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Abstract

A. Tarski uses in his system for the elementary geometry only the
primitive concept of point, and the two primitive relations betweenness
and equidistance. Another approach is the relations to be on lines instead
of points. W. Schwabh&user and L. Szczerba showed that perpendicularity
together with the ternary relation of co-punctuality are sufficient for di-
mension two, i.e. they may be used as a system of primitive relations for
elementary plane Euclidean geometry. In this paper we give a complete
axiomatization for the fragment of elementary plane Euclidean geometry
based on perpendicularity alone. We show that this theory is not finitely
axiomatizable, it is decidable and the complexity is PSPACE-complete.
In contrast the complexity of elementary plane Euclidean geometry is ex-
ponential.

1 Introduction

At the end of the 19th and the beginning of the 20th century investigations of
axiomatic approach to geometry were done by Hilbert, Pieri, Veblen and Pasch
(see [8, 11, 23, 24, 10]).

The first-order theory of Euclidean geometry was called elementary Eu-
clidean geometry.

Pieri introduced the relation A with the following definition: A(abc) :=
[ladb|| = ||ac||- The meaning of this relation is that the points a, b and ¢ form



an isosceles triangle with base |bc| (in the degenerated cases either b = ¢ or a is
the midpoint of |be|). Pieri proved that A is sufficient as only primitive relation
in terms of which the whole elementary n-dimensional Euclidean geometry for
n > 2 can be developed.

Veblen ([23]) considered two primitive relations - the ternary relation of
betweenness B and the quaternary relation of equidistance =. If a, b, ¢ and d
are points, then B(a,b,c) means that b lies on the line segment joining a and
c; ab = cd means that the distance from a to b is the same as the distance
from ¢ to d. Veblen proved that these primitive relations are sufficient for the
elementary geometry. He showed that = is undefinable in terms of B, although
he believed that he had proved the contrary ([24]). This mistake was noticed
by Tarski ([19]).

On the other hand, Pieri ([11]) showed that B is first-order definable in terms
of = for every dimension n > 2. Thus = can be taken as the only primitive for
the elementary geometry.

In the 1920-70s Tarski created an axiomatic system for the elementary n-
dimensional Euclidean geometry for n > 2 and this axiomatic system was im-
proved by Tarski and his students. The obtained theory is complete and de-
cidable, which was proved by means of quantifier elimination. In connection
with these results see [18, 20, 21, 6, 14, 22]. Tarski’s decision procedure had
nonelementary complexity. Later decision procedures, having elementary com-
plexity, were given by Monk, Solovay, Collins, Heintz, Roy, Solerno, Renegar,
Basu, Pollack and others ([5, 9, 7, 12, 2, 3]). The complexity of these decision
procedures is exponential.

If in Tarski’s system of geometry we replace the only axiom schema with
a second-order axiom we obtain an axiomatic system for full (non-elementary)
n-dimensional Euclidean geometry for n > 2 (see [20, 21]). If we remove the
dimension axiom, then we get a complete axiomatization of the dimension-free
Euclidean geometry ([15]).

Beth and Tarski ([4]) proved that no binary relation can be sufficient for
the elementary n-dimensional geometry for every n > 2. Still, Beth and Tarski
showed in [4] that the ternary relation E, where E(abc) means that the points a,
b and ¢ form an equilateral triangle (or a, b and ¢ coincide), can be taken as the
only primitive for every dimension n > 3 but it is not sufficient for dimension 1
or 2.

Szczerba and Tarski ([16, 17]) gave an axiomatization of the affine fragment
of the elementary plane Euclidean geometry - the fragment based on between-
ness relation alone.

Tarski used in his system for the elementary geometry only the primitive
concept of point, and the two primitive relations betweenness and equidistance
- the same primitive relations as Veblen. Another approach is the relations to
be on lines instead of points. Schwabh&user and Szczerba ([13]) studied rela-
tions on lines which can be taken as primitives for the elementary Euclidean
geometry. They proved that the binary relation of perpendicularity O is suffi-
cient for all dimensions higher than three; for dimension three perpendicularity
together with the binary relation of intersection of lines suffice. Schwabhauser



and Szczerba considered also the ternary relation of co-punctuality p, meaning
that three lines intersect at one point. They showed that O together with p
may be used as a system of primitive relations for elementary plane Euclidean
geometry. The paper [1] studies the first-order theory of the fragment of el-
ementary plane Euclidean geometry based on the binary relations parallelism
(P) and convergence (C) of lines. The predicates P and C' are definable by O
and the converse is not true.

In this paper we give a complete axiomatization for the fragment of elemen-
tary plane Euclidean geometry based on perpendicularity alone. We show that
this theory is not finitely axiomatizable, it is decidable and the complexity is
PSPACE-complete. Moreover the theory is w-categorical and not categorical in
every uncountable cardinality.

2 A complete axiomatization based on perpen-
dicularity alone
We consider first-order language £ with predicate symbols O (meaning perpen-

dicularity) and =, without constants and functional symbols. We consider the
theory SAPP, containing the following formulas:

An @ Yy VR Vs(O(s,y1) A oo AO(s,yn) — [t # y1 A oo At # yp A
O(s;1)), n>1

Aan : VY1 Vy,ds(=O(s,y1) A ... A=O(8,4yn)), n > 2
Az @ Vz—O(z,x)

Ag 2 VaVy(O(z,y) — O(y, z))

A5 0 VzIyO(x,y)

e @ VaVyVzVi(O(x, z) A O(y,z) A O(z,t) = O(y,t))

Remark 2.1 We denote by F2 the structure for the language L, having uni-
verse the set of all lines in Fuclidean plane. Clearly 3 = SAPP.

Remark 2.2 We consider the binary predicate symbols P (meaning that two
lines are parallel), C (meaning that two lines intersect) and the ternary predi-
cate symbol p (three lines intersect at one point). We denote by ‘Fﬂ%,PCOp the
structure for the language ( ; ; P,C, O, p,=), having universe the set of all lines
in Buclidean plane. Clearly fﬁfcop = SAPP.

Remark 2.3 We will denote by A, B, C ... the universes of the structures A,
B,C...

Remark 2.4 Let ¢ be a first-order formula with free variables x1,...,x,, A be
a structure for the language of ¢ and ay,...,a, € A. By A E ¢lay,...,a,] we
denote that ¢ is true in A under valuation, assigning ai,...,a, t0 T1,...,Ty.



Remark 2.5 We will denote aq,...,a, by a and f(ay),..., f(a,) by f(a).

Proposition 2.6 Let A be a model of SAPP. We consider the relation Ry,
defined in the following way:

TRy BN for every z, =O(z, z) or O(y, z)

(Intuitively xRy means "z does not intersect y”.)
Ry is an equivalence relation which divides A into infinitely many infinite
equivalence classes.

Proof. Obviously R; is reflexive.

Let z,y € A and zRy. We will prove yRix. Let z € A. We must prove
that —=O(y, z) or O(x,z). Let O(y,z). We will show that O(x,z). We have
A = X5 and hence - there is t € A such that O(x,t). From here and zRyy
we get that O(y,t). From O(y,t), O(z,t), O(y, z) and A = \¢ we obtain that
O(z, z). Consequently R is symmetric.

It can be easily verified that R; is transitive.

Suppose for the sake of contradiction that there are finitely many equiva-

lence classes - [z1],...,[v,]. Using that A = A2, and A = A5, we get that
there are s,z € A such that =O(s,z1),...,=0(s,zn), O(s, 2). Clearly 2Rz,
zRyxa, ..., zR1x, and hence [z] # [z1], ..., [,] - & contradiction. Consequently

there are infinitely many equivalence classes.

Let [z] be an arbitrary equivalence class. Suppose for the sake of contra-
diction that [z] is finite, i.e. [x] = {y1,...,Yn} for some yi,...,y, € A. From
A = X5 we obtain that there is y such that O(y1,y). Let ¢ € {2,...,n}. From
y1R1y; and O(y1,y) we conclude that O(y;,y). Using A = A1, we get that
there is t € A such that t # y1,...,t # yn, O(y,t). We will prove that y; Ryt.
Let z € A. Tt suffices to prove that O(y1,z) implies O(t,z). From O(y1,y),
O(t,y) and A = A\¢ we conclude that O(t,z). Consequently y1 R1t, i.e. t € [z],
but we proved that t # y1, ...,y - a contradiction. Consequently [z] is infinite.
O

Definition 2.7 Let A be a model of SAPP, Ry be the relation from the previous
proposition. We consider the equivalence classes modulo R1 and the following
relation:

[2]R2ly] <L O(z,y)

It can be easily verified that this definition is correct and the following
proposition holds:

Proposition 2.8 Let A be a model of SAPP. Then for every equivalence class
modulo Ry [x] there is exactly one equivalence class [y] such that [z]Rz[y]. More-

over [z] # [y].

Proposition 2.9 Let A be a countable model of SAPP, B be a model of SAPP.
Then A is elementary embedded in .



Proof. Since A is a countable model of SAPP, A has countably many
equivalence classes. Let these equivalence classes be [a1], [az2], ..., [axn],--.,[d]],
[a5],...,[al],- .., all they being different and [a;1]Ra[a}], [a2]R2[ab], - . ., [an]Rz2]al,],
. ... There exist countably many equivalence classes of B [b1], [ba], . .., [bn], .- -; [b]],
[05],...,[b], .. such that all they are different and [b1]Ra[b}], [b2] R2[bb], - - - , [bn] Re
[b),], . ... For every n, [a,] and [a]] are countable; [b,,] and [b/,] are infinite. Con-
sequently for every n, there are injections h,, : [a,] — [b,] and R, : [al] — [V]].

We define the mapping f:

Fla) = hn(a) if a € [ay] for some n
@)= R, (a) if a € [a})] for some n

We will prove that f is an elementary embedding of A in B. By induction on
 we will prove that for every formula ¢, if ¢ has free variables among z1,...,z,
and ¢1,...,¢, € A, then A = p[c] & B | ¢[f(c)].

1) The base of induction is trivial.

2) p is ~p1

The proof is obvious.

3) pis o1 Ao

The proof is obvious.

4) ¢ is Jzp,

Let the free variables of ¢ be among x1,...,z, and ci,...,¢, € A. It can be
easily verified that A = Jxpq[c] implies B = Jzp1[f(c)].

Let B = Jxp1[f(c)]. We will prove A |= Jxp1[c]. There exists b € B such
that B ': Qol[ba f(cl)7 cey f(Cn)]
Case 1: b= f(a) for some a € A
From the induction hypothesis and B = ¢1[f(a), f(c1),..., f(cn)] we get that
A= pila,c1,. .., c,) and hence A = Jzpr[cy, .- -, cn).
Case 2: b # f(a) for every a € A
Case 2.1: b € [b;] or b € [V}] for some ¢
Without loss of generality b € [b;] for some i. There is b’ € [b;] such that
b = f(a) for some a # ¢1,...,¢,. Since b, V' € [b;], ~O(b,b’) (we use the
definition of Ry and Proposition 2.8). We define a function g : B — B in the
following way:

v ifz=>
glz)=4 b ife=V
T otherwise

Obviously ¢ is a bijection. We will prove that g is an automorphism. Let dj,
dy € B. It suffices to prove that O(dy, dz2) < O(g(d1), g(d2)). We will consider
only the case when dy ¢ {b,b'}, dy € {b,b'}. Without loss of generality ds = b.
Tt suffices to prove O(dy, ds2) < O(dy,b"). We have bR;b’" and using the definition
of Ry and its symmetry, we get that O(dy,b) < O(dy,b’). Consequently g is an
automorphism.

We have B |= p1[b, f(c1),. .., f(cn)]- Consequently B = ¢1[g(b), g(f(c1)),- .-,
g(f(en))], 1e. B = @rlll, f(c1),- .., f(en)]. By the induction hypothesis, A =
p1la,c1,. .., cy] and hence A = xp[er, ..., ¢l



Case 2.2: b ¢ [b;] and b ¢ [b}] for every ¢

Let ki1,..., ki € A (I < n) be such that for every i = 1,...,1, [k;]Rz[c;] for some
je{l,...,n}. Thereis a € A such that a ¢ [c1],...,[cn], [K1],---, [ki]. We add
to the language £ the constants d, di,...,d,. Interpreting the new constants
by b, f(c1),..., f(cn) or by f(a), f(c1),..., f(cn), we obtain two structures for
the extended language which we denote by B’ = (B,b, f(c1),..., f(¢cn)) and
B" = (B, f(a), f(c1),..., f(cn)) correspondingly. Let [m;] be the only equiv-
alence class for which [b]Ra[m1], and [mz] be the only equivalence class for
which [f(a)]Ra[ms2]. We consider Ehrenfeucht-Fraiss¢’s game with arbitrary fi-
nite length s and the following strategy for the second player: if the first player
chooses b (f(a)), then the second player chooses f(a) (b). Otherwise, if the first
player chooses an element out of [b]U[f(a)]U[m1]U[ms], then the second player
chooses the same element; if the first player chooses a new element of [b], then
the second player chooses a new element of [f(a)], different from f(a) and the
converse; if the first player chooses a new element of [m4], then the second player
chooses a new element of [ms] and the converse; if the first player chooses al-
ready chosen in the corresponding structure element « in [b]U[f (a)]U[m1]U[ms],
then the second player chooses the same element which then was chosen in the
other structure. Let e1,...,es and €], ..., e, be correspondingly of B’ and of B”
in the order of their choosing. Let h = {{e;,e}): i =1,...,s} U{(CF CB"):
C' - a constant of the extended language}. Let Bj be the substructure of 5,
generated by eq,...,es, b, f(c1),..., f(cn); BY be the substructure of B”, gen-
erated by e},...,e., f(a), f(c1),..., f(cn). It can be easily verified that h is an
isomorphism from B} to BY. Consequently for every closed formula ¢ we have
B'E < B” = ¢ and hence B’ = ¢1(d,dy,...,d,) & B = ¢1(d,dy,...,dy,);
50 B = oilb, f(e1),.., flen)] © B = o1lf(a), (@), .., flea)]. But we have
B E o1]b, f(c1),..., f(cn)] and thus B | ¢1[f(a), f(c1),..., f(cn)]. From the
induction hypothesis, A | ¢1[a,c1, ..., ¢, i.e. A | Jrpi[e]. Consequently f
is an elementary embedding of A in B. [

Corollary 2.10 The theory SAPP is complete.

Proof. Let .7:(5 be the structure for the language £ with universe {a - line in
Euclidean plane: at least 2 of the points of a are with rational coordinates}. The
predicate symbol O is interpreted by perpendicularity. We will prove that
.7-6 E Xs. Let 12, y12 € Q and a be the line, determined by the points
(z1,91), (22,92).-

Case 1: a does not coincide with and is not parallel to the ordinate axis

Let b be an arbitrary line in Euclidean plane, perpendicular to a, and k be the
slope of b. Let k; be the slope of a. The line m with equation y = kx is per-
pendicular to a. We have k = —% = —ﬁ € Q. At least two of the points
of the line m are with rational coordinates - (0,0) and (1, k).

Case 2: a coincides with or is parallel to the ordinate axis

The abscissa axis is in Fé Consequently fé E As. In a similar way it can be
proved that .7-'52 = A1, for every n > 1 and ]-'é E Ag, for every n > 2. Clearly

in g are true also Az, Ay and Xg. Consequently Fg = SAPP.



Let A and B be arbitrary models of SAPP. Since ]—'(5 is a countable model
of SAPP, fé is elementary embedded in A and in B (Proposition 2.9). Con-
sequently fé is elementary equivalent to A and to B and hence A and B are
elementary equivalent. Consequently SAPP is complete. [J

Proposition 2.11 (i) = is not definable by O in every model of SAPP;
(ii) O is not definable by = in every model of SAPP;

(iii) the ternary predicate p(a, b, c) is not definable in Fg pco, by O and =;
(iv) the binary predicate P(a,b) is definable in }'ﬂ%,PCOp by O and =;

(v) the binary predicate C(a,b) is definable in }"ﬁpcop by O and =;

(vi) O is not definable in ‘Fﬂ%,PCOp by P, C and =.

Proof.

(i) Let A = SAPP. Suppose for the sake of contradiction that there is a
formula (z,y) in which occurs only the predicate symbol O, such that A |=
VaVy(x =y < p(x,y)). Let a € A and g : [a] — [a] be a surjection which is
not an injection. We define f: A — A in the following way:

b if b ¢ [a]
O { g(b) otherwise

By induction on % it can be easily proved that for every formula ¢, if in
1 do not occur other predicate symbols except O, 1 has free variables among
z1,...,%, and as1,...,a, € A, then A = ¢[a] iff A = ¢[f(a)]. Consequently
for all 2/, y' € A, A= p[2’, y'] it A o[f(2), f(y)].

Since g is not an injection, there are by, by € [a] such that b; # by and
g(b1) = g(ba). Consequently f(by) = f(bs). Clearly we have the following
equivalences: by = by iff A |= @[b1,bo] iff A= ©[f(b1), f(ba)] iff f(b1) = f(b2).
Consequently b; = by - a contradiction.

(ii) Let A |= SAPP. Suppose for the sake of contradiction that there
is a formula ¢(z,y) in which occurs only the predicate symbol =, such that
A EVaVy(O(z,y) < o(z,y)).

We consider ]-'6. Let a be a line in the plane of which at least two of
the points have rational coordinates, and [b] be the only equivalence class such
that [a]Ra[b]. Let [c] # [a] and [¢] # [b]. Let [a] = {ao,a1,...,an,...} and
[c] = {co,c1y...y¢n,...}. We define a function f : Fé — Fé in the following
way:

x if x ¢ [a] and z ¢ [c]
fl®y=1< ¢ if ¢ = a; for some 7
a; if & = ¢; for some 3

By induction on v it can be easily verified that for every formula v, if in
1 do not occur other predicate symbols except =, i has free variables among
L1, &y and ai, ..., a, € FG, then F3 = o[a] iff F§ = [f(a)].

F§ is countable and F3 = SAPP (it was proved in Corollary 2.10); A |=
SAPP; so by Proposition 2.9 we obtain that }"(21) is elementary embedded in A.
Consequently F3 |= VaVy(O(x,y) < ¢(x,y)). We have [a]Ra[b], so O(a,b). We




have also f(a) € [c] and [¢] # [a], so =O(f(a),b), i.e. =O(f(a), f(b)). Clearly we
have the following equivalences: O(a,b) iff 7§ = ¢[a,b] iff 7§ = ¢[f(a), f(b)]
iff O(f(a), f(b)). Consequently O(f(a), f(b)) - a contradiction.

(iii) Suppose for the sake of contradiction that there is a formula ¢(z,y, 2)
in £ such that }"D%PCOP = VaVyVz(p(z,y,2) < o(z,y,2)). Let a, b and ¢ be
three lines in the plane which intersect at one point. Let a’ be parallel to a.
Clearly 73 pco, E ¢la,b,c] and Fg poo, ¥ ¢la’, b, c]. We define h: FF — F§
in the following way:

x if x #a,d
h(z) =< d ifxr=a
a if v =d

It can be easily verified that h is a bijection and preserves the predicates O and
=. Consequently ]—'ﬁpcop = ¢la,b,c] iff F§ peo, = @lh(a), h(b),h(c)]. Thus
fﬁpcop = vlh(a), h(b), h(c)], i.e. }"D%PCOP E vld’, b, c] - a contradiction.

(iv) We have ]-"D%’PCOP E VaVy(P(z,y) + (x £y A3z(0O(z,2) AO(y, 2)))).

(v) We have F3 poo, = VaVy(C(z,y) < 32(0(z, 2) A=0(y, 2))).

(vi) The proof is similar as for (ii). O

3 Decidability and complexity of the first-order
theory

Proposition 3.1 The problem if a closed formula in L logically follows from
SAPP is PSPACE-complete.

Proof. We consider EQ™ = {¢ : ¢ is a closed formula in the language £ =
(; ;=) and ¢ is true in all infinite structures} [1]. The membership problem in
EQ> is PSPACE-complete [1].

First we will prove that the problem if a closed formula in £ logically follows
from SAPP is in PSPACE. It is enough to juxtapose to every closed formula ¢
in £ a closed formula ¢ in £; and to ensure that ¢; can be obtained from ¢
algorithmically with use of memory polynomial in the size of ¢, and SAPP = ¢
iff p1 € EQ°.

Let \A* be the substructure of F32, which is obtained by eliminating of the
lines parallel to or coinciding with the abscissa axis, the lines parallel to or
coinciding with the ordinate axis and the lines with equation of the kind y = bz.

Lemma 3.2 The structure A* is a model of SAPP.

Proof. Let n > 1. We will prove A* = A\y,. Let b1,...,b,, ¢ € A* and
O(e,b1),...,0(c, by,). We will prove that there is d € A* such that d # by, ..., b,
and O(c,d). We have that b1, ..., b, are parallel and consequently have the same
slope m. Let the y-intercepts of by,...,b, be q1,...,q,. Let ¢ # 0, q1,...,qn-
Let d be the line with equation y = max+¢q. Clearly d has the desired properties.



Let n > 2. We will prove that A* = Ag,. Let by,...,b, € A*. We will
prove that there is ¢ € A* such that -O(c,by),...,~O(c,by,). Let the slopes of
b1, ..., by, be correspondingly my,...,m,. Let m # 0, _%1’ cee _%n' Let ¢ be

the line with equation y = ma + 1. Clearly ¢ has the desired properties.
Clearly the other formulas of SAPP are true in A*. O

Lemma 3.3 For every closed formula ¢ in the language L, SAPP = ¢ iff
A* = .

Proof. Clearly SAPP = ¢ implies A* = ¢. Let A* |= ¢ and B = SAPP.
We will prove that B = ¢. A* is a model of SAPP and SAPP is complete
(Corollary 2.10); so A* is elementary equivalent to every model of SAPP; so
A* is elementary equivalent to B. Consequently B = ¢. O

Let R be the structure for £; with universe R\ {0}.

Lemma 3.4 For any closed formula ¢ in L1, R |E ¢ iff p € EQ>.

Proof. Clearly ¢ € EQ™ implies R = ¢. Let R = ¢. We will prove p € EQ™.
Let A be an infinite structure. We will prove that A = ¢. We consider the
theory T' = {¢}. Let C be a set of constants such that the cardinality of C
coincides with the cardinality of A. T has an infinite model (R) and can be
considered as a theory in the language Lo = (C; ;=) with cardinality - the
cardinality of A. Thus by Lowenheim-Skolem theorem we obtain that 7" has a
model B for the language L5 such that the cardinality of B is the maximal of w
and the cardinality of A, i.e. the cardinality of A. We consider B as a structure
for £1 and since in ¢ do not occur constants, we have again B = ¢. A and B
are structures for £1 and the cardinality of A coincides with the cardinality of
B; so A and B are isomorphic; so A = . O

Let a be a line with equation y = bz + ¢. We use the following notations:
at =b,a? = —%, a® = c. Tt is convenient to call a', a® and a® coordinates of
the line a.

To every formula ¢ in the language £ we juxtapose a formula @ in the
language L1 in the following way:
1) ¢ - atomic
(o) If ¢ is O(w1,22), then @ is z1 = 3.
(o) If ¢ is 1 = @9, then @ is (z1 = 21) A (23 = 23).

2) ¢ is —¢’

P is .

3) pis @ A"

pis ' A

4) ¢ is Jx, ¢’ and ¢’ has free variables x1,...,x,

@ is JzL 322323 (¢’ A k), where for every natural number n, &, is a formula

with free variables z1, #2,... 2L, 22, defined in the following way:

rno

Kt oxl £ 22 A /\(x}zwiﬁ—)x?z:f)/\ /\(m}zwi(—mef:xl)

n n
i<n i<n



Definition 3.5 Let n be a natural number, al, a3, a3,... ak, a2, a3 € R\ {0}

n’

and for every i € {1,...,n}, R & wi[al,a?,...,a},a?]. We say that b}, b3,
b3, ... ,bL, b2, b3 are corresponding to al, a?, a3,...,al, a2, a if for every
ie{l,...,n},

1) b;, b7, b} € R\ {0}
2) ifal ¢ {al,a?,... al_1,a? |}, then b} ¢ {b3 b2 ... b} ;. b? |}
3) if ai = a). for some k € {1,...,i— 1}, then b} = b},

4) if a} = a3 for some k € {1,...,i— 1}, then b} = b}

5) b} =
6) b} = a}

By induction on j it can be easily proved the following
Lemma 3.6 Letbl, b2, b3,...,bL, b2, b3 be corresponding to ai, a2, a3,. .., a},
a?, a3. Then for any j and i, if 1 <i < j <mn, then
1) by = b; implies aj = a;;
2) bj = b7 implies aj = a3.
Lemma 3.7 Letbl, b2, b3,...,bL, b2, b3 be corresponding to al, a2, a3, ..., al,
a?, a3 and ¢ be O(z,y) or * = y. Then for any i, j € {1,...,n}, R &
Proof. Let i, j € {1,...,n}.
Case 1: i=
The proof is trivial.
Case 2: i £ j
Without loss of generality i < j.
Case 2.1: ¢ is O(z,y)
@ is 2! = 2. We must prove the following two equivalences:
1) ol = a? iff b} = b2
2) aj = af iff bj = b7

Since R k= rjlaj, af, ..., aj,af], af = af iff af = aj. Since b} - b2 = —1 and
bi - b7 = —1, bj = b7 iff b = b?. Consequently it suffices to prove the second

equivalence. By condition 4) of Definition 3.5, ajl. = a? implies b} = b2. By

Lemma 3.6, bjl- = b? implies a; =a?.

Case 2.2: pisz =y

gis (¢l =y ) A (@® =97).

We must prove the following equivalence:

(a; = a} and o} = a3) iff (b} = b} and b} = b3)

By conditions 3) and 6) of Definition 3.5 we get that (a; = aj and a} = a})

implies (bj = b; and b} = b?).

By Lemma 3.6 and condition 6) of Definition 3.5 we get that (b} = b} and b} =
1

3\ implies (gl — ol 3_ .3
b;) implies (a; = a; and aj = aj). O
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Lemma 3.8 Let b}, b2, b3,...,bL, b2, b3 be corresponding to ai, a?, a3, ..., al

sy Yno n’

a, ad and 1 < j; < j2 §2 ?]m S? TgLen bjll, b?l, bg’l,...,b}m, b?m, b?m
are corresponding to ah, asi,, aj,...,a; ,ai ,aj .
Proof. Since bi, b3, b3,...,bL, b2, b2 are corresponding to al, a3, a3,... al,
a2, ad, for every i € {1,...,m},
2 1,27,
) R ): H’[ ]1’0“]1""’aji’aj7‘,]’
1 32 13 .
2) bj,, b3, b3, € R\ {0}
2 _ 1.
3) bji - bl
24
3 _ 3
4) bji = aj;-
Let i € {1,...,m}. We consider
1 1 2
Case 1: a; gé {aj,, jl,...,ajl a5, )
We will prove that b1 ¢ {v} s Jl7...,b1 o ] e Suppose for the sake of
contradiction the converse. By Lemma 3.6, ajli € {ah, o .,a}iil,afiil}
which is the desired contradiction.
1 2
Case 2: a € {ajl, ]1,...,aji71,aj171}
Clearly:
_ 1 ; 1 1.
)1faj1 a%k for somek:e{l,...,z_—l}, then b1 —b%k,
2) if aj, = aj, for some k € {1,...,i— 1}, then b =03 .
O
Lemma 3.9 Let ¢ be a formula for £ with free variables x1,...,Tm. Let b},
14 1
b2, b3,...,bL, b2, b3 be corresponding to ai, a3, a3,...,al, a2, a3. Then

forlany 31,3. e Jm 16 {12 371}, R E @[a}l,ail,ag’-l,. .. ,a}m, a?m,a?m] iff R E
[bjl’bjl’b‘717...’bj ’b.%n’b]m]

Proof. Induction on ¢. For the base of induction we use Lemma 3.7. If

p is —@' or ' A", the proof is trivial. Let ¢ be Jz,,11¢" and ¢’ has free

variables x1,...,Zm,y1. Let b, b2, b3,... b1, b2, b3 be corresponding to ai,
a?, a3,...,al, a2, a>. Let ji,...,jm € {1,...,n}. Without loss of gen-
erality j11 §2 e < jm.1 We2 wﬂl’ prove that R E Jo) o 3a2 T2l (@ A
‘%m-‘rl)[]lv g1 @jyo - @G A5 ]lﬁ

R ': 3mm—‘,—lglxm,+1Elxrn+l((:0 A Herl)[bjlvb?lab?l sty bjl,”vbi”,b?m]

=) There are ¢!, ¢?, ¢3 € R\ {0} such that

RE (¢ A Hm+1)[ aj a3, as ... ,a; a3 ad et et et
o Ifct¢ {%17 ST ,a}m, i }, we choose a real number d!, different from
0, such that d' ¢ {bj ,b%,...,b} b3 }.
o Ifcl = ajlk for some k € {1,...,m}, we denote d' = b}k.
o If ¢ = a3, for some k € {1,...,m}, we denote d' = b7 .
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We denote d2 = —i d®> = 3. Using Lemma 3.8, we get that bjl17 b?l,
b3, .0 b5 08 d1 d?, d? are correspondlng toaj,, a3, al,...,aj , ajf”
a;’m, ct, ¢2, ¢®. By the induction hypothesis, R |= cp /[b Jl,bjzl , b?l, c b}m, ?, fm,
d*,d?,d%). Since for every k € {1,...,m}, b -b5 = —land d"-d*> = —

3 12 13 o1 B 8
R':K;m+1[‘717b317b.11". bJrn b] b]wn d7d7d};\

1 52 53 2 13 1
<2=) Tgherelare;d ;d , d? € R\{0} such tllrlat 723 = gwlAﬁmTl)[bjf , b]lébjl’ by
bjm me d+,d*,d ]2 133y Lemrrlla 328 bjé, le’ bh,.. bjm bjm bjz’" are c;)rre;
sponding to ajl, ajl, aju oyaj ya; ,a; andhence R = Kilal aj,aj ..., a;,,a;]|
for every k € {1,. .

.l 1 32

Case 1: d ¢ { J1’ Jl’ "’bjm’bjm
Let e! be areal number, different from zero, such that e ¢ {b! s jl, .. bjlm , bfm }.
We denote e? = —Jr, €3 = d®. It can be easily proved that bi,, b3, b?l, SN
2 23 .1 .2 .3 2 13 17 12 13 12
b . b; e, e, e are corresponding to b]17 bi,, b5, - .,bjm7 b . b5, d, d,
d3. By the induction hypothesis, R = ¢ [ Jl,bfl,bgl, .. b1 b2 b?m,el, e?,e3].
Let ¢! and ¢? be different real numbers such that ¢! 02 §§ {0 aj1 , a?l, . ,a;m,
a3 }. We will prove that b;, b3, b3 ,...,b; | b?m, b} el e?, e are cor-
respondlng to ajl, a?l, a?l,...,aj , a? , a:;- , cly ?, €3 Obviously R |
K:m+1[ }17(1?1’ e Q}WL,Q?’"L,CI,CQ] Slnce b;l’ b?l’ b.:;l’ o bl ’ b??n bg are cor-
responding to aj1 a?l, afl,...,ajl- , a? , a? , we have that COHdlthnb 2), 3)

and 4) of Definition 3.5 are fulfilled for every step from 1 to m. Obviously
they are fulfilled also for step m + 1. Clearly conditions 5) and 6) of Defi-

s 1 3 132 3 1
nition 3.5 are fulfilled at every step. Thus b; , bh, N I S S
€2, e3 are corresponding to ah, a?l, al,...,a; a3 ,al ct, e’ By the

a2 a3 1 .2 3 1
mductlon hypothesis, R = ¢/[a} aj Jl,ah,... aj ,aj ,aj c 2 e iff R =
1 32 33 132 33 1 a2 a3

[bjl,bh,bjl,...,b 05 b8 e e2 e, ConsequentlyRI:cp[]l, ag ,ag ...,

a}m,a?m,a? ct, el WehavealsothatRlzmmH[ Jl,ai,...,ajm,aj et c?).
a2 a3 1,2 .3 1 .2
Thus R = (¢ A Kpmy1)]at aj,, a3 .43 .. ,a; a3 a3 et et el e R
1 .2 .3 iy s
HC”m+133”m+1395m+1(%0 A bkmir)lag,, a5, a5, a5 a5 a5 ]
1 1 32

Case 2: d! € {b} i ]1,...,1)]m bi )
We proved that bl i bfl, b§’17... bl bfm b? are corresponding to a]17 afl,

al,...,aj , a3 , a5 and hence b1 b3 = -1 for every k € {1,...,m}.
We have also that d' = b or d' = b2 for some k € {1 ..,m} and R E

1 12 oo 1.2 _
/<;m+1[bjl,bj1, cyby b5 ddE Consequentlyd -df =

Case 2.1: d' = bj_for some k € {1,...,m}

We denote ¢! ajlk, 2= 2 . We will prove that bjl17 b?l, b?l, e b}w ?w b?-m,
d', d?, d® are correspondmg to aj, a3, a3 ,...,a; , a5 a3 ,c',c? dP. We
proved that R |= m[ aj,, a?l, ... Jl,afl] for every | € {1,. m} We will prove
ot = ol ) Snce R o)

jk #* ajk, ie. ¢t £ 2 It remainb to prove that for every I € {1,...,m},
(af, = aj, iff a3 = a3 ) and (a}, = o} iff a3 = aj, ). If | = k, then these equiva-

1

lences are obv1ous If I < k, then they follow from R = kilal aj s ?1, gy, ?k],
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if I > k, then they follow from R = xifal ,a?,...,a},a2]. Thus R &=

]17 Jl’ LI a1
Kmyalag, a3 ,...aj a5 ¢ c?]. Conditions 2), 3) and 4) of Definition 3.5
are fulfilled for every step from 1 to m because b b?l, b?l, ceey b]1 - b?w bg?m
are corresponding to ah, afl, a?’l, ceey ajlm ?m, ?m Obviously at step m + 1

condition 2) of Definition 3.5 is fulfilled.
We will prove that condition 3) of Definition 3.5 is fulfilled at step m + 1.
Let ¢! = aj, for some [ € {1,...,m}. We will prove that d* = b} . Using that

cl = a}k = a and the fact that b]1 , bi, b;’l N b]l , b?w bf’ are corresponding
17" 0 s 1 2 3 : 1 1
to ah, aj,, aj,,...,a; , aj , a; , we obtain that b; = bj. Consequently
= b
We Wlll prove that condition 4) of Definition 3.5 is fulfilled at step m + 1.
Let ¢! = a for some I € {1,...,m}.
Case a: | > k
Slnce R E rilal aj, s ;l,.é.,azl,a?l], clzjlk —2 as 31lﬂf a = a]l and hence al 2:
. We have that b; , 07, b7 ,...,b; , b ., b; are correspondmg to aj17 aj,
a§’17...,ajlm a3 , a3 and by cond1t10n 4) of Definition 3.5 we get by = b7, .
T _2 132
Consequently bj, = bj, and hence d* = bj .
Case b: k> 1
1 2 1 _ 2
We hallve pzrove?)d that (l]k 7&2ajk,380 k #1. Thus k > 1. We halve2 tha;c aj, = 1ajl
and bj , b7, b5 ,....0; | bj7 b; . are corresponding to ah, aj,, g ..., 05
a?m, a? Consequently b = b2 and hence d' = b2

Consequently cond1t1on 4) of Definition 3.5 is fulﬁlled at step m+ 1. Clearly
for every step, conditions 5) and 6) of Definition 3.5 are fulfilled. Thus we

1 32 33 1 2 3 1 g2 g3 :
proved that bj , b5, b5 ,...,b; . bjm b; , d°, d*, d° are corresponding to
aj,, a3, a3, ...,a5 a3 a3 el ¢? d®. By the induction hypothesis, R =
al a2 a3 1 2 .3 1 .2 g31: - 2 13 1 p2 313
SDlajl’ajl’ R e A d]IHRl:(p[]lleI’bJI’""anNme’me

1 2 g3 a2 ad 1 .2 3 2 73
d',d*,d’]. Consequently R = <p[ o Jl,aJN...,ajm,ajm,ajm,c ,c, d3]. We
have also that R &= Kmyi1la jl,ai,...,ajlm,a?m,cl,cg]. Consequently R |=

1 42 43 1 .2 3
EI‘Tm—l-lEla';'m-l—lzl'rrn+l(50 A Herl)l j17 j1 ) aj17 s 7ajmaajmv ajml'
Case 2.2: d' = b3 for some k € {1,...,m}
We denote ¢! = aj2 = aj Ina snnllar way as in Case 2.1 we prove that b
bfl, bfl, ceey blw b?m, b? d', d?, d* are corresponding to ajl, a?l, afl, . ,ajlm

2 3 1 2 33 1 .2 3 1
ajm’ ajm’ € e d” and R l: Ell‘m+15l$m+1zll’m+1(g0 /\‘%m-‘rl)l j17aj1’aj17' e ,ajm,

2 3
aj,» a5, - O

emma 3. e e a formula in L with free variables x1,...,x, anday,...,ay
L 3.10 Letp b [ L with bl . day,...,

€ A*. Then A* = plag,...,an] iff R |:@[a%,a%,a?,...,a}l,ai,af’ll

Proof. Induction on ¢. The base of induction, the cases when ¢ is —¢’ or @

is ¢’ A " are trivial. Let ¢ be 3z, 11¢" and ¢’ has free variables x1,...,Zp11.
Let ay,...,a, € A*. We will prove that A* = Jz,11¢[a1,...,a,] if R |
g4 32p 113050 (P A kg )[ag, a8, 68, ag, an s ap ]

=) The proof is trivial.
<) There are a1, a2 4, a ., € R\{0} such that R |= (¢’ Akpi1)lat, af,af, ...,
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12 .3 1 2 3 1 1.2 1.2 1
Ay Qs Gy 15 Gy G ). I a) & {a7,a7,...,a}, a5}, let by | be a real

number, different from 0, not belonging to {ai,ai,...,ap,a2}; if al , = a}
for some k € {1,...,n}, we denote b}, = az; if a}, = a for some k €
{1,...,n}, we denote by, = aj. We denote b2, = fﬁ. Clearly the
definition is correct. It can be easily verified that al, a2, a3,...,al, a2, a3,

s Yny Y

bhiq, V24, @y are corresponding to af, af, af,...,a}, a2, a}

s Yn

a
1 2
no an) an+1a an+17
3 7,1 2 3 1,2 .3 .1 2 3 : L
- By Lemma 3.9, R = ¢ [al,al,al,...,an,an,an,anJrl,anJrl,AanH] iff R £

ol 2 3 1 .2 3 11
¢'lai,ai,ai,. .. a5, a5, a5,b

1,024, a3, ]. Consequently R |= ¢'[a},a?, a3,
cap,a ad bl b2, a2 ], Let a1 be the line with equation y = bl z+

a3 q. Obviously a,41 € A*. The coordinates of a, 41 are by, b2, a3 1. By

the induction hypothesis, A* |= ¢'[a1, .. ., an, anp1] if R = @'[al, a2, a3, ... al,

2 .3 11 2 3
ap,ap, by 1,05 1,0, 4] Consequently A* |= ¢'[ai,...,an,an41] and hence
A* ': Exn-&-l@/[ala SRR an}' U

It can be easily verified that @ can be obtained algorithmically from ¢ by
using of memory, polynomial in the size of .

By Lemma 3.3, Lemma 3.10 and Lemma 3.4, SAPP £ ¢ iff A* E ¢ iff
REQiff p € EQ™.

Now we will prove that the problem if a closed formula in £ logically follows
from SAPP is PSPACE-hard. We will prove that for every closed formula in
L1=1{;;=) ¢1, 01 € EQ™® iff SAPP = 1. The formula ¢, is a formula in £
too. By Lemma 3.3, SAPP | ¢, iff A* = ¢;. Similarly of Lemma 3.4 we prove
that A* |= ¢ iff @1 € EQ®. Thus we proved that for every closed formula in
Ly @1, 1 € EQ> iff SAPP = ;. We have also that the membership problem
in EQ* is PSPACE-hard. Consequently the problem if a closed formula in £
logically follows from SAPP is PSPACE-hard. OJ

4 Some additional results
Proposition 4.1 The theory SAPP is not finitely axiomatizable.

Proof. For the sake of contradiction suppose that SAPP is axiomatized by
a finite set of formulas I'. Let the maximal quantifier rank of a formula of T’
be n. We denote k = n + 1. Obviously & > 0. Let S be the set of the lines
with equation of the kind y = ax + b, where a € {1,...k, —1,—%7...,—%},
b e {1,...,k}. Obviously S C F3. Let S be the substructure of 73 with
universe S. We consider the structures ]—'& and S and Ehrenfeucht-Fraisse’s
game with length k. It can be easily found a winning strategy for the second
player. Consequently ]-'é and S are k elementary equivalent. Consequently for
every formula ¢ of T', .7-'(5 E ¢ iff S = ¢. Consequently S = I'" and hence
S = SAPP but S £ Ay - a contradiction. O

It can be easily proved the following proposition:

Proposition 4.2 The theory SAPP is w-categorical.
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Proposition 4.3 The theory SAPP is not a-categorical for every uncountable
cardinality o.

Proof. We denote by Z* the set of all non-zero integers. Let o be an arbitrary
uncountable cardinal. Let A = a X Z*; B = Z* x a. We consider the structure

A = (4,0,=), where O((x1,22), (y1,¥2)) Loy = yp and x2 - y2 < 0. We

consider also the structure B = (B, 0, =), where O((x1,z2), (y1,¥2)) &

Y1
—1.
Clearly A and B have cardinality a.
It can be easily proved the following lemma:

Lemma 4.4 (i) Every equivalence class of A is countable and has the form
{7, 1), (%,2), ..., (vsn),...}or {(v,=1),(v,=2),...,(y,—n),...}, wherey < a;
(ii) Every equivalence class of B is uncountable and has the form {(s,8): B <
a}, where s € Z*.

Using Lemma 4.4, it can be easily verified that A = SAPP and B = SAPP.
Suppose for the sake of contradiction that there is an isomorphism f: A —
B. We will prove the following lemma:

Lemma 4.5 For any x, y € A, [z] = [y] iff [f(z)] = [f(y)].

Proof. =) Obviously —~O(f(x), f(y)). There is z € B such that O(f(y), ).
Since f is an isomorphism, z = f(z1) for some z; € A. Obviously O(y, z1) and
hence O(x, z1); so O(f(x),z); so [z]Ra[f(x)] but we also have [z]Rz[f(y)], so
/(@) = [F(w):
<=) The proof is symmetric. [J

Let v < a. We have (v,1) € A. By Lemma 4.4, [(v,1)] is countable and
has the form {(v,1),(v,2),...,(v,n),...}. We have f((y,1)) = (s,6), where
s € Z*, § < a. By Lemma 4.4, [(s,0)] = {(s,8) : 8 < a}. Using Lemma 4.5,
we get that for every positive integer i, f((v,47)) = (s, 3;), where 8; < a and
B; # pB; for i # j. Since o is uncountable cardinal, there is 7 < a such that
n # p; for every i. We have (s,n) = f(t) for some t € A and [(s,n)] = [(s,9)].
By Lemma 4.5, [(s,7)] = [(5.6)] iff [] = (7 1)); s0 [ = [( 1J; s0 ¢ = (,0)
for some positive integer i. We have f((v,7)) = (s,5) = f(t) = (s,n) - a
contradiction. Consequently there is no isomorphism f: A — B.

Thus SAPP is not a-categorical. [
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