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Moduli of Roots of Hyperbolic Polynomials
and Descartes’ Rule of Signs
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A real univariate polynomial with all roots real is called hyperbolic. By
Descartes’ rule of signs for hyperbolic polynomials (HPs) with all coeffi-
cients nonvanishing, a HP with ¢ sign changes and p sign preservations
in the sequence of its coefficients has exactly ¢ positive and p negative
roots. For ¢ = 2 and for degree 6 HPs, we discuss the question: When the
moduli of the 6 roots of a HP are arranged in the increasing order on the
real half-line, at which positions can the moduli of its two positive roots
be depending on the positions of the two sign changes in the sequence of
coefficients?
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1. Introduction

The classical Descartes’ rule of signs states that given a real univariate
degree d polynomial P, the number pos of its positive roots is not larger than
the number ¢ of the sign changes in the sequence of its coefficients. In the
present paper we consider only polynomials with all coefficients nonvanishing
and with positive leading coefficients. Thus the number of sign changes for
the polynomial P(—zx) is equal to the number p of sign preservations for the
polynomial P(z) hence one has neg < p, where neg stands for the number
of negative roots of P. If P is hyperbolic, i.e. with all roots real, then the
conditions

c+p=4d=pos + neg, pos < c and neg < p

imply pos = ¢ and neg = p. We consider only the generic case when all moduli
of roots are distinct. Suppose that the d moduli of roots are arranged in the
increasing order on the positive half-line. Then one can formulate the following
problem:
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Problem 1. Knowing the positions of the sign changes and sign preserva-
tions in the sequence of coefficients of a given hyperbolic polynomial (HP), what
positions can occupy the moduli of its positive roots in this arrangement?

For ¢ = 1, the exhaustive answer to this problem (for any degree d) is given
n [11]. Also in [11] one can find the answer to Problem 1 for d < 5 and ¢ = 2.
In the present paper we give the answer to it for d = 6 and ¢ = 2.

Remark 1. For d < 5, it is sufficient to study Problem 1 for ¢ < 2, because
the polynomial (—1)?P(—x) has p sign changes and c¢ sign preservations in
the sequence of its coefficients. Thus if P(z) has more than 2 sign changes,
then (—1)¢P(—z) has not more than 2 sign changes and one can consider
(—1)?P(—=z) instead of P(x). For d > 6 this is not so. In particular, for d = 6,
HPs with ¢ = 3 remain such when P(z) is replaced by (—1)¢P(—z).

The paper is structured as follows. In Section 2 we recall some definitions
and results of [11] and we mention some problems related to Problem 1. In
Section 3 we first remind which cases have to be considered for d = 6 according
to the signs of the coefficients of the HP, and then we resolve Problem 1 in each
of these cases.

2. Definitions and Known Results

Definition 1. A sign pattern (SP) of length d + 1 is a sequence of d + 1
signs + or —. We say that the polynomial P := z¢ + Z?;é ajz’? defines the
SP (+, sgn(ag—1), ..., sgn(ag)). We consider polynomials with positive leading
coefficients, so the SPs we deal with begin with +. In the proofs we use also
SPs some of whose components are zeros.

Notation 1. We denote the two positive roots of a HP (with two sign
changes in the sequence of its coefficients) by 0 < 8 < a. By 0 < 71 <
- < 74—2 we denote the moduli of its negative roots. By (a,b,w), a, b,
w € NUO, a+ b+ w = d— 2 we denote the case when v, < 8 < Y441 and
Vatb < & < Yagbi1 setting o := 0 and y4-1 := 00. By L, 5, ¢, for ¢ = 2 (resp.
by X, for ¢ = 1) we denote the SP consisting of m pluses followed by n
minuses followed by ¢ pluses, where m +n+ ¢ = d + 1 (resp. consisting of m
pluses followed by n minuses, where m +n = d + 1). For ¢ = 1, the moduli of
the positive and negative roots are denoted by o and 1 < - -+ < y4—1; the case
(a,b), a+b=d—1, means v, < @ < Yg4+1. The notation (a,b, w) and (a,b) is
different from the one used in [11].

Definition 2. (i) Given a SP one defines its corresponding canonical ar-
rangement as follows. The increasing order of moduli of positive and negative
roots on the real half-line coincides with the order of sign changes and sign
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preservations respectively when the SP is read backward. Example: for d = 6
and ¢ = 2, the SP £941 = (+,+,—, —, —, —, +) when read backward gives the
following order of sign changes and sign preservations: (c,p,p,p,c,p). Hence
the canonical arrangement defined by this SP is 8 < 71 < 72 < 73 < a < Y4
which is the case (0, 3,1). More generally, for the SP X,, ,, 4, the corresponding
canonical arrangement defines the case (¢ — 1,n —1,m — 1).

(ii) We say that a SP X, 4 (vesp. 2,,.,) is realizable in the case (a, b, w)
(resp. (a,b)) if there exists a degree d HP with ¢ = 2 and p = d — 2 (resp. with
¢=1and p=d—1) defining this SP, with distinct moduli of its roots which
define the case (a,b,w) (resp. the case (a,b)). We can also say that the case
(@, b, w) is realizable with the SP X,, ,, 4.

The following result can be found in [11]:

Theorem 1. (i) Every SP has a canonical realization, i.e. is realizable in
the case defined by its canonical arrangement. The SPs 314, Y41, X1,d-1,1
and X, 1,d—m are realizable only in this case.

(1) The SPs Xq_221 and Xq_331 are realizable in the case (1,0,d — 3).
They are realizable only in this case and in cases of the kind (0,b,w), b+ w =
d—2. Forn >4, the SP ¥, 1 is realizable only in cases of the kind (0,b,w),
b+w=d-2.

Remark 2. Given a degree d polynomial P(z) we define its reverted poly-
nomial P as PE(z) := 2?P(1/z). It is clear that if the SP %,,,, (resp.
Yn.n) is realizable in the case (a,b,w) (resp. (a,b)) by the HP P(x), then the
SP Xgnm (resp. X, ) is realizable in the case (w,b,a) (resp. (b,a)) by the
polynomial sgn(P(0))PE(x).

Another problem about real univariate polynomials (not necessarily hyper-
bolic) inspired by Descartes’ rule of signs is the following one:

Problem 2. Suppose that a SP with ¢ sign changes and p sign preserva-
tions is given. For which pairs of nonzero integers (pos,neg) satisfying the
conditions pos < ¢, neg < p and ¢ —pos € 2NU O 2 p — neg do there exist
such polynomials defining the given SP and having exactly pos positive and neg
negative roots, all distinct?

The problem seems to have been formulated for the first time in [2]. Its
exhaustive answer for d < 8 is to be found in [7, 1, 5, 8] (and this answer is not
trivial). An interesting particular case for d = 11 is considered in [9]. In [6]
a tropical analog of Descartes’ rule of signs is formulated. Different aspects of
the theory of HPs are exposed in [10]. For metric inequalities involving moduli
of roots of polynomials see [3] and [4].
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3. Resolution of Problem 1 for d = 6

For d = 6, the SPs with ¢ = 2 which need to be considered are the following
ones: 2175’1, Em,l,q (m + q = 6), Ek,ﬁfk,l (k = 2, 3 and 4), 2273’2 and 23’2_’2.
The remaining SPs are obtained from these ones by reversion, see Remark 2.
We consider different SPs in the subsequent subsections. In Subsection 3.7 we
summarize the results.

In the proofs we use the following notation:

Notation 2. We remind that we consider HPs having four negative and
two positive roots. These roots are denoted by

§1 <& <8 <LU<0<E<8.

For the roots of the derivatives we use the notation

(1 <C<(3<C<(, & < (<&t

(the latter inequalities result from Rolle’s theorem). One has (3 < 0 < (g, if
the last but first sign of the SP is +, and {4 < 0 < (5, if it is —.

Remark 3. In the proofs we use one-parameter deformations of given HPs
in which the deformation parameter is considered only for these nonnegative
values for which the deformed polynomial is hyperbolic.

Remark 4. For n fixed, one could ask the question what the possible values
of the quantity b can be. As we shall see, for d = 6 and n = 2, one has b < 4.
The following example (with d = 7 and n = 2) shows that b can attain the
value 5:

D :=(x—0.9)(z+0.98)(x +0.99)(x + 1)(z + 1.01)(x + 1.02)(z — 1.1)
= 2" + 32% + 0.98952° — 5.0505z* — 5.0989949623
+0.9010149622 + 2.949514962 + 0.9895050396 .

The polynomial D defines the SP 33 o 3 and realizes the case (0,5,0). To obtain
such examples with arbitrarily large values of d > 7 (and with n = 2) it suffices
to multiply D by polynomials of the form Hﬁ;l(l + €,1) Hﬁ;:fﬂ(x + &),
where €; are small positive quantities. Indeed, for 1 < p < p*, the moduli
of the negative roots —1/¢,, are large whereas for p* +1 < p < p* 4 v*, the
moduli of the negative roots —¢,, are small; the polynomial then defines the

SP 334+ 2,340+ and realizes the case (v*, 5, u*).

3.1. The SPs X351 and X¥,, 1,4, m+q=26

These two cases have only canonical realizations, see Theorem 1. This
means that for the HPs realizing the SP ;57 one has § < 71 < 72 < 73 <
4 < « (*). This is the case (0,4, 0).
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Example 1. Consider the polynomial P* := (x — 0.01)(z + 0.25)*(z — 1),
ie.
P* =25 —0.012° - 0.6252" — 0.306252
— 0.055468752% — 0.00332031252 + 0.0000390625 .

This polynomial defines the SP ¥;5,. Hence for € > 0 small enough, the
polynomial

(x —0.01)(z+0.25 — 2e)(z + 0.25 — ) (z + 0.25 + &) (z + 0.25 + 2&)(x — 1)

also defines the SP 3; 51 and has six distinct real roots whose moduli satisfy
conditions ().

Example 2. For m = 1, 2 and 3, the following HPs define the correspond-
ing SPs ¥, 1,4
(z +0.01)*(x — 1)? = 2% — 1.962° + 0.92062* + 0.038804z2>
+0.0005920122 + 0.00000398z + 10~% |

(x4+0.01)3(x — 1)%(z +4) = 2% +2.032° — 6.93972* + 3.7906012>
+0.11790222 + 0.001193z + 0.000004,

(z +0.01)%(x — 1)*(x +4)? = 2° + 6.022° + 1.12012* — 23.97942>
+ 15.52012% 4 0.31762 + 0.0016..

The reverted of these HPs define these SPs with m = 5, 4 and 3, respectively.
One can define one-parameter deformations of these HPs in which the multiple
roots split into simple real ones while preserving the signs of the roots and of
the coefficients of the corresponding polynomial (as this is done in Example 1).
For small nonzero values of the deformation parameter, the deformations are
canonical realizations of the corresponding SPs.

3.2. The SP 22,4,1

For any HP realizing this SP, one has 8 < 71, see part (ii) of Theorem 1.
Hence a priori the realizable cases are of the form (0,b,4 —b), 0 < b < 4. The
ones with b = 2, 3 and 4 are realizable:

(0,2,2) : (z —0.001)(z + 0.3)(x + 0.4)(z — 1)(z + 1.01)(z + 1.02)
= 2% 4+ 1.7292° — 0.16053z* — 1.60630122>
— 0.8395095422 — 0.122782884x + 0.000123624 ,

(0,3,1) : (x—0.001)(z+0.3)(x +0.4)(x + 1)(xz — 1.01)(x + 1.02)
= 2% + 1.7092° — 0.194912* — 1.6229468z°
— 0.8419408622 — 0.122780436x + 0.000123624 ,



136 Moduli of Roots of Hyperbolic Polynomials

(0,4,0) : (z —0.001)(z 4+ 0.3)(z 4 0.4)(x + 1)(x + 1.01)(z — 1.02)
= 2% 4+ 1.6892° — 0.228892* — 1.63931282>
— 0.844324462% — 0.1227780362 + 0.000123624 .

Proposition 1. The case (0,0,4) is not realizable with the SP ¥g 41.

Proof. Indeed, suppose that the polynomial P realizes the SP 33 4 ; in the
case (0,0,4). Hence ¢4 < 0 < (5 and —&4 = 1 > a = &, see Notation 2. This
means that

> —C>—(>—->8>C(. (1)

The HP P’ defines the SP 3 4. It follows from [11, Corollary 1] that for d = 5,
the cases (3,1) and (2,2) are realizable with the SP 33 4, but the cases (1, 3)
and (0,4) are not. This is a contradiction with (1). O

Proposition 2. The case (0,1,3) is not realizable with the SP 3g.41.

Proof. Suppose that the HP P realizes the SP ¥, 41 in the case (0,1, 3).
We use Notation 2. Consider for ¢t > 0 the one-parameter deformation
P, := P +tz*(x — &). As t increases, the root & does not change, &, &3
and &5 decrease while & and &, increase; the SP does not change. For some
value ty > 0 of ¢, at least one of the two things happens:

A) the roots & and &3 coalesce;

B) one has |&4] = |&5], 1. —&4 = &5.

Set @ := P,,. If A) takes place, then we consider the one-parameter defor-
mation Q, := Q — s(x — &)22?%, s > 0. As s increases, the double root & = &3
does not change, £; and &5 decrease while £ and &g increase; the SP does not
change. Then for some s = sg > 0, either B) or C) takes place, with

C) one has [&| = &2, i.e. =& = &6.

We denote by AB) “A) followed by B)”. Thus if A) takes place, then there
exists a HP defining the SP %3 4 ; for which either AB) or AC) takes place.

Suppose that B) takes place. Consider the one-parameter deformation
Qu == Q +uQ*, Q* = (22 — &3)(z — &), u > 0. The roots &, &5 and &
do not change, & and &3 decrease while £ increases. One has

Q* = 1% — &ea® — (64)%x + 366 = 2 — Upz® — Uz + Uy , Uj >0.

Hence as u increases, the signs of the last three coefficients of @, do not change
and the first three coefficients do not change at all. The coefficient of 23
cannot become negative. Indeed, @, is hyperbolic and four sign changes in
the sequence of its coefficients means four positive roots which is not the case.
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Thus u can be increased only until for some value ug, A) takes place, so one

can assume that either AB) (or BA) which is the same) or AC) takes place.
Set R := Qq,. Suppose that AB) takes place. Consider the one-parameter

deformation R, := R —vR*, R* := (x — &)?*(2? — £3), v > 0. One has

R =" — 2627 + (6 — &1)a” + 26€iz — €]
:$4+R3(£3+R2(E2*R1£L’*R0, Rj>0.

Thus in the deformation R, only the sign of the linear term can change. The
roots &, 2 < ¢ < 5, do not change, & decreases and &g increases, so for some
value vg > 0 either C) or D) takes place, with

D) the coefficient of x equals 0.

Hence if AB) takes place, then it suffices to consider the possibility ABC)
or ABD) to take place.
Suppose that AC) takes place. Consider the deformation R, := R + rRf,
r >0,
R = (24 &) (x — &) = 2° + &a® — o — &5

The roots &5 = &3 and &g do not change, & and &5 decrease while &4 increases.
In the deformation R, the coefficient of 23 or the one of 22 or both of them
cannot become positive, because this would mean at least three sign changes,
i.e. at least three positive roots which is impossible. The constant term of R,
cannot vanish. Indeed, in this case after rescaling one can set { = 1 hence
R, = T, where

T=(z+1)%z—1)(z+g)(z+h), g=—& >1, h=—& € (0,1).

Observe that the SP X3 41 implies that R.(0) < 0 hence it is & and not &4
that vanishes. The coefficient of 23 in T equals —1+ g+ h + gh > 0 whereas it
must be negative. However, as Rf(0) < 0, for 7 = —R(0)/R'(0) > 0, one has
R,.(0) =0, i.e. for r = rg, the constant term does vanish. This contradiction
shows that one cannot have AC). So one cannot have ABC) either and only
the possibility ABD) remains.

We rescale the variable x so that {4 = —1 = —&;. We set {2 = &3 = —g,
g>1,&6=A>1,&& =—B, B>1. So we consider the polynomial

Since F} = g(—gB + gA 4+ 2AB), the condition F; = 0 yields g = g, :=
2AB/(B — A). Hence B > A, because g > 0. One gets

Fy| _ =(-24°B? - B+ 2AB — A> + 3AB® + 3A°B)/(-B + A)”.

9=gx

However the inequalities B > A > 1 imply 2AB> > 242B2%, AB®> > B? and
AB > A2, ie. F4‘g:g > 0 which is in contradiction with the SP 33 4 ;. This

contradiction proves the proposition. O
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3.3. The SP 23,3,1

According to part (ii) of Theorem 1, the HPs realizing this SP either satisfy
the inequalities 71 < 8 < @ < v2 < 3 < 74, which is the case (1,0, 3) realizable
by the HP

(x4 0.98)(z — 0.99)(x — 1)(z + 2.05)(z + 2.1)(x + 40)

= 20 + 43.142° + 124.75332" — 41.230682°

—294.61453122 — 0.116529z + 167.06844 ,

or they realize one of the cases (0,b,4 —b), 0 < b < 4. These cases are also
realizable:
(0,0,4) : (z—0.1)(z —9)(z+9.6)(x +9.7)(x + 9.8)(x + 9.9)
=20 +29.92° + 216.352* — 1448.1352°
— 24185.42762% — 78877.71684x + 8131.05216,

(0,1,3) : (x—0.1)(z+0.99)(z — 1)(x + 1.01)(x 4+ 1.02)(x + 40)
= 2% + 41.922° + 76.61792* — 9.3059922>
— 81.6975778z% — 32.6139222x + 4.079592

(0,2,2) : (z—0.1)(z+0.99)(x + 0.995)(x — 1)(z + 1.02)(« + 40)
= 2% + 41.9052° + 76.004252* — 9.835474423
— 81.02321112% — 32.0695689x + 4.019004

(0,3,1) : (z —0.1)(z + 0.99)(x + 0.995)(z + 0.999)(z — 1)(z + 40)
= 2% 4+ 41.8842° + 75.1456652* — 10.5558065523
— 80.081926942% — 31.3281913z + 3.9362598 ,

(0,4,0) : (z—0.1)(z+9.6)(x+9.7)(xz +9.8)(z + 9.9)(x — 10)
= 2% + 28.92° 4+ 177.452* — 2014.5852>
— 27835.34262% — 87541.52424x + 9034.5024 .

3.4. The SP 24’2’1

For the HPs realizing this SP there exist two possibilities, see Theorem 1.
The first of them is to satisfy the inequalities 71 < 8 < o < 72 < ¥3 < 74, and
this is the case (1,0, 3) realizable by the polynomial

(x4 1)(x —1.5)(x — 1.6)(z + 10)(x + 11)(z + 12)
= 2% + 30.92° + 2922* + 539.12% — 2946.22% — 55.2z + 3168.
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The second is one of the cases (0,b,4 —b), 0 < b < 4, to be realizable. For
b =0, 1 and 2 we provide examples of HPs realizing the corresponding cases:

(0,0,4) : (z—1)(z —4)(x + 5)(x + 6)(z + 100)(z + 101)
= 2% 4+ 2072° + 112852* + 5627323
— 23328622 — 1046480z + 1212000,

(0,1,3) : (x—1)(z+2)(z—4)(x+5)(z+ 100)(x + 101)
= 2% + 2032° + 104812* + 1595723
— 21648222 — 214160z + 404000 ,

0,2,2) : (x—1)(x +2.1)(z + 3)(z — 4)(x + 1000) (z + 1001)
= 2% 4+ 2001.12° + 1.0011849 x 10%z* + 69673.72>
—107(1.523738592% — 1.10606748x + 2.52252) .

Proposition 3. The case (0,4,0) is not realizable with the SP ¥421.

Proof. Suppose that the SP ¥, 5 ; is realizable in the case (0,4, 0) by the
HP P. Then the SP X o 4 is realizable in the case (0,4, 0) by the HP Q := P*.
For the roots of @ and Q' we use Notation 2. The HP @’ defines the SP 3123
and as |&,] € (&5,8), 1 < v <4, one has (| > {4, kK =1, 2 and 3. One has
(s > (4; the position of (5 w.r.t. [¢x|, 1 <k < 3, cannot be specified.

The HP (Q') defines the SP Y35 ; and has roots n; = 1/¢; for which one
has |ng| < ns and n, <0, k =1, 2 and 3. Notice that n4 is the largest root n;.
Indeed, there are two positive roots n4 and 75, and as (5 > (4, this implies
N5 < 1n4. From part (ii) of Theorem 1 and from [11, Proposition 1] (which
claims that for d = 5, the case (0, 3,0) is not realizable with the SP 33 5 1) one
deduces that this is impossible. O

Proposition 4. The case (0,3, 1) is not realizable with the SP $421.

Proof. Suppose that the HP P realizes the SP ¥, 51 in the case (0,3,1).
We use Notation 2. Consider the polynomial V := 23(z — &)(z — &) (x — &4).
It defines the SP (4,+,4,+,0,0,0). Hence throughout the deformation
P, := P+ tV, t > 0, the SP does not change, the roots £, &3 and &4 remain
the same, & and &5 increase while & decreases. Hence for some ¢t =ty > 0, at
least one of the following things happens:

A) one has |4] = |&5], 1.e. =& = &5
B) one has [&1| = |€6], i.e. —&1 = &e;
C) one has |&] = |&gl, i.e. —& = &.

Suppose that A) takes place. Set @ := P, and consider the deformation
Qs = Q+sQ”, Q° = (2% — €2)(2> — ¢2), s > 0. The SP defined by the
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polynomial Q% is (0,0, +,0, —,0,+), so the SP does not change throughout the
deformation Q5. The roots &4, & and &g do not change; £ increases without
reaching —&g; &2 increases and €3 decreases. Hence for some s = sp > 0, one
has

D) the roots & and &3 coalesce.

By rescaling the z-axis one obtains the condition & = &3 = —1. Hence
one can set =& =& =g € (0,1), & = A > 1 and —& = B > A. The
corresponding polynomial equals K := (z + 1)?(2% — ¢*)(z + B)(x — A). Its
coefficient of 23 is

—29°4+¢?A—A—Bg’+B—24AB = —2¢* —(1—¢?)A—Bg*+(1—A)B—AB < 0

which contradicts the SP 345 1.

Suppose that B) takes place. Consider the deformation Q, := Q + vQT,
QT := (22— ¢2)x2, v > 0. The polynomial QT defines the SP (0,0, +,0, —,0,0),
so the SP does not change throughout the deformation @),,. The roots &; and &g
do not change. The root £, increases while &5 decreases, both of them keeping
away from 0 (because @, (0) does not change). As & increases and {3 decreases,
for some v = vy > 0, one has either A) (a case already considered) or D).

If B) and D) take place, then by rescaling the z-axis so that {& = &3 = —1,
one sets —&; =& =A>1and —§ =g € (0,1) > h = &. The corresponding
polynomial equals (x + 1)?(2% — A?)(x — h)(z + g), with coefficient of 23 equal
to

—2A% — A%g+ g+ hA®? —h—2gh = (h—1)A% 4 (g — A%) — A%g—h —2gh <0

which contradicts the SP 345 1.

Suppose that C) takes place. Consider the family of polynomials @ + 6Q*,
where § > 0 and Q°® := (22 — &2)(2? — £2). The polynomial Q* defines the
SP (0,0,+,0,—,0,+), so the SP does not change throughout the deformation.
The roots &3, & and & do not change, £ and & increase (£, never becomes
equal to —¢5) while &5 decreases. For some § = dy > 0, takes place either D) or

E) the roots & and &y coalesce.

If E) takes place, then after rescaling one obtains for £ = —1 = & = —&;
the polynomial

G=@+1)@-Da+g@+h)(z—k), k=&, g=-&, h=-,
hence 0 < k < h < g < 1. The coefficient of z° equals
—1—g—h+gh+k—kg—kh—ghk =—-1—g(1—h)—(h—k)—kg—kh—ghk <0

which contradicts the SP ¥4 41. If D) takes place, then we rescale the x-axis
to obtain the polynomial G with the equalities & = —1 = &3 = =&, k = &5,
g = —&, h = -, hence 0 < k < h <1 < g. With the same form of
the coefficient of x3 one concludes that the negative sign of this coefficient
contradicts the SP X492 5.

The proposition is proved. O
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3.5. The SP 22,3,2

Proposition 5. All cases (a,b,w), a+b+w =4,0 < a, b, w < 4, are
realizable with the SP X33 5.

Proof. The SP 3, 3 5 is center-symmetric, this is why if this SP is realizable
in the case (a,b,w) by a HP P, then it is realizable in the case (w, b, a) by the
HP PF. We prove the proposition by exhibiting examples of HPs which realize
¥2,3,2 in the indicated cases. The above observations allow to skip some of the
cases.

(1,0,3) : (z+0.01)(z —0.1)(z — 1)(x + 1.01)(x + 1.02)(z + 1.03)
= 2% 4+ 1.972° — 0.12532" — 2.0675532>
— 0.875767642% + 0.097559534x + 0.001061106 ,

(1,1,2) : (z+0.01)(z — 0.1)(z 4+ 0.99)(z — 1)(z + 1.02)(z + 1.03)
= 2% +1.952° — 0.14452* — 2.0456552°
— 0.8565335622 + 0.095648466x + 0.001040094 ,

(1,2,1) : (x+0.01)(z —0.1)(x + 0.98)(z + 0.99)(x — 1)(x + 1.03)
=2%4+1.912°% — 0.18172* — 2.0019312>
— 0.81930584z2 + 0.0919375342 + 0.000999306 ,

(1,3,0) : (z+0.01)(x — 0.1)(z + 0.97)(x + 0.98)(z + 0.99)(x — 1)
= 2% +1.852° — 0.23452* — 1.9366452°
— 0.7664345622 + 0.086638466x + 0.000941094 ,

(0,2,2) : (z—1)(z+1.1)(x+2)(xz —2.1)(x + 2.2)(z + 2.3)
= 2% + 4.52° — 0.252% — 24.2052°
— 23.643622 4 19.2214x + 23.3772,

0,1,3) : (z—1)(z + 1.1)(z — 2)(z + 2.05)(z + 2.1)(z + 2.15)
= 2% + 4.42° — 0.04252* — 21.86652°
— 20.92167522 + 17.0680252 + 20.36265 ,

(0,4,0) = (z —1)(z+2.9)(z+3)(x+3.1)(x + 3.2)(z — 8)
=25+ 3.22°% — 46.012* — 291.17223
— 487.418x2 4 129.968x + 690.432 ,
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(2,0,2) : (z+0.8)(z+0.9)(z — 1)(xz — 5)(x +5.1)(z + 5.2)
= 2% + 625 — 22.252% — 15623
— 72.155622 4 147.9336x + 95.472,

(0,0,4) : (z —1)(z —1.001)(z 4 1.002)(z + 1.01)(z + 1.02)(x + 1.1)
= 2% 4+ 2.1312° — 0.8676722* — 4.266241062>
— 1.26894984622 + 2.135240980z + 1.136621926 .

3.6. The SP 23’2,2

Proposition 6. The cases (a,b,w) with w > 1 are realizable with the SP
Y322

Proof. For d =5 and for the SP X5 5 o, all cases (a,b,w) with a+b+w =3
are realizable, see [11]. Hence for d = 6, all corresponding cases (a,b,w + 1)
are also realizable. Indeed, if the degree 5 HP P(x) defines the SP 332 5 and
realizes the case (a,b,w), then for € > 0 small enough, the HP (1 + ez)P(z)
defines the SP X322 and realizes the case (a,b,w + 1). Indeed, the root —1/¢
has the largest of the moduli of its roots. 0

Thus it remains to consider the cases (a,b,0) with a +b = 4. The case
(0,4,0) is realizable by the HP

(z —1)(z +1.9)(z + 1.91)(z + 1.92)(z + 2)(z — 2.1)
= 2% + 4.632° + 0.54122* — 24.363942>
— 28.469668x2 + 17.398152z + 29.264256 .

Proposition 7. The case (4,0,0) is not realizable with the SP ¥32.9.

Proof. Suppose that the HP P realizes the case (4,0,0) with the SP £33 5.
For the roots of P and P’ we use Notation 2; in particular, £ < 0 < & and
(3 < 0 < 4. The polynomial P’ defines the SP X321 and for its roots one
has (5 > (x|, k = 1, 2 and 3. It follows from part (ii) of Theorem 1 and [11,
Proposition 1] (by which for d = 5, the case (0,3,0) is not realizable with the
SP 332.1) that this is impossible. O

Proposition 8. The cases (1,3,0), (2,2,0) and (3,1,0) are not realizable
with the SP 23’2}2.
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Proof. Suppose that the HP P realizes the case (1,3,0) or (2,2,0) or
(3,1,0) with the SP ¥329. We use Notation 2. Consider the one-parameter
deformation

Pi:=P+tlx—&)(x—&)2*, t>0.

The polynomial (z — & )(x — &)a? defines the SP (0,0, +, —, —,0,0), because
|€1] < &6; therefore the SP does not change throughout the deformation P;.
The roots & and &g do not change, & and &4 increase while €3 and &5 decrease.
Hence there exists ¢ty > 0 such that for P, at least one of the two things holds
true:

A) in case (1,3,0), one has [&4] = |&5], i.e. =& = &s;
in case (2,2,0), one has |&5| = |&5], i.e. —&3 = &5;
(the possibility |£2] = |€5| also exists, but we consider it
only in the case (3,1,0), because in both cases (2,2,0) and (3,1,0)
it gives §o = —&5, —&1 < &6);
in case (3,1,0), one has |&] = |&5], i.e. —& = &5;

B) the roots & and &3 coalesce.

Consider the case (1,3,0). Suppose that A) takes place. Set Q := P,.
Then throughout the deformation

Qi=Q+s(@® - - &), 520, (2)

the SP does not change. Indeed, the polynomial (22 — ¢2)(2? — ¢€2) defines the
SP (0,0,+,0,—,0,+). The roots &1, {4 and &5 do not change while & decreases
(but never becomes equal to —&;). The root &3 increases while £3 decreases.

Therefore there exists sop > 0 for which both A) and B) take place. In this
case after rescaling of = one can have

E=¢&=—-1, —&=&=ge(0,1), & =B>1 and &=A> B.

The corresponding polynomial equals (x + B)(x + 1)%(2% — ¢%)(x — A) and its
coefficient of 2% is 2(B — A) + (1 — AB) — ¢g? < 0 which contradicts the SP
Y3.92. Hence A) does not take place.

Suppose that B) takes place. We use again the rescaling of = leading to
& = & = —1. Consider the polynomial S := (x + 1)?(z — 1/2). It defines the
SP (0,0,0,+,+,0,—). Then throughout the deformation

QU::Q_USa UZOa (3)

the SP does not change. The roots & and &3 do not change while £ and &g
increase; £ and does not coalesce with &. The root & increases, if &5 < 1/2,
decreases, if & > 1/2, and remains fixed, if {5 = 1/2. As A) does not take
place, for some vg > 0,

C) the root &; coalesces with {3 = &s.
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In this case Qu, = (2-+1)(2-+g)(@—h)(a— A), where —& = g < h = & < 1
and A = & > 1. The coefficient of z* in Q,, equals

3+39—3h—gh—(34+9g—h)A <3+439g—3h—gh—3—g+h=2(9g—h)—gh <0,

which contradicts the SP 3322. Thus the case (1,3,0) is not realizable with
the SP 23,272.

Consider the case (2,2,0). Suppose that A) takes place. Throughout the
deformation Qs (see (2)) the roots &1, &5 and &5 do not change; & decreases
without becoming equal to —&;; 4 decreases and &> increases. Hence, for some
s = sp > 0, there are two possibilities. The first is to have A) and B), i.e. one
can set

=& =—-1=—&, —&=ge(0,1), —& =B>1 and &=A> B.

The corresponding polynomial is W := (z + 1)%(z — 1)(z + g)(x + B)(xz — A)
whose coefficient of ¢ equals

Wyi=—-14g+B+gB—A—Ag—AB=(B—A)(g+1)+(9—AB)—1<0,

which contradicts the SP X3 2 2. The second is to have A) and
D) the root &4 coalesces with 3.

In this case one sets
=86=-1=-¢&, —-&L=g>1, -6 =B>g and {=A>DB.

The corresponding polynomial equals W and its coefficient of z* is W4 < 0. So
suppose that B) takes place. Then A) takes place as well, and this possibility
was already rejected.

Consider the case (3,1,0). Suppose that A) takes place. Throughout the
deformation Qg (see (2)) the roots &1, & and &5 do not change, & decreases,
but remains larger than |£;|, &3 increases and &, decreases. Hence for some
s = 89 > 0, one has D). Consider the polynomial (z2—1)(z+g)?(z+ B)(z— A),
where

—f==1, —&=-&4=9€(01), -&HG=B>1 and =A>B.
The coefficient of 2% equals
—14¢*>+29B—-249g—- BA=—(1-¢%) —29(A—B)—-BA<0,

which contradicts the SP X3 2 5.

If B) (but not A)) takes place, then in the deformation @, (see (3)) the
roots &2 = &3 do not change, & and &g increase while &4 decreases. We admit
that &5 might increase or decrease or remain fixed. Hence for some v = v*,
either D) takes place or

E) one has |&] = [&1], e & = —&1.
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If B) and D) take place, then one considers the polynomial (z + 1)3(x —
g)(x + B)(z — A), where

l=—f=-&=—8, 1<g=&<B=-L<A=&.

The coefficient of 2% equals
3—39+3B—gB—-3A+Ag— AB=-3(g—1)—-3(A-B)—A(B—g)—¢gB <0,

which contradicts the SP 335 5.
If B) and E) take place, then one considers the polynomial (z + 1)?(z? —
B?)(x + h)(z — A) with

G =h<l=-6L=-§E<B=§G=-8<A=E.
The coefficient of z¢ equals
1-B*+2h—2A— Ah=—(B*~1)—-2(A—h)— Ah <0,

which is a contradiction with the SP ¥3 2 1.
The proposition is proved. O

3.7. Summarization of the Results

In this subsection we summarize the results of the section. For each SP of
the left column we give in the column Y the cases (a, b, w), a+b+w = 4, which
are realizable, and in the column N the ones that are not realizable. We list
only cases which are allowed by Theorem 1. The results concerning SPs which
are not in the list are obtained by reversion, see Remark 2.

Sp Y N
(1,5,1) (0,4,0)
(m,1,q), m+q= (¢g—1,0,m—1)
(2,4,1) (0,2,2), (0,3,1), (0,4,0)  (0,0,4), (0,1,3)
(3,3,1) (1,0,3), (0,0,4), (0,1,3),
(0,2,2), (0,3,1), (0,4,0)
(4,2,1) (1,0,3), (0,0,4), (0,1,3), (0,3,1), (0,4,0)
(0,2,2)
(2,3,2) all possible cases
(3,2,2) all other cases (4,0,0), (3,1,0),
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