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Some New Integrability Classes of Fourier
Coefficients

Z1VORAD TOMOVSKI

Using the fractional derivatives of Weyl type we generalize some known
classes of Fourier coefficients and some inequalities of Sidon-Fomin type
for trigonometric polynomials. New L'-estimate of Telyakovskii type for
fractional derivative of cosine series is also given. Finally, some embed-
ding relations are presented.

1. Introduction and Preliminaries

The definition for fractional derivatives of certain trigonometric series was
introduced firstly in [13] by Weyl (see also [3, p. 263]; [14, XII)).
For o > 0, let us consider the series

iko‘ak oS (kzx—i— a_;‘) . (1)
k=1

If (1) is Fourier series of some function f,(x), then its sum function is denoted

by Df) f(z) and is called the fractional derivative of order « of the series f,
where

f(x)z%—i—iancosmc. (2)
n=1

The following inequality is known as Bernstein inequality for fractional
derivatives of Weyl type for trigonometric polynomials in LP space, 1 < p < oo.

Theorem A [3]. If T,,(z) is a trigonometric polynomial of order n, then
for all 1 < p < oo the following inequality holds

2l o
||D(f)Tn|| < JTE) n* | Tall,, 0<a<1
Tl a>1.
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In [9], we have proved the following theorem.

Theorem B. Let {\;}7_, be a sequence of real numbers. Then for any
l<p<2,n>1,r=0,1,...,

n 1 n l/p
() T
|Sonopo], <an e (23]

where M, is a positive constant which depends only on p, D,(;) is the r-th
derivative of Dirichlet kernel Dy and || - ||1 is the L*-norm.

For r = 0 this inequality is known as Bojani¢-Stanojevi¢ inequality, which
is often used in the theory of trigonometric series, especially in L!-integrability
problems. Specially, if |A\x| <1,k =1,2,...,n, we obtain the extension of the
Sidon-Fomin type inequality ([6]), proved in [7].

Theorem C [7]. Let {\¢}}_, be a sequence of real numbers such that
[Ai| < 1, for all k. Then there exists a constant M > 0 such that for any n > 1
andr=0,1,...,

n
|5 nnl ) <

A null-sequence of real numbers {ax}72, belongs to the class Sq, a > 0, if

o)
there exists a monotone decreasing sequence {Ay}7°2 ; such that >~ k*Ay < oo
k=0
and |Aag| < Ay, for all k. In connection with the class So, @ > 0, in [12] we
obtained new L!-estimate for the series (1).
We note that for « = r = 1,2,..., this class was defined in [7] and for
a = 0 it is the Sidon-Telyakovskii class (see [6]).

Theorem D [12]. Let the coefficients of the series (1) belong to the class

Sa, o > 0. Then the series (1) is a Fourier series of some Df)f e LY(0,)
and the following inequality holds:

/|D(a |dx<MZn A, where 0 < M = M(a) < oo.
n=0

A null-sequence {a;}32, belongs to the class Co, a > 0, if for every € > 0
there exists § > 0 independent of n, such that

k=n

g o0
/‘Z a;ﬂ) )Dk (x)|dx <e.
0
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For a = 0, we obtain the Garrett-Stanojevi¢ class C, and fora =r =1,2,...
this class was defined by the author in [8].

Denote by I,,,, the dyadic interval [2m~1,2™) m > 1.

A null-sequence {ax}72, belongs to the class Fpq, p > 1, a > 0, if

> v 11
Z gm(t/ata) Z |Aag|? < 00, where —+ - =1.
p g

m=1 kel

This class for &« = r = 1,2,... was defined in [9] and for a = 0 it is the Fomin’s
class Fp, p > 1, defined in [1].

A null-sequence {a;}52, belongs to the class Spq, p > 0, a > 0, if there
exists a monotone decreasing sequence {Ay}7° ;| such that

>0 P
ZkO‘Ak < 00 and Z |Aak| =0(1).
k=1

It is obvious that for & = 0 we obtain the class of C.V. Stanojevi¢ and V.B.
Stanojevi¢ (see [5]) and for « = r = 1,2,..., it is the class defined by the
author in [8].

On the other hand, we say that the null-sequence {ax}72, belongs to the
class Spag, p > 1, 0 < 8 < a, if there exists a monotone decreasing sequence
{A;}52, such that

> |Aak|”
ZkaAk < 00 and pla— ,8)+1 Z O(1).

k=1
For g =r € {0,1,...,[a]} this class was defined by Sheng in [4], but also it
was refined by the author in [11].
Concerning the class Spar, p > 1, « > 0, » € {0,1,...,[a]} we proved

in [10] the following theorem.

Theorem E [10]. Let the coefficients of the series (2) belong to the class
Spar; 1 < p <2, aa>0,r¢€{0,1,...,[a]}. Then the r-th derivative of
the series (2) is a Fourier series of some f() € LY(0,7) and the following
inequality holds:

71' o0
/ £ @)lde < Myo S A,
0 n=1

where Mp, o, s a positive constant which depends on p and c.
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2. Sidon-Fomin Type Inequalities and Applications

Theorem 1. Let {\}}_, be a sequence of real numbers. Then for any
l<p<2and a>0,néeN, the following inequality holds:

n 2l- 1 n 1/p
D@D < JTE= a)M”aJr (2 hiMlP) ™, 0<a<1
#Di " Dila]| < 1 1/p
k=1 Myn® (5 ko ) a>1,
where the constant M, depends only on p.

Proof. Applying firstly Theorem A, then Bojanié-Stanojevié¢ inequality, we
obtain

na r o MDrp@), 0<a<1
HZM?( Du@) < { IS5 M Dk
“||Zk L AeD(2)] a>1
27 o n 1/
oy Mpn® ™ (5 0o ) T, 0<a<t
Mo+t (LS00, wf?) 7 a>1.

Corollary 1. Let {\c}}_, be a sequence of real numbers such that |\i| <1
for all k. Then, for all « > 0, the following inequality holds

IS omo] {7

M nott a>1,

netl 0<a<l1

where M > 0.

Theorem 2. Let {ar}}_; € Spa, 1 <p<2,a>0,neN. Then

T

/‘Zk:AA—D(O‘)D )‘d:c -
0

Op.a (k2TH), 0<a<1
O, (k*™h), a>1

J

J=1
. Aaj . . .
Proof. Putting A\; = )= 1,2,...,k, in Theorem 1, we obtain
J
1—a e\ /P
1< Ad F%zf y Mpket? (% 2111 lA:z{l ) , 0<a<l
=9 DY D;(a)|de < N =t
Z A + J — k \Aa~\p 1/p
o g=1 "7 Mpka+1 (% Zj:1 ATJ’ ) ’ a>1
J

Op.o (K°TH), 0<a<1
Op (k*T1),  a>1.
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Theorem 3. Let {ar}}_; € Spap, 1 <p<2,0<S<a,neN. Then

Opp(keth), 0<B<1
/‘ZA%D(B)D )‘d _JOps (k) 0B <
O, (k*t)y, B=>1.

Aa]-
A;7

|Aak|” at1 |Aak|”
( Z -n npla— 5)+1 Z ’

we prove the assertion.

Proof. Putting \; = j =1,2,...,k, in Theorem 1 and using the

equality

Corollary 2. Let {ar}}_; € Spag, 1 <p<2,0< B <a,neN. Then

Ak/‘ZA%D(ﬂ)D )‘d:c:o(l), k— oo.
0

Proof. Applying Theorem 3 and using the known limit k*t1A4; = o(1),
k — oo, we obtain

(ke A 0<p<1
Ak/‘ZAaJD(B)D ‘d { pﬁk o )k) ﬂ_ﬁ_ —o(1), k- oo
« k >1

Using the same technique as that applied in the proof of Theorem E, by
Theorem 3 and Corollary 2, we obtain the following theorem.

Theorem 4. Let the coefficients of the series (2) belong to the class Spag,
1<p<2,0<B<a. Then the fractional derivatives of order 8 of the series

(2) is a Fourier series of some Df)f € L'(0,7) and

7 M, s kA, 0<pB<1
/‘D(iﬁ)f(l')‘dl'g{ P, Zk_l k ﬁ

0 BPZ:ilkaAka ﬂzla

where M)y g is a positive constant which depends on p and [, and By is a
positive constant depending only on p.

3. Embedding Relations

Using Corollary 1 and the technique of the proof of Theorem 4 in [7], we
obtain the following theorem.
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Theorem 5. For all a > 0 the following embedding relation holds: S, C
BV NC,.

Theorem 6. For all p > 1, 0 < 8 < « the following embedding relation
holds: Spap C Fps.

1 Aag|P
Proof. By the condition e oy Z | ak| = O(1) and the monotonic-

ity of {Ax} we obtain

1/p
1)1 Aag|?
(5 aup) "<z (s 5 )

kel,, kel
< K2m/Pome=h) Ay,

where K is an absolute constant. Hence,

0o 1/p oo
Z om(1/q+8) <Z |Aak|”> Z om(/ptl/a)gme g,

m=1 kel,,

_ Z m(1+oz)A2m71

8

m=1
o0
= K2t Yy " om Dt gy, 1 < oo,
m=1

According to Theorem 2 (see also [8, Theorem]), we obtain the following result.

Theorem 7. For all1 < p <2 and « > 0 the following embedding relation
holds: Spo C BV N Cy,.

Applying the same technique as in the proof of Theorem 3.2 in [9], by
Theorem 1, we obtain the following theorem.

Theorem 8. For all1l < p <2 and a > 0 the following embedding relation
holds: Fpo C BV NC,.

According to Theorem 6 and Theorem 8, we obtain the following result.

Theorem 9. For all 1 < p < 2, 0 < 8 < «, the following embedding
relation holds: Spag C BV NCj.

We note that a direct proof of this inclusion for 5 =r € {0,1,... ,[a]} was
given also by the author in [11].
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