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An Exact Pointwise Markov Inequality
on the Standard Triangle*
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An actual field of research in the theory of approximations is to ex-
tend the classical polynomial inequalities to multivariate setting. This
question concerning Markov inequality is satisfactorily settled for cen-
trally symmetric bodies. On the other side, the problem to find exact
pointwise Markov type inequalities for multivariate polynomials is stud-
ied only for homogeneous polynomials of degree two.

In the present paper we prove a sharp pointwise estimate of Markov
type for a set of strictly definite polynomials on the standard simplex A
in R%. Our approach is based on the explicit description of the stricly
definite extreme points of the unit ball of the space of second degree
polynomials, endowed with the supremum norm on A, which was given
recently by the authors.
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1. Introduction

Denote by 7 the set of all real algebraic polynomials of d variables and of
total degree not exceeding n. In what follows, |X |2 stands for the Euclidean
norm of X € R%. Let K be a compact set in R? and | f|| () := maxxex | f(X)]
be the uniform norm on K. We use the notation B,,(K) for the unit ball of 7%
with respect to || - [|c(x), i-e. Bo(K)={perl : Iplcw) < 1}

The classical inequality of A. Markov [4] states

2n?
19| cay) < P a lpllclap), for every p e 7l (1)

It has numerous applications in the theory of approximations.

*This research was supported by the Sofia University Research Grant No. 30/2016.



188 An Exact Pointwise Markov Inequality on the Standard Triangle

A challenging problem is to extend Markov’s inequality to convex bodies
in RZ. The first exact result in this direction belongs to Kellogg [2] and concerns
the case K = B? := {X € R? : |X|y < 1}. A more general inequality was
established by Sarantopoulos [9]. It has the form

2n?

w(K)

lllgrad plallc(x) < Ipllc(x), for every p € ml,
where K is an arbitrary convex and central symmetric body in R? and w(K)
denotes the width of K, i.e. the minimal distance between two parallel sup-
porting hyperplanes for K. A similar inequality, which is sharp, in general, for
the class of all convex bodies in R? was proved by Skalyga [10]. The reader can
find more details and additional references in the paper of Kroé [3].

Note that A. Markov proved (1) by a careful study of the pointwise upper
bound

M,(z) == max ()], z € la,b].
@:= max (@) .t
Moreover, A. Markov gave explicit expressions for M, (x), n = 2,3. This

motivates the problem to find exact pointwise Markov type inequalities for
multivariate polynomials. To the best of our knowledge such inequalities are
established only for homogeneous polynomials of degree two, see [8, 1].

The goal of the present paper is to prove a sharp pointwise estimate of
Markov type for a set of bivariate polynomials on the standard simplex.

We shall need an additional notation. Recall that a point p of a convex set
B is said to be extreme if the equality p = Ap; + (1 — \)pz for some p1,ps € B
and A € (0,1) implies p = p1 = p2. The set of all extreme points of B, (K) will
be denoted by E,(K). By the theorem of Krein-Milman, B,,(K) is the convex
hull of E,(K). As a consequence we have the equality

Lomax f(p) = Jomax f(p),

provided f is a convex function defined on B, (K).
Let A be the standard simplex in R?, i.e.
A={(z,y) eR* :2>0,y>0, z+y <1}

In [5, 6, 7] we described the set Ez(A). It consists of three parts E, Ery and
FErrr, which contain the strictly definite, indefinite and semi-definite elements,
respectively. Explicit formulas for the elements of E; are given in the beginning
of Section 2.

Next we formulate our main result, which is an exact pointwise inequality
of Markov type for conv Ey, the convex hull of F;.

Theorem 1. For every p € conv Ey and (x,y) € A the inequality
1 1 1
lgrad p(z,y)]2 < 16 max{|x— 5‘, ‘y — 5‘, ﬂ‘x—}—y -3 } (2)

holds true. Moreover, for every (x,y) € A the inequality (2) is sharp.
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2
)

po(z,y) =1 —S(y— %)2, and p3(x,y) =1 —8(ac+y— %)2, which belong to OF;.
It can be checked that |grad p1(z,y)|2 = 16|z — 3|, [grad pa(z,y)|2 = 16|y — 3],
and |grad p3(z,y)|2 = 16v2 ‘IE +y - %| This implies the sharpness of (2) for
every (z,y) € A.

Remark 1. Let us consider the polynomials pi(z,y) = 1 — 8(£L' — %)

2. Proof of Theorem 1

We shall introduce some additional notations. Let

M(z,y) := sup |grad p(z,y)|2
pEE]

be the Markov’s majorant for Ej. According to [5] the strictly concave elements
of E7 have the form

P(2,y) = Pryyo(2,y) = 1+ a(z—20)* +28(x —20)(y —yo) +v(y—v0)*, (3)
where

_ 22y —1) _ (A =220)1—-2y0) 22w —1)
“- zo(1 —zo —yo)’ b= zoyo(l —xo — yo) T yo(1l —xo —yo)’ @

and the point (xg,yo) belongs to the interior of the triangle A; with vertices
0, = (%,%), A = (0, %), and By = (%,O). All strictly convex elements of
E5(A) have the form @ = —P, where P is given by (3) and (4).

The above representation gives a parametric expression for the Markov’s
majorant:

M(z,y) = sup lgrad Py yo (2, y)|2-
(z0,y0) €int Ay

We set for convenience
1
K(I(Jayo; x, y) = Z |gra'd Pxo,yo(xay)@
2 2
= [a(fﬂ —x0) + By — yo)] + [5(55 —x0) +7(y — yo)] .
Given (x,y) € A, we set

B(x,y) := max K(xo,y0;2,y),
(z,y) (oo X (w0, yo; 2,Y)
where 9°A; = 9A; \ {O1, A1, B1}. Note that K (xo,yo;2,y) is not defined for
the vertices of Aj.

The following lemma provides an explicit expression for B(x,y) depending
on the location of the point (z,y).
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Lemma 1. We have

64 (z — %) , (x,y) € QRTS =: Dy;
B(z,y) = { 64(y — 3)7, (z,y) € VRTU =: Dy;
128(z +y — 1), (z,y) € ABSTU UOVRQ =: D3,
where Q = (0.27). R= (332, 55y%). T = (242, 252). § = (0.°24).
V= (L23,0), U= (25,0).

Proof. We have (4101) = {(w0,3) : @0 € (0,3)}. Then o = 8 = 0,
~v = —8 and K(xo,%;x,y) = 64(y - %)2 Similarly, (B101) = {(%,yo)
Yo € (O, %)}, so that 5 =~v =0, « = —8 and K(%,yo;x,y) = 64(:1: — %)2 For
(z0,y0) € (A1B1) we get « = =~ = —8 and K (xo, yo; z,y) = 128(x+y—%)2.

Therefore
B(z,y) = 64max{(:17— %)2, (y— %)2, 2<x—|—y— %)2}

Now a comparison between the functions (x — %)2, (y — %)2, and 2(3: +y— %)2
for (z,y) € A gives the result. Lemma 1 is proved. O

It follows from the proof of Lemma 1 that the extremal polynomial for D;,
i=1,2,3, is p;, defined in Theorem 1 and Remark 1, see Figure 1.

B

o vV U A

Figure 1. The domains where p;, i = 1, 2,3 are extremal.

Lemma 2. For every (zo,%o) € int Ay and (z,y) € D1 we have

1\2
K(f’?anO;ﬂ?,y) S 64(-'17 — 5) .
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Proof. Substituting the values for «, 8,7 from (4), it is sufficient to prove
the inequality

F(@o, 03 2,y) = {(2y0 — 1)*[2y0(z — o) + (1 — 220)(y — yo)]?
+ (220 — 1)%[(1 — 2yo)(z — o) + 220(y — 0)]*}  (5)

1\ 2
— 6dalys (1 — o — yo)Q(ac - 5) <0,

for all (x0,y0) € A1 and (z,y) € D;.
Note that f is a polynomial from 73 with respect to y, which has a positive
leading coefficient. Hence it is sufficient to prove that

flap, <0. (6)
1. Let us consider first the segment

[QS] = {(an) RS Il}a

where Iy = [y1,92], y1 = \f\/%l, Yo = \éi\;; The corresponding restriction of f

is

9(y) == f(20,50;0,9)
= (1= 220)?[(1 — 2y0)* + 425)(y — o)
—4(1 = 2x0)(1 — 2y0)[yo(1 — 2y0) + o (1 — 2z0)]z0(y — Yo)
+ (1= 2y0)?[4yf + (1 — 2w0)?|2§ — 1625y5(1 — w0 — yo)*-

We have to prove that g(y) < 0 for all y € I; and (xg,y0) € int Ay. In view
of convexity of ¢ it suffices to prove g(y1) < 0 and g(y2) < 0.

1.1. g(y2) < 0. We have

1
g(y2) = 3 (1 —2x0)(1 — 2z0 — 2y0) ¢(z0, yo),
where

q(x0,90) = 3+ 2V2 + dag — 14yo — 8v/2yo — daoyo + 24y3
+ 8V2y2 + 32x0y2 — 32x2y2 — 16y — 3205,

Since 1 —2x9 > 0 and 1 — 22 — 2yy < 0, we have to prove ¢(zg, yo) > 0 for
every (zo,%0) € A1.
The restriction qlja,0,] = 220(1 — 22¢) > 0. Therefore, it suffices to prove

d
a—q = —14—8V2—dwo+48yo+ 16V/2 yo +64woyo — 6423y0 — 48y3 — 9620y2 < 0,
Yo
(7)
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for every (zo,y0) € Aq.

We set 8%% =a+b+c, where a = —14+48y, — 48y2, b= —8v2+161/2yo,
and ¢ = 64xoyo — 6493%340 — 96:coy§ — 4xg. It is easy to see that a < —2 and
b < 0. Next we shall prove that ¢ < 1, which will finish the proof of (7).

The partial derivatives of ¢ are:

dc dc
— = 4(16yo — 32 — 24y -1 —— = 64x0(1 — 29 — 3y0).
Do (1630 ZoYo Yo ), B o ( To Yo)
The solutions of the system 88—5 =0, 68—5 =0 are
Zo Yo

(0’ : i1\2/m) and (8 i1;/3_4’ : ;1;/3_4).

None of them belongs to int A1, hence

max  c¢(xg, =  max c¢(xg,Y0)-

(z0,y0)EAL (z0,40) (z0,y0)EOAL (o, 30)
We have c|(4,0,] = 420(1 —8z0) < 1, ¢|jp,0,] = —2(24y5 — 8yo +1) < 0.
Consider now the restriction c|j4,5,] = c(xo, % — xo) = —24x3 + 4w for ¢ €

[O, %] It is easily seen that

cliaymy < (f24:ng+49;0)|M:ﬁ = <1.

8
9V2
This finishes the proof of 1.1.

1.2. g(y1) < 0. We have

g(y1) = *% (1 = 20)(1 — 220 — 2y0) q(20, Y0),

where

q(zo,y0) == =3+ 22 — 4o 4 14y — 82y + 4zoyo — 242
+8V2y2 — 32208 + 322292 + 1637 + 322018

Arguing as above in 1.1, we have to prove that g(xo,yo) < 0 for every
(z0,y0) € A1. Note that ¢ is a second degree polynomial with respect to zg.
More precisely, ¢ = a(yo)z2 + b(yo)zo + c(y0), where a(yo) = 4(8y3 — 1) and
b(yo) = 4yo(1 — 8yo + 8y2). (The explicit expression for ¢(yo) is not needed.)

Clearly, for yo € [O, %], a > 0 if and only if yg € [ﬁ, %] Consequently,

q = q(xo) is a convex function for every fixed yy € [ﬁ, %]

Suppose now that yg € [O, 2—\1/5) The only critical point of g(zg) is

yo(1 — 8yo + 8y2)
2(1 — 8y3)

xh =
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We claim that z§ < % — yo. Indeed, let us set

1 1 — 3yo + 8y
h = — — — k=7 IV
(yo) 5 Yo 0 2(1 — 832)
It is easily seen that the denominator is positive, while the numerator is strictly

decreasing function on [O, ﬁ) and 1 — 3yo + 8y > 1 — % > 0. The claim

is proved. Hence, in view of a(yg) < 0, we conclude that g(xg) is a strictly
decreasing function on [% — Yo, %]
Taking into account the above considerations, the problem to prove that

q(zo,yo) < 0 for every (zo,yo) € Ay is reduced to the following inequalities:

q(% - yo,yo> <0, Vye [0, %} (8)
and 1 11
q(?yo) <0, Vye [2—\/5 5}- 9)

It is easily seen that the last multiplier in the representation

qe ~90,0) = 2(=1++290) [2 = V2 + 2(=3+ v2)yo + 8y3].

is positive for every yo € R, which yields the validity of (8). The proof of (9)
is analogous because of the representation

a(3:90) = 201+ 200)[2 = V3 +2(-2+ VD)o + 848].

This completes 1.2 and the proof of (6) for the segment [Q.S].
2. Now we consider the segment
[RT] = {(z,z) : x € I},

3+v2
14

where Iy = [z1, 23], 1 = 3_1—)1/5, To = . The corresponding restriction of
fis

g9(x) == f(zo,y0; 2, 2) = (1 — 2y0)*[2yo(z — z0) + (1 — 220)(z — yo)]”
+ (1 = 220)2[(1 — 2y0)(z — x0) + 220(x — y0)]?

1\ 2
— 642y (1 — 20 — y0)2<:c - 5) .

We have to prove that g(x) < 0 for all € Iy and (2, yo) € int A;.
It is sufficient to prove that g(z1) <0, g(z2) <0 and ¢'(xz2) > 0. Indeed, if
the leading coefficient of g € 72 is nonnegative then the inequalities g(x1) < 0

and g(z2) < 0 imply g(x) < 0 for all z € . Otherwise, it follows from
g'(z2) > 0 that ¢'(x) > 0 for all x € I, hence g(z) < g(z2) <0 on Is.
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2.1. g'(z2) > 0, for every (xo,yo) € As.

‘We have 5
gI(ZQ) = 7? (1 - 2330)(1 - 2y0)h(1'0a yO)a

where

h(zo,50) = —3 — V2 + (w0 + yo) + (6 + 2v2) (20 — y0)?
— (16 — 4\/5)(1‘0 — yO)Q(l‘o + yo) — (32 — 8\/5)1’03/0(1‘0 + yo)Q.
Since 1 —2x¢ > 0 and 1—2yg > 0 in A, we have to prove that h(zg,y9) <0
in Ay. In fact, we shall prove that the inequality h(zo,yo) < 0 holds in the set
{(mo, yo) : 0 < xo,y0 < %} By the symmetry of h, it is sufficient to consider

the subset {(Jco,yo) :0<yy <o < %} = ANOB,;0;.
After a change of the variables yy = czg, the problem is equivalent to

1
se(To) = h(xo,cx0) <0, forall c€[0,1] and z € [0, 5} (10)

In explicit form,

se(0) = 8(—4 4+ V2)e(1 + ¢)*ag + 4(—4 + V2) (e — 1)*(1 + )z}
+2B3+V2)(c— 1)%2 +7(1 4 ¢)zo — 3 — V2.
Next we consider two cases.

(a) ce€ [0,2]. We claim that pe(zo) := gi; > 0 for every zo € [0, 3]. We
have

pe(0) = 32(—4+ V2)c(1 + )23 + 12(—4 + V2) (=1 + ¢)*(1 + ¢)z?
+4(3 4+ V2)(—1+¢)%zo + (1 +c).

Since
P (o) = —24(4 — V2)(1 + ¢)[8c(c + 1)zo + (1 — ¢)?] < 0,

it suffices to prove that p.(0) > 0 and p.(3) > 0. Clearly, p.(0) = 7(1+¢) > 0.
Furthermore, r(c) := p.(%) = 7(—4+v/2)*+7(—2+v2)c?—3(3+/2)c+5v/2+1.
Clearly, 7'(c) = 21(—4+v/2)c? +14(=2+v2)c—3(3++/2) < 0 for every c € R,
hence r(c) > r(%) = 671‘{% >09>0forall ce [O, %]

Hence (10) is reduced to sc(%) <0, for every c € [O, %] This follows from

se(3) = (—4+V2)A+ (3 —V2)e(l1—¢) < (3 —V2)e(l—c) < Oforall c € [0, 1].

(b) c € [2,1]. The Descarte’s rule implies that p.(zo) has a unique positive
root z5(c). We shall prove that

0.69 0.73

2
207 200 forall {—,1]
1+ec 1+c] oraltee |z

xy(c) € [
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For every a € R we set

qa(c) == (1 + C)pc(l%rc)

=4a(3+V2+3(V2—4)a)(c —1)2 + T(c+1)> 4+ 32(—4 + V2)ac.

It is easily seen that the leading coefficient of g, is positive for every a €
[0.69,0.73]. A direct computation shows that go.73(0.4) = —0.468... < 0 and
qo.73(1) = —4.189... < 0, hence go.73(c) < 0 for every ¢ € [0.4,1], which
establishes the upper bound for z{(c).

Similarly, the quadratic function gg ¢9(c) attains its minimum at the point
co = 0.907... and the minimal value is gg.g9(co) = 0.779... > 0. This implies
do.69(c) > 0 for every ¢ € [0.4,1] and finishes the proof for the lower estimate
of z§(c).

Since p.(zg) > 0 for zo < zi(c) and p.(zo) < 0 for zy > z(c), the function
sc(xp) attains its maximum on [0, 00) at ai(c). Therefore, it suffices to prove
that

2
se(zh(c)) <0, for every c € {g’ 1]

Let us set to(c) := (1)42 By Taylor’s formula,

r(c) == sc(to(c))
= sc(z5(c)) + st(x5(0)(to(e) — 25(c)) + 5 sL(E)(to(c) — 5(c))?,  (11)

where € € [%, ?—_Zf} C [0,1]. We have r(c) = a — (cf—i)% where o = 1.304. . .,

B = 8250.... Since 7'(c) = % < 0 for every ¢ < 1, it follows that
r(c) <r(0.4) < —0.3 for every c € [0.4,1].

Next we obtain an upper estimate of |s//(x¢)| for zo € [0, 1] and ¢ € [0.4, 1].
Clearly,

(o) = 96(—4+V2)c(14¢) 202 4+24(—4+V2) (c—1)?(14-¢)zo+4(3+V2) (c—1)?,

hence |s” (z0)| < 96(4 —v/2)-4+24(4—/2)-2+4(34++/2) < 1135 in the above
domain for (zo, c).
Finally, by (11) we get

se(25(€)) = se(to(c)) — % s¢(€)(to(c) — x5 ()
< —0.3+0.5-1135-0.022 = —0.073 < 0.

This completes the proof of 2.1.

2.2. g(x2) <0, for every (zo,yo) € Aq.
We have
1

g(x2) = %(*1 +220) (=1 + 2y0) (—1 + 220 + 2y0)h(z0, Yo),
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where

h(xo,0) = —11 — 6v2 + 2(10 + V2) (0 + o)
+4(-9+ 4\/5)(93(2) +y2 — xoyo) + 8(—9 + 4\/5)(:E3y0 + 20y2).

Asin 2.1, it is sufficient to prove that h(zg, yo) < 0 for every (zo,yo) € Ag.

The gradient system g—ﬁ) =0, g—;} = 0 has exactly four real solutions. Only

1
(@5, ye) = E(—1+\/25+ 12V2, <1+ 1/25 + 12V2) = (0.456. .., 0.456...)

belongs to the interior of Ay. Since h(zf,y;) = —6.518... < 0, it remains to
prove that h < 0 on 0A;. The restrictions of h corresponding to the sides of
A1 are:

1
hliay0.) = =10 = V2 4+ 2(10 + V2)z0 + 8(=9 + 4v2)a3, € [o, 5} ,

1
B0y = —10 = V2 +2(10 + V2)yo + 8(—=9 + 4V2)y5, w0 € [0, 5},

1
hlia,py = —10 — V2 — 4(=9 + 4V2)t + 8(—9 + 4V2)12, te [O,ﬂ.

It is easy to see that they all are negative on their domains, which finishes the
proof of 2.2.

2.3. g(x1) <0, for every (zo,yo) € Aq.
‘We have

1
g(x1) = —%(—1 +220) (=1 + 2y0) (=1 + 220 + 2y0)h(z0, Y0),

where

h(zo,y0) = 11 — 6v2 — 2(10 — v/2)(z0 + yo)
+ 409+ 4v2) (23 + 13 — moyo) + 8(9 + 4V2)(xdyo + Toyd)-

In this case we have to prove that h(xg,yo) > 0 for every (xo,y0) € Aj.
The solutions of the gradient system are:

1
ﬁ(—1jm/25—12\/5, —1i\/25—12\/§)

i(si V251 ava 31\/25+4\/§).

They do not belong to int A; hence the problem reduces to dA;. As in 2.2,
the restrictions of h on the sides of A; are second degree polynomials and it is
easy to show that they are positive.

and
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This completes 2.3 and the proof of (6) for the segment [RT].

3. The segment [QR]. It can be parameterized as follows:

en={(- 2 Go) eenh B=p T

The restriction of f on [QR] is g(z) := f(xo,yo; T, ‘/\5/%1 (3 —«)), which is

a second degree polynomial. Its derivative is

J(x) = _%(_1 +220)(—1 + 220 + 290)h(2),

where
h(x) == h(xo,yo; x) := a(xo, yo)z + b(z0, Yo),

a(zo,y0) = —10 + 4V2 + 8(2 — V2)zo + 8(2V2 — 3)2d + 4(9 — 4v2)yo
+16(vV2 — 3)y2 — 8xoyo + 32y8 + 64z0yE (z0 + yo — 1),
b(zo, Y0) = 3 — 2V2 + 2v2z0 + 4(1 — V2)2d + 2(4v2 — T)yo
+8(3 — V2)y2 — dxoyo — 16y8 + 322032 (1 — 0 — yo).

By 2., we have 9(3*142) = f(xo,yo;%, 3*1}1/5) < 0. Therefore, it is
sufficient to prove that ¢’'(x) > 0, for every & € I3. This is equivalent to

h(z) > 0, € I3. Since h is a linear function, it suffices to check the validity
of the above inequality only for x = 0 and « = %5.

Let hy(xo,y0) := h(0) = b(xo, yo). Clearly, hy is a second degree polynomial
with respect to xp, which has negative leading coefficient 4(1 — v/2) — 32y2.
Therefore, we shall prove that the restrictions hi|,,—o and hq|, ,=1 are positive
for yp € [0, %} . This follows easily from the explicit expressions

h1(0,y0) = 716<y0 - %) (yo 2 74\/5)2,

hy (%,yo) =-2(—-1+ 2yo)(2 -V2+ 2(\/5 —2)yo + 8?48)

Next we consider ha(zo,yo) := h(BEf). It is a second degree polynomial

with respect to zo with leading coefficient £ (8(v/2—3)—32(44+/2)y2) which is
negative. It remains to check that the restrictions ha|, o=1_z, and hy

positive for xzq, yg € [0, %] As above, this can be deduced from the formulas:

|zg—1 are

ha (xo, % - xo) - ;:CO (3(4+ v2) — 2(16 + 11v2)z0 + 16(4 + V2)a2),

(o) = —3 (~1+ 200)(3 — V3 + 2V~ 3o + 44 + VIR).
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The proof of (6) for the segment [QR] is completed.

4. The segment [ST]. We have

= {(= A G#) s een) w=p T

As in the previous case, we set g(z) := flig7] = f(aco,yo; ,‘/\_/'51(5 — x))
We have to prove that g(x) < 0 for every x € Iy and (x9,y0) € intAy. A
computation gives

1
g (z) = 3 (=14 2x0)(—1 + 220 + 2yo)h(x),
where
h(x) == h(xo,yo; x) == a(xo, yo)z + b(z0, Yo),
and

a(To,y0) = 10 4+ 42 — 8(2 + V2)zo + 8(2v2 + 3)x2 — 4(9 + 4v2)yo
+16(V2 + 3)y2 + 8zoyo — 32y8 — 640y (xo + yo — 1),

b(wo, Yo) = —3 — 2V2 + 2v/239 — 4(1 + V2)z] + 2(4V2 + T)yo
—8(3+ V2)y? + dxoyo + 163 — 32z0y2 (1 — x0 — yo).

We shall prove first that g (3+‘/_) > 0 for every (xo,yo) € int Ay. The last

inequality is equivalent to h(%) < 0. Let hy(zo,y0) := h(3+‘/_) Note that
h1 is a second degree polynomial with respect to xg, whose leading coefficient

S8+ V2 + 4(4 — v/2)y2] > 0. Thus, h; is a convex function in x¢ and
1t 1s sufficient to prove that hl( '3 t) and hl(%,t) are non-positive for all
te [0, 2]. This can be deduced from the representations

h1<t, % - t) - %t[3(—4 +V2) 4 2(16 — 11V2)t + 16(—4 + v2)t2],
hle,t) :fg(71+2t)[737\/§+2(\/§+3)t74(47\/5)152]

There are two cases for the sign of ¢’(0). If ¢’(0) > 0 then g(x) is a non-
f(any 05 3+\f7 3+f) < 0.

decreasing function on Iy, hence g(x) < g(3+‘[)
The last inequality was proved in 2. Suppose now that ¢’(0) < 0. Noticing that
g(x) is a second degree polynomial we conclude that g attains its minimum at a
point from I. Consequently, the inequality g(x) < 0 for all € I, is equivalent

to g(0) = f(w0,0;0, ¥2EL) < 0 and g(34¥2) = f(wo, yo; 2y2, 242)) < 0,

which were proved above.
The finishes the proof of (6) for the segment [ST]. Lemma 2 is proved. O
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Corollary 1. For every (zo,y0) € int A1 and (z,y) € Dy we have

1\ 2
Proof. As in Lemma 2, it is sufficient to prove the inequality

F(@o, 05 2,y) == {(2y0 — 1)*[2y0(z — z0) + (1 — 2z0)(y — yo)]?
+ (220 — 1)%[(1 — 2y0)(z — o) + 2z0(y — y0))*}  (12)
— 6423y (1 — zo — yo)® (y - %)2 <0,
for all (xo,yo) € A; and (x,y) € Dy. Since f(x0790§$ay) = f(y0a$0§y7x)

(see (5)), the inequality (12) follows from (5) and the fact that Do is symmet-
rical to D with respect to the line y = z. O

Lemma 3. For every (xo,y0) € int Ay and (x,y) € OVRQ we have

112
K (w0, yo 2, y) < 128(w +y— 5) . (13)
Proof. Now (13) will follow from the inequality

fxo, yoi 2, y) == {(2y0 — 1)*[2yo(z — 20) + (1 — 230)(y — y0)]?
+ (220 — 1)%[(1 — 2y0)(z — o) + 220(y — ¥0)]*} (14)

1\2
— 128x5y5(1 — z0 — yo)? (30 +y-— 5) <0,

for all (zo,y0) € A7 and (z,y) € OVRQ.

Since f is a symmetric function of z and y, we shall prove (14) only for
(z,y) € OQR.

Note that the leading coefficients of f with respect to z and y are negative
(see (16)), hence the method of the proof of Lemma 2 cannot be applied.

Now we define the auxiliary points P, = (0.12,0), P, = (0.12,0.15) and
P; = (0,0.15). It is seen that OQR C OP; Py Ps.

1. We claim that

of
et >0, for every (xq, c A, 15
Oz l(z,y)e[P1P2] — Vv y( 0 yo) 1 ( )
We have o ,
et __ %9 o 1
9z lz=0.12 25( o + 240 — 1)h(y),
where

h(y) := h(xo, yo;y) := a(wo, yo)y + b(z0,Y0),
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a0, yo) = 50zo — 10023 + 50yo + 20023y — 100y2
+ 200208 — 24002252 + 1600z3y2 + 1600223,
b(xo,y0) = 3 — 31z + 50x2 — 6yo + 24x0yo — 1002y — 38y2
— T6x0y2 + 91222y2 — 60823y2 4 T6y5 — 608x2y3.

Since 2xg + 2yo — 1 > 0 for every (zg,y0) € Ay, the inequality (15) will
follow from h(y) < 0 for every y € [0,0.15]. But & is a linear function, hence it
suffices to prove the last inequality only for y = 0 and y = 0.15.

We set hi(zo,y0) := h(0) = b(zo,yo). Note that h; is a third degree poly-
nomial with respect to each of the variables xy and yp.

We consider h; as a function of xy € [% — %Yo, %} for a fixed yg € [0, %}
The derivative h}(zg) is a second degree polynomial. It is easily seen that
h1(0) < 0 and A} (%) > 0 for every yo € [0,4]. Hence h{(zo) has a unique
zero x((yo) in the interval (0, %}, hi is decreasing in [0, z§] and increasing in

[, %} . Therefore

Lyt = {30 (3

From the explicit expressions h1(3 — yo) = 2yo(2yo — 1)(152y3 — 63y + 19)
and hl(%) = —19yo(2yo — 1)? it follows that hl(% —yo) <0 and hl(%) < 0 for
every yo € [0, 3], i.e. h(0) <0.

Next we consider ha(xg,yo) := h(0.15). In explicit form

47 3
ha(xo,y0) = 3 — 5 o + 3522 + 2" + 24z0y0 — T0x3yo — 53y]

— 46z0y2 + 55222y — 368a3y2 + 6y — 368x2y0.

As for hy, the derivative h}(zo) has a unique zero zj in the interval (0, 3], and

ho attains its minimum at xj. Hence, it is suffices to prove the inequalities

h2(% — yo) < 0 and hg(%) < 0 for every yg € [0, %] They can be deduced from

ha (3 — yo) = £(736y3 — 632y3 + 194y — 31) and he(3) = —4yo(2yo — 1)%
This finishes the proof of (15).

2. Next we shall prove that

i <0, forevery (zg,y0) € A (16)
92 = ) y 05 Y0 1-
Note that the above derivative does not depend on = and y. We have
62
a—;; = —2(2x0 4 2yo — 1)7(x0, Yo0),
where

r(zo, yo) = 1 —2x0—2yo+8xoyo + 4y§ + SxOy(Q) — 96x(2)y§ + 64$gy§ — Syg + 64x(2)yg.



L. Milev and N. Naidenov 201

Thus (16) is equivalent to (xo,yo) > 0 for every (xo,yo) € A;.
A small computation gives

9?r 9
8—33(2) = 64y; (6$O + 2y — 3).
Let Ty = (3,3). Clearly, Ay = A;ByT1 U BiO1Ti. Then 372; <0 (>0)
0
provided (xo,y0) € A1 BTy (resp., (xo,y0) € B101T1). Therefore,
min \Zo, = min r(xg, . 17
(0,y0)€EA1B1 Ty ( 0 yO) (z0,y0)€[A1B1)U[B1T1] ( 0 yO) ( )

Our next claim is

0
é <0 for every (xg,y0) € B1O1T1. (18)
0

This follows from ;—T = 64y — 40y2 + 8yo — 2 < 0 for every yo € [O, %]

o |[BlOl]
and the fact (see above) that 8‘9—;0 is a nondecreasing function with respect to
Zo in BlOlTl.

Taking into account (17) and (18), the proof of (16) is reduced to the
inequalities T|[AlBl] >0 and 7"‘ (01 B1] > 0. These follow from the equalities

1 1
r(aco, 5 :L'o) = —8x0(2z¢ — 1)(4a? — 320 + 1), T(E,yo> = 2y0(2yo — 1)2.

The proof of (16) is completed.

3. As a consequence of (15) and (16) we conclude that
of

92 >0, forall (z,y) € OP1PyPs and (zg, o) € Ag. (19)
Therefore,
(z’yrglggQRf(wo,yo;x,y) = e o f (@0, y0; 2, ).

In order to complete the proof of Lemma 3, it is sufficient to establish that
Ffliog <0 and fli, g <0.
Let

9(t) = fliom = Flaooitt),  tel=]o, %}
We have

0 0
gt = a—i(xo,yo;t,t) + a—z(wo,yo;t,t)-

Using (19) and [OR] C OP; P, P;, we conclude that the first summand is non-
negative for every ¢ € I. Furthermore, we introduce the function

f($07y0§$ay) = f(y07x0;x7y)'
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Then, -
f(anyO;xay) = f(y(JaxO;yax) = f(x07y0;yax)'

Consequently, ~
L two, i) = L o, o)
ay 0,Y05%,Y) = Oz 0,%05Y, .

By (19) we obtain

ﬂ(xmyo;tat) = g(xmyo;tat) = ﬂ(y(bxo;tat) > 0;

oy or or
for every ¢ € I. Therefore, ¢’(t) > 0 for every t € I and
max _ f(xzo,yo; x )—f(ac M 3_\/5)
(2,9)€[OR] 0,Y0;%,Y) = 05 Yo; 14 ) 14 .

Finally, note that the inequality f|[Q R] < 0 follows from Lemma 2 since the

corresponding functions f coincide on the segment [QR].
This completes the proof of Lemma 3. g

Lemma 4. The inequality (13) holds true for every (xo,yo) € int Ay and
(z,y) € ABSTU.

Proof. The inequality (13) is equivalent to

1\ 2
(I)($an0;x7y) = K($07907$ay)_128($+y_§) SO; (20)

for all (x0,y0) € int Ay and (x,y) € ABSTU. It is seen that ® can be written
in the form

T — Tg 1 1
®(z,y) = (r—a0, y—yo)H —128( + ——)(2 42y — o — ——),
(z,y) = (r—20,¥—Y0) (y _ yo) To T Yo 5 T 2Y—To—Yo 5

where

" o+ B2 -128 Bla+v)—128
T \Bla+v)—128 B24+42—-128 )’

and «, 8,7 are given by (4).
The gradient system for ® with respect to (x,y) is equivalent to

T — X 1 1
H = 128( -3) () 21
(3200) = 128(c0+ - 3) () @)
Let (z*,y*) be a solution of (21). Then

1
(") = 128 (w0 + 30 - 5)

X {(93 —Z0,Y" — o) (1)(21 +2y *930*21075)}

1 1
= 7128<x0 +yo — 5) (az* +y* - 5).
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If (z*,y*) € int ABSTU then z* +y* — % > 0, hence ®(z*,y*) < 0. There-
fore, it remains to prove (20) for every (z,y) € d(ABSTU). For this purpose,
it suffices to establish the inequality

f(I(JayO;Iay) <0, (22)
for all (xo,y0) € int Ay and (x,y) € I(ABSTU), where f is defined in (14).

1. Let us consider the segment [AB] := {(z,1 —z) : € [0,1]}. We have

2
9(x) := fllap = (1 — 2y0)*[(2x0 + 2y0 — 1)z + 1 — 2x0 — yo|
+ (1 —220)? [(2:00 +2yo — l)a — x0]2 - 32x8y§(1 — 0 —yo)*

Clearly, g is a second degree polynomial, which has a positive leading co-
efficient, provided (xo,y0) € int A;. In order to prove that g(z) < 0 for every
x € [0,1], it is sufficient to prove the inequalities g(0) < 0 and g(1) < 0. These
inequalities are equivalent to

(1= 2y0)*(1 — 220 — yo)* + (1 — 2w0)%zf < 3223y5 (1 — w0 — y0)*,  (23)
(1 —2y0)%yg + (1 — 220)*(zo + 2y0 — 1) < 322895 (1L — g — y0)®,  (24)
respectively. Observe that the left-hand sides of (23) and (24) do not exceed
(1 — 2y0)%y2 + (1 — 2z¢)222.

This follows from the inequalities |1 — 2z¢ — yo| < yo and |zo + 2yo — 1| < o,
which hold true for every (zg,yo) € A;.
Thus, we shall prove the stronger inequality

(1= 2y0)*y5 + (1 — 220)%f < 32a5y5 (1 — o — yo)*. (25)
It will follow from the inequalities
(1 —2x0)%x2 < 1622y2(1 — 20 — y0)?,
(1 — 2y0)%yd < 16x2y2(1 — 0 — yo)>.

Because of the symmetry, it suffices to prove only the first one. It is equivalent
to
xo(1 — 2yo)(1 — 229 — 2yo) < 0, (26)

which obviously holds for (zo,40) € Ay. This completes the proof of (22) for
the segment [AB].

2. The segment [SB] = {(0,y) : y € [s,1]}, s = ‘f\/gl We have

9(y) = flisp = {(2yo — 1)*[—2z0y0 + (1 — 220)(y — yo)]°
+ (220 — 1)%[~z0(1 — 2y0) + 220(y — ¥0)]*}

]_ 2
- 128133/3(1 —Zo — y0)2<y - 5) .
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The function g is a second degree polynomial whose leading coefficient is:
c=(1—220)%(1 — 2y0)? + 4a2(1 — 220)? — 12822y2(1 — xo — yo)>.

We claim that ¢ < 0 for every (zo,yo) € int A;. Since 0 < 1 — 2z5 < 2y for
(x0,y0) € Ay, it is sufficient to prove the inequality

42 (1 — 2y0)% + 4a2(1 — 220)? — 128222 (1 — 9 — y0)? < 0.

It follows from (25) noticing that (26) is fulfilled as a strict inequality for
(xo,yo) € int Aq.
A direct substitution yields g(%) > 0. By the result for the domain Dy,

we have g(s) = f(:co,yo;O, \2@—\}%1) < 0. Now the only way for the concave

quadratic function g(y) to attain a nonnegative value at % and a nonpositive
one at s is that it keeps to be negative and decreasing to the right of s. In
particular g(y) < 0 for every y € [s, 1], which finishes the proof for [SB].

3. Inequality (22) for (z,y) € [ST] U [TU] follows by the continuity of f
with respect to (z,y) and the results for the domains Dy and Dy (Lemma 2
and Corollary 1).

Since f has the symmetric property f(zo,yo;x,y) = f(yo,xo;y, x), the proof
of (22) for [UA] is reduced to that for [SB]. This completes the proof of
Lemma 4. U

Now we are ready to finish the proof of Theorem 1. It follows from Lem-
mas 1-4 that

K($Oa y07x7y) S B(I) y)7

for all (zg,y0) € int A7 and (z,y) € A. Then, by the parametric representation
of the Markov’s majorant we get

M(z,y) < 2v/B(z,y), (27)

which implies (2) for all p € E;. The general case p € conv E; follows from the
linearity of the gradient and the convexity of the norm.
Theorem 1 is proved. g

Remark 2. In fact, for every (z,y) € A the inequality (27) is fulfilled as
equality. Indeed, if (z,y) € D;, i = 1,2,3, we can take a sequence from Ej
tending to p; and in view of Lemma 1 and Remark 1, we obtain

M(x,y) > 2+/B(x,y).
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