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Inequalities for Polynomials on Simplexes *

LozKo MILEV AND NIKOLA NAIDENOV

Denote by 7 the set of all algebraic polynomials of d variables and
of total degree not exceeding n. Let || - ||k be the uniform norm on a
compact set K C R?. We use the notation A? for the standard simplex
in R%. We also set 7o := 7r§ and A := A2,

In the papers [11, 12, 13] we described the set Ea of all extreme points
of Ba = {f €m: |flla <1}

Recently in [16] we found a characterization and explicit formulas for
the strictly definite extreme points of Baa := {f € m2 : ||flloa < 1}.
As an application we proved some inequalities connecting || f|| e and
Il flload, for f € 7§ and d > 2. In particular, for d = 2 we have the exact
inequality

5
Iflla < 3 [Iflloa,  for every f & ma. (%)

Here we present the main results from [16] and prove a generalization
for arbitrary simplex in RY. We also give a graphical illustration of the
extremal polynomial in the inequality ().

Keywords and Phrases: Polynomial inequalities, extreme points, sim-
plex.

Mathematics Subject Classification 2010: 26C05, 26B25, 41A17, 52A21.

1. Introduction

Denote by m, the set of all real algebraic polynomials of two variables and
of total degree not exceeding n. Let

Ai={(z,y) ER?:x >0, y>0, s +y <1}

be the standard simplex in R? and A be the boundary of A.

*This research was supported by the Bulgarian National Research Fond under Contract
KP-06-N62-4/2022.
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We use the notations || f||a and || f||ga for the uniform norm of f on A and
O0A, respectively. Let

BA = {f SO ||f||A < 1} and BSA = {f € my - ||fH3A < 1}

be the unit balls corresponding to these norms.

Recall that a point p of a convex set B in a linear space is extreme if the
equality p = Ap1 + (1 — AN)pa, for some p1,p2 € B and A € (0,1), implies
b1 =Dp2=Dp.

According to the Krein-Milman theorem, every nonempty, compact and
convex set B in a Banach space has an extreme point. Moreover, if E denotes
the set of all extreme points of B, then B can be represented as the closure
of the convex hull of E. This result motivates the study of the extreme points
of the unit ball of various polynomial spaces. We refer to the papers [5, 6, 7,
2, 8,9, 10, 4]. The description of the extreme points can be useful in finding
exact constants in polynomial inequalities involving convex functionals, see
3, 14, 15, 1].

We described in [11, 12, 13] the set of all extreme points of Ba. In the recent
paper [16] we gave a full description of the strictly definite extreme points of
Baa and proved certain inequalities connecting || f||a« and || f|lpaq, for f € 74
and d > 2.

Here we present the main results from [16] and prove a generalization for
arbitrary simplex in R?. We also give a graphical illustration.

2. Results

‘We shall need some additional notations. Let Ega be the set of all extreme
points of Boa and Ej, be the subset of Ega which consists of the strictly
concave polynomials.

We denote the vertices of A by 0(0,0), A(1,0) and B(0,1). The sides OA,
gB and Ag of A will be denoted by #1, £5 and /{3, respectively. Let ¢; = OA,
ly = OB, (3 = AB.

A qualitative characterization of the elements of E, is contained in the
following theorem.

Theorem 1. Let p € w3 be a strictly concave function. Then p € Ega if
and only if the following conditions hold true:

(i) For every i = 1,2,3 there exists a unique point X; € int¥{; such that
0
p(X;) =1 and %(Xi) =0;

(i) min{p(0),p(4),p(B)} = 1.
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Note that all strictly convex elements of Ega have the form g = —p, where
D E Ly,
The next result provides an explicit form of the elements of E .

Theorem 2. A polynomial p € o is a strictly concave element of Fga if
and only if

p(z,y) = a+ bz + cy + da” + 2exy + fi°,

where
a=",
b=2\1—-~v(VI—a++y/1-7),
c=2/T=7 (VI=5+V1=7),
d=—-(VT—a+1—7)%,
e=VI=aVI-B—T=7 (VI—a+Vi-3+T-9),
f=-(V1I=B+1=7)",

and

0576776 [_171)7 min{a767ry}:_1'

The following theorem provides a sharp inequality between the norms of a
polynomial f € m on the standard triangle and its boundary.

Theorem 3. The inequality

5
1712 < 5 l1flloa (1)

holds true for every f € mo. The equality is attained if and only if f = cf*,
where ¢ is a constant and

[ (xy) = —1+8(x+y) — 8(z” + zy + 7). (2)

Figure 1 presents the graph of the extremal polynomial f*.

The next theorem contains a generalization of (1) for any triangle in R2.

Theorem 4. Let T be a given triangle in R?. For every f € m we have
the inequality

5
<= .
ey 11| < 3 s 1700

The equality is attained if and only if f(X) = c f*(L(X)), where f* is defined
by (2), c is a constant and L is an affine one-to-one transformation from T
to A.
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Figure 1. Graph of the extremal polynomial f*(z,y) in Theorem 3.

Another extension of the inequality (1) is for any dimension d > 2.
Let 7 be the set of all algebraic polynomials of d variables and of total
degree not exceeding n and

Ad = {(xl,...,xd)eRd: xiZO,izl,...,d,ingr}, r> 0.

Theorem 5. The inequality

5
xX)<2 X
max F(X)] < 5 max [ f(X)]

I3

holds true for every f € 73, d > 2.

Let us suppose that the points vg,...,vq in R% are affinely independent,
i.e. the vectors vy — vg,...,vq — vg are linearly independent. The simplex
determined by the points vy, ..., vq is the set

d
S = {x:invi: xizO,izl,...,d,inzl}.

i=0 =0
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The following theorem provides an extension of Theorem 5 for arbitrary
simplexes in R?.

Theorem 6. Let S be a simplex in RY. For every f € 73, d > 2 we have
the inequality

5
X)) <= X)|.
max |f(X)] < 5 max |f(X)]
Proof. Let vg,...,vq be the vertices of S. It is easily seen that there exists

a unique affine transformation L : R? — R such that
L(vi):ei, ’i:(),...,d,

where eg = (0,...,0), e; = (1,0,...,0), ..., eq =(0,...,0,1). Clearly L maps
S onto A4 := A¢ and also 95 onto AL

Given f € md we set g(Y) = f(L71(Y)) for Y € A4. Note that g € 7¢. By
Theorem 5 we get

max |f(X)| = max [g(Y)]

Xes YeAd
5
< = Y
<3 s 90
5
= 3 Inax |f(X)|
Theorem 6 is proved. O
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