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1. Introduction

For a probability distribution P = (pν)∞ν=0 the sum

IC(P ) =

∞∑
ν=0

p2ν

is called the index of coincidence [14]. The Rényi entropy of order 2 and
the Tsallis entropy of order 2 are given by R(P ) = − log IC(P ) and T (P ) =
1 − IC(P ), respectively (see [23], [25]). The associated Shannon entropy is
given by H(P ) = −

∑∞
ν=0 pν log pν . For instance, the index of coincidence for

the binomial distribution with parameters n and x

Fn(x) =

∞∑
ν=0

((
n

ν

)
xν(1− x)n−ν

)2



2 Voronovskaja Type Theorems

is related to the Rényi entropy Rn(x) = − logFn(x) and the Tsallis entropy
Rn(x) = 1− Fn(x).

During the last years, there has been an increasing interest in monotonicity
and convexity properties of sums of squared fundamental functions arising in
approximation theory (see, e.g. [13, 20, 22, 12, 4]). For a certain interval I ⊆ R,
consider a positive linear approximation process

(Lnf)(x) =

∞∑
ν=0

`n,ν(x)f(xn,ν) (x ∈ I)

such that
∑∞
ν=0 `

2
n,ν(x) > 0, for all x ∈ I with nodes xn,ν ∈ I. In many

concrete applications we have `n,ν(x) = 0, for ν > n, i.e., the sum is finite.
Otherwise, we apply Ln to functions for which the sum is convergent, for all
x ∈ I. We associate to Ln the operators Lˆ2

n defined by

(
Lˆ2
n f
)
(x) =

1∑∞
ν=0 `

2
n,ν(x)

∞∑
ν=0

`2n,ν(x)f(xn,ν).

It is clear that the operators Lˆ2
n are linear and positive. In this paper we are

interested in the asymptotic properties of the sequence
(
Lˆ2
n f
)

as n tends to
infinity. We study the pointwise asymptotic rate of the operators Lˆ2

n by a
Voronovskaja type result for various examples. The main result is a complete
asymptotic expansion

(
Lˆ2
n f
)
(x) ∼ f(x) +

∞∑
k=1

bk(f, x)

nk
(n→∞),

for sufficiently smooth functions f . The latter formula means that for each
positive integer q,

(
Lˆ2
n f
)
(x) = f(x) +

q∑
k=1

bk(f, x)

nk
+ o(n−q) (n→∞).

In order to approximate integrable functions we consider the following two
Durrmeyer-type variants of the operators Lˆ2

n defined by

(
DLˆ2

n f
)
(x) =

1∑∞
ν=0 `

2
n,ν(x)

∞∑
ν=0

`2n,ν(x)
(`2n,ν , f)

(`2n,ν , e0)

and (
D̃Lˆ2

n f
)
(x) =

1∑∞
ν=0 `

2
n,ν(x)

∞∑
ν=0

`2n,ν(x)
(`n,ν , f)

(`n,ν , e0)
,

where

(g, h) =

∫
I

g(t)h(t) dt

is the canonical inner product.
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In the special instances we are looking for functions f with b1(f, x) = 0,
for all x ∈ I. In this context, the family of these functions f having the
property

(
Lˆ2
n f
)
(x) = f(x)+o(n−1) as n→∞ is named the trivial class of the

operators Lˆ2
n .

Throughout the paper er denote the monomials er(x) = xr (r = 0, 1, 2, . . .).
Furthermore, we define ψx(t) = t− x, for t, x ∈ R.

2. A General Result

The following result gives an asymptotic estimate of the central moments
which is essential for obtaining asymptotic expansions for the operators Lˆ2

n as
n tends to infinity. To the best of our knowledge the result appears here for
the first time. It generalizes the result [7, Lemma 4] for the squared Bernstein
polynomials.

Lemma 1. Fix x ∈ I. Let 0 ≤ `n,ν(x) ≤ 1, for sufficiently large n, and

∞∑
ν=0

`2n,ν(x) ∼ c

nα
(n→∞),

for some real constants c and α > 0. Suppose that, for sufficiently large inte-
gers s, (

Lnψ
2s
x

)
(x) = O(n−s) (n→∞).

Then, for any (arbitrary small number) ε > 0, the central moments of the
operators Lˆ2

n satisfy the estimate(
Lˆ2
n ψ

s
x

)
(x) = O(n−s/2+ε) (n→∞).

Remark 1. We conjecture that in the case of the most approximation op-
erators the more general and sharper inequality(

Lˆ2
n ψ

s
x

)
(x) = O

(
n−b(s+1)/2c) (n→∞) (1)

is valid, for all non-negative integers s.

Remark 2. Note that, for the classical Bernstein polynomials, the relation∑n
ν=0 pn,ν(x)

(
ν
n − x

)2s
= O(n−s) as n→∞ is well known.

3. The Bernstein Operators

The Bernstein operators Bn defined by

(Bnf)(x) =

∞∑
ν=0

(
n

ν

)
xν(1− x)n−νf

(ν
n

)
(x ∈ [0, 1])
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are the most prominent approximation operators. They are the instance I =
[0, 1], xn,ν = ν/n and

`n,ν(x) ≡ pn,ν(x) =

(
n

ν

)
xν(1− x)n−ν , n = 1, 2, . . . , x ∈ [0, 1]

are the Bernstein basis polynomials.
The rational Bernstein type operators Bˆ2

n : C[0, 1]→ C[0, 1] defined by

(
Bˆ2
n f
)
(x) =

1∑n
ν=0 p

2
n,ν(x)

n∑
ν=0

p2n,ν(x)f
(ν
n

)
(2)

were studied by Herzog [15] in 2009 who investigated them accompanied by a
plenty of numerical experiments. It is clear that the operators Bˆ2

n are linear,
positive, preserve constants and interpolate f at the endpoints.

The second central moment of positive linear operators is crucial for their
approximation properties. In 2017, Gavrea and Ivan [12, Eq. (12)] estimated
the second central moments

(
Bˆ2
n ψ

2
x

)
(x) of the operators Bˆ2

n by the inequalities

1

2

x(1− x)

n
≤
(
Bˆ2
n ψ

2
x

)
(x) ≤ rMr

x(1− x)

n
,

where Mr = sup
0≤u≤1

Gr(u) and

Gr(u) =

∫ 1

0
ut(1− ut)r−1(t(1− t))−1/2dt∫ 1

0
(1− ut)r(t(1− t))−1/2dt

, u ∈ [0, 1], r = 1, 2, . . .

([12, Eq. (1)]). Note that x(1−x)/n =
(
Bnψ

2
x)(x) is the second central moment

of the classical Bernstein polynomials Bn. As a corollary, Gavrea and Ivan [12,
Cor. 5] obtained an estimate of the rate of convergence

∣∣(Bˆ2
n f
)
(x)− f(x)

∣∣ ≤ (1 +

√√
3− 1

)
ω
(
f ;

√
x(1− x)

n

)
, x ∈ [0, 1], n ≥ 2.

Hence (see [12, Th. 6]), for any f ∈ C[0, 1], the sequence of operators
(
Bˆ2
n f
)

converges to f uniformly on [0, 1].
Recently, Holhoş [16, Theorem 1] derived the following Voronovskaja-type

result for the sequence
(
Bˆ2
n

)
.

Theorem 1 (Holhoş, 2018). Let f ∈ C[0, 1] be such that the second deri-
vative of f exists and is continuous in a neighborhood of x ∈ (0, 1). Then

lim
n→∞

n
((
Bˆ2
n f
)
(x)− f(x)

)
=

2x− 1

4
f ′(x) +

x(1− x)

4
f ′′(x).

The continuity of f ′′ in a neighborhood of x is not necessary. Following
Corollary 2 it is sufficient that f ′′(x) exists (see [7, Corollary 1], which appeared
simultaneously and independently of [16]). In the following we gather the recent
results of Abel and Kushnirevych in [7]:
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Theorem 2. Let x ∈ (0, 1), q ∈ N and f ∈ C[0, 1]. If f (2q+2)(x) exists, the
sequence of operators

(
Bˆ2
n

)
satisfies the asymptotic relation

(
Bˆ2
n f
)
(x) = f(x) +

q∑
k=1

bk(f, x)

nk
+ o(n−q) (n→∞),

where bk(f, x) are certain coefficients independent of n. The initial values are
given by

b1(f, x) =
1

4
(2x− 1)f ′(x) +

1

4
x(1− x)f ′′(x),

b2(f, x) =
2x− 1

32x(1− x)
f ′(x) +

1

32
f ′′(x) +

1

48
(2x− 1)x(1− x)f (3)(x)

+
1

32
x2(1− x)2f (4)(x),

b3(f, x) =
(2x− 1)(1− 3x(1− x))

64(x(1− x))2
f ′(x) +

1− 3x(1− x)

32 · 2!x(1− x)
f ′′(x)

+
2x− 1

16 · 3!
f (3)(x) +

x(1− x)(1 + 4x(1− x))

16 · 4!
f (4)(x)

+
−5(x(1− x))2(2x− 1)

16 · 5!
f (5)(x) +

15(x(1− x))3

8 · 6!
f (6)(x).

Remark 3. Under the conditions of Theorem 2, if f is sufficiently smooth
at the point x, the sequence of operators

(
Bˆ2
n ) possesses a complete asymptotic

expansion (
Bˆ2
n f
)
(x) ∼ f(x) +

∞∑
k=1

bk(f, x)

nk
(n→∞).

Remark 4. For q = 1, 2, 3, 4, it is sufficient that f (2q)(x) exists instead of
f (2q+2)(x). This would be sufficient, for all positive integers q, if the central
moments of the operators Bˆ2

n satisfy the estimate(
Bˆ2
n ψ

s
x

)
(x) = O

(
n−b(s+1)/2c) (n→∞), (3)

for all non-negative integers s. However, we can show only that, for any (arbi-
trary small number) ε > 0,(

Bˆ2
n ψ

s
x

)
(x) = O(n−s/2+ε) (n→∞)

(see Lemma 1). We conjecture that the sharper estimate (3) is true.

Corollary 1. Let x ∈ (0, 1) and f ∈ C[0, 1]. If f ′′(x) exists, the operators
Bˆ2
n satisfy the asymptotic relation

lim
n→∞

n
((
Bˆ2
n f
)
(x)− f(x)

)
=

1

4
(2x− 1)f ′(x) +

1

4
x(1− x)f ′′(x).
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Remark 5. The trivial class of the operators Bˆ2
n consists of the functions

f0(x) = c1x
2(3− 2x) + c2 (c1, c2 ∈ R).

For these functions we have lim
n→∞

n
((
Bˆ2
n f0

)
(x)−f0(x)

)
= 0 or, more precisely,(

Bˆ2
n f0

)
(x) = f0(x) +O(n−2) as n→∞. Theorem 2 implies that

lim
n→∞

n2
((
Bˆ2
n f0

)
(x)− f0(x)

)
=
c1
4
x(1− x)(1− 2x).

3.1. The First Durrmeyer Variant of the Squared Bernstein
Polynomials

In order to approximate integrable functions we introduce a Durrmeyer
variant DBˆ2

n of the squared Bernstein polynomials:

DBˆ2
n f =

1∑n
ν=0 p

2
n,ν

n∑
ν=0

p2n,ν

(
p2n,ν , f

)(
p2n,ν , e0

) ,
where

(g, h) =

∫ 1

0

g(t)h(t) dt.

Because of (
p2n,ν , e0

)
=

∫ 1

0

p2n,ν(t) dt =

(
n
ν

)2
(2n+ 1)

(
2n
2ν

)
we can rewrite the definition of DBˆ2

n in the more explicit form

(
DBˆ2

n f
)
(x) =

2n+ 1
n∑
ν=0

p2n,ν(x)

n∑
ν=0

p2n,ν(x)

(
2n
2ν

)(
n
ν

)2 ∫ 1

0

f(t)p2n,ν(t) dt.

We report the following results from [7, Theorem 2 and Corollary 2].

Theorem 3. Let x ∈ (0, 1) and suppose that f is bounded and integrable on
[0, 1]. If f (4)(x) exists, the sequence of operators

(
DBˆ2

n

)
satisfies the asymp-

totic relation(
DBˆ2

n f
)
(x) ∼ f(x) +

c1(f, x)

n
+
c2(f, x)

n2
(n→∞),

where

c1(f, x) =
1

4
(1− 2x)f ′(x) +

1

2
x(1− x)f ′′(x),

c2(f, x) = −1 + 6x− 24x2 + 16x3

32x(1− x)
f ′(x) +

1

32
(3− 40x(1− x)f ′′(x)

+
3

8
x(1− x)(1− 2x)f (3)(x) +

1

8
(x(1− x))2f (4)(x).
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Corollary 2. Let x ∈ (0, 1) and suppose that f is bounded and integrable
on [0, 1]. If f ′′(x) exists, the operators DBˆ2

n satisfy the asymptotic relation

lim
n→∞

n
((
DBˆ2

n f
)
(x)− f(x)

)
=

1

4
(1− 2x)f ′(x) +

1

2
x(1− xt)f ′′(x).

Remark 6. The trivial class of the operators DBˆ2
n consists of the func-

tions

f0(x) = c1 arccos
√
x+ c2 (c1, c2 ∈ R).

Theorem 3 implies that

lim
n→∞

n2
((
DBˆ2

n f0
)
(x)− f0(x)

)
= c1

1− 2x

18496(x(1− x))3/2
.

4. An Alternative Durrmeyer Variant Related to
Squared Bernstein Polynomials

In order to approximate integrable functions we introduce a second Dur-
rmeyer variant D̃Bˆ2

n of the operators Bˆ2
n . Replacing the point evaluation

f
(
ν
n

)
in (2) with the functional (n+ 1)

∫ 1

0
f(t)pn,ν(t) dt leads to the definition

(
D̃Bˆ2

n f
)
(x) =

n+ 1∑n
ν=0 p

2
n,ν(x)

n∑
ν=0

p2n,ν(x)

∫ 1

0

f(t)pn,ν(t) dt.

The following results can be found in [7, Theorem 3 and Corollary 3].

Theorem 4. Let x ∈ (0, 1) and suppose that f is bounded and integrable on
[0, 1]. If f (4)(x) exists, the sequence of operators

(
D̃Bˆ2

n

)
satisfies the asymp-

totic relation(
D̃Bˆ2

n f
)
(x) ∼ f(x) +

c̃1(f, x)

n
+
c̃2(f, x)

n2
(n→∞),

where

c̃1(f, x) =
3

4
(1− 2x)f ′(x) +

3

4
x(1− x)f ′′(x),

c̃2(f, x) =
(2x− 1)(1 + 48x(1− x))

32x(1− x)
f ′(x) +

21

32
(1− 8x(1− x))f ′′(x)

+
19(1− 2x)x(1− x)

16
f (3)(x) +

9

32
(x(1− x))2f (4)(x).
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Corollary 3. Let x ∈ (0, 1) and suppose that f is bounded and integrable
on [0, 1]. If f ′′(x) exists, the operators D̃Bˆ2

n satisfy the Voronovskaja-type
formula

lim
n→∞

n
((
D̃Bˆ2

n f
)
(x)− f(x)

)
=

3

4

(
x(1− x)f ′(x)

)′
.

Remark 7. Note that the classical Bernstein-Durrmeyer operators DBn
possess the complete asymptotic expansion

(
D̃Bn

)
(x) ∼ f(x) +

∞∑
k=1

(
xk(1− x)kf (k)(x)

)(k)
k! (n+ 2)k

(n→∞).

Here zk := z(z + 1) · · · (z + k − 1), for k ∈ N, denotes the rising factorial. In
particular, we have the Voronovskaja-type formula

lim
n→∞

n
((
D̃Bnf

)
(x)− f(x)

)
=
(
x(1− x)f ′(x)

)′
.

(see [3] and [5]).

Remark 8. Note that the Voronovskaja-type formula in Corollary 3 co-
incides with that of the classical Bernstein–Durrmeyer operators D̃Bn aside
from the factor 3/4. Hence the trivial class is the same like that of the classical
Bernstein-Durrmeyer operators:

f0(x) = c1(log x− log(1− x)) + c2 (c1, c2 ∈ R).

5. The Favard-Szász-Mirakjan Operators

In this section we announce several results without presenting any proofs.

5.1. The Classical Favard-Szász-Mirakjan Operators

The Favard-Szász-Mirakjan operators Sn defined by

(Snf)(x) = e−nx
∞∑
ν=0

(nx)ν

ν!
f
(ν
n

)
(x ∈ [0,∞) )

are the instance I = [0,∞), xn,ν = ν/n and

`n,ν(x) ≡ sn,ν(x) = e−nx
(nx)ν

ν!
, n = 1, 2, . . . , x ∈ [0,∞).
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In this subsection we consider the operators

(
Sˆ2
n f
)
(x) =

1∑∞
ν=0

(nx)2ν

(ν!)2

∞∑
ν=0

(nx)2ν

(ν!)2
f
(ν
n

)
(x ∈ [0,∞) ).

While the operators are defined for functions of exponential growth, i.e., f sat-
isfies f(t) = O(eαt) as t→∞ with a positive constant α, we restrict ourselves
to functions of polynomial growth.

Theorem 5. Let x > 0, q ∈ N and f ∈ C[0,∞) be a function of polynomial
growth as the variable tends to infinity. If f (2q+2)(x) exists, the sequence of
operators

(
Sˆ2
n

)
satisfies the asymptotic relation

(
Sˆ2
n f
)
(x) = f(x) +

q∑
k=1

bk(f, x)

nk
+ o(n−q) (n→∞),

where bk(f, x) are certain coefficients independent of n. The initial values are
given by

b1(f, x) =
−1

4
f ′(x) +

1

4
xf ′′(x),

b2(f, x) =
−1

32x
f ′(x) +

1

32
f ′′(x)− 1

48
xf (3)(x) +

1

32
x2f (4)(x),

b3(f, x) =
−1

64x2
f ′(x) +

1

64x
f ′′(x)− 1

96
f (3)(x) +

x

384
f (4)(x)

+
x2

384
f (5)(x) +

15x3

384
f (6)(x).

Remark 9. The trivial class of the operators Sˆ2
n consists of the functions

f0(x) = c1x
2 + c2 (c1, c2 ∈ R).

It is remarkable that the operator Sˆ2
n preserves the quadratic function e2. We

have
Sˆ2
n er = er (r ∈ {0, 2}).

For the study of the operators Sˆ2
n one can use the fact that the moments of

Sˆ2
n can be expressed in terms of the modified Bessel functions Ij . The modified

Bessel function Ij of order j is a solution of the differential equation

z2
( d
dz

)2
Ij(z) + z

d

dz
Ij(z)− (z2 + j2)Ij(z) = 0

(see [8, Eq. (9.6.1)]) and it is given by the power-series expansion

Ij(z) =
(z

2

)j ∞∑
ν=0

1

ν! Γ(ν + j + 1)

(z2
4

)ν
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(see [8, Eq. (9.6.10)]). One can show that

∞∑
ν=0

s2n,ν(x)
(ν
n

)r
= n−r

r∑
j=0

j!σ(r, j)

∞∑
ν=0

s2n,ν(x)

(
ν

j

)
,

where σ(r, j) denote the Stirling numbers of the second kind. For instance, we
have (

Sˆ2
n e1

)
(x) =

I1(2nx)

I0(2nx)
x (x > 0).

Using elementary methods one can show the inequality

1− 5

z
≤ I1(z)

I0(z)
≤ 1 (z > 0),

which implies the estimates∣∣(Sˆ2
n ψx

)
(x)
∣∣ =

∣∣∣− x(1− I1(2nx)

I0(2nx)

)∣∣∣ ≤ 5

2n
, (x > 0)

and (
Sˆ2
n ψ

2
x

)
(x) = 2x2

(
1− I1(2nx)

I0(2nx)

)
≤ 5x

n
, (x > 0).

Standard arguments imply the following estimate of the rate of convergence in
terms of the first modulus of continuity [9, Theorem 5.1.2].

Theorem 6. Let x > 0 and n ∈ N. For every bounded function f ∈
C[0,∞) and δ > 0, we have

∣∣(Sˆ2
n f
)
(x)− f(x)

∣∣ ≤ (1 +
1

δ

√
5x

n

)
ω(f ; δ).

Moreover, if f is differentiable on [0,∞) with f ′ bounded on [0,∞), we also
have ∣∣(Sˆ2

n f
)
(x)− f(x)

∣∣ ≤ 5

2n
|f ′(x)|+

√
5x

n

(
1 +

1

δ

√
5x

n

)
ω(f ′; δ).

Theorem 6 applied to δ =
√

5x/n implies

Corollary 4. Let x > 0 and n ∈ N. For every bounded function f ∈
C[0,∞), we have

∣∣(Sˆ2
n f
)
(x)− f(x)

∣∣ ≤ 2ω
(
f ;

√
5x

n

)
(x > 0, n ≥ 1).

Moreover, if f is differentiable on [0,∞) with f ′ bounded on [0,∞), we also
have ∣∣(Sˆ2

n f
)
(x)− f(x)

∣∣ ≤ 5

2n
|f ′(x)|+ 2

√
5x

n
ω
(
f ′;

√
5x

n

)
.
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5.2. The Durrmeyer Variants of the Favard-Szász-Mirakjan
Operators

In order to approximate integrable functions, we introduce the following
Durrmeyer variants of the operators Sˆ2

n defined by

DSˆ2
n f =

1∑∞
ν=0 s

2
n,ν

∞∑
ν=0

s2n,ν

(
s2n,ν , f

)(
s2n,ν , e0

)
and

D̃Sˆ2
n f =

1∑∞
ν=0 s

2
n,ν

∞∑
ν=0

s2n,ν
(sn,ν , f)

(sn,ν , e0)
,

where

(g, h) =

∫ ∞
0

g(t)h(t) dt.

Because of (
s2n,ν , e0

)
=

∫ ∞
0

s2n,ν(t) dt =

(
2ν
ν

)
n 22ν+1

,

(
sn,ν , e0

)
=

∫ ∞
0

sn,ν(t) dt =
1

n

we can rewrite the both definitions in the more explicit form

DSˆ2
n f =

n∑∞
ν=0 s

2
n,ν

∞∑
ν=0

s2n,ν
22ν+1(

2ν
ν

) ∫ ∞
0

s2n,ν(t)f(t) dt

and

D̃Sˆ2
n f =

n∑∞
ν=0 s

2
n,ν

∞∑
ν=0

s2n,ν

∫ ∞
0

sn,ν(t)f(t) dt.

Theorem 7. Let x > 0 and suppose that f is of polynomial growth, locally
bounded and integrable on [0,∞). If f (4)(x) exists, the sequences of operators(
DSˆ2

n

)
and

(
D̃Sˆ2

n

)
satisfy the asymptotic relations(

DSˆ2
n f
)
(x) ∼ f(x) +

c1(f, x)

n
+
c2(f, x)

n2
(n→∞),(

D̃Sˆ2
n f
)
(x) ∼ f(x) +

c̃1(f, x)

n
+
c̃2(f, x)

n2
(n→∞),

where

c1(f, x) =
1

4
f ′(x) +

x

2
f ′′(x),

c2(f, x) = − 1

32x
f ′(x) +

3

32
f ′′(x) +

3x

8
f (3)(x) +

x2

8
f (4)(x),

c̃1(f, x) =
3

4
f ′(x) +

3x

4
f ′′(x),

c̃2(f, x) = − 1

32x
f ′(x) +

21

32
f ′′(x) +

19x

16
f (3)(x) +

27x2

96
f (4)(x).
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Corollary 5. Let x > 0 and suppose that f is of polynomial growth, locally
bounded and integrable on [0,∞). If f ′′(x) exists, the operators

(
DSˆ2

n

)
and(

D̃Sˆ2
n

)
satisfy the asymptotic relation

lim
n→∞

n
((
DSˆ2

n f
)
(x)− f(x)

)
=

1

4
f ′(x) +

x

2
f ′′(x),

lim
n→∞

n
((
D̃Sˆ2

n f
)
(x)− f(x)

)
=

3

4
f ′(x) +

3x

4
f ′′(x).

Remark 10. The trivial class of the operators DSˆ2
n consists of the func-

tions
f0(x) = c1

√
x+ c2 (c1, c2 ∈ R).

Theorem 7 implies that

lim
n→∞

n2
((
DSˆ2

n f0)(x)− f0(x)
)

=
−c1

64x3/2
.

Remark 11. The trivial class of the operators D̃Sˆ2
n consists of the func-

tions
f0(x) = c1 log x+ c2 (c1, c2 ∈ R).

Theorem 7 implies that

lim
n→∞

n2
((
D̃Sˆ2

n f0
)
(x)− f0(x)

)
= 0.

That this limit is equal to zero is quite unusual. One could ask whether the
operators D̃Sˆ2

n preserve the logarithm function. We propose the

Problem 1 (Open Problem). Is the equation D̃Sˆ2
n log = log valid for

all n ∈ N?

6. The Baskakov Operators

In this section we announce several results. We present full proofs for the
classical definition and omit the details in the case of the both Durrmeyer
variants.

6.1. The Classical Baskakov Operators

The Baskakov operators Vn were introduced by Baskakov [10] in 1957. They
are the instance I = [0,∞), xn,ν = ν/n and

`n,ν(x) ≡ bn,ν(x) =

(
ν + n− 1

ν

)
xν(1 + x)−n−ν , n = 1, 2, . . . , x ∈ [0,∞)
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are the Baskakov fundamental functions. In this section we study the operators

(
V ˆ2
n f

)
(x) =

1∑∞
ν=0 b

2
n,ν(x)

∞∑
ν=0

b2n,ν(x)f
(ν
n

)
.

Theorem 8. Let x > 0, q ∈ N and f ∈ C[0,∞) be a function of polynomial
growth as the variable tends to infinity. If f (2q+2)(x) exists, the sequence of
operators

(
V ˆ2
n

)
satisfies the asymptotic relation

(
V ˆ2
n f

)
(x) = f(x) +

q∑
k=1

bk(f, x)

nk
+ o(n−q) (n→∞), (4)

where bk(f, x) are certain coefficients independent of n. The initial values are
given by

b1(f, x) = −1 + 2x

4
f ′(x) +

x(1 + x)

4
f ′′(x),

b2(f, x) =
−(1 + 2x) + 24x(1 + x)2

32x(1 + x)
f ′(x) +

1 + 24x(1 + x)

32
f ′′(x)

− 1

48
x(1 + x)(1 + 2x)f (3)(x) +

1

32
x2(1 + x)2f (4)(x),

b3(f, x) =
1− 13x+ 99x2 + 318x3 + 276x4 + 72x5

64(x(1 + x))2
f ′(x)

+
−1 + 51x+ 327x2 + 516x3 + 240x4

64x(1 + x)
f ′′(x)

− 1 + 38x+ 54x2 + 18x3

48
f (3)(x)

+
x(1 + x)(1 + 44x(1 + x))

16 · 4!
f (4)(x)

+
5(x(1 + x))2(1 + 2x)

16 · 5!
f (5)(x) +

15(x(1 + x))3

8 · 6!
f (6)(x).

For q = 1, 2, 3, 4, it is sufficient that f (2q)(x) exists instead of f (2q+2)(x).

Remark 12. The special case q = 1 is the Voronovskaja-type result

lim
n→∞

n
((
V ˆ2
n f

)
(x)− f(x)

)
= −1 + 2x

4
f ′(x) +

x(1 + x)

4
f ′′(x),

which was recently derived by Holhoş [17, Corollary 11] under certain conditions
on the function f .

Remark 13. The trivial class of the operators V ˆ2
n consists of the functions

f0(x) = c1x
2(3 + 2x) + c2 (c1, c2 ∈ R).
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For these functions we have lim
n→∞

n
((
V ˆ2
n f0

)
(x)−f0(x)

)
= 0 or, more precisely,(

V ˆ2
n f0

)
(x) = f0(x) +O(n−2) as n→∞. Theorem 8 implies that

lim
n→∞

n2
((
V ˆ2
n f0

)
(x)− f0(x)

)
=
c1
4
x(1 + x)(35 + 52x).

As a first step we study the moments V ˆ2
n er of the operators V ˆ2

n . In the
case f = er we have to consider

∞∑
ν=0

b2n,ν(x)
(ν
n

)r
= n−r

r∑
k=0

k!σ(r, k)

∞∑
ν=0

b2n,ν(x)

(
ν

k

)
. (5)

In the latter equality, we made use of the identities

νr =

r∑
k=0

k!σ(r, k)

(
ν

k

)
,

where σ(r, k) denote the Stirling numbers of the second kind. The next lemma
provides an integral representation of the inner sum in Eq. (5). For x > 0 and
n, j ≥ 0, we define

In,j(x) :=
1

π

∫ π

0

(
1 + 2x(1 + x)(1− cos θ)

)−n
cos(jθ) dθ. (6)

Lemma 2. Let x > 0. Then, for n = 1, 2, 3, . . ., and k = 0, 1, 2, . . .,

∞∑
ν=0

b2n,ν(x)

(
ν

k

)
=

(
k + n− 1

k

) k∑
j=0

(−1)k−j
(
k

j

)
x2k−j(1 + x)jIn+k,j(x).

Proof. Our starting point is the generating function of the fundamental
functions

∞∑
ν=0

bn,ν(x)(teiθ)ν = (1 + x− xteiθ)−n.

Differentiating both sides k times with respect to t, and taking t = 1, we obtain

∞∑
ν=0

bn,ν(x)

(
ν

k

)
eiνθ =

(
k + n− 1

k

)
xk(1 + x− xeiθ)−n−keikθ. (7)

Taking advantage of the orthogonality relation∫ 2π

0

eiνθ eiµθ dθ = 2πδν,µ (ν, µ ∈ Z)

we obtain

1

2π

∫ 2π

0

( ∞∑
ν=0

bn,ν(x)

(
ν

k

)
eiνθ

)( ∞∑
µ=0

bn,µ(x)e−iµθ

)
dθ =

∞∑
ν=0

b2n,ν(x)

(
ν

k

)
.
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Using Eq. (7) leads to

2π

∞∑
ν=0

b2n,ν(x)

(
ν

k

)
=

(
k + n− 1

k

)
xk
∫ 2π

0

(1 + x− xeiθ)−n−keikθ(1 + x− xe−iθ)−ndθ

=

(
k + n− 1

k

)
xk
∫ 2π

0

(
1 + 2x(1 + x)(1− cos θ)

)−n−k(
(1 + x)eiθ − x

)k
dθ.

Applying the binomial formula

(
(1 + x)eiθ − x

)k
=

k∑
j=0

(
k

j

)
(−x)k−j(1 + x)jeijθ,

after some simplification we arrive at the desired formula. �

Now we derive a complete asymptotic expansion for the integrals In,j(x) as
n tends to infinity.

Lemma 3. Let x > 0. Then, for j = 0, 1, 2, . . .,

In,j(x) ∼ 1

π

∞∑
ν=0

aj,ν(x)
Γ
(
ν + 1

2

)
nν+

1
2

(n→∞),

where aj,ν(x) are the coefficients in the power series expansion

Tj

(
1− et − 1

2x(1 + x)

) et
√
t√

et − 1
√

4x(1 + x)− et + 1
=

∞∑
ν=0

aj,ν(x)tν

and Tj denotes the Chebyshev polynomial of degree j.

In particular,

aj,0(x) =
1

2
√
x(1 + x)

,

aj,1(x) =
1− 4j2 + 6x(1 + x)

16(x(1 + x))3/2
,

aj,2(x) =
9− 40j2 + 16j4 + (60− 240j2)x(1 + x) + 100(x(1 + x))2

768(x(1 + x))5/2
.

Hence,

In,j(x) =
1

2
√
πx(1 + x)n

+
1− 4j2 + 6x(1 + x)

16
√
π(x(1 + x)n)3/2

+
9− 40j2 + 16j4 + (60− 240j2)x(1 + x) + 100(x(1 + x))2

384
√
π(x(1 + x)n)5/2

+O(n−7/2) (n→∞).
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Proof of Lemma 3. We make the change of variable

t = log
(
1 + 2x(1 + x)(1− cos θ)

)
,

etdt = 2x(1 + x) sin θ dθ

in the integral (6). Recall that the Chebyshev polynomials Tj (j = 0, 1, 2, . . .)
satisfy cos(jθ) = Tj(cos θ). Hence,

cos(jθ) = Tj

(
1− et − 1

2x(1 + x)

)
.

Observing that

sin θ =
√

1− cos2 θ = (2x(1 + x))−1
√
et − 1

√
4x(1 + x)− et + 1,

for θ ∈ [0, π], we obtain

In,j(x)

=
1

π

∫ log(1+4x(1+x))

0

e−ntTj

(
1− et − 1

2x(1 + x)

) et√
et − 1

√
4x(1 + x)− et + 1

dt

=
1

π

∫ log(1+4x(1+x))

0

e−nt
∞∑
ν=0

aj,νt
ν−1/2 dt.

Now the result follows by Watson’s lemma (see, e.g. [21, Theorem 3.1, p. 71]).
�

For abbreviation we define, for s = 0, 1, 2, . . .,

Tn,s(x) :=

∞∑
ν=0

b2n,ν(x)
(ν
n
− x
)s
.

By Eq. (5) and Lemma 2, we have

Tn,s(x) =

s∑
r=0

(
s

r

)
(−x)s−rn−r

r∑
k=0

k!σ(r, k)

(
k + n− 1

k

)

×
k∑
j=0

(−1)k−j
(
k

j

)
x2k−j(1 + x)jIn+k,j(x).

Now the result on the integrals In,j(x) in Lemma 3 leads to complete asymptotic
expansions for the central moments Tn,s(x). In the particular case s = 0, we
obtain the well-known relation

Tn,0(x) =

∞∑
ν=0

b2n,ν(x) = In,0(x) ∼ 1

2
√
πx(1 + x)n

(n→∞).
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This formula is the special case r = 2 of the recent result by Holhoş [17, Eq.
(7)]

∞∑
ν=0

brn,ν(x) ∼ 1√
r

(2πx(1 + x)n)(1−r)/2 (n→∞, r = 1, 2, 3, . . .).

The central moments of the operators V ˆ2
n are given by

(
V ˆ2
n ψsx

)
(x) =

Tn,s(x)

Tn,0(x)
.

Proof of Theorem 8. It is well-known that, for s = 0, 1, 2, . . ., the central
moments of the classical Baskakov operators satisfy

(
Vnψ

s
x

)
(x)=O

(
n−b(s+1)/2c)

as n→∞. Hence, the existence of a complete asymptotic expansion follows, by
Lemma 1 and a slight generalization of general approximation theorems due
to Sikkema [24, Theorem 1]. By direct computation, it can be verified that
Eq. (1) is valid, for 0 ≤ s ≤ 8. Hence, for q = 1, 2, 3, 4, the expansion (4) is
valid under the weaker condition that f (2q)(x) exists. �

6.2. Durrmeyer Variants Related to Squared Baskakov Operators

In order to approximate integrable functions, we introduce the following
Durrmeyer variants of the operators V ˆ2

n defined by

DV ˆ2
n f =

1∑∞
ν=0 b

2
n,ν

∞∑
ν=0

b2n,ν

(
b2n,ν , f

)(
b2n,ν , e0

)
and

D̃V ˆ2
n f =

1∑∞
ν=0 b

2
n,ν

∞∑
ν=0

b2n,ν

(
bn,ν , f

)(
bn,ν , e0

) ,
where

(g, h) =

∫ ∞
0

g(t)h(t) dt.

Because of

(
b2n,ν , e0

)
=

∫ ∞
0

b2n,ν(t) dt =
2

n+ ν

(
2n+ 2ν

n+ ν

)−1(
2ν

ν

)(
2n− 2

n− 1

)
,

(
bn,ν , e0

)
=

∫ ∞
0

bn,ν(t) dt =
1

n− 1

we can rewrite the both definitions in the more explicit form

DV ˆ2
n f =

1(
2n−2
n−1

)∑∞
ν=0 b

2
n,ν

∞∑
ν=0

b2n,ν
(n+ ν)

(
2n+2ν
n+ν

)
2
(
2ν
ν

) ∫ ∞
0

b2n,ν(t)f(t) dt
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and

D̃V ˆ2
n f =

n− 1∑∞
ν=0 b

2
n,ν

∞∑
ν=0

b2n,ν

∫ ∞
0

bn,ν(t)f(t) dt.

The asymptotic behaviour of these operators can be obtained in the same
manner as in Theorem 3 and Theorem 4. We omit the details. Asymptotic
results on the ordinary Baskakov–Durrmeyer operators can be found in [6].

7. The Meyer-König and Zeller Operators

The operators of Meyer-König and Zeller [19] in the slight modification of
Cheney and Sharma [11], defined by

(Mnf)(x) = (1− x)n+1
∞∑
ν=0

(
ν + n

ν

)
f
( ν

ν + n

)
xν (0 ≤ x < 1),

(also called Bernstein power series) were the object of several investigations in
approximation theory. They are the instance I = [0, 1), xn,ν = ν

ν+n and

`n,ν(x) ≡ mn,ν(x) = (1− x)n+1

(
ν + n

ν

)
xν , n = 1, 2, . . . , x ∈ [0, 1).

Usually, for x = 1, one defines (Mnf)(1) = f(1). It is well known that, for
every continuous function f on the interval [0, 1], we have

lim
n→∞

(Mnf)(x) = f(x) (x ∈ [0, 1]).

In 1970, Lupas and Müller [18] obtained the Voronovskaja-type formula

lim
n→∞

n
(
(Mnf)(x)− f(x)

)
=
x(1− x)2

2
f ′′(x).

In the paper [2] (see also [1]) the complete asymptotic expansion for the
Meyer-König and Zeller operators is presented in the form

(Mnf)(x) ∼ f(x) +

∞∑
k=1

ak(f, x)n−k (n→∞),

provided that the function f possesses derivatives of sufficiently high order at
x ∈ [0, 1].

In this section we study, for 0 ≤ x < 1, the operators

(
Mˆ2
n f
)
(x) =

1∑∞
ν=0m

2
n,ν(x)

∞∑
ν=0

m2
n,ν(x)f

( ν

ν + n

)
.
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The first three moments of the operators Mˆ2
n can be represented in terms of

hypergeometric functions. It is easy to see that

Mˆ2
n e0 = e0,(

Mˆ2
n e1

)
(x) = (n+ 1)x2

2F1(n+ 2, n+ 1; 2;x2)

2F1(n+ 1, n+ 1; 1;x2)
,

Mˆ2
n e2 = e2.

Hence, Mˆ2
n preserves constant functions and quadratic functions c ·e2 (c ∈ R).

Without a proof we announce the following result.

Theorem 9. Let x ∈ [0, 1), q ∈ N and f ∈ C[0, 1) be a bounded function.
If f (2q+2)(x) exists, the sequence of operators

(
Mˆ2
n

)
satisfies the asymptotic

relation

(
Mˆ2
n f
)
(x) = f(x) +

q∑
k=1

bk(f, x)

nk
+ o(n−q) (n→∞), (8)

where bk(f, x) are certain coefficients independent of n. The initial values are
given by

b1(f, x) =
1

4
(1− x)2(xf ′′(x)− f ′(x)),

b2(f, x) =
(1− x2)2

32x
(xf ′′(x)− f ′(x))− 1

48
x(1− x)3(1 + 7x)f (3)(x)

+
1

32
x2(1− x)4f (4)(x).

For q = 1, 2, 3, the expansion (8) is valid under the weaker condition that
f (2q)(x) exists.
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