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Voronovskaja Type Theorems

for Positive Linear Operators Related to
Squared Fundamental Functions
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For a sequence of positive linear approximation operators defined by
means of the squared Bernstein basis polynomials, Favard-Szasz-Mirakjan
fundamental functions and Baskakov fundamental functions, we derive
a complete asymptotic expansion. The initial coefficients are explicitly
calculated. As a special case, we obtain a Voronovskaja type formula.
Finally, we introduce two Durrmeyer-type variants and calculate the ini-
tial coefficients of their asymptotic expansions. In each case the trivial
class will be determined. Finally, we study the asymptotic properties of
operators defined by means of squared Meyer-Konig and Zeller funda-
mental functions.
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1. Introduction

For a probability distribution P = (p, )52, the sum

1c(P)=> "p}
v=0
is called the index of coincidence [14]. The Rényi entropy of order 2 and
the Tsallis entropy of order 2 are given by R(P) = —log IC(P) and T(P) =
1 — IC(P), respectively (see [23], [25]). The associated Shannon entropy is
given by H(P) = — 3 .2 ,p,logp,. For instance, the index of coincidence for
the binomial distribution with parameters n and x

Fo(z) = i ((’Z) av(1— x)”_”>2
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is related to the Rényi entropy R,(r) = —log F,,(z) and the Tsallis entropy
R, (z) =1— F,(x).

During the last years, there has been an increasing interest in monotonicity
and convexity properties of sums of squared fundamental functions arising in
approximation theory (see, e.g. [13, 20, 22, 12, 4]). For a certain interval I C R,
consider a positive linear approximation process

- Zgn,u(x)f(xn,u) (l‘ c I)
v=0

such that Y7 /2 (x) > 0, for all z € I with nodes z,, € I. In many
concrete applications we have ¢, ,(z) = 0, for v > n, ie., the sum is finite.
Otherwise, we apply L, to functions for which the sum is convergent, for all
x € I. We associate to L,, the operators L,? defined by

(L f) (@) = EL,OnV }:e F@n).

It is clear that the operators L, 2 are linear and positive. In this paper we are
interested in the asymptotic properties of the sequence (L;f f) as n tends to
infinity. We study the pointwise asymptotic rate of the operators L,2? by a
Voronovskaja type result for various examples. The main result is a complete
asymptotic expansion

(L2 ) (@)

o0

(n — 00),
k=1

for sufficiently smooth functions f. The latter formula means that for each
positive integer g,

(L2 f) () +Z“ﬁ (n™1)  (n— o).

In order to approximate integrable functions we consider the following two
Durrmeyer-type variants of the operators L,? defined by

~ TLl/’f)
(DLE1)0) = S Z“”(ﬁ c0)

and
ad ~ nuaf)
DL ? 2
( nf)(l') Z "0 nu Z (nyaEO)
where

mmzzmmww

is the canonical inner product.
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In the special instances we are looking for functions f with bi(f,z) = 0,
for all x € I. In this context, the family of these functions f having the
property (L,2f)(z) = f(z)+o(n™!') as n — oo is named the trivial class of the
operators L, 2.

Throughout the paper e, denote the monomials e, () = 2" (r =0,1,2,...).
Furthermore, we define ¢, (t) =t — «, for ¢, € R.

2. A General Result

The following result gives an asymptotic estimate of the central moments
which is essential for obtaining asymptotic expansions for the operators L, 2 as
n tends to infinity. To the best of our knowledge the result appears here for
the first time. It generalizes the result [7, Lemma 4] for the squared Bernstein
polynomials.

Lemma 1. Fizx € I. Let 0 < 4, ,(z) <1, for sufficiently large n, and

e’} ) i
R L]

for some real constants ¢ and o > 0. Suppose that, for sufficiently large inte-
gers s,

(anis)(:p) =0(n"?) (n — 0).
Then, for any (arbitrary small number) e > 0, the central moments of the
operators L,? satisfy the estimate

(Ll93) (@) = O(n=*/2*%)  (n — c0).

Remark 1. We conjecture that in the case of the most approximation op-
erators the more general and sharper inequality

(L23) (@) = O~ 0/2) (5 ) (1)

is valid, for all non-negative integers s.

Remark 2. Note that, for the classical Bernstein polynomials, the relation

> oo P (@) (% — x)QS =O(n~*) as n — oo is well known.

3. The Bernstein Operators

The Bernstein operators B,, defined by

oo

B@ =Y (aa-ors(Y) el

v=0
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are the most prominent approximation operators. They are the instance I =
[0,1], p,, = v/n and

lpy(2) = ppop(z) = <Z)x”(1 —z)", n=12,..., z€][0,1]

are the Bernstein basis polynomials.
The rational Bernstein type operators B,? : C[0,1] — C0,1] defined by

(B20)@) = sor—ars S @)5(%) @)

were studied by Herzog [15] in 2009 who investigated them accompanied by a
plenty of numerical experiments. It is clear that the operators B,? are linear,
positive, preserve constants and interpolate f at the endpoints.

The second central moment of positive linear operators is crucial for their
approximation properties. In 2017, Gavrea and Ivan [12, Eq. (12)] estimated
the second central moments (B,?i/)?c) (x) of the operators B,? by the inequalities

v=0

1z(l—2x) “g 9 z(l—x)
2 T« < _—
5 < (B2W2)(z) < rM, —
where M, = sup G,(u) and
0<u<1
1 :
t(1—ut) "1 (t(1 —t)) "1/ 2dt
G () = do Wt = w7 (t1 = 1)) L wel0,l, r=1,2,...

Jo (@ —ut)r(¢(1 — t))~1/2dt

([12, Eq. (1)]). Note that 2(1—x)/n = (B,2)(x) is the second central moment
of the classical Bernstein polynomials B,,. As a corollary, Gavrea and Ivan [12,
Cor. 5] obtained an estimate of the rate of convergence

(B2 - f@)| < (1+VVE-1)e(r D), we ), nx2

Hence (see [12, Th. 6]), for any f € C[0,1], the sequence of operators (B,?f)
converges to f uniformly on [0, 1].

Recently, Holhog [16, Theorem 1] derived the following Voronovskaja-type
result for the sequence (B;lz).

Theorem 1 (Holhos, 2018). Let f € C|0, 1] be such that the second deri-
vative of f exists and is continuous in a neighborhood of x € (0,1). Then

2 ey + M ey,

The continuity of f” in a neighborhood of x is not necessary. Following
Corollary 2 it is sufficient that f”(x) exists (see [7, Corollary 1], which appeared
simultaneously and independently of [16]). In the following we gather the recent
results of Abel and Kushnirevych in [7]:

lim n((B2f) () — f(x)) =

n—oo 4
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Theorem 2. Letz € (0,1), ¢ € N and f € C[0,1]. If f?9+2)(z) emists, the
sequence of operators (B,?) satisfies the asymptotic relation

(BN @) = f@)+ 3 B2 o (0 o0,

k=1
where by (f, x) are certain coefficients independent of n. The initial values are

given by

bf ) = 7 2o = DF(@) + o= 2)f" (@),

ba(f,2) = % f'(@) + 3% f(@) + % (22 — (1 — 2) /@ (x)
+fx2(1 2)? f¥(x),
bs(f,7) = (2x —62(1( 325; ))f(x)erf,,(x)
2 L r®) ) 4 z(1— )(116J.rf!x(1—93)) FD (@)
+ —5(z(1 _15))52'(% ) FO (@) + W FO ().

Remark 3. Under the conditions of Theorem 2, if f is sufficiently smooth
at the point z, the sequence of operators (B;LQ) possesses a complete asymptotic

expansion
o0

(n — o0).

(B.*f) (@

k=1

Remark 4. For ¢ = 1,2,3,4, it is sufficient that f(29)(x) exists instead of
f29+2)(z). This would be sufficient, for all positive integers g, if the central
moments of the operators B,? satisfy the estimate

(B,243)(z) = O(n~LEHDRI) (0 — o0), (3)

for all non-negative integers s. However, we can show only that, for any (arbi-
trary small number) € > 0,

(B.243) (@) = O(n=**%)  (n — c0)
(see Lemma 1). We conjecture that the sharper estimate (3) is true.

Corollary 1. Let z € (0,1) and f € C[0,1]. If f"(z) exists, the operators
B 2 satisfy the asymptotic relation

n

tim n((B,2f)(@) ~ F(@) = § (22— 1) f (@) + 3 a1 — )" (z).

n—oo
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Remark 5. The trivial class of the operators B, consists of the functions
fo(z) = c12%(3 — 22) + ¢ (c1,c2 € R).
For these functions we have lim n((B,2fo)(z) — fo(x)) = 0 or, more precisely,
n—oo

(B,2fo)(x) = fo(z) + O(n~2) as n — co. Theorem 2 implies that

lim n?((B,2fo) (2) = fo(@) = T a(1 —2)(1 - 20).

3.1. The First Durrmeyer Variant of the Squared Bernstein
Polynomials

In order to approximate integrable functions we introduce a Durrmeyer
variant DB,? of the squared Bernstein polynomials:

o, (02, f)
DB,f = g opW;)p"”(pm,eo)’
where )
(97h):/0 9(t)h(t) dt.
Because of

o v e L)
(pn,l/760) _/0 pn,y(t) dt = (2n+1)(§z)

we can rewrite the definition of DB,? in the more explicit form

n

(DB2f) () = ;”t )Z )) |ttt i
pnu =0 ”

We report the following results from [7, Theorem 2 and Corollary 2].

Theorem 3. Letx € (0,1) and suppose that f is bounded and integrable on
[0,1]. If f(z) exists, the sequence of operators (DB,?) satisfies the asymp-
totic relation

a(f.x) , eolf.a)

(DB27) @) ~ 1)+ AT b))
where
a(f,z) == 1 (lfo)f( )+%x(1fa:)f"(a:),
x — 2422 28
a(fa) = OB @) + 55 (3= 01— )0

+ (- 2)(1 - 22/ (@) + £ (o1 - ) D @),
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Corollary 2. Let x € (0,1) and suppose that [ is bounded and integrable
on [0,1]. If f""(x) exists, the operators DB,? satisfy the asymptotic relation

(1= 20)f/(x) + 3 21 — 1) " (2).

I

lim n((DB,*f)(x) - f(x)) =

n—oo

Remark 6. The trivial class of the operators DB,? consists of the func-
tions

fo(z) = ¢y arccos V& + c2 (c1,c2 €R).

Theorem 3 implies that

- ) 1—2x
lim n*((DB,’fo)(2) = folx)) = e 18496(2(1 — 2))3/2"

4. An Alternative Durrmeyer Variant Related to
Squared Bernstein Polynomials

In order to approximate integrable functions we introduce a second Dur-
rmeyer variant DB,? of the operators B,%. Replacing the point evaluation

f(%) in (2) with the functional (n + 1) fol f(t)pn,. () dt leads to the definition

(DB21)(@) = so—s S0 (a) [ Fpc(tyat
v=0

v=0t'n,v
The following results can be found in [7, Theorem 3 and Corollary 3].

Theorem 4. Letx € (0,1) and suppose that f is bounded and integrable on
[0,1]. If f®(x) exists, the sequence of operators (DB;LQ) satisfies the asymp-
totic relation

(DB2f) (@) ~ fla) + 2D @0 )

n n2
where
af) =2 (=207 (@) + S 21— 2) 1" (2),
ea( i) = BI04 21— 501 - )" (0)
B2 020) )4y 4 2 a1 — ) ).
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Corollary 3. Let x € (0,1) and suppose that f is bounded and integrable
on [0,1]. If f"(x) exists, the operators DB,? satisfy the Voronovskaja-type

formula
!/

(2(1 = 2)f'(2)) -

> w

lim n((DB,2f)(x) — f(x)) =

n— oo

Remark 7. Note that the classical Bernstein-Durrmeyer operators DB,
possess the complete asymptotic expansion

(1= )k ) (2)) Y
k!l (n+ 2)F

(n — o).

(DB,,)(z) ~ f(z) + > (
k=1

Here z¥ := 2(z +1)--- (2 + k — 1), for k € N, denotes the rising factorial. In
particular, we have the Voronovskaja-type formula

lim n((Dan) (x) — f(x)) = (z(l - x)f’(:l:))/

n—oo

(see [3] and [5]).

Remark 8. Note that the Voronovskaja-type formula in Corollary 3 co-
incides with that of the classical Bernstein-Durrmeyer operators DB, aside
from the factor 3/4. Hence the trivial class is the same like that of the classical
Bernstein-Durrmeyer operators:

fo(z) = c1(logz —log(1 — x)) + c2 (c1,¢0 €R).

5. The Favard-Szasz-Mirakjan Operators

In this section we announce several results without presenting any proofs.

5.1. The Classical Favard-Szasz-Mirakjan Operators
The Favard-Szasz-Mirakjan operators S,, defined by

5@ =S (1Y) e b))

v!
v=0
are the instance I = [0, 00), z,, = v/n and

(na)"”

V!

—nx

loo(x) = spu(x) =€ , n=1,2,..., xz€]0,00).
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In this subsection we consider the operators

e 2v

(S0 = = Ol(ﬁ);y > () weboo

While the operators are defined for functions of exponential growth, i.e., f sat-
isfies f(t) = O(e™") as t — oo with a positive constant a, we restrict ourselves
to functions of polynomial growth.

Theorem 5. Letx > 0, g € N and f € C[0,00) be a function of polynomial
growth as the variable tends to infinity. If f(2912) (x) exists, the sequence of
operators (Sn2) satisfies the asymptotic relation

(5:20)@) = £@) + 3 2D oy s o0),
k=1

where by (f,x) are certain coefficients independent of n. The initial values are
given by

1

b(f2) = 7 £/(@) + j o (@),

bl ) = o (@) 4 o5 @) — g D) + 5 2 T @),
b2 = g 10+ g 1710) = 5 PO + 55 100

2 3
x (5) 15z (6)
o FO@) + o O ),

Remark 9. The trivial class of the operators S,? consists of the functions
fo(z) = 12?4 ey (c1,c2 € R).

It is remarkable that the operator S, preserves the quadratic function e;. We
have A
S e, =e, (r € {0,2}).

For the study of the operators S, one can use the fact that the moments of
S,,2 can be expressed in terms of the modified Bessel functions I;. The modified
Bessel function I; of order j is a solution of the differential equation

d \2 d )
() L)+ L) = (24 L (2) = 0
(see [8, Eq. (9.6.1)]) and it is given by the power-series expansion
2

16 = ()Y s (7

v=0
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(see [8, Eq. (9.6.10)]). One can show that

o0 v r 3 T ) ) o0 v

S u@(2) =n 3 itolri) ().

v=0 7=0 v=0

where o(r, j) denote the Stirling numbers of the second kind. For instance, we
have

- I (2nx)
S,z = 0).
( n 61)(56) 10(271.%‘) x (ZE > )
Using elementary methods one can show the inequality
5 Il(z)
1—--< <1 0
z = Ip(z) ~ (z>0),
which implies the estimates
. I, (2nz) 5
2 1
z = |- 1- ) ’ < 0
(S, 242 ()] ] x ra)| <3 @>0

and

Il(an)) < ‘ix, (z > 0).

(Sngwi)(w) =2’ (1 B Iy (2nz)

Standard arguments imply the following estimate of the rate of convergence in
terms of the first modulus of continuity [9, Theorem 5.1.2].

- n

Theorem 6. Let x > 0 and n € N. For every bounded function f €
C[0,00) and § > 0, we have

(5,2 F) () = f(=)] < (1 + ;\/?)w(f;é).

Moreover, if f is differentiable on [0,00) with f’ bounded on [0,00), we also

have
(820 — @) < 1)+ 2 (14 5wt

Theorem 6 applied to § = /5x/n implies

Corollary 4. Let © > 0 and n € N. For every bounded function f €
C[0,00), we have

(S - 5@ <20(5:/2) @0 nz ),

Moreover, if f is differentiable on [0,00) with f' bounded on [0,00), we also

have
(8.2 ) (@) = f(a)] < % /()] + 2\/§w(f’; ﬁ)
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5.2. The Durrmeyer Variants of the Favard-Szasz-Mirakjan
Operators

In order to approximate integrable functions, we introduce the following
Durrmeyer variants of the operators S,? defined by

- 1 > 5721 vs
DSn2f — 0072 8721,11(2’7]6)
ZV:O Sn,v V=0 (Sn,w 60)
and
NnqQ 1 - n,vs
DS = et S g2, L d)
ZVIO snﬂ/ =0 ’ (Sn,y, 60)
where -
(g,h) = / g(t)h(t) dt.
0
Because of

(Snws€0) = / Spu(t)dt = —
0

n
we can rewrite the both definitions in the more explicit form

22u+1

D82 = e %VQﬂ_A 2 (0 f(t) dt

l/OnV,/O

and
0 [e%s)

DS’ f = s, (t)f(2) di.

Theorem 7. Let x > 0 and suppose that f is of polynomial growth, locally
bounded and integrable on [0,00). If f@® (x) exists, the sequences of operators
(DS,;Q) and (DS;Q) satisfy the asymptotic relations

(DS~ fla) + A0+ L (00
(D8,27) (@) ~ f(@) + T2 BT )
where
alfo) = 1 @)+ 3 1)
@mwz——ﬁww~ﬁwm+%ﬂWm+§ﬂWm
af) =3 1)+ 5 (@),
@mngﬁﬂm+§ﬂw 12 (@) + 272 0
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Corollary 5. Let x > 0 and suppose that f is of polynomial growth, locally
bounded and integrable on [0,00). If f"(x) exists, the operators (DST;Q) and

(DS;LQ) satisfy the asymptotic relation

Jim n((DS;2)(@) - (@) = 7 £/@) + 5 £(a).
Jim n((DS,2)() ~ ) = @)+ 5 1)

Remark 10. The trivial class of the operators DS, ? consists of the func-
tions

fo(.T)ZCl\/E—i-CQ (01702 ER).
Theorem 7 implies that

lim n*((DS;2fo)(x) — fo(z)) = —o

n—o00 - 64x3/2°

Remark 11. The trivial class of the operators DS,? consists of the func-
tions
fo(z) = c1logx + co (c1,c2 € R).

Theorem 7 implies that
lim n2((DS7;2f0)(w) — fo(z)) =0.

n—oo

That this limit is equal to zero is quite unusual. One could ask whether the
operators DS, ? preserve the logarithm function. We propose the

Problem 1 (Open Problem). Is the equation DS;z log = log walid for
alln € N?

6. The Baskakov Operators

In this section we announce several results. We present full proofs for the
classical definition and omit the details in the case of the both Durrmeyer
variants.

6.1. The Classical Baskakov Operators
The Baskakov operators V,, were introduced by Baskakov [10] in 1957. They

are the instance I = [0,00), 2, = v/n and

—1
Enu(x)bn7y(:c)<y+n )a:”(1+x)””, n=12..., z€l0,00)
14

)
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are the Baskakov fundamental functions. In this section we study the operators

(V.21 (@) = Zyow wa 7(%).

Theorem 8. Letx >0, g € N and f € C[0,00) be a function of polynomial
growth as the variable tends to infinity. If f2912)(x) exists, the sequence of
operators (V,LQ) satisfies the asymptotic relation

(V2@ = )+ 30 20

k=1

(n™%)  (n—o0), (4)
where by (f,z) are certain coefficients independent of n. The initial values are
given by

bfa) = 2 iy 2D )

— X X x 2 X x
bo(f0) = — LB, ) LRI g

1 1 .
— 5 P+ 01+ 20) [P (@) + 52 (1 +2)2 D (),

1 — 13z + 9922 + 31823 + 2762* + 722° (@)
64(z(1 + )2 *
—1+ 51z 4 32722 4+ 51622 + 240z* (2)
64x(1 + x)
2 3
ERES R TR LT
48
o(1+2)(1+44x(1 + x)) F@ ()
16 - 4!
5l +2))°(1+20) o . 15(2(1+2))?
16 - 5! @)+ =

For q =1,2,3,4, it is sufficient that f9(z) exists instead of f29+2)(x).

bS(f7 'T) =

- O ().

Remark 12. The special case ¢ = 1 is the Voronovskaja-type result

lim n((Van)(:c) - flx) = e fix) + w f(x),

n—00 o 4

which was recently derived by Holhog [17, Corollary 11] under certain conditions
on the function f.

Remark 13. The trivial class of the operators V,, 2 consists of the functions

fo(z) = c12%(3 4 22) + 2 (c1,c2 € R).
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For these functions we have lim n((V,,%fo)(z) — fo(z)) = 0 or, more precisely,
n—oo

(V.2 fo)(x) = fo(z) + O(n™2) as n — oo. Theorem 8 implies that

lim n?((V,2fo)(z) — fol(x)) = % 2(1 + z)(35 + 52z).

n—oo

As a first step we study the moments V, 2e,. of the operators V, 2. In the
case f = e, we have to consider

;O b2 @) (2) =n 2) Ko(r k) 2::0 02, (z) <k> (5)

k=

In the latter equality, we made use of the identities

V= gk! o(r, k) (:)

where o(r, k) denote the Stirling numbers of the second kind. The next lemma
provides an integral representation of the inner sum in Eq. (5). For > 0 and
n,j > 0, we define

Lo(z) = /Oﬂ (14 22(1 4 2)(1 — cos)) " cos(j0) de. (6)

™

Lemma 2. Let x > 0. Then, forn=1,2,3,..., and k=0,1,2,...,

ibz,uw () =("7) S (5)a 04 2 Do),

Jj=0

Proof. Our starting point is the generating function of the fundamental
functions

Z bn,V(I)(tew)y = (1 +z—ate?)™".
v=0
Differentiating both sides k times with respect to ¢, and taking ¢t = 1, we obtain
Z b (2) <Z> el = < * Z )zk(l + 2 — zet?) TRk (7)
v=0
Taking advantage of the orthogonality relation
2m o
/ ewﬁ ei}t@ do = 271-6”7# (V, ue Z)
0

we obtain

sl (i) (S )= S
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Using Eq. (7) leads to

= v
2 b

DIHCIE
k+n—1 m : , ,
= < +Z )a:k/ (1+z—ze®)y ™ Fe (1 4 o — ze=)""dp
0

k -1 2m e )
= < +Z )mk/ (1+22(1+a)(1 — cosf)) k((l—i—x)e’e—aj)kdﬂ.
0
Applying the binomial formula
; k e
() =) =3 () ot e
— \J
i=
after some simplification we arrive at the desired formula. O

Now we derive a complete asymptotic expansion for the integrals I, j(x) as
n tends to infinity.

Lemma 3. Let x > 0. Then, forj:O,l 2,...

Jr
Nfzaj,, V+2 ) (n — 00),

where aj, () are the coefficients in the power series expansion

el —1 eVt _ - _ v
Tj<1_ 2-17(1+m))\/6t—1\/413(1+x)_et_|_1 *Z(IJ,V(I')t

v=0

and T; denotes the Chebyshev polynomial of degree j.

In particular,

ajo(z) = _
Oy it a)
01 (x) = L2470l +2)
PR T 6 (w(1 + 2))32
0;2() = 2= 4042 4 165* + (60 — 24052)x(1 + z) + 100(z(1 + x))2
P 768(2(1 + ))5/? -
Hence,
1 1—42+6x(1+x
Inj(z) = / (1+2)

2/mx(1+x)n  16y/7(z(1 + z)n)3/2
9 4052 + 165* + (60 — 24052)z(1 + ) + 100(z(1 + x))?
384y/m(x(1 + x)n)5/2
+0(n~ 7% (n— o).
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Proof of Lemma 3. We make the change of variable

t =1log (1+ 2x(1+ z)(1 — cosh)),
eldt = 2x(1 + x) sin 6 df

in the integral (6). Recall that the Chebyshev polynomials T; (7 = 0,1,2,...)
satisfy cos(j6) = T)(cos ). Hence,

cos(j0) =T; (1 — 2;;1__'_2))

Observing that

sinf = /1 —cos26 = (2z(1 + z)) Vet — 1/4z(1+z) —et +1,

for 6 € [0, 7], we obtain

I, (@)
1 log(1+4z(1+4x)) . et —1 et
== et (1 - ) dt
77/0 J 20(1+2)/ et —1\/dz(1+x) —el +1
1 log(1+4z(1+x)) ol
== / e " Z a;, t" Y2 dt.
™Jo v=0

Now the result follows by Watson’s lemma (see, e.g. [21, Theorem 3.1, p. 71]).
O

For abbreviation we define, for s =0,1,2,...,

Ty s(x) := ibfbw(az)(K - x)s.
v=0

n

By Eq. (5) and Lemma 2, we have

S

Tos(z) =7 (f) (—2)*"n" kz_ok| o(r, k) (k + e 1)

r=0

k
3 (- 1)k (’j) It 2 L (2).

=0

Now the result on the integrals I,, ;(«) in Lemma 3 leads to complete asymptotic
expansions for the central moments T), s(z). In the particular case s = 0, we
obtain the well-known relation

1

xXr) = 3 2 xTr) = Tr)~y ——— n ).
Toafi) = D B0(0) = Inale) ~ e (00 )
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This formula is the special case r = 2 of the recent result by Holhog [17, Eq.

()]

— 1 _
Zb;’y(m‘) ~ —(2rz(1 + z)n)1—/2 (n—=o00, 7=1,2,3,...).
v=0 \/;

The central moments of the operators V, 2 are given by

2,18 Th,s(x)

Proof of Theorem 8. It is well-known that, for s = 0,1,2,..., the central
moments of the classical Baskakov operators satisfy (V,,45)(x)=0(n"~ L('9“‘1)/2J)
as n — 0o. Hence, the existence of a complete asymptotic expansion follows, by
Lemma 1 and a slight generalization of general approximation theorems due
to Sikkema [24, Theorem 1]. By direct computation, it can be verified that
Eq. (1) is valid, for 0 < s < 8. Hence, for ¢ = 1,2,3,4, the expansion (4) is
valid under the weaker condition that f(9)(z) exists. U

6.2. Durrmeyer Variants Related to Squared Baskakov Operators

In order to approximate integrable functions, we introduce the following
Durrmeyer variants of the operators V,, 2 defined by

00 2
V2= et S, L d)

ZVZO b%;V v=0 Y (b%,V’ 60)

and ( )

_ 1 = b, f

DV’IIQf = o 19 b72'L V’i”

Zzo:() b%,y =0 ’ (bn,l/? 60)
where -
(o) = [ gttn(e) .
0

Because of

o0 2 (2n+2v\ /20 /2n -2
anea) = [ = 2 () () (),
’ 0 ' n+v\ n+v v n—1

> 1
(bw,eo)z/ b, (1) dt =
0

n—1
we can rewrite the both definitions in the more explicit form

2n+2
1 > 2 (n—|—V)( Z—&-VV

) [
b d
T e e ), BT

DV,*f =
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and

- n—1 > °
DV.2f = o M /0 b (8) (1) dt.
V= v =0

The asymptotic behaviour of these operators can be obtained in the same
manner as in Theorem 3 and Theorem 4. We omit the details. Asymptotic
results on the ordinary Baskakov-Durrmeyer operators can be found in [6].

7. The Meyer-Konig and Zeller Operators

The operators of Meyer-Konig and Zeller [19] in the slight modification of
Cheney and Sharma [11], defined by

[ee]
— _ n+1 v + n v v
Onp =0 -2 () 0<e<n,
v=
(also called Bernstein power series) were the object of several investigations in
approximation theory. They are the instance I = [0,1), z,,, = —VJ”rn and

v+n

loo(z) =My (1) = (1 - x)"“( )x”, n=12..., x¢cl0,1).

14

Usually, for = 1, one defines (M, f)(1) = f(1). It is well known that, for
every continuous function f on the interval [0, 1], we have

lim (M, f)(z) = f(z)  (x€[0,1]).

n— oo

In 1970, Lupas and Miiller [18] obtained the Voronovskaja-type formula

i — X 2
lim (M f)(a) — f() = "L gy,

n—oo 2

In the paper [2] (see also [1]) the complete asymptotic expansion for the
Meyer-Konig and Zeller operators is presented in the form

(M f)(x) ~ f(2)+ Y ax(fiz)n™ (0 — o0),
k=1

provided that the function f possesses derivatives of sufficiently high order at
x € [0,1].
In this section we study, for 0 < z < 1, the operators

(M2 f)(x) = % imi_y(x)f( - )

Zu:O mn,u(x) =0 ' v+n
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The first three moments of the operators M, ? can be represented in terms of
hypergeometric functions. It is easy to see that

M, ?eq = e,
2 2F1(n+2,n+1;2;22)

M,? = 1
( n 61)(x) (n+ 1)z oFi(n+1,n+1;1;22)’

Mn262 = €2.

Hence, M, % preserves constant functions and quadratic functions c-es (c € R).
Without a proof we announce the following result.

Theorem 9. Let z € [0,1), ¢ € N and f € C[0,1) be a bounded function.
If f29+2)(x) exists, the sequence of operators (MHQ) satisfies the asymptotic
relation

(M,2f)(x) 2: o(n™?)  (n— o), 8)

k=1

where by (f,x) are certain coefficients independent of n. The initial values are
given by

bu(f.) = (1= (@ f" () ~ ')
() = S0 @) - @) - 2l - (04 Ta) O )
1
+ s (1-2) (@)

For ¢ = 1,2, 3, the expansion (8) is valid under the weaker condition that
@9 () exists.
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