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Abstract

The notion of contact algebra is one of the main tools in the region
based theory of space. It is an extension of Boolean algebra with an ad-
ditional relation C' called contact. There are some problems related to
the motivation of the operation of Boolean complementation. Because of
this in [18] this operation is dropped and the language of distributive lat-
tices is extended by considering as non-definable primitives the relations
of contact, nontangential inclusion and dual contact. It is obtained an ax-
iomatization of the theory consisting of the universal formulas in the lan-
guage L£(0,1;+,-;<,C,C, <) true in all contact algebras. The structures
in £, satisfying the axioms in question, are called extended distributive
contact lattices (EDC-lattices). In this paper we consider several logics,
corresponding to EDCL. We give completeness theorems with respect to
both algebraic and topological semantics for these logics. It turns out that
they are decidable.

Keywords: mereotopology, distributive mereotopology, contact algebras,
extended distributive contact lattices, spacial logics, completeness theorems.

1 Introduction

In the classical Euclidean geometry the notion of point is taken as one of the
basic primitive notions. In contrast the region-based theory of space (RBTS)
has as primitives the more realistic notion of region as an abstraction of phys-
ical body, together with some basic relations and operations on regions. Some
of these relations are mereological - part-of (z < y), overlap (zOy), its dual
underlap (zOy). Other relations are topological - contact (zCy), nontangential
part-of (z < y), dual contact (zCy) and some others definable by means of
the contact and part-of relations. This is one of the reasons that the exten-
sion of mereology with these new relations is commonly called mereotopology.
There is no clear difference in the literature between RBTS and mereotopology,
and by some authors RBTS is related rather to the so called mereogeometry,
while mereotopology is considered only as a kind of point-free topology, consid-
ering mainly topological properties of things. The origin of RBTS goes back
to Whitehead [31] and de Laguna [19]. According to Whitehead points, as well
as the other primitive notions in Euclidean geometry like lines and planes, do
not have separate existence in reality and because of this are not appropriate
for primitive notions; but points have to be definable by the other primitive
notions.

Survey papers about RBTS are [27, 5, 16, 20] (see also the handbook [1]
and [4] for some logics of space). Surveys concerning various applications are



[6, 7] and the book [17] (see also special issues of Fundamenta Informaticee[9)
and the Journal of Applied Nonclassical Logics [3]). RBTS has applications
in computer science because of its more simple way of representing qualitative
spatial information and it initiated a special field in Knowledge Representation
(KR) called Qualitative Spatial Representation and Reasoning (QSRR). One of
the most popular systems in QSRR is the Region Connection Calculus (RCC)
introduced in [21].

The notion of contact algebra is one of the main tools in RBTS. This notion
appears in the literature under different names and formulations as an extension
of Boolean algebra with some mereotopological relations [30, 23, 28, 29, 5, 13,
8, 10]. The simplest system, called just contact algebra was introduced in [8] as
an extension of Boolean algebra B = (B,0, 1,+,+, ) with a binary relation C'
called contact and satisfying several simple axioms:

(C1) If aCb, then a # 0 and b # 0,

(C2) If aCb and a < ¢ and b < d, then ¢Cd,
(C3) If aC'(b+ ¢), then aCb or aCc,

(C4) If aCb, then bCa,

(C5) If a- b # 0, then aChb.

The elements of the Boolean algebra are called regions and are considered as
analogs of physical bodies. Boolean operations are considered as operations for
constructing new regions from given ones. The unit element 1 symbolizes the
region containing as its parts all regions, and the zero region 0 symbolizes the
empty region. The contact relation is used also to define some other important
mereotopological relations like non-tangential inclusion, dual contact and others.

The standard model of Boolean algebra is the algebra of subsets of a given
universe. This model cannot express all kinds of contact, for example, the
external contact in which the regions share only a boundary point. Because
of this standard models of contact algebras are topological and are the contact
algebras of regular closed sets in a given topological space.

Non-tangential inclusion and dual contact are defined by the operation of
Boolean complementation. But there are some problems related to the moti-
vation of this operation. A question arises: if the region @ in some universe
represents a physical body, then what kind of body represents a*? - it de-
pends on the universe. To avoid this problem, we can drop the operation of
complement and replace the Boolean part of a contact algebra with distribu-
tive lattice. First steps in this direction were made in [11, 12], introducing
the notion of distributive contact lattice. In a distributive contact lattice the
only mereotopological relation is the contact relation. In [18] the language of
distributive contact lattices is extended by considering as non-definable prim-
itives the relations of contact, nontangential inclusion and dual contact. It is
obtained an axiomatization of the theory consisting of the universal formulas in
the language £(0, 1;+, -; <,C, C, <) true in all contact algebras. The structures
in £, satisfying the axioms in question, are called extended distributive contact
lattices (EDC-lattices). The well known RCC-8 system of mereotopological re-
lations is definable in the language of EDC-lattices. In [18] are considered also
some axiomatic extensions of EDC-lattices yielding representations in 77 and
Ts spaces. In this paper we consider a first-order language without quantifiers



corresponding to EDCL. We give completeness theorems with respect to both
algebraic and topological semantics for several logics for this language. It turns
out that all these logics are decidable.

2 Extended distributive contact lattices

Definition 2.1 [18/ Extended distributive contact lattice. Let D = (D, <
,0,17~7—|—,C,CA', <) be a bounded distributive lattice with three additional rela-
tions C,a,<<, called respectively contact, dual contact and nontangential
part-of. The obtained system, denoted shortly by D = (D,C,C, <), is called
extended distributive contact lattice ( EDC-lattice, for short) if it satisfies
the axioms listed below. R

Notations: if R is one of the relations <,C,C, <, then its complement is
denoted by R. We denote by > the converse relation of < and similarly >
denotes the converse relation of <.

Agzioms for C alone: The azioms (C1)-(C5) mentioned above.

Azioms for C' alone:

1) If aéb, then a,b # 1,

2) If aCb and @' < a and b < b, then a'CV,
3) If aa(b -c), then aCb or aCl,

4) If aab, then bé’a,

5) If a+b# 1, then aCb.

DI ESNSS

Azioms for < alone:

(1) 00,

(«2) 1«1,

(«3) Ifa<kb, then a <b,

(«4) Ifd <a<gb<V, thend <V,
(«5) Ifa<k cand b < ¢, then (a+b) < c,
(€6) Ifc<aand c < b, then ¢ < (a-b),
(<7)

<7 Ifagband (b-c) <dand c < (a+d), then c < d.
Mized axioms:

(MC1) If aCb and a < ¢, then aC(b-c),

(MC?2) If aC(b- ¢) and aCb and (a - d)Cb, then dCe,
(MC1) If aCb and ¢ < a, then aC(b + c),

(MC2)

(
(

Q)

2) If aé(b +c¢) and aCb and (a+ d)gb, then dCec,
1) Ifagb and (a-c¢) < b, then ¢ < b,
2) If aCb and b < (a + c), then b < c.

Q)

M
M
M

A A



For the language of EDCL we can introduce the following principle of duality:
dual pairs (0,1), (-, +), (<, >),(C,C),(<,>). For each statement (definition)
A of the language we can deﬁne in an obvious way its dual A. For each axiom
Az from the list of axioms of EDCL its dual Az is also an axiom.

Theorem 2.2 [18] Relational representation Theorem of EDC-latices.
Let D = (D,C,57<<) be an EDC-lattice. Then there is a relational system
W = (W, R) with reflezive and symmetric R and an embedding h into the EDC-
lattice of all subsets of W.

Corollary 2.3 [18] Every EDC-lattice can be isomorphically embedded into a
contact algebra.

In [18] are formulated several additional axioms for EDC-lattices which are
adaptations for the language of EDC-lattices of some known axioms considered
in the context of contact algebras:

(Ext O) a £b— (Fe)(a-c#0and b-c = 0) - extensionality of overlap,

Ext O) a £ b— (3c)(a+c=1and b+ c # 1) - extensionality of underlap.

t C) a # 1 — (3b # 0)(aCb) - C-extensionality,
Ext 5’) a#0— (3b# 1)(a5b) - C-extensionality,

O

nC)a#0,b#0and a+b=1— aCb - C-connectedness axiom ,
on 6) a#1l,b#1landa-b=0— aCb - C-connectedness aziom ,
Nor 1) aCb — (Je,d)(c + d = 1,aCc and bCd),

(

(E

(

(Co

(

(Nor 1)
(Nor 2) aCb — (Fe,d)(c-b = O,aéc and béd),
(

(

(

(

(
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Nor 3) a < b — (Fe)(a € c <K D).
U-rich <) a < b — (3c)(b+ ¢ =1 and aCc),

U-rich €) aCb — (3e,d)(a+c=1,b+d =1 and cCOd),
O-rich <) a < b— (3¢)(a-c=0 and cgb),

O-rich C) aCb — (e, d)(a-c=0,b-d =0 and cCd).

The following lemma relates topological properties to the properties of the
relations C, C' and < and shows the importance of the additional axioms for
EDC-lattices.

Lemma 2.4 [18]

(i) If X is semiregular, then X is weakly regqular iff RC(X) satisfies any of
the axioms (Ext C), (Ext 6)

(i) X is k-normal iff RC(X) satisfies any of the axioms (Nor 1), (Nor 2)
and (Nor 3).

(14i) X is connected iff RC(X) satisfies any of the axioms (Con C), (Con
C).

(iv) If X is compact and Hausdorff, then RC(X) satisfies (Ext C), (Euxt 6)
and (Nor 1), (Nor 2) and (Nor 3) .

Definition 2.5 [18] U-rich and O-rich EDC-lattices. Let D = (D, C, 5, <
) be an EDC-lattice. Then:



(i) D is called U-rich EDC-lattice if it satisfies the azioms (Ext 5), (U-rich
<) and (U-rich 6)

(i1) D is called O-rich EDC-lattice if it satisfies the axioms (Ext O), (O-rich
<) and (O-rich C).

Theorem 2.6 [18/ Topological representation theorem for U-rich EDC-
lattices R
Let D = (D,C,C, <) be an U-rich EDC-lattice. Then there exists a compact
semireqular Ty-space X and a dually dense and C-separable embedding h of
D into the Boolean contact algebra RC(X) of the regular closed sets of X.
Moreover:

(i) D satisfies (Ext C) iff RC(X) satisfies (Ext C); in this case X is weakly
regqular.

(i1) D satisfies (Con C) iff RC(X) satisfies (Con C); in this case X is
connected.

(i1i) D satisfies (Nor 1) iff RC(X) satisfies (Nor 1); in this case X is k-
normal.

3 Preliminaries

Here we have constructions almost the same as in [4] (pages 57-59).

Let £ be a quantifier-free countable first-order language with equality. Let
0 be a formula in £L. We define L = § A=), T = 0V . Let I be an
arbitrary set; for every ¢ € I (; be a formula for £ with variables among
Piyse e Din, s ins -+ s iy, 5 for every i € I 7; be a formula for £ with variables
AMONG iy s - -+ iy, - (Pirs -3 Di, s Qs - -5
¢i,,, are different variables.)

Let L be a logic for £, containing all axioms of the classical propositional
logic, whose rules are M P and all rules of the type:

Piy - Pin, Giy - Tim, .
0 — B [#] for all sequences of variables r;, ...7;
Tig e Tip, Qig 04 ng

tng, m; (3 1)
N Qiy - Gim, ’ :
¥ Vi Qig ooy,
where ¢ € I, ¢ is a formula for £, a;, ...a;,, are terms for £. Let also if
k3
« is an axiom of L with variables pi,...,p, and aq,...,a, are terms in L,
then a[%} is also an axiom of L. (Here [...] means a simultaneous
seeesdn

substitution.)

We call the following axiom corresponding to the rule 3.1:
Qiy Qi Piy-+Pin; iy - Qim,
-4 [ala } — dx;, .. -szni =B [leba”ai , where z;,,... s T, are
7 T k2

some variables, not occurring in a;,, . . ., a;,, , different from p;,, ..., 0i, , ¢, ---, i, -
K K2 k2

Remark 3.1 Another approach is to be considered rules of the kind:

Piq - Piyy . Qiq iy, .
90‘),375 |:T 1 tn; tt1 L?nli|

i
P - P

i in,; ¥ im,;
1 n; 'l my

, wherer;, ...r;, arevariables not occuring in a;,, . . ., a;,,

qil"'qimi n;
ey | LMy
el sy

and ¢ (see [4]).



Definition 3.2 [/] A set of formulas for L T is a L-theory, if satisfies the
following conditions:

(i) T' contains all theorems of LL;

(i) If o, « — B €T, then B €T;

(iii) For every rule of the type above, we have: if ¢ — B; [M} el

Til"'rini ail.‘.aimi
. Qiy Qi
for all sequences of variables r;,,...,r;, , then ¢ = y; [#} erl.
T

ail alml
A L-theory T is consistent, if 1L ¢ T.
I' is a maximal L-theory, if it is a consistent L-theory and for every consis-

tent L-theory A, if I C A, then T' = A.

Lemma 3.3 [}/ [Extension lemma] Let T' be a L-theory and o be a formula.

Let A=T+a™ (8. a— BeT). Then:

(i) A is the smallest L-theory, containing T' and a;

(i) A is inconsistent <> —a € T';

(iii) For any i € I, ¢ - a formula for L, a;,,.. -3 @i, - terms for L, we have:
iy Qim,;

Zf].—‘+—|<(p4)’yl|:a11a1 »
such that <F+ —|(<p — %[M}D —|—ﬂ(<p — ﬁi[w}) is a

Qig oo Gigp Til"'r’ini Qig oo Qigp

) is consistent, then there are variables ri,, ... T,
3

consistent LL-theory.

Proof. (i) We will prove that I' C A. Let v € I'. We will prove that v € A.
It suffices to prove that & — v € I'. The formula v — (o — ) is a theorem of
the classical propositional logic, T is a L-theory, so v — (o — 7) € I'. We also
have v € ', I is closed under M P, so a« — vy € I.

We will prove that o« € A. It suffices to prove that « — « € I'. But this is
true because a — « is a theorem of L.

We will prove that A is a L-theory. I" contains all theorems of L and I" C A,
consequently A contains all theorems of L. Let 71, 71 — 72 € A. We will
prove that v € A. We have « — 71 € T, @ = (y1 — 72) € T'(1). The
formula (¢« = v1) = (@ = (71 = 7)) = (@ = 72)) is a theorem of the
classical propositional logic and consequently is in I'. Using this fact, (1) and
the closeness of I" under M P, we get a« — 7, € ', so o € A. Leti €1, pisa

formula for £, a;,,...,a;, are terms for L. Let p — j; [M} €A

Tig e Tip, iy Qi

iy Qi

for all sequences of variables r;,, . .. )T, - Let vi=" [ ] We will prove

a,;l a,ml

that ¢ — ~/ € A. We have a — (gp — 51[MD € T for all

Tig oo Tigy iy oo Qi

. Piy - Pin, Big i,

sequences of variables 7;,,...,7; , so (@A) — B; [W} €T for
K3 vt ling Py Pimy

all sequences of variables r;,,...,r; . From here and the fact that I' is a L-

theory, we obtain (a A ¢) — v, € T, so a — (p = 7)) e, s0 p — 7. € A.
Consequently A is a L-theory.

Let A’ is a L-theory, containing I' and «. We will prove that A C A’. Let
v € A. We will prove that y € A’. Wehavea -y eI, T CA’';soa—vye A
But @ € A’ and A’ is closed under M P, so v € A’. Consequently A is the
smallest L-theory, containing I" and a.
(ii) Let A is inconsistent. We will prove that —a € T. L € A and hence
a— 1L el (o« = 1) — —ais a theorem of the classical propositional logic
and therefore is in I'. Consequently -« € I



Let ma € I'. We will prove that A is inconsistent, i.e. that 1 € A. The
formula ~a@ = (a = L) €T, ma €T, soa— L el ie L €A.

(iii) Let i € I, ¢ be a formula for £, a;,,...,a;, be terms for £, I' + —\(go —
i [#D is consistent. Suppose for the sake of contradiction that for all
ig e Qi

sequences of variables r;,,..., 7, (I‘ + —\(cp = v [w] )) + - (sp —

a7~,1 (17m1

Piy---Pin, dig - 9im, .. . Piq--Pin, Qiq---Qim,
U —— 1S 1N COoNns1 nt. 1, en 1 — Dj| "
Bi |:T'i1"'7"1?n7¢ Qig ooy s Inconsiste Co sequ t Yy \¥ BZ Tiq oo Tigy, Giq oo @iy,
Qil---qyzmj

I+ —\(go — ’yi[ D for all sequences of variables r;,, ... 3 Tip, - Thus we

Fiy - Qi
iy - Qim;

get © — Vl[m} € F‘i“!((p — ’YZ|:

Qiy - Qipy, ' Qiy Qi Qiy Qi
nlreee]) eTm(o o o[z ) so L eTe(o o[ ) -

a contradiction. Consequently there is a sequence of variables r; ,...,r; such

n

that (F+—'(<,0 — Vi [w} )) +—|(<p — B; [WD is consistent.
i1 Tin, G

ail"'a‘imi ny 1"'a1ﬁni

LBy D We also have ﬁ(QD —

ail ...aimi

Lemma 3.4 [/] [Lindenbaum lemma for LL-theories] Every consistent LL-theory
T can be extended to a mazimal L-theory A.

Proof. Let I' be a consistent L-theory and the formulas of £ be ay, ..., ay, ...,
n < w. Let an enumeration of the finite sequences of variables be fixed. We
define a sequence of consistent L-theories I'y C I's C ... by induction in the
following way: I'y = I" and let I'y,...,I'y, be defined. We define I';, ;1 in the
following way:

Case 1: I',, + «,, is consistent
iy Qi

Case 1.1: «,, is not of the kind —|(<p — ’yi[ D, where ¢ is a formula

for £,i€1, a;,...,a;,, are terms for L. B
In this case I'y, 1 def T, + a,.

Case 1.2: «, is of the kind ﬂ<g0 - % [%D, where ¢ is a formula
for £, 4 € I, aj,,...,a;, are terms for £. By the Extension lemma, we get
that there are variables r;,, ... Ty, such that (I‘n + ﬁ(«p — Y {%} )) +
Piy --Pin, Qi1 - -im,

D is a consistent L-theory and let r;,,...,r;, be

g

_‘<SO —> /87‘ |:T'il'“r'ini ail.‘.aimi

the first in the enumeration sequence of variables with this property. In this
def Qiy - Qigy, Piq - Pin, Qiq - Qipm,

case [pyp = (Fn"’ﬁ(@_)’yz'{il L}))+ﬁ(4p—>ﬁi[—m;m Ll D

iy Qi P

Case 2: I',, + «,, is not consistent

In this case I';4+1 def I,.

Let A = J,—,T',. Obviously I' C A. We will prove that A is a maximal
L-theory. Obviously A contains all theorems of L. Let a, @« — 5 € A. We
will prove that 8 € A. There is an n such that o, « — 8 € I';; T',, is a LL-
theory; so 3 € I'n, i.e. B € A. Let i € I, p be a formula for £, a;,,...,a;,,
Diy - Pin, Qiy - Gim;

Tig e Tip, Giq e Qigy

be terms for £, p — Bi[ ] € A for all sequences of variables

Qi Qi ]

Qg o Qi

Tiys--Ti,, (1). For the sake of contradiction suppose that ¢ — 7; [

A(2). —|<go = Y [%D is ay, for some m. By the Extension lemma

ail...aim’i

S



(ii) and (2), we obtain that I',,, + a,, is consistent. I'y41 = (T + aun) +

Piy---Pin, iy 9im,; . ’ ’
ﬁ<gp — B {’“51" AT for some sequence of variables TiyseoTi, (3).

Tin,

From (1) we get that ¢ — 5; {W} € I'; for some [. From here and
AT

tng i

(3) we obtain that there is a k such that ¢ — f; [%} —\(4,0 —

l[wb € I'y. Consequently L € I'y, i.e. T'y, is not consistent - a

r;l '“Tini @iy o @iy,
contradiction. Consequently A is a L-theory.

For every n, I, is consistent and hence L ¢ T',, for every n. Consequently
L ¢ A ie A is consistent.

Let A’ be a consistent L-theory and A C A’. We will prove that A" C A.
Let a,, € A’. We will prove that «,, € A. For the sake of contradiction suppose
that —a,, € T',,. Consequently —a,, € A and —a,, € A’. We also have «a,, € A/,
so L € A’ - a contradiction. Consequently —«, ¢ T',. From here and the
Extension lemma (ii) we get that I';, + cu, is consistent. Consequently v, € A.

Consequently A is a maximal L-theory. O

Lemma 3.5 [{] Let S be a mazimal L-theory. Then:
(i) for every formula o, « € S or ~a € S;

(ii) for all formulas o and B:

1)~aeS<ad¢s;
2)anpeS+aeSandBeS;
3)avpeS+aeSorpes.

Proof. (i) Let a be a formula for £. For the sake of contradiction suppose that
S" =85+ -« and S” = S + « are inconsistent. Consequently —a — 1 € S
and « — L € S. The formula (-« - 1) — ((¢ - L) — 1) is a theorem of
the classical propositional logic and consequently is in S. Thus using that S
is closed under M P, we get that L € S - a contradiction. Consequently S’ is
consistent or S” is consistent, so S’ =S or §” =S, i.e. ~a€ Sora e S.
(ii) Let o and B be formulas for L.
1) If mav € S, then a ¢ S because otherwise S is inconsistent. If oo ¢ S, then
—a € S because (i) is true.
2) Let a A5 € S. The formula (o« A B) — « is in S. Consequently a € S.
Similarly 8 € S. Let a, 8 € S. The formula a« — (8 — a A f) is in S.
Consequently a A 5 € S.
3) Let vV 8 € S. Suppose for the sake of contradiction that o ¢ S, g ¢ S.
From (i) we get ma € S and -8 € S. We have ~a — (= — —~(aV §)) € S.
Thus —(aV 3) € S. Consequently S is inconsistent - a contradiction.

Let a € S or B € S. The formulas @« — (aV §) and 8 — (a Vv §) are in S.
Consequently a vV g € S. I

Let S be a maximal L-theory. We define the relation = in the set of all terms
of £ in the following way: a =b < a =b € S. = is an equivalence relation. Let
Bs = {|a] : ais a term}. We define the structure B, with universe B, in the
following way:
e for every constant ¢: ¢°* = |c|;
e for every n-ary function symbol f: f5:(|ai|,...,|an]) = |f(a1,...,an)|;
o for every n-ary predicate symbol p: pZs(|ai1|,...,|an|) <> p(ay,...,a,) € S.

B




We define a valuation in B in the following way: vs(p) = |p| for every variable
p. It can be easily verified that vs(a) = |a| for every term a. We call (B, vs)
canonical model, corresponding to S.

The semantics of £ is the standard one.

Lemma 3.6 [/] For every formula a: (Bs,vs) Ea < a € S.
Proof. Induction on the complexity of a.. I

Proposition 3.7 [4] All theorems of L are true in (Bs,vs). For every i € I
}, then there

: iy -+ i,
and for any a;,, ..., a;, - terms we have: if (Bs,vs) ¥ 7; abiiabml
i

are terms pj ,...,p;  such that (Bs,vs) ¥ B; {w}

/ 7/ . .
Pyy Py, Fig oo Qi

Proof. Since S contains all theorem of L. by lemma 3.6, we get that all
theorems of L are true in (B, vs).

Let i € I, aj,,...,a;, beterms and (Bs,vs) ¥ {21722} Consequently
1{211721::} ¢ S. For simplicity for any k and any terms 7i,...,7, we will

denote 7y,...,7x by 7. Thus ~; [g] ¢ S. For the sake of contradiction suppose

a

that for any terms p/, B; [%} € S. For any terms p/, ﬂi[%] — (T —

Bi {%D is a theorem of I and hence is in S. Consequently T — f3; [%Ea] es
for any terms p’. By condition (iii) from the definition of L-theory, T — ~; [%] €
S. Consequently ~; [%] € S - a contradiction. O

Proposition 3.8 [/] Let S be a maximal L-theory. Then the canonical struc-
ture, corresponding to S, Bs satisfies all axioms of L and the axioms, corre-
sponding to the rules of L.

Proof. Let a be an axiom of I with variables among p1, ..., p,, where n > 0.
Let v be a valuation in Bs. We will prove that (Bs,v) F «, i.e. « [%}
is true. There are terms ay,...,a, such that v(p1) = |ai|,...,v(pn) = |an|.

(Here we use the definition of the canonical structure B, corresponding to S

- Bs ={la] : ais a term}.) a[%} is also an axiom of L. and hence by

lemma 3.6, (Bs,vs) F « [517’;”] Consequently « [%} is true.

If L includes rules, different from MP, we prove that their corresponding
axioms are true in By, using proposition 3.7, in the following way: For simplicity
for any k and any terms 7i,...,7, we denote 7,...,7, by 7, |11],..., || by
|7| and v(71),...,v(7%) by v(7), where v is some valuation. Let i € I and @ be

terms. Let v be a valuation in By and (Bs,v) E —y; [%] We will prove that

T,a

(Bs,v) F 3y, ... 3z, —p; [p’g} , where T are some variables, not occurring in @,

different from p, g. Let v(ai,) = |b,|,...,v(ai,, ) = [b;, | We have —y; [l},

tm v(a)

ie. —y [%(b)}, ie. (Bs,vs) F =y [%} By proposition 3.7, we obtain that




there are terms p/ such that (B, vs) ¥ B; [p’q] ie. 15; {Ip f’f(a } Consequently

(Bg,u[‘w}) - 51{Pg} and,hence(kg,v)hzaxh...aa%n;ﬂﬂi[gﬁ}.[j

Theorem 3.9 [4] [Completeness theorem] The following conditions are equiv-
alent for every formula a:

(i) v is a theorem of L;

(i) a is true in all structures for L in which the azioms of L and the corre-
sponding to the rules of L axioms are true.

Proof. (i)—(ii) It suffices to prove that for every i € I, ¢ - a formula,
Qg5 evvs Qi = terms:

. . . Piy -+ Pin, Gy Timy | :
(1) if for arbitrary variables ri,,...,7i, ¢ — B [M is true in

T’inb ail almL

all structures for £ in which the axioms of L and the corresponding to the
Qiy - Qipy,
rules of I axioms are true, then ¢ — ~; {7}

Qi .

is true in all structures for £

in which the axioms of IL. and the corresponding to the rules of L. axioms are true.

Let i € I, ¢ be a formula, a;,,...,a;, be terms and the premise of (1)
be true. Let B be a structure for £ in which the axioms of L and the corre-
sponding to the rules of L axioms are true, and v be a valuation in B. We

will prove that (B,v) F ¢ — v [w

al"L

}. Suppose for the sake of contradic-

tion the contrary. Consequently (B,v) E ¢ and (B,v) ¥ ~; [%] But in

Qiy Qi
B is true the corresponding to the considered rule axiom: —y; {alia"”} —
iy Qi
Piy-Pin; Qiy - Gim;
Jxiy ..z, B ———— | where z;,,...,T;, aresome variables, not
i 1371 Cl)qn (111 NP imy n;
occurring in a;, , ..., a;,, dlﬂerent from pi,, ..., 0, ,Q, - -4, - Consequently
k3 ‘1
Piy--Pin, diy--dim , ,
(B, 'U) = El.’,vil NN ElI ._'/Bl {M} and hence there are T’il’ . ,'I"ini
T Diy-Pip, diy -4
B such that (B v[izn}) E B; [u], where r;,,...,7;, are
i i Tig o Tin,; iy Qi ni
. . T
some variables, not occurring in a;,, . .., a;,, and ¢. We have (B, v [77”"]) F
v iy ing

¢w“g%ﬁiﬁbp¢%@FLﬁﬂLﬂu}&mmwmﬂgqmrw

T, Tig e Tip, Qig o Qigy, in;

P Pin.q Qipy, . L.
Bi {#} - a contradiction.
1

i Tigy, Qig o Gigy
(ii)—(i) Let « be true in all structures for £ in which the axioms of L. and
the corresponding to the rules of L axioms are true. Suppose for the sake of
contradiction that « is not a theorem of L. Let T be the set of all theorems
of L. T is a L-theory. Let T" = T 4+ {—a}. We have =—«a ¢ T, so using the
extension lemma (ii), we get that 7" is a consistent L-theory. From the Linden-
baum lemma it follows that 7’ can be extended to a maximal IL-theory S. From
proposition 3.8 we obtain that the canonical structure B, satisfies all axioms of
L and the axioms, corresponding to the rules of L. Consequently (Bs,vs) F a.
By lemma 3.6, we get that « € S. But —a« is also in S. Consequently S is
inconsistent - a contradiction. Consequently « is a theorem of L. [J
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4 Quantifier-free logics for extended distribu-
tive contact lattices

We consider the quantifier-free first-order language with equality £ which in-
cludes:

e constants: 0, 1;

e function symbols: +, 5

e predicate symbols: <, C, C, <.

Let L 0<0)A=0<0), T (0<0)v-0<0). Every EDCL is a

structure for L.
We consider the logic L with rule M P and the following axioms:
e the axioms of the classical propositional logic;
e the axiom schemes of distributive lattice;
e the axioms for C, C, < and the mixed axioms of EDCL - considered as axiom
schemes.
We consider the following additional rules and an axiom scheme:

(R Ext O) a—(a+p#1Vb+p=1) for all variables p

o (a<b) , where « is a formula, a, b are terms

(R U-rich <<) a— (b+p#1VaCp) for all variables p

o (ah) , where « is a formula, a, b are terms

(R, U-rich a) a—(a+p#1Vb+q#1VpCq) for all variables p, ¢

G , where « is a formula, a, b
« al

are terms

(R Ext C) a*(?¢0ﬁagi)(io;f)ll variables p

, where « is a formula, a is a term

a—(p+q#1vaCpVbCyq) for all variables p, q
(R NOI‘l) a—aCb

, where « is a formula, a, b are
terms

(ConC)Yp#0Aqg#0Ap+qg=1—pCq

The corresponding to these rules axioms are equivalent respectively to the
axioms (Ext O), (U-rich <), (U-rich C), (Ext C), (Norl).

Let L' be for example the extension of L with the rule (R Ext O) and the

axiom scheme (Con C). Then we denote L' by L.~ p.,5 and call the axioms

(Con C) and (Ext O) corresponding to L’ additional axioms. In a similar
way we denote any extension of L with some of the considered additional rules
and axiom scheme and in a similar way we define its corresponding additional
axioms.

Using theorem 3.9, we obtain:

Theorem 4.1 (Completeness theorem with respect to algebraic semantics)
Let L' be some extension of L with 0 or more of the considered additional rules

and axiom scheme. The following conditions are equivalent for any formula a:

(i) « is a theorem of L';

(ii) « is true in all EDCL, satisfying the corresponding to L' additional azioms.

We consider the following logics, corresponding to the EDC-lattices, consid-
ered in section 2:
1) L;

2) LEwta,U—rich<<,U—rich6;

11



3 E:J:ta,Ufrich<<,U7richa,E:rtC;
4 E:rta,Ufrich<<,U7rich6,ConC';
b)

ExtO,U—rich<,U—richC,Norl?
ExtO,U—rich<,U—richC,ExtC,ConC
ExtO,U—rich<,U—richC,Norl,ConC’
ExtO,U—rich<,U—richC,ExtC,Norl’
ExtO,U—rich<,U—richC,ExtC,ConC,Norl"

SISRSASESSRS

O oo

To every of these logics we juxtapose a class of topological spaces:
1) the class of all Tp, semiregular, compact topological spaces;
2) the class of all Ty, semiregular, compact topological spaces;
3) the class of all Ty, compact, weakly regular topological spaces;
4) the class of all Ty, semiregular, compact, connected topological spaces;
5) the class of all Ty, semiregular, compact, k - normal topological spaces;
6) the class of all Ty, compact, weakly regular, connected topological spaces;
7) the class of all Ty, semiregular, compact, x - normal, connected topological
spaces;
8) the class of all Ty, compact, weakly regular, x - normal topological spaces;
9) the class of all Ty, compact, weakly regular, connected, « - normal topological
spaces.

Later we will prove that some of the rules of these logics can be eliminated
and these logics are reducible to other logics. Because of this some other logics
also will be considered.

Proposition 4.2 For every EDCL B, satisfying the corresponding of some of
the considered above logics additional axioms, there exists a topological space X
from the corresponding class and an embedding of B in RC(X).

Proof. In [27] (Theorem 2.3.9) it is proved that: if B is a contact algebra, then
there is a compact, semiregular, Ty topological space X and an embedding of B
in RC(X). From here and corollary 2.3 in section 2 it follows that: if B is an
EDCL (i.e. EDCL, satisfying the corresponding to L zero additional axioms),
then there is a compact, semiregular, Tj topological space X and an embedding
of B in RC(X).

For the other eight logics the proposition follows from theorem 2.6 in sec-
tion 2. O

Theorem 4.3 (Completeness theorem with respect to topological semantics)
Let L' be any of the considered logics. The following conditions are equivalent

for any formula a:

(i) a is a theorem of L';

(i) « is true in all contact algebras over a topological space from the correspond-

ing to L' class.

Proof. From the previous completeness theorem we have: (i)«
(#")a is true in all EDCL, satisfying the corresponding to L’ additional axioms
We will prove that (ii’)« (ii).

(ii”)—(ii) Let a be true in all EDCL, satisfying the corresponding to L’ addi-
tional axioms. Let X be a topological space from the corresponding to L’ class.

12



From lemma 2.4 in section 2 it follows that RC(X) satisfies the corresponding
to L' additional axioms. Consequently « is true in RC(X).

(ii)—(ii’) Let a be true in all contact algebras over a topological space from the
corresponding to L’ class. Let B be an EDCL, satisfying the corresponding to
L’ additional axioms, and v be a valuation in B. We will prove that (B,v) E «.
By proposition 4.2, we get that there is a topological space X from the corre-
sponding to L’ class and an isomorphic embedding h of B in RC(X). We define
a valuation v' in RC(X) in the following way: v'(p) = h(v(p)) for every variable
p. By B’ we denote the sublattice of RC(X) to which B is isomorphic. We
have (RC(X),v") E a, so (B',v') F a, so (B,v) Fa. O

Proposition 4.4 L and LEwtéjU_mch«U_”ch@ have the same theorems.

Proof. The proposition follows from the completeness theorem with respect to
topological semantics because to L and L ;5 17 _iche U —ricnd COTTESPONdS the
same class of topological spaces. [J /

5 Decidability via finite models and admissibil-
ity of some rules of inference

In this section we discuss admissibility of some rules of inference and decidability
via finite models of the logics introduced in Section 4. We will not discuss in
this dissertation the complexity of the corresponding logics.

5.1 Decidability of the logic L

Proposition 5.1 The following conditions are equivalent for any formula o:
(i) a is true in all EDCL;

(i) « is true in all finite EDCL with a number of the elements less or equal to
22" =1 1 1, where n is the number of the variables of c.

Proof. Obviously (i) implies (ii). Let (ii) be true. We will prove (i). Let
B be an EDCL, v be a valuation in B. We will prove that (B,v) E «. Let
the variables of o be p1,...,pn, where n > 0. It is a well known fact that
v(p1),...,v(pn) generate a distributive sublattice B’ of B with a number of the
elements less or equal to 22" 1 +1. B’ is an EDCL. We define a valuation v’ in
B’ in the following way:

v/(): v(p) ifp=piorp=pyor...orp=p,
p 0 otherwise

It suffices to prove that (B’,v’) F «. But this is true because (ii) is fulfilled. O

Corollary 5.2 L is decidable.

5.2 Admissibility of the rule (R Ext C)

As in [4] we define a p-morphism and prove a lemma for it. Let (W, R) and
(W', R’) be relational structures and f be a surjection from W to W’. We call
f p-morphism from (W, R) to (W', R'), if the following conditions are fulfilled

13



for any x, y € W and any 2/, ¢y € W':

(p1) If xRy, then f(z)R'f(y);
(p2) If 2'R'y’, then (Jz,y € W)(z' = f(z),y" = f(y),zRy).

Let B be the contact algebra over (W, R), B’ be the contact algebra over
(W', R), v and v’ be valuations respectively in B and B’. We say that f is
a p-morphism from (B,v) to (B’,v’), if for every variable p and every x € W:
x € v(p) & f(x) € v'(p). It can be easily proved that for every term a and
every € W: z € v(a) < f(z) € v'(a).

Lemma 5.3 [/] Let f be a p-morphism from (B,v) to (B’,v"). Then for any
formula for L, ¢ we have: (B,v) E ¢ < (B',v') E ¢.

Proof. Induction on the complexity of ¢. [

Proposition 5.4 The rule (R Ext C') is admissible in L
and L

Emta,Ufrich<<,U7rich6
E:L’té,Ufrich<<,U7richa,ConC :

Proof. The construction is almost the same as in [4] (Lemma 6.1). Let L’ be
any of these logics. Let « be a formula, a be a term. Let a — (p # 0 — aCp)
be a theorem of L’ for every variable p. We will prove that a« — (a = 1) is
a theorem of L’. Suppose for the sake of contradiction the contrary. There
is an EDCL B, satisfying the corresponding to L’ additional axioms, and a
valuation in it v such that (B,v) ¥ o — (a = 1). Consequently (B,v) F «
and (B,v) ¥ a =1. B is an U-rich EDCL and by theorem 2.6 in section 2, we
get that there is a topological space X and an embedding h of B in RC(X).
Moreover if B satisfies (Con C), then RC(X) also satisfies (Con C). We define
a valuation v’ in RC(X) in the following way: v’(p) = h(v(p)) for every variable
p. We have (RC(X),v") F a and (RC(X),v')Ea=1.

Let Q be the set of all variables, occurring in « and a. v'(Q) is a finite
subset of RC'(X). The subalgebra B, of RC(X), generated by v'(Q), is a finite
Boolean contact algebra. If RC(X) satisfies (Con C'), then B; also satisfies the
axiom (Con C). We define a valuation v; in B; in the following way:

v1(p) = { v'(p) ifpe@

0 otherwise

We have (Bi,v1) F o and (Bi,v1) # a = 1. There is a relational struc-
ture (W2, R2) and an isomorphism h; from Bj to the contact algebra By over
(W2, R). We define a valuation v, in Bj in the following way va(p) = hi(vi(p))
for every variable p. (B2,v2) F a and (B2,v2) ¥ a = 1. Consequently
va(a) # Wy Let wy € Wy — va(a), wg ¢ Wy, We define W3 = Wy U {wp},
R3 = Ry U {(wo,wo), (wo, w1), (w1, w)}. We define f : W5 — Ws in the follow-

ing way:
Jw if w # wg
f(w)_{wl if w = wq

Let B3 be the contact algebra over (W3, R3). We define a valuation vz in
Bs in the following way: v3(p) = f~*(v2(p)) for every variable p. It can be
easily verified that f is a p-morphism from (Bs,vs) to (Bz,v2). Consequently
(B3, v3) F aand (B3, vs) ¥ a = 1. If B satisfies the axiom (Con C), then B, also
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satisfies (Con C') and since B is isomorphic to By, we have that B, also satisfies
(Con (). From here and the definition of Rz we get that if B satisfies (Con C),
then Bs also satisfies the axiom (Con C)(1). Since Bs is a contact algebra, we

have that Bs satisfies (Ext 0), (U-rich <) and (U-rich C)(2). Let p be a variable,

not occurring in a and a. We have (Bs,vs {ﬁ}) F o and Ug{ﬁ} (a) =

va(a) = [ (va() = vala)i vs[ oy | () # 05 v ] (@Cryus| oy | ).
Consequently (Bs, 03{%}) EFoa— (p#0— aCp). Also from (1) and (2)
it follows that Bz satisfies the corresponding to L’ additional axioms. But

a — (p # 0 — aCp) is a theorem of L', so (&,vg{ﬁ}) FEa— (p#0—aCp)
- a contradiction. [

5.3 Admissibility of the rule (R Norl)

Proposition 5.5 The rule (R Norl) is admissible in the logics

L and L

ExtO,U—rich<,U—richC ExtO,U—rich<,U—richC,ConC"

Proof. The construction is almost the same as in [4] (Lemma 6.2). Let L' be
any of these logics. Let « be a formula, a and b be terms. Let @« — (p+ ¢ #
1V aCpV bCq) be a theorem of L’ for all variables p and q. We will prove that
a — aCb is a theorem of L’. Suppose for the sake of contradiction the contrary.
The same way as in the proof of the previous proposition we obtain that there is
a contact algebra B over some relational structure (W, R) and a valuation in it
v such that (B, v) F a and (B,v) F aCb. Moreover if L’ is the second logic, then
B satisfies (Con C). Let A CW. We define (R)A={x € W: (Jy € A)(yRx)}.
Let Waeseets = (R)(v(a)) N (R)(v(b)). We define
Wy =W x {1, 2},
(z,))Ri(y,j) <> xRy and ((j = 1Az €v(a) ANy € Wacsects)
or (i=1Ay€v(a) N € Wycsects)
r(j=2Az€v(b) ANy € Waesects)
r(i=2Ay €v(b) ANz € Weefects)
T (SC ¢ ( ) ( ) U Wdefects A Y € Wdefects)

r(

r(

(

© O ©

Y ¢ ( ) ( ) U Wdefects Nx € Wdefects)
HAIS Wdefects Ny € Wdefects)
T (T ¢ Wdefects /\y ¢ Wdefects))

vi(q) = v(q) x {1,2},

f((z,1)) = .

Let By be the contact algebra over (Wi, R1). It can be easily verified that f is
a p-morphism from (By,v1) to (B, v). Consequently (B1,v1) F a and (Bi,v1) F
aCb. It can be easily verified that if L’ is the second logic, then B satisfies (Con
(). Let p, ¢ be variables which do not occur in a, b and ¢. We define a valua-
tion v} in B eventually different from v; only in p and ¢: v{(p) = (R1)(v1(D)),
v1(q) = (R1)(v1(b)). Obviously v} (p) + v1(¢) = 1. Suppose for the sake of con-
tradiction that v} (a)Cvi(p). Consequently vi(a)Cg, (R1)v1(b). From here we
obtain that there are (z,7) € v1(a), (y,j) € (R1)v1(b) such that (z,7)R1(y,7)-
From (y,j) € (Ri1)(vi(b)) we obtain that there is (z,k) € wvy(b) such that
(2,k)Ri1(y,7). Consequently z € v(b) and yRz and hence y € (R)(v(b)) (1).
From (x,7) € vi(a) we obtain € v(a) (2). From (x,7)R1(y,j) we get xRy (3).

OO

Q
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Using (2) and (3), we get y € (R)(v(a)) (4). From (4) and (1) we get y €
Wiefects- From (z,4)R1(y,j), ¥y € Waefeets, © € v(a), (B,v) F aCb and the
definition of Ry we get j = 1. Using (2,k)R1(y,J), ¥ € Waefects, 2 € v(b),
(B,v) E aCb and the definition of R;, we get j = 2 - a contradiction. Conse-
quently v} (a)Cv}(p). From the definition of v{(q) we obtain that v} (b)Cv}(q).
Thus (Bi,v]) ¥ p+q # 1V aCp V bCq and (By,v]) F «; B satisfies the
corresponding to L’ additional axioms - a contradiction. [J

5.4 The rule (R U-rich <) is not admissible in Lg,,.c

Lemma 5.6 Let B = (B,...) be an EDCL, satisfying (U-rich <) and (Con
C). Then for every a € B, different from 0 and 1, we have a<a.

Proof. Let a € B, a # 0, a # 1. Suppose for the sake of contradiction that
a < a. Since B satisfies (U-rich <), there is a ¢ € B such that ¢+ a = 1 and
aCec. We have that B satisfies (Con C) and c+a =1, a # 0, ¢ # 0 (because
a # 1), so aCc - a contradiction. Consequently a<<a. O

Proposition 5.7 The rule (R U-rich <) is not admissible in Loonc-

Proof. We will prove that there is a theorem of Lconc,v—richw Which is not a
theorem of Loonc. We consider the formula a: p# 0Ap # 1 — p<p. Using
lemma 5.6, we obtain that « is true in every EDCL, satisfying (Con C) and
(U-rich «). Consequently « is a theorem of Loonc,v—rich< -

We consider the relational structure (W, R), where W = {z,y}, R = {(, x), (v,
y)}. Let B be the contact algebra over (W,R). Let B’ = {0, W,{z}}. It
can be easily verified that B’ is closed under U and N. Consequently B’ =
(B’,C,0,W,N,V) is a distributive lattice. We can consider B’ as a substructure
(B, C,0,W, N, U,CR,@, <) of B. B is an EDCL and the axioms of EDCL
are quantifier-free and therefore B’ is an EDCL. We have {z} # 0, {z} # W
and {z} < {z}, so a is not true in B’. Tt can be easily verified that B’ satisfies
(Con C). Consequently « is not a theorem of Leone. O

5.5 A technical lemma with applications to admissibility
of some rules of inference and decidability of some
logics

Lemma 5.8 Let B be an EDCL, satisfying (Con C) and (U-rich <) and v be

a valuation in it. Let o be a formula in L. Then there is a finite connected

Boolean contact algebra B* and a valuation in it v* such that: (B*,v*) F « iff
22"71+1)22"71
2

(B,v) E a. The number of the elements of B* is < 2!
the number of the variables of «.

, where n is

Proof. Let B be an EDCL, satisfying (Con C) and (U-rich <), and v be
a valuation in it. Let a be a formula in £. From the relational representation
theorem of EDC-lattices (Theorem 2.2 in section 2) it follows that there is a
relational structure (W', R') with R’ reflexive and symmetric and an isomorphic
embedding h of B in the contact algebra B’ over (W', R’). B is isomorphic of
some substructure of B’, By, which is an EDCL, satisfying (Con C) and (U-rich
<). We define a valuation v; in B; in the following way: for every variable
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p v1(p) = h(v(p)). It can be easily proved that (B,v) F « iff (By,v1) F a.
Let the variables of « be p1,...,p,, where n > 0. vi(p1),...,v1(pn) generate
a finite sublattice By = (BQ,Q,Q,W’,ﬁ,U,C’R/,@,«R/) of By which is an
EDCL, satisfying (Con C), and has number of the elements < 22"~ + 1. We
define a valuation v in By in the following way:

vy (p) = v1(p) ifp=piorp=pyor...orp=p,
2 1] otherwise

We have (B1,v1) F a iff (Bi,v2) E o iff (Ba,v2) F o

For every A € W’ we define, using that Bs is finite, sA ﬂ{a €By: A€
a}, i.e. sa is the smallest element of By which contains A.

We will define special sets and with their help we will obtain a Boolean
algebra Bs. Let A € W' and b € By, b C sa, A ¢ b, Ye(e # 0,¢ € Ba,c C
sa,Ad¢ c—bNec#@). Then s4 — b we call a special set, determined by the
ordered pair (s4,b).

Let (a,b) be an ordered pair of elements of By. We have:

1) if b C a, a # b, then (a,b) determines at most one special set;
2) if b is not a proper subset of a, then (a,b) does not determine a special set;

Using this fact, we get that the number of the special sets is < half of the
ordered pairs of different elements of Bs. Let C' be the set of all special sets, N

be the number of the elements of By. We have |C] < YW= < (27 1+1)22 -
Let D be the set of all finite unions of special sets. We have that \D| < the

22" —141)52" —1

number of the nonempty subsets of C, i.e. |D| <2/¢l -1 < 95— 1.
def (22" —141)92" -1 ,
Let By = DU {(}. We have |Bs| <2 2 ; Bs C B.

We will prove:
Claim 5.9 Ifa,b € By, then a — b € Bs.

Proof. Case 1: a — b=

We have a — b € Bs.

Case 2: a—b#0

Let A € a—b. By ta4 we denote the largest element of By which is a subset of s 4
and does not contain A (t4 = U{e € By : e C sa,A ¢ e}). s4 is the smallest
element of B> which contains A; a is an element of By which contains A; so s4 C
a(2). We have s4Nb € By, s4aNbC sa, A& s4Nb; 30 54NbC ta(3). From (2)
and (3) we get that s4 —t4 C a—b. Thus we juxtapose to every point A of a—b
an ordered pair elements of By (sa,t4) such that A € s4 —t4 C a—b. Let the
obtained this way ordered pairs be (s1,t1),. .., (Sk, tx), where k > 0. Obviously
a—bC(s1—t1)U...U(sp—tg) Ca—bie a—b=(s1—t1)U...U (s —tg).
Let i € {1,...,k}. Using the definition of ¢;, we get that s; — ¢; is a special
set, determlned by (si,t;). Consequently a — b is a finite union of special sets.
Consequently a—be Bs. O

Claim 5.10 B; = (B3, C,0,W’,U,N) is a Boolean algebra and By C Bs. (We
do not use * in the notation of Bz because we do not want to change the lan-
guage.)

Proof. Let a € By. We have a = a— 0. Using claim 5.9, we obtain that a € Bs.
Consequently By C Bz. Consequently W’ € Bs. We will prove that Bs is closed
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under U and N. Obviously Bjs is closed under U. Let a1, as € Bs. We will prove
that a1 Nay € Bs. If ay = 0 or ay = (), then obviously a; Nas € Bs. Let ay,
as # 0. We have a1 Nag = (a;1 U...Uay) N (a1 U...Uagy), where [, m > 0,
ail, ..., 0a9m are special sets. a1Nag = (an ﬂagl)u. . .U(anman) . (auﬂagl)u
...U(a1;Nagm). It is sufficient to prove that the intersection of two special sets is
() or a finite union of special sets. Let s4, —b; and s 4, — by be special sets. It can
be easily verified that (s4, —b1)N(s4, —b2) = (s4,N54,)—((b1Ns4,)U(b2Ns4,)).
Using this fact and claim 5.9, we obtain that (s4, — b1) N (s4, — b2) € Bs.
Consequently a1 Nay € Bs. Thus By = (B3, C,0,W’,U,N) is a distributive
lattice of sets.

We will prove that for every a € Bs, we have @ € Bs. Let a € Bs. If
a =0, thena € Bs. Let a = (sa, —b1)U...U(s4, —b;), where I > 0, sa, —
b1,...,84,—by are special sets, determined respectively by (s4,,b1),...,(s4,,b1).
a=354, —b1N...Ns4, —b;. Leti € {1,...,1}. We will prove that s4, — b; € Bs.
Sa;, —b; =354, Ub; = (W' —s4,)Ub;. Using W’ € Bs, sa, € By and claim 5.9,
we get that W’ — s4, € B3(4). (sa,,b;) determines a special set and therefore
b; € Bs; but Bs C Bs, so b; € Bs(5). Using (4), (5) and the fact that Bs is
closed under U, we get that s4, —b; € Bs for every i € {1,...,l}. But Bj is
closed under N, so @ € Bs. Consequently Bs = (B3, C,0, W’ ,U,N) is a Boolean
algebra. [

We will call the elements of W’ points. Let T, U € W’ and suppose there is
ana € Bysuchthat T € a, U ¢ a. Wedefine Spy =U{a € By: T € a,U ¢ a},
i.e. Sty is the largest element of By, containing 7" and not-containing U.

Let T, U € W’ and suppose there is an a € By such that T € a, U ¢ a. We
call U corresponding to T, if (Va € By)(U € a — T € a) and sr<<r' St,U-

We define a binary relation R in W’ in the following way: TRU iff TR'U
or U is corresponding to T or T is corresponding to U. Obviously R is re-
flexive and symmetric. We consider the Boolean contact algebra By = (B3, C

L0, W' u,n, Cr, C/’;, <Rr). (Here Cg, C/';g, < are defined in the following way:
aC’Rb7<—> there are Fy € a, Fy € b such that Fy RF5, a@b < there are F; € a,
F5 € b such that FiRF,, a <p b <> (VFy € a)(VF; € b)(F1RF3)). We consider
the following substructure of By: Bs = (B2, C,0, W’,U,Q,CR,C/’;;,<<R). We
will prove:

Claim 5.11 Bs is isomorphic to By = (Ba, Q,@7W’7U,H,CR/,5E, <LR)-
Proof. The isomorphism will be the mapping id : Bs — B (id(a) I 4 for
every a € Bs).

o) We will prove that for all a1, as € By we have: a1Crras iff a;Cras. Obviously
a1CRrag implies a1CRras. Let a;Cray. Consequently there are Fy € a1, Fy € as
such that F} RF5.

Case 1: ' R'F,

Obviously a1Crras.

Case 2: I\ R'F,

F3 is corresponding to Fy or Fj is corresponding to F,. Without loss of generality
F; is corresponding to F;. Consequently every element of By which contains
F5, also contains Fy; Fy € as; as € By; so F1 € as. We also have Iy € aq, so
alCR/ag. o -

o) We will prove that for all a1, as € By we have: a1Crras iff a;Cras. Obviously
al é;ag implies aq C/';ag. Let ap é;%ag(G). Suppose for the sake of contradiction
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that a1@a2(7). Consequently a3 Naz = B(8). From here and (6) we get that
there are Fy € a1, Fy € ag such that F; RF,. There is an element of By (ag)
which contains F» but does not contain Fi; there is an element of B (a1) which
contains F; but does not contain Fs; so F5 is not corresponding to Fy and F} is
not corresponding to Fy. From (7) we get that F\R'F,. Consequently F,RF, -

—

a contradiction. Consequently a1Crras.
o) We will prove that for all a;, as € By we have: a1 <p ag iff a1 <g as.
Obviously a1 < g as implies a3 <g as. Let a1 <g a2(9). Suppose for the
sake of contradiction that a3<ras. Consequently there are Fy € a1, Fy ¢ ag
such that Fy RFy. From (9) we obtain that Fy R'F,. We have F| € ay, as € B,
Fy ¢ as, so Fy is not corresponding to Fy. Consequently Fj is corresponding
to Fy. Consequently sp, <g Sp, r,(10). We have ag € By, Fi € ag, Fy ¢ ao,
so ag € Sp, p,(11). We have Fy € a1, a1 € Bs, so sp, C a1(12). From (9) we
get that a1 C a2(13). From (10), (12), (13) and (11) we obtain a1 <g as - a
contradiction with (9). Consequently a1 < as.

Consequently Bs is isomorphic to By. [

From this claim we get (Ba,v2) F a iff (Bs,v2) F a. Bs is a substructure of
By, a is quantifier-free, so (Bs, v2) F a iff (Bg,v2) F o

Claim 5.12 By satisfies (Con C).

Proof. It suffices to prove that for every non-empty and different from W’
a € Bs, there are F| € aand Fy ¢ a such that Fy RF;. Leta € B3, a # ) and a #
W’'. We have a = (s4, —b1)U...U(sa, —bi), where k > 0; s4, —b1,...,54, — b

are special sets, determined respectively by (sa,,b1),...,(Sa,,0k)-
Case 1: (Fi € {1,...,k})(3T € b; — a)(3U € sa, — b;)(U is corresponding to
T)

We have U € a, T ¢ a and URT.

Case 2: (Vi€ {1,....k})(VT € b; — a)(VU € sa, — b;)(U is not corresponding
to T)

We will prove that for every i € {1,...,k} thereis a ¢; € By such that s4, —b; C
¢ Ca. Letie{l,... k}.

Case 2.1: b; Ca

54; —b; Csa, Ca. We have sy, € By C By, i.e. s4, € By.

Case 2.2: b; Z a

The idea of finding ¢; is shortly the following: Let T € b; — a. For T we divide
the points from s4, — b; into two kinds:

1 kind) all U such that (Vb € B2)(U € b — T € b)

2 kind) all U such that (3b € B3)(U € b, T ¢ b)

We will prove that there is an element of By t such that s < g/ t1 and every
point of the first kind is not in ¢7. Since Bs is finite, we can obtain finitely
many such pairs (sr,tr). For every pair (st,tr), using sy <g/ tr, we get that
there is a g, such that ¢, does not intersect sy and ¢, contains all points of
the first kind. Thus every point T' from b; — @ which determines the pair in
question (sp,tr), is not in g, the points for T of the first kind are in g,. We
will find a set ¢ such that sa, — b; C ¢, U, every point T which determines
the pair (sr,tr), is not in ¢l.. Thus for every pair (sr,tr) we get a set ¢, U g,
which includes s4, — b; and does not contain any point 7', determining the pair
(s7,tr). We consider the intersection ¢ of all sets of the kind ¢, U g.. We have
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sa, — b; C q. Every point T from b; — a is not in some g, U g. and therefore is
not in q. As a ¢; we can take ¢ sy,.

Now we will give the proof in details. Let T' € b; — a. We consider arbitrary
U € s4, —b; such that (Vb € B2)(U € b — T € b). U is not corresponding to 7.

Consequently s7 < g St,r. Wehaveb; C St . Let Pr def {Sru: U€sa—b
and (Vb € B)(U € b — T € b)}. By is finite and therefore Py is finite and let

Pr = {t1,...,t;}, where | > 0. Let 7 def tiN...Nt. We have t € By. We
have VU(If U € s4, — b; and (Vb € By)(U € b — T € b), then U ¢ tr)(14);
b; C tr(15). For every j € {1,...,l} sy g tj, so s g tr(16).

Let Q def {(s7,tr): T € b; —a}. Since Bs is finite, we have that @ is finite
and let @ = {(p11,p12), -+, (Pm1,Pm2)}, where m > 0.

Let r € {1,...,m}. We consider (p,1,pr2). Using (16), we get p,1 <g’ pra-
We also have p,1, pro € Bo C By; By satisfies (U-rich <); so there is a ¢, € By
such that p.o U g, = W', ¢.Crpr1. Consequently ¢, Np,1 = 0. Let V, = {T €
bi—a: (sp,tr) = (pr1,pr2)}. We have:

(I T eV, then T € py and T ¢ q,.

Using (14) and p,2 U g, = W', we obtain that:

(18) If T € V., then

VYUIf U € sa, —b; and (Vb€ Ba)(U € b— T €b), then U ¢ po and U € ¢,).

Let ¢ 2 U{sy : U € sa, —b;, (YT € V,)(3b € By)(U € band T ¢ b)}. We
will prove that sa, —b; C ¢, Uq.. Let U € s4, — b;.

Case 1: (3T € V,)(Vbe By)(Ue€b—T €b)

Using (18), we get U € g,

Case 2: (VI € V;)(3b € By)(U € b and T ¢ b). From the definition of ¢ we
obtain that sy C ¢g.. U € sy, so U € ¢...

We proved that:

(19) sa;, —bi Cgr Ugq;.

We will prove that: if T € V.., then T ¢ ¢.. Let T € V,. Suppose for
the sake of contradiction that T € ¢l.. Consequently T € sy for some U such
that U € sa, — b;, VT € V;.)(3b € Ba)(U € b and T ¢ b). Consequently
(3b € B3)(U € band T ¢ b) and hence T ¢ sy (we have sy C b) - a contradic-
tion with T € sy. Consequently T ¢ q.. We proved that:

(20) if T € V,, then T ¢ q..
From (17) and (20) we get that:
@CHif T eV, thenT ¢ g, Uq,..

Let ¢ def (@Uq)N...N(gmVUdq,). For every point T of b; — a, there is
ar € {l,...,m} such that (sr,tr) = (pr1,pr2). We have T € V,. and by (21),
we obtain T ¢ ¢, U ¢q.. We proved that for every point T of b; — a, there is a
r € {l,...,m} such that T ¢ ¢, U ¢... Consequently
(22) (VT € b; —a)(T ¢ q)

We have proved ((19)) that

(23) (Vre{1,...,m})(sa, —b; Cq-Uq.)

Consequently s4, — b; C g (24)

We have that for every r € {1,...,m}: g, € By, q.. € Bo C By, s0 q € By (25).
Let ¢; = g N sa,. From here and (25) we obtain ¢; € By (26). From (22) we
get:
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From (24) we get:

(28) sa, —b; C¢;

We will prove that ¢; C a. Let F € ¢;. Consequently F' € sy4,.

Case 1: F € 54, — b;

We have F' € a.

Case 2: F € b;

Suppose for the sake of contradiction that F ¢ a. Consequently F' € b; — a.
From (27) we obtain F' ¢ ¢; - a contradiction. Consequently F € a.

We proved that ¢; C a (29)

From (26), (28) and (29) we get that there is a ¢; € By such that sa, — b; C
¢ Ca.

We proved that for every i € {1,...,k}, thereis ac¢; € By such that s4, —b; C
¢; C a. Consequently a = (sa, —b1)U...U(s4, — b)) Cc1U...Uc, C a.
Consequently a = ¢; U...Uc;. Consequently a € B;. We have a # 0, a # W',
B, is an EDCL, satisfying (Con C') and (U-rich <), so by lemma 5.6, we get that
a< g a. Consequently there are Fy € a, Fy ¢ a such that F; R'F5. Consequently
FiRF;.

We proved that for every non-empty and different from W' a € Bs, there
are Fy € a and F5 ¢ a such that Fy RF,. Thus we proved that By satisfies (Con
). Od

Thus B, is a finite connected Boolean contact algebra and vy is a valua-
tion in it; (Bas,v2) F « iff (B,v) F a; the number of the elements of By is

n n
(22" —141)22"—1
2

<2 , where n is the number of the variables of «. [J

Proposition 5.13 The rule (R U-rich 6) is admissible in Lconc,U—rich< -

Proof. It suffices to show that every theorem of LCOTLC)U_”C,L«)U_”C}L
theorem of Leoonc,u—richw- Let « be a theorem of LCORC’U_TiCh«U_”Cha (1).
We will prove that a is a theorem of Loonc,v—rich<- It suffices to prove that
« is true in all EDCL, satisfying (Con C') and (U-rich «). Let B be an EDCL,
satisfying (Con C) and (U-rich «) and v be a valuation in it. We will prove
that (B,v) F . By lemma 5.8, we get that there is a finite connected Boolean
contact algebra B* and a valuation in it v* such that (B*,v*) F «/iff (B,v) F «a.
B* is a Boolean contact algebra and therefore satisfies (U-rich <) and (U-rich
C). Using this fact, the connectedness of B* and (1), we have (B*,v*) F a.
Consequently (B,v) F «. O

élsa

Proposition 5.14 The rule (R Ext O) is admissible in the logic

LConC,U—rich<<7U—riché :

Proof. The proof is similar to the proof of proposition 5.13. Here we use that
in all Boolean contact algebras are true (U-rich <), (U-rich C) and (Ext O).
O

Proposition 5.15 Loonc,u—rich< 5 decidable.

Proof. It suffices to prove that the following are equivalent for every formula
o in L:

(1) a is a theorem of Leonc,u—rich<

(%) « is true in all finite EDCL, satisfying (Con C') and (U-rich <) with number

n n
(22" =1 11)92" 1
2

of the elements < 2 , where n is the number of the variables of a.
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Let o be a formula in £. Obviously (¢) implies (é¢). Let (i) be true. We
will prove (i). Let B be an EDCL, satisfying (Con C), (U-rich <) and v be
a valuation in it. It suffices to prove that (B,v) F a. By lemma 5.8, we get
that there is a finite connected Boolean contact algebra B* and a valuation in
it v* such that (B*,v*) F « iff (B,v) F a. The number of the elements of

2™ —1 2™ —1
B* is < 2%, where n is the number of the variables of &. We have
(B*,v*) E a. Consequently (B,v) Fa. O

5.6 The main theorem

Corollary 5.16 (i) The logics L, L .5 1 riche .U —richC

LEa:ta,U—rich<<,U—rich@,EaﬁtC7 LEacta,U—m'ch<<,U—?"icha,Norl’ )
LEmté,U—m‘ch<<,U—m’ché,Emtc,Norl have the same theorems and are decidable;

(“) The lOg’LCS LCO"C»U—MC}1<<7 LEzté,U—rich(,U—riché,ConC’

LEIt@,Ufrich<<7U7rich6,ConC,Nor1’ LE:cta,U7Tich<<,U7rich6,Eth,ConC’

EtO.U—rich< .U —richC,ExtC.ConC.Norl have the same theorems and are decid-
able.

Proof. (i) follows from proposition 5.5, proposition 5.4, proposition 4.4 and
corollary 5.2.
(ii) follows from proposition 5.5, proposition 5.4, proposition 5.14, proposi-
tion 5.13, proposition 5.15. I

In a dual way we can obtain logics for O-rich EDC-lattices.
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