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Properties of Discrete Rational Orthonormal
Systems

MARGIT PAP*

The Malmquist-Takenaka systems (®,,n € N*) form an orthonormal
system on the unit circle T. The restriction of the finite collection

(®,,mn =1,...,N) to a subset T4 = {€'™,...,e"™} of T is a discrete
orthonormal system with respect to the scalar product (-,-)~n. It is shown
that (e'™,...,e""N) is a stationary point for the potential function.

1. Introduction

In control theory the Malmquist-Takenaka systems (®,,n € N*) [5], are
often used to identify the transfer function of the system ([1], [2], [3]). This
orthonormal system is generated by a sequence a = (aj,asz,...) of complex
numbers of the unit disc D := {z € C: |z| < 1} and can be expressed by the
Blaschke-functions

z—0b

By(z) == T %, (beD, z€C).

Namely (see [4]), the systems ®,,, (n € N*) in question are defined by

By(z) = VL0l

1—a1z
/71 " an, 5 n—1
D, (z) = 177;2‘ By, (%) (zeD, n=2,3,...).
mn -1

The Malmquist-Takenaka functions form an orthonormal system on the unit
circle T := {z € C: |z| = 1}, i.e.,

1 27 ) i
(®,, B, = 7/ B, (") B () dt = Sy,
0

2T

where 0, is the Kronecker symbol (see [3], [4]).
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In the special case ag = a; = ... = 0 we reobtain the trigonometric system.
Ifag=a; =...=a, then ®, = L? (n € N*) is the discrete Laguerre-system,
and if agg—1 = a, asg = b (k € N*), then ®,, (n € N*) is the Kautz-system
investigated in [2].

If we have an orthonormal system with respect to a continuous scalar prod-
uct on the unit circle, in natural way arise the following questions:

e How to choose the nodal points on the unit circle and how to modify the
continuous scalar product so that the orthonormal property of the system

with respect to the discrete scalar product over the set of nodal points to
be valid?

e What kind of properties has this set of nodal points?

The answer of the first question (see [2], [6]) can be summarized in the
following way: If b € D, then By is an 1-1 map on D and on T, respectively.
Moreover (see [1]), By can be written in the form

By(e't) = e (teR, b=re'™ € D),
where

_1—|—r
T 1—7

)

t
By(t) :=T4+7s(t—7), vs(t) := 2 arctan(s tan 5), (te[-m,m), s:
and 7, is extended to R by 7,(t + 27) = 2w + v5(t) (¢t € R).
Thus the product vazl By, is of the form

N
HBa‘(eit) — i(Bay () ABay (1))
=1

This implies that the solution of the equation

z—a1 zZ—as zZ—an 1

1—chz.1—chz .I—Wz
can be written as
wy = e, =0 2r(k—1)/N)  (k=1,...,N),
where 05" is the inverse of the function
On(t) = %(gal )+ ...+ Ban(®))  (tER).
We set
Ty =T = {wp =€ : 7, = 0y (2n(k —1)/N), k=1,... N}

(N =1,2,...) and introduce the weight function px by

1— 2
::Z||a’“| (zeT, N=1,2,...).
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Theorem 1. The finite collection of ®, (1 < n < N) form a discrete
orthonormal system with respect to the scalar product

(F.G)n =) F(z)G()pn(2),

z€T N

namely,
(@, PN =0 (1 <m,n < N).

The second question was studied in [6], where the following equilibrium
property was proved: For any complex number z € C set z* := 1/Z and
introduce the polynomials

N

N
wy = H(z — ag), wo 1= H(l —arz),

k=1 k=1
w(z2) = wi(2)w2(2) — wh(2)wi(2) (z € C).

Tt is clear that w is a polynomial of degree 2N — 2. It is easy to show (see [6])
that if ¢ € C is a root of w, then ¢* is also a root of w with the same multiplicity.

Let us denote by c1, ¢, ... , cs, c; the pairwise distinct roots of w of multiplicity
Vvi,V1,... ,Vs, Vs, Tespectively.
Theorem 2. The numbers z, := w, = ™ € T%, 7, = 0;,1 (2n(n —

1)/N) (n=1,...,N) are the solutions of the equilibrium equations

al 1 | v, 1
Z Zy — % :Z<5.z—c»+5.z—c*> (n=1....,N). (1)
k=l ken -0 k54 n G n G

In the special case ag = a; = ... = 0 we reobtain the trigonometric system,
the set of nodal points T%; is the set of the roots of unity of order V. In this
case the equilibrium condition becomes

N

1 N—-1 1
> =——— (=1....N)
kel kot 1~ Tk In

This special case can be found in [7, p. 425]. Moreover, for this case the
following minimum property is proved: The potential energy

W = —log H |e?r — ¢
1<j<k<N

attains its minimum when e (k =1,... , N) are the roots of the equilibrium
equation 2V — 1 = 0.

These motivate the interest in the examination of the same minimum prop-
erty of w, = e'™ € T%,, 7, := 03" (27(n —1)/N) (n=1,...,N).
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In this paper we prove that the point (ei™ ..., e'™) is a stationary point
for the potential function
|25 — 2l
<Gj<k<N
W(z1,...,2n) == —log —— =i<ks —
IT T |2 —¢"9/2 |zg — ¢ 1|/

j=1k=1

defined on the unit circle.

2. The Main Result
Theorem 3. The point (11,... ,7n) is a stationary point of the potential
H |6’it]‘ _ e’itkl

(2)

1<j<k<N

,e''V) = —log

Wie, ...

N N
ﬁlknl‘eitk _Cj|I/j/2|eitk _c‘;llljj/2
j=1lk=

(11, tn) €RY), e,
it TN
oW ('™, ... e ):0 (n=1,...,N).

ot,,
For a; = ... = ay = a (when we reobtain the discrete Laguerre functions)

similar property was proved in [8].

3. Proof

Let us denote ¢; = ;€' and p; = rj+1/r;. The potential function defined

by (2) can be written in the following form

H |e’itj _ eitk‘
W(eitl,. N ,eitN) _ log e 1<j<k<N _—
H ‘eitk _ cj|u,-/2 |eitk _ Cj—1|u]-/2
j=1k=1
IT [2sin tj;t’“
1<j<k<N
= —log — .
_Hl kl_ll |pj — 2cos(ty — ay)|*i/2
j=1k=
—Vj 2sin(t, — ;)

" 4 sin =t

N .
ow sin(t,, — t)
_— = — 5 7 5 + : .
ot k_zk# 2 bty Z 2 pj—2cos(t, —a;)



378 Properties of Discrete Rational Orthonormal Systems

From the equilibrium conditions (1) we obtain that
N o - -
> M:iﬁ( W=, WG )
|wn, —wi|? —~ 2 \|w, —¢;|?  |wy, —cf|?
j=1 J

k=1,k#n

This means that
N s
Z COS T,, — COS T}, Z vj (cos Tp —T;COSCQ  COST, — (COS aj)/rj)

|wy, — wi|? = 2 lwy, — ¢;|? |wn — cf|?

k=1,k#n

and

N . . s . . . .
Z sinT, —sint, Z ﬁ(san —rjsina;  sinT, — (smaj)/rj>
|wn, — w|? |wn = ¢;? |wn, — ¢5[? '

2

k=1,ksn j=1

Multiplying the first equality by sin 7,,, the second one by cos 7,, and taking the
difference we get

S

N . . .
Z sin(r, —71) Z vj (rj sin(7, — ¢) n sin(r, — ozj)) 3)
kT [Wn =Wkl 2w — g2 rjlwn =520

The right-hand side of this equality can be written in the following form

i ﬁ(rj sin(7, — o) N sin(7, — aj))

= 2 lwy, — ¢;]? Tjlwy fc;f|2
S v rilw, — 2 + |w, — ¢;|? /75
_ ﬁsin(Tn—aj) ]| 3| | ]|2/ J
= 2 (pj — 2cos(T, —aj))
v 2(p; — 2cos(m, —
=3 Ysin(r, - o) (e ( ])g (4)
= 2 (,oj —2cos(1, — aj))

S X 2
= Z % sin(7, — o)

pj — 2cos(my, — o)

i sin(7, — Tk) vj 2sin(r, — ;)
4sin® 2T L~ 2 (p; —2cos(Tn — ;)

and consequently

oW (ri,...,Tn) g: sin(7, — 7) N zs: -V 2sin(r, —ay) 0
ot,, B 2 pj—2cos(th —aj)
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In a natural way arises the question whether this stationary point is a minimum
point for the potential function?

Problem. Letc; €D, j=1,...,5, N € N, N > 2, be given numbers.
If N unit masses at the variable point z1,... ,zy € T and 2s fixzed masses
g; = —vj/2 at ¢; and 1/0371 are considered, for what position of the points
z1,...,2N does the potential function

|zj — 2]
1<j<k<N

s N _
T 1T |26 —ci|"5/2 |2 — ¢ H|7i/?
j=1k=1

W(z1,...,2y) = —log

become minimum?
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