (d,e) Fg f then (a Ng d,bUg €) Fxr f and (a Ug
d,bNre)Fr f,

(WECA,) if (a,b) Fr dand d <% f then (a,b) Fx f.

At the Boolean level, of course, we have for all a,b € R, 1p = O%R and aNr b =
(a*® Ur b*R)*R. Again, the elements of R are called regions. Obviously, every
extended contact algebra is also a weak extended contact algebra. What is more, the
conditions (W EC A, )—(W EC A4) have interesting consequences.

Proposition 5 Ler (R,0r,*r,Ur,Fr) be a weak extended contact algebra. For all
a,b,d,e, f € R, the following conditions hold:

1. (0737 172) I—R a.
2. (173, 072) FR a.
3. if(a,d) Fr eand (b,d) b e then (a U b,d) Fx e.



4. if (a,b) Fr eand (a,d) Fr e then (a,bUg d) bx e
5. if(a,b) Fr eand d <z a then (d,b) Fr e.
if (a,b) Fr eand d <z b then (a,d) Fr e.

(

Proof. (1) By (WECA,), (0g,1z) Fr a.

(2) Similar to (1).

(3) Suppose (a,d) Fr eand (b,d) Fgr e. By (WECA3), (a Ug b,d) Fr e.

(4) Similar to (3).

(5) Suppose (a,b) Fr eand d <% a. By (WECA;), (d,b) Fr e.

(6) Similar to (5). 4

A parametrized frame is a structure of the form (W, R) where W is a nonempty set
and R is a function associating to each subset of W a binary relation on W. Given a
parametrized frame (W, R), let -y, be the ternary relation on W’s powerset defined by

e (A,B)Fw Diffforall s € A, forallt € BandforallU C W,if D C U then
not-R(U)(s, t).

The reader may easily verify that the structure (P(W), 0w, *w, Uw,w), where,
again, Oy is the empty set, 7 is the complement operation with respect to W and
Uy is the union operation, is a weak extended contact algebra. With the following
proposition, one can say that these weak extended contact algebras are typical exam-
ples of weak extended contact algebras as well.

Proposition 6 Let (R,0r,*r,Ur,r) be a weak extended contact algebra. There
exists a parametrized frame (W, R) and an embedding of (R,0r,*r,Ur,Fr) in
(P(W), 0w, *w, Uw, Fw).

Proof. Let (W, R) be the structure where
e W is the set of all maximal filters in the Boolean algebra (R, Oz, *%,Ur),

e R is the function associating to each subset U of W the binary relation R(U) on
W defined by R(U)(s,t) iff for all a,b,d € R,ifa € s,b € t and (a,b) Fr d
then there exists e € R such that d £z e and forallu € U, e € u.

Obviously, (W, R) is a parametrized frame. Let / be the function associating to each
region in R a subset of W defined by

e h(a)is the set of all s € W such thata € s.

In order to prove that h is an embedding of (R, Og, *x, Ug,Fx) in (P(W), 0w, *xw,
Uw, Fw ), let us prove the following



Lemma 1 The following conditions hold:

1.
2
3
4.
5

Proof.

h is injective.

. h(0r) = Ow.
. For all regions a in R, h(a*®) = h(a)*™

For all regions a,b in R, h(a Ugr b) = h(a) Uw h(b).

. For all regions a,b,d in R, (a,b) Fr d iff (h(a), h(b)) Fw h(d).

(1)—(4) The injectivity of h and the fact that h preserves the operations 0, %

and U follow from classical results in the theory of filters and ideals [13].

(5) Let a,b,d be regions in R. We demonstrate (a, b) Fr diff (h(a),h(d)) Fw

h(d). Suppose (a,b) Fgr d not-iff (h(a),h(b)) Fw h(d). Hence, (a,b) Fr d and
(h(a), h(b)) #w h(d),or (h(a),h(b)) Fw h(d) and (a, b) t/r d. We have to consider
two cases.

e In the former case, let s € h(a), t € h(b) and U C W be such that h(d) C U

and R(U)(s,t). Hence, a € sand b € t. Since (a,b) Fr d and R(U)(s,t),
therefore let e € R be such that d £ e and forallu € U, e € u. Letv € W be
such that d € v and e & v. Thus, v € h(d). Since h(d) C U, therefore v € U.
Since for all w € U, e € u, therefore e € v: a contradiction.

In the latter case, let s, be the set of all regions a’ in R such that a < a’ and
tp be the set of all regions b’ in R such that b <r b’. Remark that a € s, and
b ety

Claim 1 Forall @’ € s, and forallb' € ty, (', V) Hr d.
Claim 2 s, and ty, are filters in the Boolean algebra (R, 0, xR, UR).

For all filters u, v in the Boolean algebra (R, O,z , U ), let u' be the set of all
regions b’ in R such that there exists a’ € w such that (a’, ") Fr d and v" be the
set of all regions a’ in R such that there exists b’ € v such that (a’,b) Fx d.

Claim 3 For all filters u, v in the Boolean algebra (R,0R,*r,Ur), u' and v"
are ideals in the Boolean algebra (R, 0, xR, UR).

Claim 4 For all filters u,v in the Boolean algebra (R,0r,*%r,Ur), the fol-
lowing conditions are equivalent:

1. Foralld' € wandforalll € v, (a',V) g d.
2. utnu =10
3ounv” =0

10



By Claims 1-4, sfl is an ideal in the Boolean algebra (R, O, *x%, UR), tp is a fil-
ter in the Boolean algebra (R, Or, *», U ) and s}, Nt;, = (). By classical results
in the theory of filters and ideals [13], let £ be a maximal filter in the Boolean
algebra (R, 0, %R, Ur) such that t, C t and s}, Nt = (). Since b € t,, there-
fore b € t and t € h(b). Moreover, by Claims 24, s, is a filter in the Boolean
algebra (R, Or, *%,UR), t" is an ideal in the Boolean algebra (R, Og, *r, UR)
and s, N't" = (). By classical results in the theory of filters and ideals [13], let
s be a maximal filter in the Boolean algebra (R, 0%, *%r,Ug) such that s, C s
and s' Nt = (). Since a € s,,, therefore a € s and s € h(a). Moreover, since t is
a maximal filter in the Boolean algebra (R, O, *%, Ur ), therefore by Claim 4,
forall o’ € sand forall b’ € ¢, (a/,V') /& d. Since (h(a), h(b)) Fw h(d) and
t € h(b), therefore not-R(h(d))(s,t). Let a”’,b"”,d”" € R be such that ¢” € s,
b’ et, (a”,b") Fr d’andforalle € R, d” <g e, or there exists u € h(d) such
that e & u. Hence, d’ <g d, or there exists u € h(d) such that d ¢ u. Since
for all uw € h(d), d € u, therefore d” <z d. Since (a”,V") Fr d”, therefore
(a”,b") Fxr d. Since for all @’ € s and for all b € ¢, (a/,V) Wr d, therefore
a’ & s,or b’ ¢ t: a contradiction.

Hence, (a,b) Fr diff (h(a), h(b)) Fw h(d). 4
This completes the proof of Proposition 6. -

The main drawback of the kind of extended contact algebra (P(W), O, *w, Uw,
Fw ) considered in Proposition 6 is that the parametrized frame (W, R) it is based on is
a relatively complex relational structure. In the next sections, we introduce two other
kinds of extended contact algebra based on equivalence relations.

4 Equivalence frames of type 1

An equivalence frame of type 1 is a structure of the form (W, R) where W is a non-
empty set and R is an equivalence relation on W. In an equivalence frame (W, R) of
type 1, the equivalence class of s € W modulo R will be denoted R(s). Given an
equivalence frame (W, R) of type 1, let -y be the ternary relation on W’s powerset
defined by

e (A, B) Fw D iff the intersection of A and B is included in D and for all s € W,
if R(s) intersects both A and B then R(s) intersects D.

The reader may easily verify that the structure (P(W), Ow, *w, Uw, Fw) is an ex-
tended contact algebra. With the following proposition, one can say that these extended
contact algebras are typical examples of extended contact algebras.

Proposition 7 Let (R,0r,*r,Ur,r) be a finite extended contact algebra. There
exists a finite equivalence frame (W, R) of type 1 and an embedding of (R, Or, *r,UR,
Fr) in (P(W), 0w, *w, Uw, Fw).

Proof. By Proposition 4, let (X, 7) be a finite topological space and h be a surjec-
tive embedding of (R,0x,*r,Ur,Fx) in (RC(X,7),0x,*x,Ux,Fx). Hence, the
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Boolean algebra (RC(X,7),0x,*x,Ux) of all regular closed subsets of X is finite.
Let (W, R) be the structure where

e W is the set of all couples of the form (A, s) where A € RC(X,7) and s € X
are such that A is an atom of (RC(X,7),0x,*x,Ux) and s € A,

e R is the binary relation on W defined by R((A, s), (B,t)) iff s = t.

Obviously, (W, R) is an equivalence frame of type 1. Let h’ be the function associating
to each region in R a subset of ¥ defined by

e h/(a) is the set of all (A, s) € W such that A C h(a).

In order to prove that A’ is an embedding of (R, Or, *®r,Ur,Fx) in (P(W), Ow, *w,
Uw, Fw), let us prove the following

Lemma 2 The following conditions hold:
1. R/ is injective.
2. K (0g) = Oy
3. Forall regions a in R, h/(a*®) = h'(a)*W.
4. For all regions a,bin R, h'(a Ug b) = h/(a) Uw h'(b).
5. For all regions a,b,d in R, (a,b) Fr d iff (W' (a),h (b)) Fw A'(d).

Proof. (1) We demonstrate /' is injective. Let a, b be arbitrary distinct regions in R.
Since h is a surjective embedding of (R, O, *%r,Ur,Fx)in (RC(X,7),0x,*x,Ux,
Fx), therefore h(a) and h(b) are distinct regular closed subsets of X . Hence, h(a) €
h(b), or h(b) Z h(a). Without loss of generality, suppose h(a) Z h(b). Let s € X be
such that s € h(a) and s & h(b). Since the Boolean algebra (RC'(X, 7),0x, *x,Ux)
of all regular closed subsets of X is finite, therefore let n be a nonnegative integer and
Ay, ..., A, beatoms of (RC(X,7),0x,*x,Ux ) suchthat h(a) = A;Ux...Ux A,.
Since s € h(a), therefore let ¢ < n be a positive integer such that s € A;. Since
A; is an atom of (RC(X, 7),0x,*x,Ux), therefore the couple (A4;, s) is in W. Since
A; C h(a), therefore (A4;, s) € h/(a). Since s & h(b) and s € A;, therefore A; Z h(b).
Thus, (A;,s) € h/'(b). Since (A;, s) € h'(a), therefore h'(a) € h'(b). Consequently,
h'(a) and B’'(D) are distinct subsets of W. Since a,b were arbitrary, therefore h' is
injective.

(2) We demonstrate h’'(Og) = Ow. Suppose h'(0r) # Ow. Let (A,s) be a cou-
ple in W such that (4, s) € h/(0r). Hence, A is an atom of (RC'(X,7),0x,*x,Ux).
Moreover, A C h(0). Since h is a surjective embedding of (R,0x,*%,Ur,Fx) in
(RC(X,7),0x,*x,Ux,Fx), therefore h(0g) = Ox. Since A C h(0Og), therefore
A C 0x. Thus, A is not an atom: a contradiction. Consequently, &' (0z) = Oy .

(3) Let a be a region in R We demonstrate h'(a*®) = h'(a)*V. Suppose h'(a*®) #

R (a)*w. Hence, h'(a*®) € h'(a)*W, or h'(a)*™ € h'(a*®). We have to consider
two cases.
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e In the former case, let (A, s) be a couple in W such that (A, s) € h'(a*?) and
(A, s) & h'(a)*W. Thus, A is an atom of (RC(X,7),0x,*x,Ux). Moreover,
A C h(a*®). Since h is a surjective embedding of (R,0r,*%r,Ur,Fgr) in
(RC(X,7),0x,*x,Ux,Fx), therefore h(a*?) = h(a)**. Since A C h(a*?),
therefore A C h(a)*x. Since (4,s) € h'(a)*W, therefore (A,s) € h'(a).
Consequently, A C h(a). Since A C h(a)**, therefore A is not an atom: a
contradiction.

e In the latter case, let (A, s) be a couple in W such that (A,s) € h'(a)*™ and
(A,s) € h'(a*?). Hence, A is an atom of (RC(X,7),0x,*x,Ux). More-
over, (4,s) € h'(a). Thus, A < h(a). Since (A,s) ¢ h'(a*®R), therefore
A & h(a*®). Since h is a surjective embedding of (R, 0z, *r,Ur,Fr) in
(RC(X,7),0x,*x,Ux,Fx), therefore h(a*?) = h(a)**. Since A Z h(a*?),
therefore A € h(a)**. Since A € h(a), therefore A is not an atom: a contra-
diction.

Consequently, b/ (a*®) = h'(a)*W.

(4) Let a, b be regions in R. We demonstrate h'(a Ug b) = h'(a) Uw h'(b). Sup-
pose h'(a Ug b) # h'(a) Uw R'(b). Hence, h'(a Ug b) € h'(a) Uw R'(b), or
h'(a) Uw h'(b) € h'(a Ug b). We have to consider two cases.

e In the former case, let (A, s) be a couple in Wsuch that (A, s) € h'(a Ug b) and
(A,s) € W (a)Uwh'(b). Thus, Ais anatom of (RC(X,7),0x,*x,Ux). More-
over, A C h(aUxr b). Since h is a surjective embedding of (R, 0z, *r, Ug,Fr)
in (RC(X,7),0x,*x,Ux,Fx), therefore h(a Ug b) = h(a) Ux h(b). Since
A C h(a Ug b), therefore A C h(a) Ux h(b). Since (A, s) & h'(a) Uy B'(b),
therefore (A,s) € h'(a) and (A,s) & h'(b). Consequently, A € h(a) and
A & h(b). Since A C h(a)Ux h(b), therefore A is not an atom: a contradiction.

e In the latter case, let (4, s) be a couple in Wsuch that (A, s) € h/(a) Uy K/ (D)
and (A,s) € h/(a Ug b). Hence, A is an atom of (RC(X,7),0x,*x,Ux).
Moreover, (A, s) € h/(a), or (A4,s) € h'(b). Thus, (A,s) € h'(a), or (4,s) €
h'(b). Consequently, A C h(a), or A C h(b). Hence, A C h(a) Ux h(b).
Since (A,s) & h/(a Ur b), therefore A Z h(a Ug b). Since h is a surjective
embedding of (R, 0z, *r,Ur,Fr) in (RC(X,7),0x,*x,Ux,Fx), therefore
h(aUg b) = h(a) Ux h(b). Since A  h(aUg b), therefore A Z h(a)Ux h(b):
a contradiction.

Thus, 7' (a Ug b) = 1/ (a) Uw R'(b).
(5) Let a,b,d be regions in R. We demonstrate (a,b) Fr d iff (h'(a),h’ (D)) Fw
R'(d). Suppose (a,b) Fg d not-iff (h'(a),h' (b)) Fw R'(d). Hence, (a,b) Fr d and

(W' (a), ' (b)) Yw K'(d), or (k' (a),h' (b)) Fw h'(d) and (a,b) /r d. We have to
consider two cases.

e In the former case, since h is a surjective embedding of (R,0r,*%r,Ur,F%r)
in (RC(X,7),0x,*x,Ux,Fx), therefore (h(a), h(b)) Fx h(d). Thus, h(a) N
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h(b) C h(d). Since (h'(a), h' (b)) tYw h'(d), therefore h'(a) NA'(b) € W' (d), or
there exists a couple (E, w) in W such that R((E,w))Nh'(a) # 0, R((E,w))N
1/ (b) # 0 and R((E,w)) Nk (d) = (). We have to consider two subcases.

— In the former subcase, let (E,w) be a couple in W such that (E,w) €
B (a), (E,w) € k'(b) and (E,w) & h'(d). Consequently, F is an atom of
(RC(X,7),0x,*x,Ux). Moreover, E C h(a), E C h(b) and E Z h(d).
Hence, E C h(a) N h(b). Since h(a) N h(b) C h(d), therefore E C h(d):
a contradiction.

— In the latter subcase, let (E,w) be a couple in W such that R((E,w)) N
h'(a) # 0, R((E,w)) N K(b) # 0 and R((E,w)) N h'(d) = 0. Let
(A, s) and (B,t) be couples in W such that R((E,w), (4,s)), (4,s) €
K (a), R((E,w),(B,t)) and (B,t) € h/(b). Thus, A and B are atoms of
(RC(X,7),0x,*x,Ux) such that s € A and ¢ € B. Moreover, w = s,
A C h(a), w = t and B C h(b). Consequently, w € h(a) N h(b).
Since h(a) N h(b) C h(d), therefore w € h(d). Since the Boolean al-
gebra (RC(X,7),0x,*x,Ux) of all regular closed subsets of X is fi-
nite, therefore let n be a nonnegative integer and D1, ..., D,, be atoms
of (RC(X,7),0x,xx,Ux) such that h(d) = Dy Ux ... Ux D,,. Since
w € h(d), therefore let i < n be a positive integer such that w € D,;.
Hence, (D;,w) is a couple in W. Moreover, (D;,w) € R((E,w)) and
D; C h(d). Thus, R((E,w)) N K (d) # 0: a contradiction.

e In the latter case, since h is a surjective embedding of (R, 0z, *r,Ur,Fr) in
(RC(X,1),0x,*x,Ux,Fx), therefore (h(a), (b)) t/x h(d). Consequently,
h(a) N h(b) € h(d). Let w € X be such that w € h(a), w € h(b) and
w ¢ h(d). Since the Boolean algebra (RC(X,7),0x,*x,Ux) of all regular
closed subsets of X is finite, therefore let m and n be nonnegative integers and
Ai,..., A, and By, ..., B, be atoms of (RC(X,7),0x,*x,Ux) such that
h(a) = A1 Ux ...Ux A, and h(b) = By Ux ... Ux B,. Since w € h(a) and
w € h(b), therefore let i < m and j < n be positive integers such that w € A;
and w € B;. Since A; and B, are atoms in (RC(X, 7),0x,*x,Ux), therefore
the couples (A;,w) and (B;,w) are in W. Since A; C h(a) and B; C h(b),
therefore (A;,w) € h'(a) and (B;,w) € h'(b). Since the Boolean algebra
(RC(X,7),0x,*x,Ux) of all regular closed subsets of X is finite, therefore let
E be an atom of (RC(X,7),0x,*x,Ux) such that w € E. Hence, the couple
(E,w) is in W. Moreover, R((E,w), (4;,w)) and R((E,w), (B;,w)). Since
(A;,w) € h'(a) and (Bj,w) € K (b), therefore R((E,w)) N h'(a) # ( and
R((E,w)) N K (b) # 0. Since (h'(a), ' (b)) Fw h'(d), therefore R((E,w)) N
R(d) # 0. Let (E',w’) be a couple in W such that R((E,w), (E’,w’)) and
(E',w") € W(d). Thus, w = w', w' € E’ and E' C h(d). Consequently,
w € h(d): a contradiction.

Hence, (a,b) Fr diff (1 (a), /(b)) Fw 1 (d). 4

This completes the proof of Proposition 7. —
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5 Equivalence frames of type 2

The weak point of Proposition 7 is that it does not say whether the embedding preserves
the relation of internal connectedness. In this section, we introduce another type of
equivalence frames with which we will be able to embed any finite extended contact
algebra while preserving its relation of internal connectedness. An equivalence frame
of type 2 is a structure of the form (W, Ry, R2) where W is a nonempty set and R, and
R are equivalence relations on W. In an equivalence frame (W, Ry, R2) of type 2,
the equivalence class of s € W modulo R; will be denoted R (s) and the equivalence
class of s € W modulo Ry will be denoted Ro(s). Moreover, forall s € W, Ry (Rz(s))
will denote the union of all R;(t) when ¢ ranges over Rz(s). Given an equivalence
frame (W, Ry, R2) of type 2, let -y be the ternary relation on W’s powerset defined
by

e (A, B) Fw D iff the intersection of A and B is included in D and for all s € W,
if Ry (R2(s)) intersects both A and B then Ry (Rz(s)) intersects D.

The reader may easily verify that the structure (P(W), Ow, *w, Uw, Fw) is an ex-
tended contact algebra. With the following proposition, one can say that these extended
contact algebras are typical examples of extended contact algebras.

Proposition 8 Let (R,0r,*r,Ur,Fr) be a finite extended contact algebra. There
exists an equivalence frame (W, Ry, Ro) of type 2 and an embedding of (R,0r,*r,
Ur,Fr) in (P(W), 0w, *w,Uw, w) preserving the relation of internal connected-
ness.

Proof. By Proposition 4, let (X, 7) be a topological space and h be a surjective em-
bedding of (R,0r,*%r,Ur,Fxr) in (RC(X,7),0x,*x,Ux,Fx). As proved in [15,
Chapter 2], the topological space (X, 7) is finite. Hence, the Boolean algebra (RC'(X,
7),0x,%x,Ux) of all regular closed subsets of X is finite. Let (W, Ry, R2) be the
structure where

o W is the set of all couples of the form (A, s) where A € RC(X,7)and s € X
are such that A is an atom of (RC(X,7),0x,*x,Ux) and s € A,

e Ry is the binary relation on W defined by R;((A4, s), (B,t)) iff A= B,
e R, is the binary relation on W defined by Ra((A4, s), (B, 1)) iff s = t.

Obviously, (W, Ry, Ro) is an equivalence frame of type 2. Let k' be the function
associating to each region in R a subset of W defined by

e 1/(a)isthe setof all (A, s) € W such that A C h(a).

In order to prove that A is an embedding of (R, Or, *®r,Ur,Fx) in (P(W), Ow, *w,
Uw, Fw ), let us prove the following

Lemma 3 The following conditions hold:

1. I/ is injective.
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2. W (0g) = Ow.

3. Forall regions a in R, ' (a*®) = W/ (a)*W.

4. For all regions a,bin R, h'(a Ug b) = h'(a) Uw K/ (b).

5. Forall regions a,b,d in R, (a,b) Fr d iff (h'(a), ' (b)) Fw K'(d).

Proof. The proofs of items (1)—(4) are similar to the proofs of the corresponding items
in Lemma 2.

(5) Let a,b,d be regions in R. We demonstrate (a,b) Fr d iff (h'(a),h'(b)) Fw
R'(d). Suppose (a,b) Fx d not-iff (h'(a),h' (b)) Fw h'(d). Hence, (a,b) Fx d and
(W' (a), ' (b)) Yw K'(d), or (k'(a),h' (b)) Fw h'(d) and (a,b) t/r d. We have to
consider two cases.

e In the former case, since h is a surjective embedding of (R,0r,*%r,Ur,F%r)
in (RC(X,1),0x,*x,Ux,Fx), therefore (h(a), h(b)) Fx h(d). Thus, h(a) N
h(b) C h(d). Since (h'(a), ' (b)) t/w h'(d), therefore h'(a) N K/ (b) € K'(d),
or there exists a couple (E,w) in W such that Ry (Rao((E,w))) N A (a) # 0,
Ri(R2((E,w))) NR(b) # 0 and Ry (Ro((E,w))) N A'(d) = 0. We have to
consider two subcases.

— In the former subcase, let (E,w) be a couple in W such that (E,w) €
B (a), (E,w) € k'(b) and (E,w) & h'(d). Consequently, F is an atom of
(RC(X,71),0x,*x,Ux). Moreover, E C h(a), E C h(b) and E Z h(d).
Hence, E C h(a) N h(b). Since h(a) N h(b) C h(d), therefore E C h(d):
a contradiction.

— In the latter subcase, let (F, w) be a couple in W such that Ry (R ((E, w)))
Nh'(a) # 0, Ry (Ra((E,w))) N A (b) # 0 and Ry (R2((E,w))) NA(d) =
0. Let (A,s), (A',s"), (B,t) and (B’,t') be couples in W such that
Ro((B, w), (A',5)), Ry ((A', ), (A, 5)). (A,5) € W(a), Ra((E, w), (B,
t')), Ri((B',t'),(B,t)) and (B,t) € h/(b). Thus, A, A’, B and B’ are
atoms of (RC(X,7),0x,*x,Ux)suchthats € A, s’ € A, t € B and
t' € B’. Moreover, w = s', A’ = A, A C h(a), w =, B’ = B and
B C h(b). Consequently, w € h(a) N h(b). Since h(a) N h(b) C h(d),
therefore w € h(d). Since the Boolean algebra (RC(X, 7),0x,*x,Ux)
of all regular closed subsets of X is finite, therefore let n be a nonnega-
tive integer and Dy, ..., D, be atoms of (RC(X,7),0x,*x,Ux) such
that h(d) = Dy Ux ... Ux D,. Since w € h(d), therefore let i <
n be a positive integer such that w € D;. Hence, (D;,w) is a couple
in W. Moreover, (D;,w) € Ri(R2((E,w))) and D; C h(d). Thus,
Ryi(R2((E,w))) N A/ (d) # 0: a contradiction.

e In the latter case, since h is a surjective embedding of (R, 0z, *r,Ur,Fr) in
(RC(X,1),0x,*x,Ux,Fx), therefore (h(a), (b)) I/x h(d). Consequently,
h(a) N h(b) € h(d). Let w € X be such that w € h(a), w € h(b) and
w ¢ h(d). Since the Boolean algebra (RC(X,7),0x,*x,Ux) of all regular
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closed subsets of X is finite, therefore let m and n be nonnegative integers and
Aq,..., A and By, ..., B, be atoms of (RC(X,7),0x,*x,Ux) such that
h(a) = Ay Ux ...Ux Ay, and h(b) = By Ux ... Ux B,,. Since w € h(a) and
w € h(b), therefore let i < m and j < n be positive integers such that w € A;
and w € B;. Since A; and B; are atoms in (RC(X, 7),0x,*x,Ux), therefore
the couples (A;,w) and (B;,w) are in W. Since A; C h(a) and B; C h(b),
therefore (A;,w) € h'(a) and (B;,w) € h'(b). Since the Boolean algebra
(RC(X,1),0x,*x,Ux) of all regular closed subsets of X is finite, therefore
let E be an atom of (RC(X,7),0x,*x,Ux) such that w € E. Hence, the
couple (E,w) is in W. Moreover, (A;,w) € Ri(R2((E,w))) and (B;j,w) €
Ry (R((E,w))). Since (A;,w) € h'(a) and (Bj,w) € h'(b), therefore
Ry (Ry((E,w))) N A (a) # 0 and Ry (R2((E,w))) NA'(b) # 0. Since (h'(a),
R (b)) Fw h'(d), therefore Ry (R2((E,w))) NA'(d) # 0. Let (E',w') and
(E”,w'") be couples in W such that Ry ((E,w), (E"”,w")), Ri((E",w"), (E’,
w')) and (E',w') € K(d). Thus, w = w", w" € E", E" = E' and E' C h(d).
Consequently, w € h(d): a contradiction.

Hence, (a,b) Fx diff (h'(a),h' (b)) Fw R'(d). 4

Now, let us prove the following
Lemma 4 For all regions a in R, ¢ (a) iff ¢y (B (a)).

Proof. Let a be a region in R. We demonstrate c% (a) iff ¢§y, (h/(a)). Suppose ¢ ()
not-iff ¢}, (A’ (a)). Hence, ¢% (a) and not-c§;, (A'(a)), or not-c% (a) and ¢y, (B (a)).

o In the former case, let A}, A} be subsets of W, A}, A} # Ow, such that 2/ (a) =
Al Uy Af and (A1, AL) Fw KW/ (a)*W. By item (3) of Lemma 3, h/(a*®) =
K (a)*W. Since (A}, AL) Fw h'(a)*W, therefore (A}, AL) Fw h/(a*®). Since
W is finite and A and A} are subsets of W, therefore let n; and n2 be nonneg-
ative integers and (A11,51.1),- .., (A1,nys81,n,) and (A21,821),- .., (A2.n,,
S2.n,) be couples in W such that A} = {(A11,51,1),---5 (A1,ny581,n,)} and
Ay = {(A2,1,821),---,(A2.ny, S2.n,)}. Since R is finite, therefore let a; be
the least upper bound in R of the set of all regions b in R such that h(b) C
A11 Ux ...Ux A, and ay be the least upper bound in R of the set of all
regions b in R such that A(b) C Ay Ux ... Ux Az n,. Obviously, h(a;) C
A171 Ux ...Ux Al,nl and h(ag) Q A271 Ux ...Ux A27n2.

Claim 5 a; # O and as # OR.
Claim 6 a = a1 Uy as.
Claim 7 (al, ag) FR a*r.

By Claims 5-7, not-c% (a): a contradiction.
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o In the latter case, let a;, as be regions in R, a1, as # Or, such thata = a1 Ug as
and (ay,a2) Fr a*®. By items (1) and (2) of Lemma 3, h/(a1), R/ (a2) #
Ow. Moreover, by items (3)—(5) of Lemma 3, h'(a) = h'(a1) Uw h'(az) and
(W' (a1), W' (a2)) Fw R/ (a)*W. Thus, not-cj;, (h'(a)): a contradiction.

Hence, ¢ (a) iff c§y (A (a)). .

This completes the proof of Proposition 8. .

6 Conclusion

The above representation theorems for extended contact algebras open new perspec-
tives for region-based theories of space. We anticipate a number of further investiga-
tions.

Firstly, there is the question of the generalization of Proposition 6 to the class of all
extended contact algebras, not only the weak algebras. Can we find necessary and
sufficient conditions such that every extended contact algebra that satisfy them can
be embedded in the weak extended contact algebra defined over some parametrized
frame? Can these conditions be first-order conditions, or are they intrinsically second-
order conditions? What kind of correspondence can we obtain between topological
spaces and parametrized frames within the context of the extended contact relation?

Secondly, there is the question of the generalization of Propositions 7 and 8 to the class
of all extended contact algebras, not only the finite algebras. Can we find necessary
and sufficient conditions such that every extended contact algebra that satisfy them can
be embedded in the extended contact algebra defined over some equivalence frames of
type 1, or 2? Can these conditions be first-order conditions, or are they intrinsically
second-order conditions?

Thirdly, following the line of reasoning suggested by Wolter and Zakharyaschev [32]
and furthered in [1, 28] for what concerns axiomatization/completeness issues and
in [16, 17, 18, 19] for what concerns decidability/complexity issues, one may interest
in the properties of a quantifier-free first-order language to be interpreted in contact al-
gebras such as the extended contact algebras discussed in this paper. Can we transfer in
this extended setting the axiomatizability results and the decidability results obtained
within the more restricted context of the contact relation?
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Annex

Proof of Claim 1. Let ¢’ € s, and b’ € t,. We demonstrate (a,’) /g d. Suppose
(a',b) Fr d. Since @’ € s, and V' € ty, therefore a < a’ and b < b'. Since
(a’,b") Fx d, therefore (a,b) Fx d: a contradiction. Hence, (a’, ") Hr d.

Proof of Claim 2. By classical results in the theory of filters and ideals [13].

Proof of Claim 3. We demonstrate u! is an ideal in the Boolean algebra (R, 0r,*%,
UR).

Firstly, suppose Oz ¢ wu'. Since u is a filter in the Boolean algebra (R,0%,*%,
Ur), therefore 1 € u. Since O ¢ wu!, therefore (1,0%r) Yz d: a contradiction
with Proposition 5. Consequently, O € u'.

Secondly, suppose b},b, € u! are such that b} Ug by ¢ u'. Let aj,ay € u be
such that (a,b]) Fr d and (ab, b)) Fr d. Since w is a filter in the Boolean al-
gebra (R,0r,*Rr,UR), therefore a} N a} € u. Since b} Ug by & u!, therefore
(a)Ngrah, by Urb,) /% d. By Proposition 5, () Ng ab, b)) Vr d, or (ajNrab, b)) Fr
d. Since (a!, b)) Fr d, (ab,b5) Fr d, a)Nral <z a} and a| N ay <x d, therefore
by Proposition 5, (a} Ng a%, b)) Fr d and (@) Ng ab, by) Fx d: a contradiction.

Thirdly, suppose b; € u! and by, € R are such that b} Ng by & ul. Let @’ € u be
such that (a’, b)) Fr d. Since b}y Ng by & u', therefore (a’, b} Ng by) #r d. Since
(a/, b)) Fr dand b) Ng by, <z b}, therefore by Proposition 3, (a’, b} Ng b3) Fr d: a
contradiction.

The proof that v" is an ideal in the Boolean algebra (R, 0z, *r, Ur ) is similar.

Proof of Claim 4. (1 = 2): Suppose for all @’ € v and for all ¥’ € v, (a/,') I/x d.
We demonstrate u! N v = (). Suppose u! Nv # (). Let b be a region in R such that
b" € u' and b” € v. Hence, there exists a’ € u such that (a’,b”) Fx d. Since b € v,
therefore there exists @’ € w and there exists b’ € v such that (a’,b’) F» d: a contra-
diction. Thus, u! Nv = (.

(2 = 1): Suppose u' N v = (. We demonstrate for all ' € u and for all &’ € v,
(a’,b") /R d. Suppose there exists a’ € u and there exists b’ € v such that (a/, V') Fr
d. Leta” € uwand " € v be such that (a”,b") Fx d. Hence, there exists a’ € u such
that (a’,b") Fr d. Thus, b” € u'. Since b” € v, therefore u' N v # (): a contradiction.
Consequently, for all o’ € w and for all ¥/ € v, (a/, ') F% d.

(1 = 3)and (3=-1): Similarto (1 = 2) and (2 = 1).

Proof of Claim 5. Suppose a; = Og, or aa = Og. Without loss of generality, sup-
pose a; = Og. Since A} # Oy, therefore n; > 1. Let i < n; be a positive integer.
Hence, A, ; is an atom of (RC'(X, 7),0x,*x,Ux ). Since h is a surjective embedding
of (R,0r,*Rr,Ur,Fxr)in (RC(X,7),0x,*x,Ux,x), therefore let b be a region in
R such that h(b) = Ay ;. Thus, h(b) C A1 1Ux...Ux Ay p,. Consequently, b <g a;.
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Since a1 = Og, therefore b = Og. Since A5 ; is an atom of (RC(X,7),0x,*x,Ux),
therefore A;; # Ox. Since h(b) = A, ;, therefore h(b) # Ox. Since h is a sur-
jective embedding of (R, O, *%r,Ur,Fxr)in (RC(X,7),0x,*x,Ux,x), therefore
b # Or: a contradiction. Hence, a1 # Og and ag # Og.

Proof of Claim 6. Suppose a # a; Ug as. By items (1) and (4) of Lemma 3, h/(a) #
h’(al) Uw h/(ag). Hence, h’(a) g h’(al) Uw h/(ag), or h’(al) Uw h/(ag) g h’(a).
We have to consider two cases.

e In the former case, since h'(a) = A} Uy A, therefore A} Uy AL € b/ (a1) Uw
h(az). Thus, A7 € h'(a1) Uw R'(az), or A, & h'(ay1) Uw h'(az). With-
out loss of generality, suppose A} Z h'(a1) Uw h'(az). Consequently, A] €
R/ (a1). Let i < ny be a positive integer such that (A; ;, s1,;) € h'(a1). Hence,
Ay, € h(ay). Since h is a surjective embedding of (R,0r,*z,Ug,Fr) in
(RC(X,1),0x,*x,Ux,Fx), therefore let b be a region in R such that h(b) =
Aj ;. Thus, h(b) C A1 1 Ux ...Ux A; ,,. Consequently, b <g a;. Since h is a
surjective embedding of (R, O, *%r,Ur,Fxr)in (RC(X,7),0x,*x,Ux,Fx),
therefore h(b) C h(ay). Since A1 ; Z h(aq), therefore h(b) # A; ;: a contra-
diction.

e In the latter case, let (B, t) be a couple in W such that (B, t) € h'(a1)Uw h'(a2)
and (B,t) ¢ h'(a). Hence, (B,t) € h/(a1), or (B,t) € h'(az). Without loss of
generality, suppose (B,t) € h'(a1). Thus, B C h(aq). Since h(a1) C Ay Ux
... Ux Aj p,, therefore B C A; 1 Ux ... Ux Ay p,. Since A1 1,...,A1n,
and B are atoms of (RC(X,7),0x,*x,Ux), therefore let i < n; be a positive
integer such that B = A; ;. Consequently, (B, s1,;) € A}. Hence, (B, s1,) €
AL Uy A5, Since B'(a) = A} Uy Aj, therefore (B,s1,;) € h'(a). Thus,
B C h(a). Consequently, (B,t) € h/(a): a contradiction.

Hence, a = a1 U as.

Proof of Claim 7. Suppose (ai,az2) #&r a*®. By item (5) of Lemma 3, (h/(a1),
h'(a2)) w h'(a*®). Hence, h'(a1) Nw h'(a2) € h'(a*®), or there exists a couple
(B,t) in W such that R;(R2((B,t))) intersects both h'(a1) and h'(az) and
R1(R2((B,t))) does not intersect h’'(a*®). We have to consider two cases.

e In the former case, let (B, t) be a couple in W such that (B, t) € h/(a1), (B,t) €
h'(az) and (B,t) € h'(a*®). Thus, B C h(a1), B C h(a2) and B € h(a*R?).
Since h(al) - A171 Ux ... Ux Alﬂh and h(ag) - Ag,l Ux ... Ux Ag,nw
therefore B C A; 1 Ux ... Ux A1, and B C Ay 3 Ux ... Ux Ag p,. Since
A1,y A1 ngs Ao, ... Ao, and B are atoms of (RC(X, 7),0x,*x,Ux),
therefore let ¢ < my and j < ngy be positive integers such that B = A; ; and
B = Ay ;. Letu € Int.(B). Consequently, (A1 ;,51;) € Ri(R2((B,u)))
and (A j,82,) € Ri(R2((B,u))). Hence, Ry (R2((B,u))) N A} # 0 and
Ry1(R2((B,u))) N A # 0. Since (A}, AS) Fw B/ (a)*W, therefore Ry (Ra((B,
w)))NA (a)*W # . Let (D, v) be a couple in W such that (D, v) € Ry (Ra2((B,
w))) and (D, v) € h/(a)*W. Since u € Int,(B), therefore B = D. Since h is a
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surjective embedding of (R, 0r, *r,Ur,Fxr) in (RC(X,7),0x,*x,Ux,Fx),
therefore h/(a*?) = h'(a)*W. Since (D,v) € h'/(a)*W, therefore (D,v) €
K (a*®). Thus, D C h(a*?). Since B  h(a*®), therefore B # D: a contra-
diction.

o In the latter case, let (B,¢) be a couple in W such that Ry (R2((B,t))) inter-
sects both h'(a1) and h'(a2) and R1(R2((B,t))) does not intersect h'(a*®).
Let (D1, u1), (D2, uz2) be couples in W such that (D, u;) € Ri(R2((B,t))),
(Dhul) S hl<a1), (DQ,UQ) S Rl(RQ((B,t))) and (DQ,
uz) € h/(ag). Consequently, D1 C h(ay) and Dy C h(ag). Since h(ay) C
A171 Ux ... Ux A17TL1 and h(a2) - A271 Ux ... Ux A2,n27 therefore Dy C
Al,l Ux...Ux Al,nl and Dy C A271 Ux...Ux Ag,nz. Since Al,la e 7A1,n1s
As i,y A2 pys D; and D, are atoms of (RC(X,7),0x,
*x,Ux), therefore let i < nq and j < nq be positive integers such that D; =
Alﬁi and Dy = Ag)j. Hence, (Al}i,sl,i) S Rl(RQ((B,t))) and (A27j7527j) S
R1(R2((B,1))). Thus, Ry (Ra((B,t)))NA] # 0 and Ry (R2((B,t)))NAL # 0.
Since (A%, A5) Fw A/ (a)*W, therefore Ry (R2((B,t))) Nk (a)*™ # 0. Since h
is a surjective embedding of (R,0z,*r,Ur,Fg) in (RC(X,7),0x,*x,Ux,
Fx), therefore h'(a*®) = h'(a)*™. Since R;(R2((B,t))) does not intersect
I/ (a*®), therefore Ry (Ro((B,t))) NA'(a)*W = 0: a contradiction.

Consequently, (a1, a2) Fr a*®.
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