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Abstract

A. Tarski uses in his system for the elementary geometry only the
primitive concept of point, and the two primitive relations betweenness
and equidistance. Another approach is the relations to be on lines instead
of points. W. Schwabhäuser and L. Szczerba showed that perpendicularity
together with the ternary relation of co-punctuality are sufficient for di-
mension two, i.e. they may be used as a system of primitive relations for
elementary plane Euclidean geometry. In this paper we give a complete
axiomatization for the fragment of elementary plane Euclidean geometry
based on perpendicularity alone. We show that this theory is not finitely
axiomatizable, it is decidable and the complexity is PSPACE-complete.
In contrast the complexity of elementary plane Euclidean geometry is ex-
ponential.

1 Introduction

At the end of the 19th and the beginning of the 20th century investigations of
axiomatic approach to geometry were done by Hilbert, Pieri, Veblen and Pasch
(see [8, 11, 23, 24, 10]).

The first-order theory of Euclidean geometry was called elementary Eu-
clidean geometry.

Pieri introduced the relation ∆ with the following definition: ∆(abc) :=
||ab|| = ||ac||. The meaning of this relation is that the points a, b and c form
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an isosceles triangle with base |bc| (in the degenerated cases either b = c or a is
the midpoint of |bc|). Pieri proved that ∆ is sufficient as only primitive relation
in terms of which the whole elementary n-dimensional Euclidean geometry for
n ≥ 2 can be developed.

Veblen ([23]) considered two primitive relations - the ternary relation of
betweenness B and the quaternary relation of equidistance ≡. If a, b, c and d
are points, then B(a, b, c) means that b lies on the line segment joining a and
c; ab ≡ cd means that the distance from a to b is the same as the distance
from c to d. Veblen proved that these primitive relations are sufficient for the
elementary geometry. He showed that ≡ is undefinable in terms of B, although
he believed that he had proved the contrary ([24]). This mistake was noticed
by Tarski ([19]).

On the other hand, Pieri ([11]) showed that B is first-order definable in terms
of ≡ for every dimension n ≥ 2. Thus ≡ can be taken as the only primitive for
the elementary geometry.

In the 1920-70s Tarski created an axiomatic system for the elementary n-
dimensional Euclidean geometry for n ≥ 2 and this axiomatic system was im-
proved by Tarski and his students. The obtained theory is complete and de-
cidable, which was proved by means of quantifier elimination. In connection
with these results see [18, 20, 21, 6, 14, 22]. Tarski’s decision procedure had
nonelementary complexity. Later decision procedures, having elementary com-
plexity, were given by Monk, Solovay, Collins, Heintz, Roy, Solerno, Renegar,
Basu, Pollack and others ([5, 9, 7, 12, 2, 3]). The complexity of these decision
procedures is exponential.

If in Tarski’s system of geometry we replace the only axiom schema with
a second-order axiom we obtain an axiomatic system for full (non-elementary)
n-dimensional Euclidean geometry for n ≥ 2 (see [20, 21]). If we remove the
dimension axiom, then we get a complete axiomatization of the dimension-free
Euclidean geometry ([15]).

Beth and Tarski ([4]) proved that no binary relation can be sufficient for
the elementary n-dimensional geometry for every n ≥ 2. Still, Beth and Tarski
showed in [4] that the ternary relation E, where E(abc) means that the points a,
b and c form an equilateral triangle (or a, b and c coincide), can be taken as the
only primitive for every dimension n ≥ 3 but it is not sufficient for dimension 1
or 2.

Szczerba and Tarski ([16, 17]) gave an axiomatization of the affine fragment
of the elementary plane Euclidean geometry - the fragment based on between-
ness relation alone.

Tarski used in his system for the elementary geometry only the primitive
concept of point, and the two primitive relations betweenness and equidistance
- the same primitive relations as Veblen. Another approach is the relations to
be on lines instead of points. Schwabhäuser and Szczerba ([13]) studied rela-
tions on lines which can be taken as primitives for the elementary Euclidean
geometry. They proved that the binary relation of perpendicularity O is suffi-
cient for all dimensions higher than three; for dimension three perpendicularity
together with the binary relation of intersection of lines suffice. Schwabhäuser
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and Szczerba considered also the ternary relation of co-punctuality ρ, meaning
that three lines intersect at one point. They showed that O together with ρ
may be used as a system of primitive relations for elementary plane Euclidean
geometry. The paper [1] studies the first-order theory of the fragment of el-
ementary plane Euclidean geometry based on the binary relations parallelism
(P) and convergence (C) of lines. The predicates P and C are definable by O
and the converse is not true.

In this paper we give a complete axiomatization for the fragment of elemen-
tary plane Euclidean geometry based on perpendicularity alone. We show that
this theory is not finitely axiomatizable, it is decidable and the complexity is
PSPACE-complete. Moreover the theory is ω-categorical and not categorical in
every uncountable cardinality.

2 A complete axiomatization based on perpen-
dicularity alone

We consider first-order language L with predicate symbols O (meaning perpen-
dicularity) and =, without constants and functional symbols. We consider the
theory SAPP, containing the following formulas:

λ1n : ∀y1 . . . ∀yn∀s(O(s, y1) ∧ . . . ∧ O(s, yn) → ∃t(t 6= y1 ∧ . . . ∧ t 6= yn ∧
O(s, t))), n ≥ 1

λ2n : ∀y1 . . . ∀yn∃s(¬O(s, y1) ∧ . . . ∧ ¬O(s, yn)), n ≥ 2

λ3 : ∀x¬O(x, x)

λ4 : ∀x∀y(O(x, y)→ O(y, x))

λ5 : ∀x∃yO(x, y)

λ6 : ∀x∀y∀z∀t(O(x, z) ∧O(y, z) ∧O(x, t)→ O(y, t))

Remark 2.1 We denote by F2
R the structure for the language L, having uni-

verse the set of all lines in Euclidean plane. Clearly F2
R |= SAPP .

Remark 2.2 We consider the binary predicate symbols P (meaning that two
lines are parallel), C (meaning that two lines intersect) and the ternary predi-
cate symbol ρ (three lines intersect at one point). We denote by F2

R,PCOρ the
structure for the language 〈 ; ;P,C,O, ρ,=〉, having universe the set of all lines
in Euclidean plane. Clearly F2

R,PCOρ |= SAPP .

Remark 2.3 We will denote by A, B, C . . . the universes of the structures A,
B, C . . .

Remark 2.4 Let ϕ be a first-order formula with free variables x1, . . . , xn, A be
a structure for the language of ϕ and a1, . . . , an ∈ A. By A |= ϕ[a1, . . . , an] we
denote that ϕ is true in A under valuation, assigning a1, . . . , an to x1, . . . , xn.
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Remark 2.5 We will denote a1, . . . , an by a and f(a1), . . . , f(an) by f(a).

Proposition 2.6 Let A be a model of SAPP . We consider the relation R1,
defined in the following way:

xR1y
def⇐⇒ for every z, ¬O(x, z) or O(y, z)

(Intuitively xR1y means ”x does not intersect y”.)
R1 is an equivalence relation which divides A into infinitely many infinite

equivalence classes.

Proof. Obviously R1 is reflexive.
Let x, y ∈ A and xR1y. We will prove yR1x. Let z ∈ A. We must prove

that ¬O(y, z) or O(x, z). Let O(y, z). We will show that O(x, z). We have
A |= λ5 and hence - there is t ∈ A such that O(x, t). From here and xR1y
we get that O(y, t). From O(y, t), O(x, t), O(y, z) and A |= λ6 we obtain that
O(x, z). Consequently R1 is symmetric.

It can be easily verified that R1 is transitive.
Suppose for the sake of contradiction that there are finitely many equiva-

lence classes - [x1], . . . , [xn]. Using that A |= λ2n and A |= λ5, we get that
there are s, z ∈ A such that ¬O(s, x1), . . . ,¬O(s, xn), O(s, z). Clearly zR1x1,
zR1x2, . . . , zR1xn and hence [z] 6= [x1], . . . , [xn] - a contradiction. Consequently
there are infinitely many equivalence classes.

Let [x] be an arbitrary equivalence class. Suppose for the sake of contra-
diction that [x] is finite, i.e. [x] = {y1, . . . , yn} for some y1, . . . , yn ∈ A. From
A |= λ5 we obtain that there is y such that O(y1, y). Let i ∈ {2, . . . , n}. From
y1R1yi and O(y1, y) we conclude that O(yi, y). Using A |= λ1n, we get that
there is t ∈ A such that t 6= y1, . . . , t 6= yn, O(y, t). We will prove that y1R1t.
Let z ∈ A. It suffices to prove that O(y1, z) implies O(t, z). From O(y1, y),
O(t, y) and A |= λ6 we conclude that O(t, z). Consequently y1R1t, i.e. t ∈ [x],
but we proved that t 6= y1, . . . , yn - a contradiction. Consequently [x] is infinite.
�

Definition 2.7 Let A be a model of SAPP , R1 be the relation from the previous
proposition. We consider the equivalence classes modulo R1 and the following
relation:

[x]R2[y]
def⇐⇒ O(x, y)

It can be easily verified that this definition is correct and the following
proposition holds:

Proposition 2.8 Let A be a model of SAPP . Then for every equivalence class
modulo R1 [x] there is exactly one equivalence class [y] such that [x]R2[y]. More-
over [x] 6= [y].

Proposition 2.9 Let A be a countable model of SAPP , B be a model of SAPP .
Then A is elementary embedded in B.

4



Proof. Since A is a countable model of SAPP , A has countably many
equivalence classes. Let these equivalence classes be [a1], [a2], . . . , [an], . . . , [a′1],
[a′2], . . . , [a′n], . . ., all they being different and [a1]R2[a′1], [a2]R2[a′2], . . . , [an]R2[a′n],
. . .. There exist countably many equivalence classes ofB [b1], [b2], . . . , [bn], . . . ; [b′1],
[b′2], . . . , [b′n], . . . such that all they are different and [b1]R2[b′1], [b2]R2[b′2], . . . , [bn]R2

[b′n], . . .. For every n, [an] and [a′n] are countable; [bn] and [b′n] are infinite. Con-
sequently for every n, there are injections hn : [an]→ [bn] and h′n : [a′n]→ [b′n].

We define the mapping f :

f(a) =

{
hn(a) if a ∈ [an] for some n
h′n(a) if a ∈ [a′n] for some n

We will prove that f is an elementary embedding of A in B. By induction on
ϕ we will prove that for every formula ϕ, if ϕ has free variables among x1, . . . , xn
and c1, . . . , cn ∈ A, then A |= ϕ[c]⇔ B |= ϕ[f(c)].
1) The base of induction is trivial.
2) ϕ is ¬ϕ1

The proof is obvious.
3) ϕ is ϕ1 ∧ ϕ2

The proof is obvious.
4) ϕ is ∃xϕ1

Let the free variables of ϕ be among x1, . . . , xn and c1, . . . , cn ∈ A. It can be
easily verified that A |= ∃xϕ1[c] implies B |= ∃xϕ1[f(c)].

Let B |= ∃xϕ1[f(c)]. We will prove A |= ∃xϕ1[c]. There exists b ∈ B such
that B |= ϕ1[b, f(c1), . . . , f(cn)]
Case 1: b = f(a) for some a ∈ A
From the induction hypothesis and B |= ϕ1[f(a), f(c1), . . . , f(cn)] we get that
A |= ϕ1[a, c1, . . . , cn] and hence A |= ∃xϕ1[c1, . . . , cn].
Case 2: b 6= f(a) for every a ∈ A
Case 2.1: b ∈ [bi] or b ∈ [b′i] for some i
Without loss of generality b ∈ [bi] for some i. There is b′ ∈ [bi] such that
b′ = f(a) for some a 6= c1, . . . , cn. Since b, b′ ∈ [bi], ¬O(b, b′) (we use the
definition of R2 and Proposition 2.8). We define a function g : B → B in the
following way:

g(x) =

 b′ if x = b
b if x = b′

x otherwise

Obviously g is a bijection. We will prove that g is an automorphism. Let d1,
d2 ∈ B. It suffices to prove that O(d1, d2) ⇔ O(g(d1), g(d2)). We will consider
only the case when d1 /∈ {b, b′}, d2 ∈ {b, b′}. Without loss of generality d2 = b.
It suffices to prove O(d1, d2)⇔ O(d1, b

′). We have bR1b
′ and using the definition

of R1 and its symmetry, we get that O(d1, b)⇔ O(d1, b
′). Consequently g is an

automorphism.
We have B |= ϕ1[b, f(c1), . . . , f(cn)]. Consequently B |= ϕ1[g(b), g(f(c1)), . . . ,

g(f(cn))], i.e. B |= ϕ1[b′, f(c1), . . . , f(cn)]. By the induction hypothesis, A |=
ϕ1[a, c1, . . . , cn] and hence A |= ∃xϕ1[c1, . . . , cn].
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Case 2.2: b /∈ [bi] and b /∈ [b′i] for every i
Let k1, . . . , kl ∈ A (l ≤ n) be such that for every i = 1, . . . , l, [ki]R2[cj ] for some
j ∈ {1, . . . , n}. There is a ∈ A such that a /∈ [c1], . . . , [cn], [k1], . . . , [kl]. We add
to the language L the constants d, d1, . . . , dn. Interpreting the new constants
by b, f(c1), . . . , f(cn) or by f(a), f(c1), . . . , f(cn), we obtain two structures for
the extended language which we denote by B′ = (B, b, f(c1), . . . , f(cn)) and
B′′ = (B, f(a), f(c1), . . . , f(cn)) correspondingly. Let [m1] be the only equiv-
alence class for which [b]R2[m1], and [m2] be the only equivalence class for
which [f(a)]R2[m2]. We consider Ehrenfeucht-Fräıssè’s game with arbitrary fi-
nite length s and the following strategy for the second player: if the first player
chooses b (f(a)), then the second player chooses f(a) (b). Otherwise, if the first
player chooses an element out of [b]∪ [f(a)]∪ [m1]∪ [m2], then the second player
chooses the same element; if the first player chooses a new element of [b], then
the second player chooses a new element of [f(a)], different from f(a) and the
converse; if the first player chooses a new element of [m1], then the second player
chooses a new element of [m2] and the converse; if the first player chooses al-
ready chosen in the corresponding structure element x in [b]∪[f(a)]∪[m1]∪[m2],
then the second player chooses the same element which then was chosen in the
other structure. Let e1, . . . , es and e′1, . . . , e

′
s be correspondingly of B′ and of B′′

in the order of their choosing. Let h = {〈ei, e′i〉 : i = 1, . . . , s} ∪ {〈CB′ , CB′′〉 :
C - a constant of the extended language}. Let B′1 be the substructure of B′,
generated by e1, . . . , es, b, f(c1), . . . , f(cn); B′′1 be the substructure of B′′, gen-
erated by e′1, . . . , e

′
s, f(a), f(c1), . . . , f(cn). It can be easily verified that h is an

isomorphism from B′1 to B′′1 . Consequently for every closed formula ϕ we have
B′ |= ϕ ⇔ B′′ |= ϕ and hence B′ |= ϕ1(d, d1, . . . , dn) ⇔ B′′ |= ϕ1(d, d1, . . . , dn);
so B |= ϕ1[b, f(c1), . . . , f(cn)] ⇔ B |= ϕ1[f(a), f(c1), . . . , f(cn)]. But we have
B |= ϕ1[b, f(c1), . . . , f(cn)] and thus B |= ϕ1[f(a), f(c1), . . . , f(cn)]. From the
induction hypothesis, A |= ϕ1[a, c1, . . . , cn], i.e. A |= ∃xϕ1[c]. Consequently f
is an elementary embedding of A in B. �

Corollary 2.10 The theory SAPP is complete.

Proof. Let F2
Q be the structure for the language L with universe {a - line in

Euclidean plane: at least 2 of the points of a are with rational coordinates}. The
predicate symbol O is interpreted by perpendicularity. We will prove that
F2

Q |= λ5. Let x1,2, y1,2 ∈ Q and a be the line, determined by the points
(x1, y1), (x2, y2).
Case 1: a does not coincide with and is not parallel to the ordinate axis
Let b be an arbitrary line in Euclidean plane, perpendicular to a, and k be the
slope of b. Let k1 be the slope of a. The line m with equation y = kx is per-
pendicular to a. We have k = − 1

k1
= −x2−x1

y2−y1 ∈ Q. At least two of the points

of the line m are with rational coordinates - (0, 0) and (1, k).
Case 2: a coincides with or is parallel to the ordinate axis
The abscissa axis is in F 2

Q. Consequently F2
Q |= λ5. In a similar way it can be

proved that F2
Q |= λ1n for every n ≥ 1 and F2

Q |= λ2n for every n ≥ 2. Clearly

in F2
Q are true also λ3, λ4 and λ6. Consequently F2

Q |= SAPP .
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Let A and B be arbitrary models of SAPP . Since F2
Q is a countable model

of SAPP , F2
Q is elementary embedded in A and in B (Proposition 2.9). Con-

sequently F2
Q is elementary equivalent to A and to B and hence A and B are

elementary equivalent. Consequently SAPP is complete. �

Proposition 2.11 (i) = is not definable by O in every model of SAPP ;
(ii) O is not definable by = in every model of SAPP ;
(iii) the ternary predicate ρ(a, b, c) is not definable in F2

R,PCOρ by O and =;

(iv) the binary predicate P (a, b) is definable in F2
R,PCOρ by O and =;

(v) the binary predicate C(a, b) is definable in F2
R,PCOρ by O and =;

(vi) O is not definable in F2
R,PCOρ by P , C and =.

Proof.
(i) Let A |= SAPP . Suppose for the sake of contradiction that there is a

formula ϕ(x, y) in which occurs only the predicate symbol O, such that A |=
∀x∀y(x = y ↔ ϕ(x, y)). Let a ∈ A and g : [a] → [a] be a surjection which is
not an injection. We define f : A→ A in the following way:

f(b) =

{
b if b /∈ [a]
g(b) otherwise

By induction on ψ it can be easily proved that for every formula ψ, if in
ψ do not occur other predicate symbols except O, ψ has free variables among
x1, . . . , xn and a1, . . . , an ∈ A, then A |= ψ[a] iff A |= ψ[f(a)]. Consequently
for all x′, y′ ∈ A, A |= ϕ[x′, y′] iff A |= ϕ[f(x′), f(y′)].

Since g is not an injection, there are b1, b2 ∈ [a] such that b1 6= b2 and
g(b1) = g(b2). Consequently f(b1) = f(b2). Clearly we have the following
equivalences: b1 = b2 iff A |= ϕ[b1, b2] iff A |= ϕ[f(b1), f(b2)] iff f(b1) = f(b2).
Consequently b1 = b2 - a contradiction.

(ii) Let A |= SAPP . Suppose for the sake of contradiction that there
is a formula ϕ(x, y) in which occurs only the predicate symbol =, such that
A |= ∀x∀y(O(x, y)↔ ϕ(x, y)).

We consider F2
Q. Let a be a line in the plane of which at least two of

the points have rational coordinates, and [b] be the only equivalence class such
that [a]R2[b]. Let [c] 6= [a] and [c] 6= [b]. Let [a] = {a0, a1, . . . , an, . . .} and
[c] = {c0, c1, . . . , cn, . . .}. We define a function f : F 2

Q → F 2
Q in the following

way:

f(x) =

 x if x /∈ [a] and x /∈ [c]
ci if x = ai for some i
ai if x = ci for some i

By induction on ψ it can be easily verified that for every formula ψ, if in
ψ do not occur other predicate symbols except =, ψ has free variables among
x1, . . . , xn and a1, . . . , an ∈ F 2

Q, then F2
Q |= ψ[a] iff F2

Q |= ψ[f(a)].

F2
Q is countable and F2

Q |= SAPP (it was proved in Corollary 2.10); A |=
SAPP ; so by Proposition 2.9 we obtain that F2

Q is elementary embedded in A.

Consequently F2
Q |= ∀x∀y(O(x, y)↔ ϕ(x, y)). We have [a]R2[b], so O(a, b). We
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have also f(a) ∈ [c] and [c] 6= [a], so ¬O(f(a), b), i.e. ¬O(f(a), f(b)). Clearly we
have the following equivalences: O(a, b) iff F2

Q |= ϕ[a, b] iff F2
Q |= ϕ[f(a), f(b)]

iff O(f(a), f(b)). Consequently O(f(a), f(b)) - a contradiction.
(iii) Suppose for the sake of contradiction that there is a formula ϕ(x, y, z)

in L such that F2
R,PCOρ |= ∀x∀y∀z(ρ(x, y, z) ↔ ϕ(x, y, z)). Let a, b and c be

three lines in the plane which intersect at one point. Let a′ be parallel to a.
Clearly F2

R,PCOρ |= ϕ[a, b, c] and F2
R,PCOρ 6|= ϕ[a′, b, c]. We define h : F 2

R → F 2
R

in the following way:

h(x) =

 x if x 6= a, a′

a′ if x = a
a if x = a′

It can be easily verified that h is a bijection and preserves the predicates O and
=. Consequently F2

R,PCOρ |= ϕ[a, b, c] iff F2
R,PCOρ |= ϕ[h(a), h(b), h(c)]. Thus

F2
R,PCOρ |= ϕ[h(a), h(b), h(c)], i.e. F2

R,PCOρ |= ϕ[a′, b, c] - a contradiction.

(iv) We have F2
R,PCOρ |= ∀x∀y(P (x, y)↔ (x 6= y ∧ ∃z(O(x, z) ∧O(y, z)))).

(v) We have F2
R,PCOρ |= ∀x∀y(C(x, y)↔ ∃z(O(x, z) ∧ ¬O(y, z))).

(vi) The proof is similar as for (ii). �

3 Decidability and complexity of the first-order
theory

Proposition 3.1 The problem if a closed formula in L logically follows from
SAPP is PSPACE-complete.

Proof. We consider EQ∞ = {ϕ : ϕ is a closed formula in the language L1 =
〈 ; ; =〉 and ϕ is true in all infinite structures} [1]. The membership problem in
EQ∞ is PSPACE-complete [1].

First we will prove that the problem if a closed formula in L logically follows
from SAPP is in PSPACE. It is enough to juxtapose to every closed formula ϕ
in L a closed formula ϕ1 in L1 and to ensure that ϕ1 can be obtained from ϕ
algorithmically with use of memory polynomial in the size of ϕ, and SAPP |= ϕ
iff ϕ1 ∈ EQ∞.

Let A∗ be the substructure of F2
R, which is obtained by eliminating of the

lines parallel to or coinciding with the abscissa axis, the lines parallel to or
coinciding with the ordinate axis and the lines with equation of the kind y = bx.

Lemma 3.2 The structure A∗ is a model of SAPP .

Proof. Let n ≥ 1. We will prove A∗ |= λ1n. Let b1, . . . , bn, c ∈ A∗ and
O(c, b1), . . . , O(c, bn). We will prove that there is d ∈ A∗ such that d 6= b1, . . . , bn
and O(c, d). We have that b1, . . . , bn are parallel and consequently have the same
slope m. Let the y-intercepts of b1, . . . , bn be q1, . . . , qn. Let q 6= 0, q1, . . . , qn.
Let d be the line with equation y = mx+q. Clearly d has the desired properties.
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Let n ≥ 2. We will prove that A∗ |= λ2n. Let b1, . . . , bn ∈ A∗. We will
prove that there is c ∈ A∗ such that ¬O(c, b1), . . . ,¬O(c, bn). Let the slopes of
b1, . . . , bn be correspondingly m1, . . . ,mn. Let m 6= 0, − 1

m1
, . . . ,− 1

mn
. Let c be

the line with equation y = mx+ 1. Clearly c has the desired properties.
Clearly the other formulas of SAPP are true in A∗. �

Lemma 3.3 For every closed formula ϕ in the language L, SAPP |= ϕ iff
A∗ |= ϕ.

Proof. Clearly SAPP |= ϕ implies A∗ |= ϕ. Let A∗ |= ϕ and B |= SAPP .
We will prove that B |= ϕ. A∗ is a model of SAPP and SAPP is complete
(Corollary 2.10); so A∗ is elementary equivalent to every model of SAPP ; so
A∗ is elementary equivalent to B. Consequently B |= ϕ. �

Let R be the structure for L1 with universe R \ {0}.

Lemma 3.4 For any closed formula ϕ in L1, R |= ϕ iff ϕ ∈ EQ∞.

Proof. Clearly ϕ ∈ EQ∞ implies R |= ϕ. Let R |= ϕ. We will prove ϕ ∈ EQ∞.
Let A be an infinite structure. We will prove that A |= ϕ. We consider the
theory T = {ϕ}. Let C be a set of constants such that the cardinality of C
coincides with the cardinality of A. T has an infinite model (R) and can be
considered as a theory in the language L2 = 〈C; ; =〉 with cardinality - the
cardinality of A. Thus by Löwenheim-Skolem theorem we obtain that T has a
model B for the language L2 such that the cardinality of B is the maximal of ω
and the cardinality of A, i.e. the cardinality of A. We consider B as a structure
for L1 and since in ϕ do not occur constants, we have again B |= ϕ. A and B
are structures for L1 and the cardinality of A coincides with the cardinality of
B; so A and B are isomorphic; so A |= ϕ. �

Let a be a line with equation y = bx + c. We use the following notations:
a1 = b, a2 = − 1

b , a3 = c. It is convenient to call a1, a2 and a3 coordinates of
the line a.

To every formula ϕ in the language L we juxtapose a formula ϕ̂ in the
language L1 in the following way:
1) ϕ - atomic
(•) If ϕ is O(x1, x2), then ϕ̂ is x11 = x22.
(•) If ϕ is x1 = x2, then ϕ̂ is (x11 = x12) ∧ (x31 = x32).

2) ϕ is ¬ϕ′
ϕ̂ is ¬ϕ̂′.

3) ϕ is ϕ′ ∧ϕ′′
ϕ̂ is ϕ̂′ ∧ ϕ̂′′.

4) ϕ is ∃xnϕ
′ and ϕ′ has free variables x1, . . . , xn

ϕ̂ is ∃x1n∃x2n∃x3n(ϕ̂′ ∧ κn), where for every natural number n, κn is a formula
with free variables x11, x21, . . . , x

1
n, x2n, defined in the following way:

κn : x1n 6= x2n ∧
∧
i<n

(x1i = x1n ↔ x2i = x2n) ∧
∧
i<n

(x1i = x2n ↔ x2i = x1n)

9



Definition 3.5 Let n be a natural number, a11, a21, a31, . . . , a
1
n, a2n, a3n ∈ R \ {0}

and for every i ∈ {1, . . . , n}, R |= κi[a
1
1, a

2
1, . . . , a

1
i , a

2
i ]. We say that b11, b21,

b31, . . . , b
1
n, b2n, b3n are corresponding to a11, a21, a31, . . . , a

1
n, a2n, a3n if for every

i ∈ {1, . . . , n},

1) b1i , b
2
i , b

3
i ∈ R \ {0}

2) if a1i /∈ {a11, a21, . . . , a1i−1, a2i−1}, then b1i /∈ {b11, b21, . . . , b1i−1, b2i−1}

3) if a1i = a1k for some k ∈ {1, . . . , i− 1}, then b1i = b1k

4) if a1i = a2k for some k ∈ {1, . . . , i− 1}, then b1i = b2k

5) b2i = − 1
b1i

6) b3i = a3i

By induction on j it can be easily proved the following

Lemma 3.6 Let b11, b21, b31, . . . , b
1
n, b2n, b3n be corresponding to a11, a21, a31, . . . , a

1
n,

a2n, a3n. Then for any j and i, if 1 ≤ i < j ≤ n, then
1) b1j = b1i implies a1j = a1i ;

2) b1j = b2i implies a1j = a2i .

Lemma 3.7 Let b11, b21, b31, . . . , b
1
n, b2n, b3n be corresponding to a11, a21, a31, . . . , a

1
n,

a2n, a3n and ϕ be O(x, y) or x = y. Then for any i, j ∈ {1, . . . , n}, R |=
ϕ̂[a1i , a

2
i , a

3
i , a

1
j , a

2
j , a

3
j ] iff R |= ϕ̂[b1i , b

2
i , b

3
i , b

1
j , b

2
j , b

3
j ].

Proof. Let i, j ∈ {1, . . . , n}.
Case 1: i = j
The proof is trivial.
Case 2: i 6= j
Without loss of generality i < j.
Case 2.1: ϕ is O(x, y)
ϕ̂ is x1 = y2. We must prove the following two equivalences:
1) a1i = a2j iff b1i = b2j
2) a1j = a2i iff b1j = b2i

Since R |= κj [a
1
1, a

2
1, . . . , a

1
j , a

2
j ], a

1
i = a2j iff a2i = a1j . Since b1j · b2j = −1 and

b1i · b2i = −1, b1i = b2j iff b1j = b2i . Consequently it suffices to prove the second

equivalence. By condition 4) of Definition 3.5, a1j = a2i implies b1j = b2i . By

Lemma 3.6, b1j = b2i implies a1j = a2i .
Case 2.2: ϕ is x = y
ϕ̂ is (x1 = y1) ∧ (x3 = y3).
We must prove the following equivalence:
(a1i = a1j and a3i = a3j ) iff (b1i = b1j and b3i = b3j )

By conditions 3) and 6) of Definition 3.5 we get that (a1i = a1j and a3i = a3j )

implies (b1j = b1i and b3i = b3j ).

By Lemma 3.6 and condition 6) of Definition 3.5 we get that (b1j = b1i and b3i =

b3j ) implies (a1j = a1i and a3i = a3j ). �
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Lemma 3.8 Let b11, b21, b31, . . . , b
1
n, b2n, b3n be corresponding to a11, a21, a31, . . . , a

1
n,

a2n, a3n and 1 ≤ j1 ≤ j2 ≤ . . . ≤ jm ≤ n. Then b1j1 , b2j1 , b3j1 , . . . , b
1
jm

, b2jm , b3jm
are corresponding to a1j1 , a2j1 , a3j1 , . . . , a

1
jm

, a2jm , a3jm .

Proof. Since b11, b21, b31, . . . , b
1
n, b2n, b3n are corresponding to a11, a21, a31, . . . , a

1
n,

a2n, a3n, for every i ∈ {1, . . . ,m},
1) R |= κi[a

1
j1
, a2j1 , . . . , a

1
ji
, a2ji ];

2) b1ji , b
2
ji

, b3ji ∈ R \ {0};

3) b2ji = − 1
b1ji

;

4) b3ji = a3ji .

Let i ∈ {1, . . . ,m}. We consider
Case 1: a1ji /∈ {a

1
j1
, a2j1 , . . . , a

1
ji−1

, a2ji−1
}

We will prove that b1ji /∈ {b1j1 , b
2
j1
, . . . , b1ji−1

, b2ji−1
}. Suppose for the sake of

contradiction the converse. By Lemma 3.6, a1ji ∈ {a
1
j1
, a2j1 , . . . , a

1
ji−1

, a2ji−1
}

which is the desired contradiction.
Case 2: a1ji ∈ {a

1
j1
, a2j1 , . . . , a

1
ji−1

, a2ji−1
}

Clearly:
1) if a1ji = a1jk for some k ∈ {1, . . . , i− 1}, then b1ji = b1jk ;

2) if a1ji = a2jk for some k ∈ {1, . . . , i− 1}, then b1ji = b2jk .
�

Lemma 3.9 Let ϕ be a formula for L with free variables x1, . . . , xm. Let b11,
b21, b31, . . . , b

1
n, b2n, b3n be corresponding to a11, a21, a31, . . . , a

1
n, a2n, a3n. Then

for any j1, . . . , jm ∈ {1, . . . , n}, R |= ϕ̂[a1j1 , a
2
j1
, a3j1 , . . . , a

1
jm
, a2jm , a

3
jm

] iff R |=
ϕ̂[b1j1 , b

2
j1
, b3j1 , . . . , b

1
jm
, b2jm , b

3
jm

].

Proof. Induction on ϕ. For the base of induction we use Lemma 3.7. If
ϕ is ¬ϕ′ or ϕ′ ∧ ϕ′′, the proof is trivial. Let ϕ be ∃xm+1ϕ

′ and ϕ′ has free
variables x1, . . . , xm+1. Let b11, b21, b31, . . . , b

1
n, b2n, b3n be corresponding to a11,

a21, a31, . . . , a
1
n, a2n, a3n. Let j1, . . . , jm ∈ {1, . . . , n}. Without loss of gen-

erality j1 ≤ . . . ≤ jm. We will prove that R |= ∃x1m+1∃x2m+1∃x3m+1(ϕ̂′ ∧
κm+1)[a1j1 , a

2
j1
, a3j1 , . . . , a

1
jm
, a2jm , a

3
jm

] iff

R |= ∃x1m+1∃x2m+1∃x3m+1(ϕ̂′ ∧ κm+1)[b1j1 , b
2
j1
, b3j1 , . . . , b

1
jm
, b2jm , b

3
jm

].

⇒) There are c1, c2, c3 ∈ R \ {0} such that

R |= (ϕ̂′ ∧ κm+1)[a1j1 , a
2
j1
, a3j1 , . . . , a

1
jm
, a2jm , a

3
jm
, c1, c2, c3].

• If c1 /∈ {a1j1 , a
2
j1
, . . . , a1jm , a

2
jm
}, we choose a real number d1, different from

0, such that d1 /∈ {b1j1 , b
2
j1
, . . . , b1jm , b

2
jm
}.

• If c1 = a1jk for some k ∈ {1, . . . ,m}, we denote d1 = b1jk .

• If c1 = a2jk for some k ∈ {1, . . . ,m}, we denote d1 = b2jk .
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We denote d2 = − 1
d1 , d3 = c3. Using Lemma 3.8, we get that b1j1 , b2j1 ,

b3j1 , . . . , b
1
jm

, b2jm , b3jm , d1, d2, d3 are corresponding to a1j1 , a2j1 , a3j1 , . . . , a
1
jm

, a2jm ,

a3jm , c1, c2, c3. By the induction hypothesis,R |= ϕ̂′[b1j1 , b
2
j1
, b3j1 , . . . , b

1
jm
, b2jm , b

3
jm
,

d1, d2, d3]. Since for every k ∈ {1, . . . ,m}, b1jk · b
2
jk

= −1 and d1 · d2 = −1,

R |= κm+1[b1j1 , b
2
j1
, b3j1 , . . . , b

1
jm
, b2jm , b

3
jm
, d1, d2, d3].

⇐) There are d1, d2, d3 ∈ R\{0} such thatR |= (ϕ̂′∧κm+1)[b1j1 , b
2
j1
, b3j1 , . . . , b

1
jm
,

b2jm , b
3
jm
, d1, d2, d3]. By Lemma 3.8, b1j1 , b2j1 , b3j1 , . . . , b

1
jm

, b2jm , b3jm are corre-

sponding to a1j1 , a2j1 , a3j1 , . . . , a
1
jm

, a2jm , a3jm and henceR |= κk[a1j1 , a
2
j1
, . . . , a1jk , a

2
jk

]
for every k ∈ {1, . . . ,m}.
Case 1: d1 /∈ {b1j1 , b

2
j1
, . . . , b1jm , b

2
jm
}

Let e1 be a real number, different from zero, such that e1 /∈ {b1j1 , b
2
j1
, . . . , b1jm , b

2
jm
}.

We denote e2 = − 1
e1 , e3 = d3. It can be easily proved that b1j1 , b2j1 , b3j1 , . . . , b

1
jm

,

b2jm , b3jm , e1, e2, e3 are corresponding to b1j1 , b2j1 , b3j1 , . . . , b
1
jm

, b2jm , b3jm , d1, d2,

d3. By the induction hypothesis, R |= ϕ̂′[b1j1 , b
2
j1
, b3j1 , . . . , b

1
jm
, b2jm , b

3
jm
, e1, e2, e3].

Let c1 and c2 be different real numbers such that c1, c2 /∈ {0, a1j1 , a
2
j1
, . . . , a1jm ,

a2jm}. We will prove that b1j1 , b2j1 , b3j1 , . . . , b
1
jm

, b2jm , b3jm , e1, e2, e3 are cor-

responding to a1j1 , a2j1 , a3j1 , . . . , a
1
jm

, a2jm , a3jm , c1, c2, e3. Obviously R |=
κm+1[a1j1 , a

2
j1
, . . . , a1jm , a

2
jm
, c1, c2]. Since b1j1 , b2j1 , b3j1 , . . . , b

1
jm

, b2jm , b3jm are cor-

responding to a1j1 , a2j1 , a3j1 , . . . , a
1
jm

, a2jm , a3jm , we have that conditions 2), 3)
and 4) of Definition 3.5 are fulfilled for every step from 1 to m. Obviously
they are fulfilled also for step m + 1. Clearly conditions 5) and 6) of Defi-
nition 3.5 are fulfilled at every step. Thus b1j1 , b2j1 , b3j1 , . . . , b

1
jm

, b2jm , b3jm , e1,

e2, e3 are corresponding to a1j1 , a2j1 , a3j1 , . . . , a
1
jm

, a2jm , a3jm , c1, c2, e3. By the

induction hypothesis, R |= ϕ̂′[a1j1 , a
2
j1
, a3j1 , . . . , a

1
jm
, a2jm , a

3
jm
, c1, c2, e3] iff R |=

ϕ̂′[b1j1 , b
2
j1
, b3j1 , . . . , b

1
jm
, b2jm , b

3
jm
, e1, e2, e3]. ConsequentlyR |= ϕ̂′[a1j1 , a

2
j1
, a3j1 , . . . ,

a1jm , a
2
jm
, a3jm , c

1, c2, e3]. We have also thatR |= κm+1[a1j1 , a
2
j1
, . . . , a1jm , a

2
jm
, c1, c2].

Thus R |= (ϕ̂′ ∧ κm+1)[a1j1 , a
2
j1
, a3j1 , . . . , a

1
jm
, a2jm , a

3
jm
, c1, c2, e3], i.e. R |=

∃x1m+1∃x2m+1∃x3m+1(ϕ̂′ ∧ κm+1)[a1j1 , a
2
j1
, a3j1 , . . . , a

1
jm
, a2jm , a

3
jm

].

Case 2: d1 ∈ {b1j1 , b
2
j1
, . . . , b1jm , b

2
jm
}

We proved that b1j1 , b2j1 , b3j1 , . . . , b
1
jm

, b2jm , b3jm are corresponding to a1j1 , a2j1 ,

a3j1 , . . . , a
1
jm

, a2jm , a3jm and hence b1jk · b
2
jk

= −1 for every k ∈ {1, . . . ,m}.
We have also that d1 = b1jk or d1 = b2jk for some k ∈ {1, . . . ,m} and R |=
κm+1[b1j1 , b

2
j1
, . . . , b1jm , b

2
jm
, d1, d2]. Consequently d1 · d2 = −1.

Case 2.1: d1 = b1jk for some k ∈ {1, . . . ,m}
We denote c1 = a1jk , c2 = a2jk . We will prove that b1j1 , b2j1 , b3j1 , . . . , b

1
jm

, b2jm , b3jm ,

d1, d2, d3 are corresponding to a1j1 , a2j1 , a3j1 , . . . , a
1
jm

, a2jm , a3jm , c1, c2, d3. We

proved that R |= κl[a
1
j1
, a2j1 , . . . , a

1
jl
, a2jl ] for every l ∈ {1, . . . ,m}. We will prove

thatR |= κm+1[a1j1 , a
2
j1
, . . . , a1jm , a

2
jm
, c1, c2]. SinceR |= κk[a1j1 , a

2
j1
, . . . , a1jk , a

2
jk

],

a1jk 6= a2jk , i.e. c1 6= c2. It remains to prove that for every l ∈ {1, . . . ,m},
(a1jl = a1jk iff a2jl = a2jk) and (a1jl = a2jk iff a2jl = a1jk). If l = k, then these equiva-

lences are obvious. If l < k, then they follow from R |= κk[a1j1 , a
2
j1
, . . . , a1jk , a

2
jk

];
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if l > k, then they follow from R |= κl[a
1
j1
, a2j1 , . . . , a

1
jl
, a2jl ]. Thus R |=

κm+1[a1j1 , a
2
j1
, . . . , a1jm , a

2
jm
, c1, c2]. Conditions 2), 3) and 4) of Definition 3.5

are fulfilled for every step from 1 to m because b1j1 , b2j1 , b3j1 , . . . , b
1
jm

, b2jm , b3jm
are corresponding to a1j1 , a2j1 , a3j1 , . . . , a

1
jm

, a2jm , a3jm . Obviously at step m + 1
condition 2) of Definition 3.5 is fulfilled.

We will prove that condition 3) of Definition 3.5 is fulfilled at step m + 1.
Let c1 = a1jl for some l ∈ {1, . . . ,m}. We will prove that d1 = b1jl . Using that

c1 = a1jk = a1jl and the fact that b1j1 , b2j1 , b3j1 , . . . , b
1
jm

, b2jm , b3jm are corresponding

to a1j1 , a2j1 , a3j1 , . . . , a
1
jm

, a2jm , a3jm , we obtain that b1jk = b1jl . Consequently

d1 = b1jl .
We will prove that condition 4) of Definition 3.5 is fulfilled at step m + 1.

Let c1 = a2jl for some l ∈ {1, . . . ,m}.
Case a: l > k
Since R |= κl[a

1
j1
, a2j1 , . . . , a

1
jl
, a2jl ], a

1
jk

= a2jl iff a2jk = a1jl and hence a1jl =

a2jk . We have that b1j1 , b2j1 , b3j1 , . . . , b
1
jm

, b2jm , b3jm are corresponding to a1j1 , a2j1 ,

a3j1 , . . . , a
1
jm

, a2jm , a3jm and by condition 4) of Definition 3.5 we get b1jl = b2jk .

Consequently b1jk = b2jl and hence d1 = b2jl .
Case b: k ≥ l
We have proved that a1jk 6= a2jk , so k 6= l. Thus k > l. We have that a1jk = a2jl
and b1j1 , b2j1 , b3j1 , . . . , b

1
jm

, b2jm , b3jm are corresponding to a1j1 , a2j1 , a3j1 , . . . , a
1
jm

,

a2jm , a3jm . Consequently b1jk = b2jl and hence d1 = b2jl .
Consequently condition 4) of Definition 3.5 is fulfilled at step m+1. Clearly

for every step, conditions 5) and 6) of Definition 3.5 are fulfilled. Thus we
proved that b1j1 , b2j1 , b3j1 , . . . , b

1
jm

, b2jm , b3jm , d1, d2, d3 are corresponding to

a1j1 , a2j1 , a3j1 , . . . , a
1
jm

, a2jm , a3jm , c1, c2, d3. By the induction hypothesis, R |=
ϕ̂′[a1j1 , a

2
j1
, a3j1 , . . . , a

1
jm
, a2jm , a

3
jm
, c1, c2, d3] iffR |= ϕ̂′[b1j1 , b

2
j1
, b3j1 , . . . , b

1
jm
, b2jm , b

3
jm
,

d1, d2, d3]. Consequently R |= ϕ̂′[a1j1 , a
2
j1
, a3j1 , . . . , a

1
jm
, a2jm , a

3
jm
, c1, c2, d3]. We

have also that R |= κm+1[a1j1 , a
2
j1
, . . . , a1jm , a

2
jm
, c1, c2]. Consequently R |=

∃x1m+1∃x2m+1∃x3m+1(ϕ̂′ ∧ κm+1)[a1j1 , a
2
j1
, a3j1 , . . . , a

1
jm
, a2jm , a

3
jm

].

Case 2.2: d1 = b2jk for some k ∈ {1, . . . ,m}
We denote c1 = a2jk , c2 = a1jk . In a similar way as in Case 2.1 we prove that b1j1 ,

b2j1 , b3j1 , . . . , b
1
jm

, b2jm , b3jm , d1, d2, d3 are corresponding to a1j1 , a2j1 , a3j1 , . . . , a
1
jm

,

a2jm , a3jm , c1, c2, d3 andR |= ∃x1m+1∃x2m+1∃x3m+1(ϕ̂′∧κm+1)[a1j1 , a
2
j1
, a3j1 , . . . , a

1
jm
,

a2jm , a
3
jm

]. �

Lemma 3.10 Let ϕ be a formula in L with free variables x1, . . . , xn and a1, . . . , an
∈ A∗. Then A∗ |= ϕ[a1, . . . , an] iff R |= ϕ̂[a11, a

2
1, a

3
1, . . . , a

1
n, a

2
n, a

3
n].

Proof. Induction on ϕ. The base of induction, the cases when ϕ is ¬ϕ′ or ϕ
is ϕ′ ∧ ϕ′′ are trivial. Let ϕ be ∃xn+1ϕ

′ and ϕ′ has free variables x1, . . . , xn+1.
Let a1, . . . , an ∈ A∗. We will prove that A∗ |= ∃xn+1ϕ

′[a1, . . . , an] iff R |=
∃x1n+1∃x2n+1∃x3n+1(ϕ̂′ ∧ κn+1)[a11, a

2
1, a

3
1, . . . , a

1
n, a

2
n, a

3
n].

⇒) The proof is trivial.

⇐) There are a1n+1, a2n+1, a3n+1 ∈ R\{0} such thatR |= (ϕ̂′∧κn+1)[a11, a
2
1, a

3
1, . . . ,
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a1n, a
2
n, a

3
n, a

1
n+1, a

2
n+1, a

3
n+1]. If a1n+1 /∈ {a11, a21, . . . , a1n, a2n}, let b1n+1 be a real

number, different from 0, not belonging to {a11, a21, . . . , a1n, a2n}; if a1n+1 = a1k
for some k ∈ {1, . . . , n}, we denote b1n+1 = a1k; if a1n+1 = a2k for some k ∈
{1, . . . , n}, we denote b1n+1 = a2k. We denote b2n+1 = − 1

b1n+1
. Clearly the

definition is correct. It can be easily verified that a11, a21, a31, . . . , a
1
n, a2n, a3n,

b1n+1, b2n+1, a3n+1 are corresponding to a11, a21, a31, . . . , a
1
n, a2n, a3n, a1n+1, a2n+1,

a3n+1. By Lemma 3.9, R |= ϕ̂′[a11, a
2
1, a

3
1, . . . , a

1
n, a

2
n, a

3
n, a

1
n+1, a

2
n+1, a

3
n+1] iff R |=

ϕ̂′[a11, a
2
1, a

3
1, . . . , a

1
n, a

2
n, a

3
n, b

1
n+1, b

2
n+1, a

3
n+1]. Consequently R |= ϕ̂′[a11, a

2
1, a

3
1,

. . . , a1n, a
2
n, a

3
n, b

1
n+1, b

2
n+1, a

3
n+1]. Let an+1 be the line with equation y = b1n+1x+

a3n+1. Obviously an+1 ∈ A∗. The coordinates of an+1 are b1n+1, b2n+1, a3n+1. By

the induction hypothesis, A∗ |= ϕ′[a1, . . . , an, an+1] iffR |= ϕ̂′[a11, a
2
1, a

3
1, . . . , a

1
n,

a2n, a
3
n, b

1
n+1, b

2
n+1, a

3
n+1]. Consequently A∗ |= ϕ′[a1, . . . , an, an+1] and hence

A∗ |= ∃xn+1ϕ
′[a1, . . . , an]. �

It can be easily verified that ϕ̂ can be obtained algorithmically from ϕ by
using of memory, polynomial in the size of ϕ.

By Lemma 3.3, Lemma 3.10 and Lemma 3.4, SAPP |= ϕ iff A∗ |= ϕ iff
R |= ϕ̂ iff ϕ̂ ∈ EQ∞.

Now we will prove that the problem if a closed formula in L logically follows
from SAPP is PSPACE-hard. We will prove that for every closed formula in
L1 = 〈 ; ; =〉 ϕ1, ϕ1 ∈ EQ∞ iff SAPP |= ϕ1. The formula ϕ1 is a formula in L
too. By Lemma 3.3, SAPP |= ϕ1 iff A∗ |= ϕ1. Similarly of Lemma 3.4 we prove
that A∗ |= ϕ1 iff ϕ1 ∈ EQ∞. Thus we proved that for every closed formula in
L1 ϕ1, ϕ1 ∈ EQ∞ iff SAPP |= ϕ1. We have also that the membership problem
in EQ∞ is PSPACE-hard. Consequently the problem if a closed formula in L
logically follows from SAPP is PSPACE-hard. �

4 Some additional results

Proposition 4.1 The theory SAPP is not finitely axiomatizable.

Proof. For the sake of contradiction suppose that SAPP is axiomatized by
a finite set of formulas Γ. Let the maximal quantifier rank of a formula of Γ
be n. We denote k = n + 1. Obviously k > 0. Let S be the set of the lines
with equation of the kind y = ax + b, where a ∈ {1, . . . , k,−1,− 1

2 , . . . ,−
1
k},

b ∈ {1, . . . , k}. Obviously S ⊆ F 2
Q. Let S be the substructure of F2

Q with

universe S. We consider the structures F2
Q and S and Ehrenfeucht-Fräıssè’s

game with length k. It can be easily found a winning strategy for the second
player. Consequently F2

Q and S are k elementary equivalent. Consequently for

every formula ϕ of Γ, F2
Q |= ϕ iff S |= ϕ. Consequently S |= Γ and hence

S |= SAPP but S 6|= λ1k - a contradiction. �

It can be easily proved the following proposition:

Proposition 4.2 The theory SAPP is ω-categorical.

14



Proposition 4.3 The theory SAPP is not α-categorical for every uncountable
cardinality α.

Proof. We denote by Z∗ the set of all non-zero integers. Let α be an arbitrary
uncountable cardinal. Let A = α× Z∗; B = Z∗ × α. We consider the structure

A = (A,O,=), where O((x1, x2), (y1, y2))
def⇐⇒ x1 = y1 and x2 · y2 < 0. We

consider also the structure B = (B,O,=), where O((x1, x2), (y1, y2))
def⇐⇒ x1

y1
=

−1.
Clearly A and B have cardinality α.
It can be easily proved the following lemma:

Lemma 4.4 (i) Every equivalence class of A is countable and has the form
{(γ, 1), (γ, 2), . . . , (γ, n), . . .} or {(γ,−1), (γ,−2), . . . , (γ,−n), . . .}, where γ < α;
(ii) Every equivalence class of B is uncountable and has the form {(s, β) : β <
α}, where s ∈ Z∗.

Using Lemma 4.4, it can be easily verified that A |= SAPP and B |= SAPP .
Suppose for the sake of contradiction that there is an isomorphism f : A →

B. We will prove the following lemma:

Lemma 4.5 For any x, y ∈ A, [x] = [y] iff [f(x)] = [f(y)].

Proof. ⇒) Obviously ¬O(f(x), f(y)). There is z ∈ B such that O(f(y), z).
Since f is an isomorphism, z = f(z1) for some z1 ∈ A. Obviously O(y, z1) and
hence O(x, z1); so O(f(x), z); so [z]R2[f(x)] but we also have [z]R2[f(y)], so
[f(x)] = [f(y)].
⇐) The proof is symmetric. �

Let γ < α. We have (γ, 1) ∈ A. By Lemma 4.4, [(γ, 1)] is countable and
has the form {(γ, 1), (γ, 2), . . . , (γ, n), . . .}. We have f((γ, 1)) = (s, δ), where
s ∈ Z∗, δ < α. By Lemma 4.4, [(s, δ)] = {(s, β) : β < α}. Using Lemma 4.5,
we get that for every positive integer i, f((γ, i)) = (s, βi), where βi < α and
βi 6= βj for i 6= j. Since α is uncountable cardinal, there is η < α such that
η 6= βi for every i. We have (s, η) = f(t) for some t ∈ A and [(s, η)] = [(s, δ)].
By Lemma 4.5, [(s, η)] = [(s, δ)] iff [t] = [(γ, 1)]; so [t] = [(γ, 1)]; so t = (γ, i)
for some positive integer i. We have f((γ, i)) = (s, βi) = f(t) = (s, η) - a
contradiction. Consequently there is no isomorphism f : A → B.

Thus SAPP is not α-categorical. �
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