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1. Introduction

In 1957 the so-called Baskakov type operators depending on a real param-
eter c were introduced by Baskakov in [3]. For c = −1, c = 0 and c = 1,
respectively, they are the classical Bernstein, Szász-Mirakjan and Baskakov
operators, respectively. They can be applied to functions which are continuous
on the underlying interval and, if c ≥ 0, satisfy certain growth conditions.

For the approximation of integrable functions the Baskakov-Durrmeyer type
operators play an important role. They have a lot of nice properties; they
commute, they are self-adjoint, they commute with corresponding differential
operators but they do not interpolate at finite endpoints of the underlying
interval and only preserve constants.

For integrable functions having finite limits at finite endpoints of the interval
one can apply the so-called genuine Baskakov-Durrmeyer type operators, which,
like their classical counterparts, interpolate the function at finite endpoints of
the interval and preserve linear functions.

In the last years a non-trivial link between classical Baskakov type operators
and their genuine Durrmeyer type modification came into the focus of research.

It started with a paper by Păltănea [18], where he defined a non-trivial
link between genuine Bernstein-Durrmeyer operators and classical Bernstein
operators, depending on a positive real parameter ρ.

Linking operators for the Szász-Mirakjan case were defined by Păltănea in
[19] and for Baskakov type operators by Heilmann and Raşa in [11].
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In what follows for c ∈ R we use the notations

ac,j :=

j−1∏
`=0

(a+ c`), ac,j :=

j−1∏
`=0

(a− c`), j ∈ N, ac,0 = ac,0 := 1

which enables us to state the results for the different operators in a unified
form.

Let c ∈ R, n ∈ R, n > c for c ≥ 0 and −n/c ∈ N for c < 0. Furthermore let
ρ ∈ R+, j ∈ N0, x ∈ Ic with Ic = [0,∞) for c ≥ 0 and Ic = [0,−1/c] for c < 0.
Then the basis functions are given by

pn,j(x) =


nj

j!
xje−nx, c = 0,

nc,j

j!
xj(1 + cx)−(

n
c+j), c 6= 0.

(1)

=



(−c)j+1

(n− c)B(j + 1,−nc − j + 1)
xj(1 + cx)−(

n
c+j), c < 0,

nj

Γ(j + 1)
xje−nx, c = 0,

cj+1

(n− c)B(j + 1, nc − 1)
xj(1 + cx)−(

n
c+j), c > 0.

(2)

We remark that (2) is well defined also for j ∈ R, j ≥ 0, which will be considered
below.

In the following definitions of the operators we omit the parameter c in the
notations in order to reduce the necessary sub and superscripts.

We assume that f : Ic −→ R is given in such a way that the corresponding
integrals and series are convergent.

Definition 1. The operators of Baskakov-type are defined by

(Bn,∞f)(x) =
∞∑
j=0

pn,j(x)f
( j
n

)
,

and the genuine Baskakov-Durrmeyer type operators are denoted by

(Bn,1f)(x) = f(0)pn,0(x) + f
(
− 1

c

)
pn,−nc (x)

+

−nc−1∑
j=1

pn,j(x)(n+ c)

∫ − 1
c

0

pn+2c,j−1(t)f(t) dt

for c < 0 and by

(Bn,1f)(x) = f(0)pn,0(x) +

∞∑
j=1

pn,j(x)(n+ c)

∫ ∞
0

pn+2c,j−1(t)f(t) dt

for c ≥ 0.
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Depending on a parameter ρ ∈ R+ the linking operators are given by

(Bn,ρf)(x) =

∞∑
j=0

F ρn,j(f)pn,j(x)

where

F ρn,j(f) =


f(0), j = 0, c ∈ R,

f
(
− 1

c

)
, j = −nc , c < 0,∫

Ic

µn,j,ρ(t)f(t) dt, otherwise,

with

µn,j,ρ(t) =



(−c)jρ

B
(
jρ,−

(
n
c + j

)
ρ
) tjρ−1(1 + ct)−(

n
c+j)ρ−1, c < 0,

(nρ)jρ

Γ(jρ)
tjρ−1e−nρt, c = 0,

cjρ

B
(
jρ, nc ρ+ 1

) tjρ−1(1 + ct)−(
n
c+j)ρ−1, c > 0.

Note that by (2) it is not necessary to use a different notation for the
functions related to the linking parameter ρ, i. e.,

µn,j,ρ(t) = (nρ+ c)pnρ+2c,jρ−1(t).

For the special case ρ ∈ N, this is also true with the usual representation (1)
for the basis functions.

For c < 0, Bn,ρf is well defined if f ∈ L1[0, 1] with finite limits at the
endpoints of the interval

[
0,− 1

c

]
, i.e.,

f(0) = lim
x→0+

f(x) and f
(
− 1

c

)
= lim
x→(−1/c)−

f(x).

For c ≥ 0 the operators Bn,ρ are well defined for functions f ∈ W ρ
n having

a finite limit f(0) = limx→0+ f(x) where W ρ
n denotes the space of functions

f ∈ L1,loc[0,∞) satisfying certain growth conditions, i. e., there exist constants
M > 0, 0 ≤ q < nρ+ c, such that a. e. on [0,∞)

|f(t)| ≤Meqt for c = 0,

|f(t)| ≤Mtq/c for c > 0.

In [4, 11, 20] the k-th order Kantorovich modifications of the operators Bn,ρ
were considered, namely,

B(k)
n,ρ := Dk ◦Bn,ρ ◦ Ik, k ∈ N0,

where Dk denotes the k-th order ordinary differential operator and

I0f = f, (Ikf)(x) =

∫ x

0

(x− t)k−1

(k − 1)!
f(t) dt, k ∈ N.

For k = 0 we omit the superscript (k) as indicated by the definition above.
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These operators play an important role in the investigation of simultaneous
approximation and this general definition contains many known operators as
special cases. For c = 0 we get the k-th order Kantorovich modification of
linking operators considered in [20]. For ρ = 1, k ∈ N, we get the Baskakov-

Durrmeyer type operators B
(1)
n,1 (see [17] for c = 0 and [8, (1.3)] for c ≥ 0,

named Mn+c there) and the auxiliary operators B
(k)
n,1 considered in [9, (3.5)],

(named Mn+c,k−1 there).

2. Convergence to Classical Operators

The name linking operators is motivated by certain convergence properties
to classical operators. Therefore, in this section, we summarize known results

concerning the limit of the operators B
(k)
n,ρ for ρ→∞.

Theorem 1 ([5, Theorem 2.3]). Let c = −1. For every f ∈ C[0, 1],

lim
ρ→∞

Bn,ρf = Bn,∞f

uniformly on [0, 1].

Theorem 2 ([20, Theorem 4]). Let c = 0. Assume that f : [0,∞) −→ R
is integrable and there exist constants M > 0, q ≥ 0 such that |f(t)| ≤ Meqt

for t ∈ [0,∞). Then for any b > 0 there is ρ0 > 0, such that Bn,ρf exists for
all ρ ≥ ρ0 and we have

lim
ρ→∞

(Bn,ρf)(x) = (Bn,∞f)(x),

uniformly for x ∈ [0, b].

The explicit representations for the images of polynomials for all operators

B
(k)
n,ρ led to the following result.

Theorem 3 ([11, Corollary 1]). For each polynomial p we have

lim
ρ→∞

(
B(k)
n,ρp

)
(x) =

(
B(k)
n,∞p

)
(x),

uniformly on [0, 1] in case c = −1 and uniformly on every compact subinterval
of [0,∞) in case c ≥ 0.

A different function space was considered in [4] for the case c ≥ 0.

Theorem 4 ([4, Lemma 5, Corollary 3]). Let f ∈ C2[0,∞) with the
condition ‖f ′′‖∞ <∞. Then we have

lim
ρ→∞

(Bn,ρf)(x) = (Bn,∞f)(x),

uniformly on every compact subinterval of [0,∞).
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Theorem 5 ([1, Theorem 2]). Let c, γ > 0. Assume that f ∈ C[0,∞)
satisfies the growth condition f(t) = O(tγ) as t → ∞. Then, for any b > 0
there is a constant ρ0 > 0 such that Bn,ρf exists for all ρ ≥ ρ0 and

lim
ρ→∞

(Bn,ρf)(x) = (Bn,∞f)(x)

uniformly for x ∈ [0, b].

3. Representation for k-th Order Kantorovich
Modifications

For ρ = 1 and ρ =∞ nice explicit representations are well-known, i.e.,

(
B

(k)
n,1f

)
(x) =

nc,k

nc,k−1

∞∑
j=0

pn+ck,j(x)

∫ ∞
0

pn−c(k−2),j+k−1(t)f(t) dt, (3)

B(k)
n,∞(f ;x) = nc,k

∞∑
j=0

pn+ck,j(x)∆k
1/nIk

(
f ;
j

n

)
, (4)

where the forward difference of order k with the step h for a function g is given

by ∆k
hg(x) =

∑k
i=0

(
k
i

)
(−1)k−ig(x+ ih). For (3) see [9, (3.5)] with B

(k)
n,1 named

Mn+c,k−1 there. To verify (4) one can use the same arguments as in [16] for
the Bernstein operators, i.e., by substituting

p
(k)
n,j(x) = nc,k

min(k,j)∑
`=0

(−1)k−`
(
`

k

)
pn+ck,j−`(x)

into
dk

dxk
Bn,∞(Ikf ;x) and rearranging the terms to get

dk

dxk
Bn,∞(Ikf ;x) = nc,k

∞∑
j=0

pn+ck,j(x)

k∑
`=0

(
k

`

)
(−1)k−`Ik

(
f ;
j + `

n

)
with

k∑
`=0

(
k

`

)
(−1)k−`Ik

(
f ;
j + `

n

)
= ∆k

1/nIk

(
f ;
j

n

)
.

By using Peano’s representation theorem for divided differences (see, e.g.,
[21, p. 137]), (4) can also be written as

B(k)
n,∞(f ;x) =

nc,k

nk−1

∞∑
j=0

pn+kc,j(x)

∫ ∞
0

Nn,k,j(t)f(t) dt,
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where Nn,k,j denotes the B-spline of order k with equidistant knots j
n , . . . ,

j+k
n ,

defined by

Nn,1,j(t) =


1, j

n < t < j+1
n ,

1

2
, t ∈

{
j
n ,

j+1
n

}
,

0, otherwise,

(5)

Nn,k,j(t) =
n

k − 1

{(
t− j

n

)
Nn,k−1,j(t) +

(j + k

n
− t
)
Nn,k−1,j+1(t)

}
. (6)

In different papers [12, 14, 15] two of the authors proved the following
representations in case ρ ∈ N.

Theorem 6. Let n, k ∈ N, n − k ≥ 1, ρ ∈ N and f ∈ W ρ
n . Then we have

the representation

B(k)
n,ρ(f ;x) =

nc,k

(nρ)c,k−1

∞∑
j=0

pn+kc,j(x)

×
∫ ∞
0

ρ−1∑
i1=0

· · ·
ρ−1∑
ik=0

pnρ−c(k−2),jρ+i1+···+ik+k−1(t)f(t) dt.

Remark 1. Observe that for k = 1 the kernel
∑ρ−1
i=0 pnρ+c,i+jρ(t) can also

be written in terms of classical Baskakov type operators applied to the charac-
teristic functions χ[ jρ

nρ+c ,
(j+1)ρ
nρ+c

), i. e.,

Bnρ+c,∞
(
χ[ jρ

nρ+c ,
(j+1)ρ
nρ+c

); t) =

∞∑
i=0

pnρ+c,i(t)χ[ jρ
nρ+c ,

(j+1)ρ
nρ+c

)( i

nρ+ c

)

=

(j+1)ρ−1∑
i=jρ

pnρ+c,i(t) =

ρ−1∑
i=0

pnρ+c,i+jρ(t).

4. Results for Functions with Certain Lipschitz
Properties

In [5, Theorem 4.1] Gonska and Păltănea and [20, Theorem 6] Păltănea,
respectively, considered convexity properties of the operators Bn,ρ in case c =
−1 and c = 0, respectively. In long and tricky proofs it was shown that
for each ρ ∈ R, ρ > 0, (Bn,ρf)(r) ≥ 0 for each function f ∈ Cr[0, 1] and
f ∈W ρ

n ∩ Cr[0,∞), respectively, f (r) ≥ 0.

This was generalized to B
(k)
n,ρ, c = 0, k ∈ N (see [4, Theorem 3]).

Restricting the consideration to ρ ∈ N we know from the representation in

Theorem 6 that all the operators B
(k)
n,ρ are positive and the convexity properties
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for B
(k)
n,ρ, ρ ∈ N now follow as a corollary (see [12, Corollary 3], [14, Corollary 1].

Let I be an interval and β > 0. Define

Lipβ(I) :=
{
f ∈ C(I) : |f(x)− f(y)| ≤ β|x− y|, x, y ∈ I

}
.

Proposition 1. Let f ∈ C(I). Then f ∈ Lip1(I) iff the functions e1 + f
and e1 − f are increasing.

Proof.

f ∈ Lip1(I)⇐⇒ |f(x)− f(y)| ≤ x− y, ∀x, y ∈ I, x > y

⇐⇒ y − x ≤ f(x)− f(y) ≤ x− y, ∀x, y ∈ I, x > y

⇐⇒ e1 + f and e1 − f are increasing functions.

�

Proposition 2. Let L : C(I) → C(I) be a positive linear operator such
that Le0 = αe0 and Le1 = βe1 + γe0 for some constants α > 0, β > 0,
γ ∈ R. Suppose that L maps increasing functions into increasing functions.
Then L(Lip1(I)) ⊂ Lipβ(I).

Proof. Let f ∈ Lip1(I). Then e1 + f and e1 − f are increasing, and
consequently e1 − γ

α e0 + f and e1 − γ
α e0 − f are increasing. It follows that

Le1− γ
α Le0 +Lf and Le1− γ

α Le0−Lf are also increasing, which means that
βe1 + Lf and βe1 − Lf are increasing. Finally, e1 ± 1

β Lf are increasing, and

Proposition 1 shows that Lf ∈ Lipβ(I). �

Applying Proposition 2 to the operators B
(k)
n,ρ leads to the following result.

Corollary 1. B
(k)
n,ρ(Lip1(Ic)) ⊂ Lipβ(Ic), with β =

ρk+1nc,k+1

(nρ)c,k+1
.

Proof. For the operator L := B
(k)
n,ρ we have (see [10, Corollary 1] and [11,

Corollary 2]):

α =
ρk

(nρ)c,k
nc,k, β =

ρk+1nc,k+1

(nρ)c,k+1
, γ =

k(ρ+ 1)ρk+1nc,k

2ρ(nρ)c,k+1
.

Moreover, according to the results summarized at the beginning of this

section, for c ≤ 0 and ρ ∈ R, ρ > 0, respectively for c > 0 and ρ ∈ N, B
(k)
n,ρ

transforms increasing functions into increasing functions. �

Remark 2. Proposition 2 when β
α < 1 is useful in studying the iterates of

the operator 1
α L (see [2, 6, 13]). For L = B

(k)
n,ρ the condition β

α < 1 is equivalent
to c < 0.
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5. Remarks on Convergence to B-splines

In [12] the authors considered the topic for the linking Bernstein operators
with a different approach. In [5, Theorem 2.3] Gonska and Păltănea proved the
uniform convergence on [0, 1] of the linking Bernstein operators to the classical
Bernstein operators for every function f ∈ C[0, 1]. With explicit representa-
tions for the images of monomials and density arguments this can be extended
to the k-th order Kantorovich modifications (see [12, Introduction]). From the
representation of the k-th order Kantorovich modifications of the linking Bern-
stein operator and the classical Bernstein operator (see [12, Theorem 2, (2)])
one can derive immediately that

lim
ρ→∞

1

ρk−1

ρ−1∑
i1=0

· · ·
ρ−1∑
ik=0

p̃nρ+k−2,jρ+i1+···+ik+k−1(t) = Nn,k,j(t)

for t ∈ [0, 1] with the Bernstein basis functions p̃n,j(t) =
(
n
j

)
tj(1− t)n−j .

As the situation concerning the convergence of the operators in the Baska-
kov-type case is more complicated (see Theorems 2, 3 and 5) we can only
conjecture that

lim
ρ→∞

1

ρk−1

ρ−1∑
i1=0

· · ·
ρ−1∑
ik=0

pnρ−c(k−2),jρ+i1+···+ik+k−1(t) = Nn,k,j(t)

for t ∈ [0,∞).
We fortify our conjecture by the following illustrations (see Figure 1) where

we choose k = 1, c = 1, n = 5 and j = 1.
Moreover, in the case c = 0 we provide more evidence supporting our con-

jecture. So, consider c = 0 and k ∈ {1, 2, 3}.

Case k = 1: In this case,

pn,j(x) =
nj

j!
xje−nx, x ∈ [0,∞), j ∈ N0,

and

Snρf(x) =

∞∑
i=0

pnρ,i(x)f
( i

nρ

)
, ρ ∈ N.

Let us remark that

j

n
≤ i

nρ
<
j + 1

n
⇐⇒ jρ ≤ i < (j + 1)ρ.

Using (5) we get

SnρNn,1,j =

(j+1)ρ−1∑
i=jρ

pnρ,i =

ρ−1∑
i1=0

pnρ,jρ+i1 .
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Figure 1. The dotted line belongs to ρ = 10, the dashed line to ρ = 30 and the

solid line to ρ = 150.

It remains to prove that SnρNn,1,j(x) → Nn,1,j(x), for x ≥ 0 and ρ → ∞.
To do this, we shall use the notation of [7], the inequality after (3.3) with
f = Nn,1,j :

∣∣Snρ(f ;x)− f̄(x)
∣∣ ≤ 2x+ 1

nρ

nρ∑
k=0

VIk(gx) +
2(8x2 + 6x+ 1)

√
nρx

f̃(x). (7)

Clearly, we may restrict to the case x ∈
{
j
n ,

j+1
n

}
. For x = j

n , we get

f
( j
n

)
=

1

2
, f̃

( j
n

)
= 1, g j

n
(t) =

{
0, t < j+1

n ,

−1, t ≥ j+1
n .

But j+1
n ≤

j

n
+ 1√

k
⇐⇒ VIk(gx) = 1 ⇐⇒ k ≤ n2. Therefore,

∣∣Snρ(f ;x)− f̄(x)
∣∣ ≤ 2x+ 1

nρ
(n2 + 1) +

2(8x2 + 6x+ 1)
√
nρx

,

and

lim
ρ→∞

Snρ

(
f ;
j

n

)
= f̄

( j
n

)
=

1

2
.
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For x = j+1
n , it follows

g j+1
n

(t) =

{
0, t ≥ j

n ,

−1, t < j
n ,

and

j + 1

n
− 1√

k
<
j

n
⇐⇒ VIk(gx) = 1 ⇐⇒ k < n2.

From (7) we obtain

lim
ρ→∞

Snρ

(
f ;
j + 1

n

)
= f̄

(j + 1

n

)
=

1

2
,

and consequently

ρ−1∑
i1=0

pnρ,jρ+i1 = SnρNn,1,j −→ Nn,1,j (ρ→∞).

Case k = 2: In this case

1

ρ

ρ−1∑
i1=0

ρ−1∑
i2=0

pnρ,jρ+i1+i2+1 =
1

ρ

{
ρ∑
`=1

` pnρ,jρ+` +

ρ−1∑
`=1

(ρ− `)pnρ,(j+1)ρ+`

}
,

and

Nn,2,j(t) =


nt− j, j

n ≤ t <
j+1
n ,

j + 2− nt, j+1
n ≤ t <

j+2
n ,

0, otherwise.

From

j

n
≤ i

nρ
<
j + 1

n
⇐⇒ jρ ≤ i < (j + 1)ρ,

and

j + 1

n
≤ i

nρ
<
j + 2

n
⇐⇒ (j + 1)ρ ≤ i < (j + 2)ρ,
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we get

SnρNn,2,j =

(j+2)ρ−1∑
i=jρ

pnρ,iNn,2,j

( i

nρ

)

=

(j+1)ρ∑
i=jρ+1

pnρ,iNn,2,j

( i

nρ

)
+

(j+2)ρ−1∑
i=(j+1)ρ+1

pnρ,iNn,2,j

( i

nρ

)

=

ρ∑
`=1

pnρ,jρ+`Nn,2,j

(jρ+ `

nρ

)
+

ρ−1∑
`=1

pnρ,(j+1)ρ+`Nn,2,j

( (j + 1)ρ+ `

nρ

)
=

ρ∑
`=1

pnρ,jρ+`
`

ρ
+

ρ−1∑
`=1

pnρ,(j+1)ρ+`

(
1− `

ρ

)
=

1

ρ

{
ρ∑
`=1

` pnρ,jρ+` +

ρ−1∑
`=1

(ρ− `)pnρ,(j+1)ρ+`

}
.

Therefore,

1

ρ

ρ−1∑
i1=0

ρ−1∑
i2=0

pnρ,jρ+i1+i2+1 = SnρNn,2,j −→ Nn,2,j (ρ→∞).

Case k = 3: To simplify the notation, we shall replace pnρ,jρ+` by P`. Then,
we get

ρ−1∑
i1=0

ρ−1∑
i2=0

ρ−1∑
i3=0

pnρ,jρ+i1+i2+i3+2

=

ρ−1∑
i1=0

ρ−1∑
i2=0

ρ−1∑
i3=0

Pi1+i2+1+i3+1

=

ρ∑
`=1

ρ−1∑
i1=0

ρ−1∑
i2=0

Pi1+i2+1+`

=

ρ−1∑
i1=0

ρ−1∑
i2=0

Pi1+i2+1+1 +

ρ−1∑
i1=0

ρ−1∑
i2=0

Pi1+i2+1+2 + · · ·+
ρ−1∑
i1=0

ρ−1∑
i2=0

Pi1+i2+1+ρ.



34 Linking Baskakov Type Operators

The following matrix of coefficients shows the number of occurrences of P`:

P2 P3 P4 · · · Pρ+1 Pρ+2 · · · P2ρ−1 P2ρ P2ρ+1 · · · P3ρ−2 P3ρ−1

1 2 3 · · · ρ ρ− 1 · · · 2 1 0 · · · 0 0
0 1 2 · · · ρ− 1 ρ · · · 3 2 1 · · · 0 0
0 0 1 · · · ρ− 2 ρ− 1 · · · 4 3 2 · · · 0 0
0 0 0 · · · ρ− 3 ρ− 2 · · · 5 4 3 · · · 0 0
0 0 0 · · · ρ− 4 ρ− 3 · · · 6 5 4 · · · 0 0
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
0 0 0 · · · 2 3 · · · ρ ρ− 1 ρ− 2 · · · 1 0
0 0 0 · · · 1 2 · · · ρ− 1 ρ ρ− 1 · · · 2 1

Therefore,

ρ−1∑
i1=0

ρ−1∑
i2=0

ρ−1∑
i3=0

pnρ,jρ+i1+i2+i3+2

=
1 · 2

2
P2 +

2 · 3
2

P3 +
3 · 4

2
P4 + · · ·+ ρ(ρ+ 1)

2
Pρ+1

+
( (2 + ρ)(ρ− 1)

2
+ ρ− 1

)
Pρ+2

+
( (3 + ρ)(ρ− 2)

2
+

[(ρ− 1) + (ρ− 2)] · 2
2

)
Pρ+3

+ · · ·+
( [(ρ− 1) + ρ] · 2

2
+

[2 + (ρ− 1)](ρ− 2)

2

)
P2ρ−1

+
ρ(ρ+ 1)

2
P2ρ +

(ρ− 1)ρ

2
P2ρ+1 +

(ρ− 2)(ρ− 1)

2
P2ρ+2

+ · · ·+ 2 · 3
2

P3ρ−2 +
1 · 2

2
P3ρ−1

=
1

2

{
ρ∑
`=1

`(`− 1)pnρ,jρ+` +

2ρ−1∑
`=ρ+1

[
`(2ρ− `+ 1) + (3ρ− `)(`− ρ− 1)

]
pnρ,jρ+`

+

3ρ−1∑
`=2ρ

(3ρ− `)(3ρ− `+ 1)pnρ,jρ+`

}
.

Denote

Aρ :=
1

2ρ2

{
ρ∑
`=1

`(`− 1)pnρ,jρ+`

+

2ρ−1∑
`=ρ+1

[
`(2ρ− `+ 1) + (3ρ− `)(`− ρ− 1)

]
pnρ,jρ+`

+

3ρ−1∑
`=2ρ

(3ρ− `)(3ρ− `+ 1)pnρ,jρ+`

}
.
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We have, using (6),

Nn,3,j(t) =
n

2

{(
t− j

n

)
Nn,2,j(t) +

(j + 3

n
− t
)
Nn,2,j+1(t)

}
,

and so

Nn,3,j(t) =
n2

2



(
t− j

n

)2
, j

n ≤ t <
j+1
n ,(

t− j
n

)(
j+2
n − t

)
+
(
j+3
n − t

)(
t− j+1

n

)
, j+1

n ≤ t <
j+2
n ,(

j+3
n − t

)2
, j+2

n ≤ t <
j+3
n ,

0, otherwise.

From j
n ≤

i
nρ <

j+3
n ⇐⇒ jρ ≤ i < (j + 3)ρ, we deduce that

SnρNn,3,j =

∞∑
i=0

pnρ,iNn,3,j

( i

nρ

)
=

(j+3)ρ−1∑
i=jρ+1

pnρ,iNn,3,j

( i

nρ

)

=

3ρ−1∑
`=1

pnρ,jρ+`Nn,3,j

(jρ+ `

nρ

)
=

1

2ρ2

{
ρ∑
`=1

`2pnρ,jρ+` +

2ρ−1∑
`=ρ+1

[
`(2ρ− `) + (3ρ− `)(`− ρ)

]
pnρ,jρ+`

+

3ρ−1∑
`=2ρ

(3ρ− `)2pnρ,jρ+`

}
,

and thus

SnρNn,3,j−Aρ=
1

2ρ2

{
ρ∑
`=1

` pnρ,jρ+`+

2ρ−1∑
`=ρ+1

(3ρ−2`)pnρ,jρ+`+

3ρ−1∑
`=2ρ

(`−3ρ)pnρ,jρ+`

}
.

On the other hand,

SnρNn,2,j =
1

ρ

{
ρ∑
`=1

` pnρ,jρ+` +

2ρ−1∑
`=ρ+1

(2ρ− `)pnρ,jρ+`

}
,

and

SnρNn,2,j+1 =
1

ρ

{
ρ∑
`=1

` pnρ,(j+1)ρ+` +

2ρ−1∑
`=ρ+1

(2ρ− `)pnρ,(j+1)ρ+`

}

=
1

ρ

{
2ρ−1∑
`=ρ+1

(`− ρ)pnρ,jρ+` +

3ρ−1∑
`=2ρ

(3ρ− `)pnρ,jρ+`

}
.
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Therefore,

SnρNn,3,j −Aρ =
1

2ρ2

{
ρ∑
`=1

` pnρ,jρ+` +

2ρ−1∑
`=ρ+1

(2ρ− `)pnρ,jρ+`

+

2ρ−1∑
`=ρ+1

(ρ− `)pnρ,jρ+` +

3ρ−1∑
`=2ρ

(`− 3ρ)pnρ,jρ+`

}

=
1

2ρ

(
SnρNn,2,j − SnρNn,2,j+1

)
.

Thus,

1

ρ2

ρ−1∑
i1=0

ρ−1∑
i2=0

ρ−1∑
i3=0

pnρ,jρ+i1+i2+i3+2 −→ Nn,3,j (ρ→∞).
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