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A Quadratic Spline of Sendov Type

IoaAN GAVREA

For a compact interval [a,b], a < b, on the real axis we denote by [a, b] the
space of all real-valued continuous functions on [a,b], equipped with the sup
norm given by

[ fllctas = 1]l = max{|f(x)| : @ € [a,b]}.
For a natural number r we write
C"la,b] = {f € Cla,b] : ) € Cla,b]},
and
Wi oola, ] = {f € Cla,b] = fU=Y abs. cont., |f7[|1 s < o0}

where || fl|ap) = | fllz.. =sup{|f(2)]: = € [a,0]}.
The following theorem due to Brudnyi [1] is very important in approxima-
tion theory.

Theorem 1. Let f € C[0,1] and s be a prescribed natural number. Then
there exists a family of functions {fsn : 0 < h < s7'} from Wy »[0,1] such
that

Hf* fs,h”oo < Asws(f;h),
1F L < Boh™Sw,(f;h),

where the constants As and Bs depend only on s and ws is the s-th order
modulus of continuity.

It is of interest to have information about the magnitude of the constants
A and Bs. Zhuk [7] gave lower bounds for the constants As and B; for the
case s = 1 and s = 2 using an extension of the function f to a larger interval.
In [4] a pointwise refinement of Zhuk results was obtained.

A genuinely different approach to constructing smoothing functions fj, is
to define appropriate spline functions whose definition does not require an
extension of f. This was done by Sendov [6]. Sendov proved the following
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Theorem 2. Let f € C[0,1]. Then there exists a family of functions

1
{fh: h=— m>2, meN}cWQ,w[o,u

such that
9 1
1 = fimlloe < S wa(f5 ),
m

2W2(f;%)~

Sendov’s functions f1.,, are quadratic splines Sa(f;-) € Wa, [0, 1]. Gonska
and Kovacheva [4] proved that the constant 9/8 figuring in Theorem 2 can be
replaced by 1.

Our aim is to construct smoothing functions f; such that

1f = fulls < Awg(f3h),
14 lloo < BwS(f5h),

1£mllo <

where the constants A and B are independent on the function f and wg(f;")
is Ditzian-Totik modulus defined by

wg (fit) = sup [A7, flloo
0<h<t

where

[z —ho(x)) — 2f(2) + f(z + he(z)),
Afwf(x) = if [z — ho(x), x + ho(x)] C [0,1]
0, otherwise,

p(z) = v/x(1 — ). The functions f, will be quadratic splines of Sendov-type.
Such functions were considered for the first time by Gonska and Tachev [3].

In [2] Gavrea considered a new quadratic C''-spline g and proved the fol-
lowing:

Theorem 3. Let f € C[0,1]. Then
_ oo < @( P L)
||f gH 7(")2 f?SIH 2(m+1) 9
. s
16%9" |loo < o W (f;sm m>a

m being a natural number.

The following result (see [2]) will be used in this paper.
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Let 61,02 be two distinct points such that 0 < 0y <02 < 5. Ifa = sin? 01,
b = sin? 0y, then for every f € C[0,1] the following estimate holds

[ L1(f5 a,0)(x) — f(2)| < w(f;sin(f2 — 01)) (1)

where Ly(f;a,b) is the Lagrange polynomial which interpolates the function f
at the points a and b.

Let A2n+32 O=zxg <21 < - < xp < Tt < o0 < Topqo =1 be a
partition of the interval [0, 1] such that

Ty — 29 < a2 —x1 < STy — X1,

Tp — Tp—-1 Z Tn+1 — Tn Z Tt Z x2n+2 — T2n+1-

We denote by §n( f) the continuous polygonal line having as knots the
points x, k = 0,1,...,2n + 2. With each such knot x;, k = 1,2,...,2n + 2,
we associate the numbers ay and by, defined in the following way:

a; = 0, b1 = 2$1

and

ak:%, b, — x) = T — ay, k=2,....,n+1.
For k=n+2,...,2n + 1 we define the numbers a; and by by symmetry with
respect to 1/2. Tt is supposed that 2z < as.

We construct the function g in the following way. For x € [ag,bi], k =
1,2,...,2n + 1, g is the second degree Bernstein polynomial over the in-
terval [ag,bg], determined by the ordinates S, (f;ax), f(zx), Sn(f;br). For
x € [bg,apt1], k=1,2,...,2n, g(x) = Sp(f; ).

It is easy to show that for € [ag,bx], K = 1,2,...,2n + 1, the function g
is given by

(z) = 1 2 —l’kq[

Th—1 +$k)2
g\xr I e—

- 2 T — -1 2

flar) — f(@e-1) (x C Tp1t a?k) L Sw) + flor)
2 2

$k71a$k7xk+1§f] (33 -
(2)
+

Tk — Tk—1
Using the estimate (1) we obtain the following theorem.

Theorem 4. Let f € C[0,1]. Then

Hf_gHoo Swéo(fadn)a (3)
HQDQg”Hoo < Onwf(fa dn) (4)
where d,, == max sin(fg41—0k—1), 0; = arcsin /23,1 = 0,1,...,2n+2,

ke{1,2,... 2n+1}
and
Cy = max Thit — Tkl H‘PQH
" ke{1,2, 2041} (Tpp1 — k) (TH — TR_1)? [akbe]-
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Let m be a fixed natural number, m > 1, and

Am: 0=$0<$1<"'<$2m+2:1

WheremkzsiHQ%,kzO,l,...,2m+2.

Theorem 5. Let f € C[0,1] and g be the function constructed above for
the partition A,,. Then

T
— < ® Qi —_—
4 T
20Moo € ————— wWE( frsin —— ). 6
le%9 Nl < 350 = w2 (f s 2(m+1)> (6)

Proof. From (3) we obtain (5). For the proof of inequality (6) we distinguish
three cases: (I) z € [0,2z1], (II) = € [ak,bk), E=2,...,m, () k=m+ 1.
Case I. From (2) we get

9'(@) = g 001,02 f] = gt S (0, m2) (@) = f). (1)

From (7) and (3), after a tedious manipulation, we get

4 cos T

27 ™

mtD) €08 ImiD) so( ) T

—— : wf (frsin ). (8)
sin® gy (4 0s® gy — 1) 2(m+1)

It is easy to show that

|z(1 = 2)g" ()] <

27 s
€OS 10y * €08 )
4 cos?

1
s S a9 (9)
4(m+1) 1 3
From (8) and (9) we obtain (6).

Case II. = € [ag,bx], k =2,...,m. From (4) we get

bie(1 — br)(@ps1 — Th—1) . 7T
26"l < oﬂ( ;smi).
le™9 oo < T an n — ey 2 S gy
It is straightforward to show that

bre(1 — b)) (Tps1 — Tp—1) 1
(g1 — o) (Tp — 2p_1)? ~ 4sin?

g((tan m>1> (10)

_m
4(m+1)
where

1
g(t) = (1 —+ m)(tQ Sin2 o — 1 + 2t Sin 20é + 2COS 20[)

1 . s
for t € [tana,m}a O = fmyD)-
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The function g is increasing and thus

176 16
< —< —. 11
o) < o2 < (1)

The inequalities (10) and (11) solve the Case II.
Case III. k =m + 1.

1
Because z(1 — z) < 1 e have

1 1 us
929" |0 < =+ —5—— W (f;sin 7>
4 sin D) - cos? D) 2(m+1)
4
— e W& f:sin 7)
~ 3sin® FTCTES)) 2 <f 2(m+1)

The last inequality proves our theorem.

From Theorem 4 we obtain the following theorems (see [2], [3]).

Theorem 6. Let m be a natural number, m > 1, and L : C[0,1] — C[0, 1]
a linear positive operator which preserves linear functions. For any h, h €
[sin m, 1} , the following inequality holds

4

(L)) — f)] < [2+ ((Eu) (@) = u(@)) [wE (£5h)

12 s
3sin m
where u(x) =xInz + (1 —z)In(1 — ) for xz € (0,1), u(0) = u(1) = 0.

The K3 -functional is defined by

KZ(fit) = lnf {IF = glloo +#l9%g" |0 }

2,00

where
Wy ={g9: g € ACi[0,1], [l¢°9"[loc < 0}

Using quadratic C''-spline g, we get

Theorem 7. Let t € [sin T 1] and f € C[0,1]. Then

K3 (f;t) <

WES2 g,

Remark. Tachev [5] obtained

K$(f;t) < 15ws(f;t).
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