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Two Mathematica Packages

@ Multilntegrate allows to compute multi-dimensional integrals
over hyperexponential integrands in terms of (generalized)
harmonic sums. This package uses variations and extensions
of the multivariate Alkmkvist-Zeilberger algorithm.

@ HarmonicSums allows to deal with nested sums such as
harmonic sums, S-sums, cyclotomic sums and cyclotomic
S-sums as well as iterated integrals such as harmonic
polylogarithms, multiple polylogarithms and cyclotomic
polylogarithms in an algorithmic fashion.

Note that for some of the functionalities both packages rely on the
Sigma package by Carsten Schneider.
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Multilntegrate
We use the Almkvist Zeilberger algorithm to evaluate integrals of the form

o4 o
/ / F(n;xi,...,xq)dxy ... dxq,
uyg uy

where F(n; x1,...,Xq) is a hyperexponential function i. e.,
P n
alxg,exg)
F(nix1,...,xq) = q(n;x1,...,xq) - ePCxd) Sp(x1, ..., xq)™ | - (M) R
e t(x1,. .5 Xd)
with
a(x1, .5 xd), b(X1, - Xa), S(X1, ooy Xa)s E(X1, -y Xd) G(M X1, Xa) € Kxa, .oy Xd)

and Sp(x1,...,xq) € K[x1,...,xg],ap € Kfor 1 < p < P. With e.g., K = Q(e).
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Our strategy to evaluate integrals of the form

o4 01
/ / F(mxi,...,xq)dxy ... dxy,
uyg uy

where F(n;xy,...,xq) is a hyperexponential function is:

@ compute a recurrence for the integrand F(n; xi,...,xq)
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Our strategy to evaluate integrals of the form

o4 01
/ / F(mxi,...,xq)dxy ... dxy,
uyg uy

where F(n;xy,...,xq) is a hyperexponential function is:

@ compute a recurrence for the integrand F(n; xi,...,xq)

@ use the reccurrence for the integrand to derive a recurrence
for the integral
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Our strategy to evaluate integrals of the form

o4 01
/ / F(mxi,...,xq)dxy ... dxy,
uyg uy

where F(n;xy,...,xq) is a hyperexponential function is:

@ compute a recurrence for the integrand F(n; xi,...,xq)

@ use the reccurrence for the integrand to derive a recurrence
for the integral

@ solve the recurrence
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Recurrence for the Integrand

P n
a1, xg) S(X1 Xd)
. = q(n: Bl ) - S (x1.... ap | . IAARE)
F(mxt,....xa) = q(mx,...,xq) e d (pr_ll (X1, -+ Xa) ) (t(xl,...,xd) ,
where
a(x1, ...y xd) b(X1s .oy Xd)y S(X1, ooy Xd), (X1, -0y Xa), (M xa, ., Xxd) € K[xa, . .., X4d]

and Sp(x1, ...,

Xd) S ]K[Xl7 ..

., Xd|,ap € Kfor1 < p<P.Witheg., K=0Q(¢).
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Recurrence for the Integrand

P n
a(xq,-5%g) S(X1,...,Xd
F(mxi,....xq) = q(mx, ... xq) - €51 . (H SP(Xh“"Xd)%) ' (g 7

p—1

where

a(x1, ...y xd) b(X1s .oy Xd)y S(X1, ooy Xd), (X1, -0y Xa), (M xa, ., Xxd) € K[xa, . .., X4d]
and Sp(x1,...,xq) € K[x1,...,xq],ap € Kfor 1 < p < P. With e.g.,, K= Q(¢).

Then there exist
L e N, ey(n),e(n),...,e(n) € K[n], not all zero, and R;(mx1,...,xq) € K(n, x,...,Xq)
such that
Gi(m X1, ..., xd) = Ri(m x1, ..., xq)F(mx1,. .., Xq)
satisfy
L d
ei(n)F(n+1ixi,...,xq4) = Z Dy Gi(m; x1,. .., Xq)-
i=0 i=1
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Using the Package MultiIntegrate

Inf1):= << Sigma.m
In2l:= << HarmonicSums.m
In3l:= << Multilntegrate.m

’Sigma - A summation package by Carsten Schneider -RISC Linz- V 1.0 (7/7/11) ‘

’ HarmonicSums by Jakob Ablinger -RISC Linz- Version 1.0 (1/3/12) ‘

’ Multilntegrate by Jakob Ablinger -RISC Linz- Version 1.0 (1/3/12) ‘

1

In[4]:= mAZ[(Xy)"+1(1 —x—y+ Xy)z » N, {X, Y}' f]

Out[4]=

—z —z 1 n
{{ (1971407 (3) } {(71+x)*2(71+y)*(xyr27"{ :
1, , 3§ {nxy—
Xy Xy
nxy+x2yz+x2yfxyzfxy,x},{nyzfny+2y27

2y,y}}7 (7172n7n272272n2722) f(1+n)+

<4+4n+ n2) 2+ n)}}
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Recurrence for the Integral 1

We now consider the integral

oy o]
a(n) ::/ / F(n;x1,...,xq)dxi ... dxd,
uy u
Where for F(n;xy,...,xq) we have
L d
Z ei(MF(n+ix1,...,x4) = Z Dy, Gi(n; x1, ..., Xd)-
0 i=1

=
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Recurrence for the Integral 1

We now consider the integral

oy o]
a(n) ::/ / F(n;x1,...,xq)dxi ... dxd,
uy u

Where for F(n;xy,...,xq) we have
L d
Ze;(n)F(n—l—i;xl,...,xd):ZDX,.G,-(n;Xl,...,Xd).
i=0 i=1

If

F(n ... Xi—1, Ui, %i41,---) = F(m... Xi—1,0i, Xi41,...) =0,

we also have

Gi(n; ..., xi—1, U, Xi41,---) = Gi(nm ..., Xi—1,0},Xi41,--.) =0
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Recurrence for the Integral 1

We now consider the integral

oy o]
a(n) ::/ / F(nxi,...,xq)dx1 ... dxq
uy u

Where for F(n;xy,...,xq) we have

L

d
Ze, YE(n+ i x1,. .., Xd) :ZDX’.G,'(H;Xl,....,Xd).
i=1

i=

If

F(nm ... xi—1, Ui, Xit1,--.) = F(n ..., xi—1,0i, Xi41,...) =0,
we also have

Gi(m; ...y Xi—1, Uiy Xig1,---) = Gi(n; ..., Xi—1,0i, Xi+1,-..) =0

and hence a(n) satisfies the homogenous linear recurrence

L

Ze, )a(n+ i) =0.

i=0
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Using the Package MultiIntegrate

—X)(=1+x)(=2+y)(y - 1)

men

In[5]:= mAZIntegrate[(a . n, {{x, a, 1}, {y, 1, 2}}]
—5415a+5m—5am+ n—3an— mn+ amn
(=3+m)(—2+m)(—=1+m)(—=3+n)(—2+n)(-1+n)
227"(1 —3a — m+ am+ n — 3an — mn + amn)
(=3+ m)(=2+ m)(=1+ m)(=3+ n)(=2+ n)(—1+ n)
_m<71532 +5a°+52°m—53a°m+3a°n— a°n— a®mn+ a*mn
3t mC2+m(L+ m(-3+ )(-2+m)(-1+ 1)
22”(33 -3 am+a3m+3ana3nazmn+a3mn))
(=3+ m)(—2+ m)(=1+ m)(=3+n)(—2+ n)(—=1+n)

Out[5]=

+
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Recurrence for the Integral 2

We again consider the integral

Od o1
a(n) ::/ / F(mxi,...,xq)dxy...dxq,
uyg uy

@ suppose F(n; x1,...,xq) does not vanish at the bounds

J. Ablinger Integration and (Generalized) Harmonic Sums



Recurrence for the Integral 2

We again consider the integral

Od o1
a(n) ::/ / F(mxi,...,xq)dxy...dxq,
uyg uy

@ suppose F(n; x1,...,xq) does not vanish at the bounds
e Gj(n;xi1,...,xq) does not have to vanish at the bounds
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Recurrence for the Integral 2

We again consider the integral
Od 01
a(n) ::/ / F(mxi,...,xq)dxy...dxq,
Uy up

@ suppose F(n; x1,...,xq) does not vanish at the bounds
e Gj(n;xi1,...,xq) does not have to vanish at the bounds

@ then force the G; to vanish at the integration bounds by
modifying the ansatz, and look for G; of the form

Gi(mx1, ...y xd) = Gi(mxt, ..., xq)(xi — ui)(xi — 07),
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Recurrence for the Integral 2

We again consider the integral

Od o1
a(n) ::/ / F(mxi,...,xq)dxy...dxq,
uyg uy

@ suppose F(n; x1,...,xq) does not vanish at the bounds
e Gj(n;xi1,...,xq) does not have to vanish at the bounds

@ then force the G; to vanish at the integration bounds by
modifying the ansatz, and look for G; of the form

Gi(n;x1,...,xq) = E,-(n;xl, ooy xd) (X — up)(xi — o),

@ hence a(n) satisfies again a homogenous linear recurrence of
the form

L
ei(n)a(n+ i) =0.
i=0
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1+X1 X2
(g,n) dxydxp.
/ / (1+ 1) 1

F(ﬂ)

Note that the integrand does not vanish at the integration bounds.
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1+X1 X2
(g,n) dxydxp.
/ / (1+ 1) 1

F(ﬂ)

Note that the integrand does not vanish at the integration bounds.
Using our ansatz we find

2(n+1)(e — n—2)F(n) — (n+2)(5¢ — 5n— 13)F(n+1)

+(n+3)(4e —4n—13)F(n+2) — (n+4)(e —n—4)F(n+3)

=D F(n)(x1 — 1)x1 (x1 + 1) x2 ((n + 3)x1x2 + 2)

+D F(n)(x2 — 1) x2 (}@x3(—¢ + n+4) — (e — 3)xoxf + (n+ 2)xox1 + 1) .
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1+X1 X2
(g,n) dxydxp.
/ / (1+ 1) 1

F(ﬂ)

Note that the integrand does not vanish at the integration bounds.
Using our ansatz we find
2(n+1)(e — n—2)F(n) — (n+2)(5¢ — 5n— 13)F(n+1)
+(n+3)(4e —4n—13)F(n+2) — (n+4)(e —n—4)F(n+3)
=D F(n)(x1 — 1)x1 (x1 + 1) x2 ((n + 3)x1x2 + 2)
+D F(n)(x2 — 1) x2 (}@x3(—¢ + n+4) — (e — 3)xoxf + (n+ 2)xox1 + 1) .

Integration of this reccurence yields

2(n+1)(e —n—2)I(e,n) — (n+2)(5e —5n — 13)I(e,n+ 1)
+(n+3)(4e —4n—13)I(e,n+2) — (n+4)(e —n—4)I(e,n+3) = 0.
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1+X1 X2
(g,n) dxydxp.
/ / (1+ 1) 1

F(ﬂ)
Note that the integrand does not vanish at the integration bounds.

Using our ansatz we find

2(n+1)(e — n—2)F(n) — (n+2)(5¢ — 5n— 13)F(n+1)

+(n+3)(4e —4n—13)F(n+2) — (n+4)(e —n—4)F(n+3)

=D F(n)(x1 — 1)x1 (x1 + 1) x2 ((n + 3)x1x2 + 2)

+D F(n)(x2 — 1) x2 (}@x3(—¢ + n+4) — (e — 3)xoxf + (n+ 2)xox1 + 1) .

Integration of this reccurence yields

2(n+1)(e —n—2)I(e,n) — (n+2)(5e —5n — 13)I(e,n+ 1)
+(n+3)(4e —4n—13)I(e,n+2) — (n+4)(e —n—4)I(e,n+3) = 0.

Solving the recurrence leads to

275 (2 — 2)
~ _ 1-¢
I(C"n_n+1<zfl+’f -2 Z*I‘i’f*l e—1 >
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Using the Package MultiIntegrate

. (1 + x1 x x2)"
e T L.y ' M 1,0, 1}, {x2,0, 1
infel:= mAZDirectIntegrate[ 1+ x1)° n, {{x1, 0, 1}, {x2, 0, 1}}]
n 1 n 2 .
Out[6]= 2‘1:1 u—efl _ 2ZL1:1 “late1 2€ -2
—n—1 (I7+1)26 (n+1)(e—1)2€

[(1+x1+x2+x1 * x2)"

1+ x1)e ., n, {{x1, 0, 1}, {x2, 0, 1}}]

in[7):= mAZDirectIntegrate

2—2n—e (208 _ 83 22+n + 63 21+2n _ 24+e + 7 22+n+e _ 13 22n+e)
(1+n)(14+n—¢)

Out[7]=

(14 x1 + x2 + x1 % x2)"
(1 + x1)e

ins}:= mAZDirectIntegrate[ ., n, {{x1, 0, %}, {x2, 0, 2}}]

2—2n—5 (208 —-83 22+n + 63 21+2n o 24+e + 7 22+n+e —13 22n+e)
1+n)(1+n—¢)

Out[8]=
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Solving recurrences using C. Schneider's Sigma package

inj9)= recsol=SolveRecurrence[-2(1+n)(2+n-€)f[n]+(2+n)(13+5n-5¢)f[1+n]
-(34+n)(13+4n-4¢)f[2+4n]+(4+4n)(4+n-€)f[3+n]==0, f[n]]

outsl- {{07lin}ﬁ{o‘izf:i;ii‘;iip’}’{0‘727].1+1+7 } (1,0}

e [ 27152429 271 (8324 2(=3429¢) 27 (A0 112+ (50-327) c+(-14+32) &)
ntiof= i —1+e (—2+9(-1+¢) 3(3+e(-2+e)(-1+e)

— FindLinearCombination[recsol, {0,init}, n, 3]

—242¢ (1242930, = 16357, 1+s e

B s g A+ n)2e [ n)2
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Recurrence for the Integral 3

We look again at the integral

o4 ~01
a(n) ::/ / F(n;x1,...,xq)dxq ... dxg.
uyg uy

Suppose that we found

L d
Ze;(n)F(n+ f;Xl,...,Xd) = ZDXV.G,'(H; Xl,...,Xd)
i=1

i=0
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Recurrence for the Integral 3

We look again at the integral
o4 01

a(n) ::/ / F(n;x1,...,xq)dxq ... dxg.
ug uy

Suppose that we found

L d
Ze;(n)F(n+ i X1, .. ,Xd) = Z DX,.G,'(H; X1yeo 7Xd)
i=0 i=1

By integration with respect to xi,...,xq we get
L d Od 0j—1 Oit1 o1
Ze;(n)a(n-ﬁ-i) = Z/ / / / O,‘(I‘I)Xm...dX,',ldXH,l...dXd
i j=1 " Ud JuUj—1 JUjy1 uy
d Od 0ji—1 Oit+1 o1
72/ / / / Ui(n)dxy ... dxj_1dXj+1 ... dxg
j=1YUd uUj—1 Uj+1 u

with
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Recurrence for the Integral 3

We look again at the integral
o4 01

a(n) ::/ / F(n;x1,...,xq)dxq ... dxg.
ug uy

Suppose that we found

L d
Ze;(n)F(n+ f;Xl,...,Xd) = ZDXV.G,'(H; Xl,...,Xd)
i=1

i=0
By integration with respect to xi,...,xq we get
L d Od 0j—1 Oit1 o1
Ze;(n)a(n-ﬁ-i) = Z/ / / / O,‘(I‘I)Xm...dX,',ldXH,l...dXd
i=0 j=1 " Ud JuUj—1 JUjy1 uy
d o4 0j_1 Oj+1 01
72/ / / / Ui(n)dxy ... dxj_1dXj+1 ... dxg
j=1YUd uUj—1 Uj+1 u
with
Oi(n) = Gi(mx1,...,Xi—1,0;,Xi11---,Xd)
Ui(n) = Gi(nx1,...,Xi—1, Ui, Xit1---,Xd)

Note that there are 2 - d integrals of dimension d — 1, to compute.
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1
I(g,n) // ( -:j:lxxz dxidxa,

F(mx, X2) =
Applying the algorithm leads to

X x4+ 1)

—(n+1)F(n; x1,x2) + (n+2)F(n+1;x1,x2) = D,0+ Dy, Tty
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1
I(g,n) // ( -:j:lxxz dxidxa,

F(mx, X2) =
Applying the algorithm leads to

X x4+ 1)

—(n+1)F(n; x1,x2) + (n+2)F(n+1;x1,x2) = D,0+ Dy, Tty
and hence it follows by integration

—(n+1)I(e,n) + (n+2)I(e,n+1) = /1(x1 + 1)1 g — /01 0dx;.

h(n)
In the next step apply the algorithm to /(n); we find

4.2 _2¢
2(n+2—¢)

h(e,n) =
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1
I(g,n) // ( -:j:lxxz dxidxa,

F(mx, X2) =
Applying the algorithm leads to

X x4+ 1)

—(n+1)F(n; x1,x2) + (n+2)F(n+1;x1,x2) = D,0+ Dy, Tty
and hence it follows by integration

—(n+1)I(e,n) + (n+2)I(e,n+1) = /1(x1 + 1)1 g — /01 0dx;.

h(n)
In the next step apply the algorithm to /(n); we find

4.9n ¢
h(e,n) = —/———.
(e m) 2(n+2—¢)
Plugging in yields
4.2m—2°

—(n+1)I(e,n)+(n+2)l(e,n+1) = Fni2=e)
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1
I(g,n) // ( -:j:lxxz dxidxa,

F(mx, X2) =
Applying the algorithm leads to

X x4+ 1)

—(n+1)F(n; x1,x2) + (n+2)F(n+1;x1,x2) = D,0+ Dy, Tty
and hence it follows by integration

—(n+1)I(e,n) + (n+2)I(e,n+1) = /1(x1 + 1)1 g — /01 0dx;.

h(n)
In the next step apply the algorithm to /(n); we find

4.9n ¢
h(e,n) = —/———.
(e m) 2(n+2—¢)
Plugging in yields

4.2m—2°

—(n+1)I(e,n)+(n+2)l(e,n+1) = Fni2=e)

Solving this recurrence yields

1 = 1 — 2 275(25 - 2)
’(5’")*n+1<;—i+5—172 ;—i+a—1+ e-1 )
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Using the Package MultiIntegrate

In[12]:= mAZIntegrate[%, n, {{x1, 0, 1}, {x2, 0, 1}}]
n n o1 .
Out[12]= 2=t e _ 23 0= Thred 2€ -2
_ —-n—1 (n+1)2¢ (n+1)(e — 1)2¢

[(1+x1+x2+x1*x2)"

In[13]:= mAZIntegrate 1+ x1)*

., {{x1, 0, 1}, {x2, 0, 1}}]
272n76 (208 —83 22+n + 63 21+2n _ 24+6 +7 22+n+e —13 22n+5)

outal= T+ml+n—0o

(1 4+ x1 + x2 + x1 % x2)"

in[14:= mAZlIntegrate[ T+ x1)

. n, {{x1, 0, %}, {x2, 0, 2}}]

2—2n—£ (208 —83 22+n + 63 21+2n _ 24+e + 7 22+n+e —13 22n+e)

Outl14)= (1+n1+n—¢)

J. Ablinger Integration and (Generalized) Harmonic Sums



Laurent Series Expansion of the Integral

@ we look again at the integral

Od o1
Z(e, n) ::/ / F(n;xy,...,xqg)dx ... dxq.
ug u

@ assume that we can write it in the form
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Laurent Series Expansion of the Integral

@ we look again at the integral

Od o1
Z(e, n) ::/ / F(n;xy,...,xqg)dx ... dxq.
ug u

@ assume that we can write it in the form

Z(e,n) = Z e'l(n).
=L
o find I_;(n),/—t+1(n),..., lu(n) in terms of indefinite nested

product-sum expressions.
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Laurent Series Expansion of the Integral

@ we look again at the integral

Od o1
Z(e, n) ::/ / F(n;xy,...,xqg)dx ... dxq.
ug u

@ assume that we can write it in the form

Z(e,n) = Z e'l(n).
=L
o find I_;(n),/—t+1(n),..., lu(n) in terms of indefinite nested

product-sum expressions.
e compute a recurrence for Z(e, n) in the form

ao(e, n) T (e, n)+- - ~+aq(e, n) T (e, n+d) = ho(n)+- - -+hy(n)e"+0(e"T1);

use one of the methods presented above
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Laurent Series Expansion of the Integral

@ we look again at the integral

Od o1
Z(e, n) ::/ / F(n;xy,...,xqg)dx ... dxq.
ug u

@ assume that we can write it in the form

[e.°]

Z(e,n) = Z e'l(n).

I=—L

o find I_;(n),/—t+1(n),..., lu(n) in terms of indefinite nested
product-sum expressions.
e compute a recurrence for Z(e, n) in the form

ao(e, n) T (e, n)+- - ~+aq(e, n) T (e, n+d) = ho(n)+- - -+hy(n)e"+0(e"T1);

use one of the methods presented above
@ use algorithm FLSR implemented in Sigma.
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Using the Package MultiIntegrate

1 1 % x2)"
In[15]:= mAZExpandedIntegrate[( +x1 % x2)

W, n { € 0,2}, {{x1,0, 1}, {x2, 0, 1}}]

Out[15]=

{{5[1, (2] _SLn] 2" —1  log(S[L. {2}.n] | S[2.(2}.n] _

n+1 n+1  (n+1)%’ n+1 n+1
S[2,n] | log(2) (=2"") (n+1) + 2" — 1 log(2)*S[1,{2},n] _
n+1+ (n+1)3 ’ 2n+2
log(2)S[2, {2}, n] | S[3,{2},n] _ S[3.7] n
n+1 n+1 n+1
log(2)*2"(n + 1)® — log(2)2"*(n + 1) + 2" — 1
(n+ 1) }*0‘2}

+ x1 + x2 + x1 * x2)"
(14 x1)e

In[16]:= mAZExpandedIntegrate[(l . n {€0, 1}, {{x1,0, 1}, {x2, 0, 1}}]

Out[16]=

("1 —1)" (271 —1) (—27 27 nlog(2) + 27 log(2) + 1) o1
(n+1p2 7 (n+1) o

[(l+x1+x2+x1*x2)"

T+ x1)s . {e0, 1}, {{x1,0, %}. {x2, 0, 2}}]

in171:= mAZExpandedintegrate|

Out[17]=

p—n—1 (2n+1 _ 3n+1) (3n+1 _ 1) p—n—1 (3n+1 _ 1) (2,.71 _3ntl g 3n—1n|0g (%) 43 log (g)) o1
B (n+1)? T (n+1)3 o
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Using the Package MultiIntegrate

The following integral occurs in the computation of special Feynman diagrams in particle physics:

1ot (s(x=1) +t(u—-1)+1)
,/0 4/0 ((W*l)(l*l)(SX*S‘F!U*t*Ll‘Fl)(SX*SJrtU*t*X+1)

1 (z2(=s+tu—t+1)+x((s =1)z+1))"
(z—1)(sx—s+tu—t—x+1)—swx+sw+sxz—sz—tuw+tuz+tw—tz+uw—u—w—xz+x+z
n 1 (u((t=Dw+1) —w(s(—x)+s+t—1))" )dudx
(Ww—1)(sx—s+tu—t—u+1) swx —sw—sxz+sz+tuw —tuz—tw+tz—uw+u+w+xz—x—z
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Using the Package MultiIntegrate

The following integral occurs in the computation of special Feynman diagrams in particle physics:

1ot (s(x=1) +t(u—-1)+1)
,/0 4/0 ((W*l)(l*l)(SX*S‘F!U*t*Ll‘Fl)(SX*SJrtU*t*X+1)

1 (z2(=s+tu—t+1)+x((s =1)z+1))"
(z—1)(sx—s+tu—t—x+1)—swx+sw+sxz—sz—tuw+tuz+tw—tz+uw—u—w—xz+x+z
n 1 (u((t=Dw+1) —w(s(—x)+s+t—1))" )dudx
(Ww—1)(sx—s+tu—t—u+1) swx —sw—sxz+sz+tuw —tuz—tw+tz—uw+u+w+xz—x—z

B 1 (s+t-—Dw(z—-1) sw—sz+z—-1 (s+t—1w(z-1) z(swfserz—l)
7(wfl)(zfl)(s+t71)<sl‘1< sw—sz4+z—-1 " z—1 ,n)—51.1< sw—sz+z—-1 " w(z—1) )
(s+t-—Dw(z—-1) (t-1)(sw—sz+z—1) S+t — s+t—1 (s—1)(t—-1)
—S1 ( sw—sz+z—1 "~ (s+t—1)(z—1) )+511( t— (1—t)wn>+511( t-1 ' s+t—1 ,n)
(s+t—Dw(z—1) (sw—sz+z—-1)(tz—1), S+ t— s+t—1 (s—1)(t-1)
+511 ( s H ) —S11 ( -1 -t n) +S11 (7 —_— n)
sw—sz+z—1 (s+t—1w(z—-1) t—1 s—1 s+t—1
S (s+t-1(w-1)z —tw+w+tz—1 S s+t—1 (t—l)(sw—l) 5, s+t—1 1 .
+1'1((t—1)w—tz+1' w1 '")’ “( t—1°  s+t-1 )+ ( Pt ’S)Z’")
(s+t—1)(w—-1)z (s—1)(-tw+w+tz—1) s+t—1 s+t—1 (s—1)(tz—1)
—S11 ( :n) = S11 (7,1 ) Si (7 7#1)
(t—1w—tz+1"~ (s+t—1)(w—-1) s—1 1 s+t—1
s ((ert—l)(w—l) wi(t—w—tz+1) >+5 ((s+t—l)(w—l) (5w—1)((t—1)w—tz+1)_)
M\ w1 (w—-1)z (t—w—tz+1 " Grt—Dw-1nz "
=511(1,(1 = s)z;n) + S1.1(1, 2z — sz;n) 4+ S2((1 — 5)z; n) — S11(1, (1 — t)w; n) + S1a(1, w — tw; n) — Sp((—s — t + 1)w; n)

—S((—=s —t+1)z;n) +25(—s—t+1;n) — S3(1 — s;n) + S((1 — t)w; n) — Sp(1 — t; n)
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(Generalized) Harmonic Sums

Definition (Harmonic Sums (H-Sums))
For ¢; € Z* and n € N we define

sign(c)? sign(ci)’
Serynac(n) = Z Tal T e
n>h>h>>i>1 N1 Ik

k is called the depth and w = fo:1|c,-| is called the weight of the
harmonic sum S, . . (n).
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(Generalized) Harmonic Sums

Definition (Harmonic Sums (H-Sums))

For ¢; € Z* and n € N we define

sign(c)? sign(ci)’
Serynac(n) = Z Tal T e
n>h>h>>i>1 N1 Ik

k is called the depth and w = fo:1|c,-| is called the weight of the
harmonic sum S, . . (n).

n

Si(n) = Z%
i=1
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(Generalized) Harmonic Sums

Definition (Harmonic Sums (H-Sums))

For ¢; € Z* and n € N we define

sign(c)? sign(ci)’
Serynac(n) = Z Tal T e
n>h>h>>i>1 N1 Ik

k is called the depth and w = fo:1|c,-| is called the weight of the
harmonic sum S, . . (n).

Si(n) = Z%
i=1

n i —1)
ijl (j3)’

i=1
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Algebraic Relations

5171(n)

S1.1.1(n)

S2.1,3(n)

L (S1(n)? + Sa(n)

= N

(S1(n)? +3S1(n)Sa(n) + 2S5(n))

52(”)54(!7) + Sg(n) + 53(n)52,1(n) — 54’2(n)
+55.1(n) — S23.1(n) — S32,1(n)

J. Ablinger Integration and (Generalized) Harmonic Sums



Harmonic Polylogarithms (H-Logs)

We define f : {0,1,—1} x (0,1) — R by

1
f(O,X) = ;7

1
f(l,x) = T

1
f(-1,x) = T x
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Harmonic Polylogarithms (H-Logs)

We define f : {0,1,—1} x (0,1) — R by

Definition (Harmonic Polylogarithms (H-Logs))
Let m; € {—1,0,1} we define for x € (0,1) :

H(x)

Hmy,m,,...,m, (x)

f(—1,x)

1,

f(0,x) =

f(l,x) =

7 (log x)¥,

fox fm1()’)H

if (ml, .. .,mk)
=0
ms,...me(¥)dy, otherwise.

J. Ablinger
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X 1
Hi(x) = /0 1_dexl——log(l—x)

1
Ho1(x) = /0 T x dx; = log(1 + x)

X 1 X1 1
Hl,O,fl(X) = /0 1_ ) / / 11 P dX3dX2dX1

J. Ablinger Integration and (Generalized) Harmonic Sums



Mellin Transform

Definition (Mellin Transform of Harmonic Polylogarithms)

Let f(x) be a harmonic polylogarithm and let n € N, the Mellin
transform is defined by:

Since harmonic polylogarithms are locally integrable functions
on (0,1) their Mellin transform is finite.
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Mellin Transform of Harmonic Polylogarithms

Depth 1 cases

M(Ho).) = o

M (Hi(x),n) = (n—|]-.1)2 5,;1—’(_111)

MEH0)n) = S () +10g(2)
log(2) 1
+n+1 ~ (n+1)2
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Using the Package HarmonicSums

In[1]:= << HarmonicSums.m
‘ HarmonicSums by Jakob Ablinger -RISC Linz- Version 1.0 (1/3/12) ‘

in2):= Mellin[H[-1,x],x,n]

—((=1)"+1) (n+1)S[-1,00] + (=1)"(n + 1)S[-1,n] — 1

Out[2]= CEE

in3:= Mellin[H[1,0,1,x],x,n]

o (n+ 1)3S[1, n]S[2, o] + (n + 1)S[2, 00] — (n + 1)3S[2,1,n] — (n+1)S[1,n] — 1
(n+1)*

infa]:= Mellin[H[-1,1,0,x],x,n]

TESY: (=2(=1)"(n+ 1)’S[3, 0] — 2(n + 1)°S[3, 00] + (~1)"(n +
1)°S[—2, =1, 00] + (n 4+ 1)*S[~2, =1, 00] 4+ (=1)"(n+1)*S[-1, =2, 0] +
(n+1)’S[—1, =2, 00] — (=1)"(n + 1)*S[~1,2, n] + (n + 1)*S[2, n] + 1)

Out[4]=
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Using the Package HarmonicSums

insl:= InvMellin[S[-1, n], n, x]

_ (=1
outs)=  d1-xS[—1, 00] + 1

infel:= InvMellin[S[-1, 2, n], n, x]

—1)"H[1
owlsl= 01x(—2S[3, 00] + S[-2, —1, 00] + S[-1, ~2, oc]) — (=ML 0:x]
x+1
inf7}:= InvMellin[S[-1, 1, 3, n], n, x]

outfr]=  d1—x(6S[5, 00] — S[—3, —2, 00] — 25[-2, —3, 00] — 3S[—1, —4, 0] —
S[2,3, 00] — 25[3,2, 00] — 3S[4, 1, 00] + S[-3, —1,1, 00] +
S[-2,-2,1,00) + S[~2, —1,2, 00] + S[~1, —3,1, 00] +
(_1)nH[17170707X]
S[—l,—272,OO]+S[—1,—173,OO])+ x4+ 1
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Differential Relations

@ harmonic sums can be represented as the Mellin transform of
harmonic polylogarithms:

1 X" — 10(x
= [ Dol

1—x

@ we can differentiate the right hand side with respect to n:

1 . n
Lsia(n) = [ Xrodtabdy,
dn 0

1—x

1 nH 1 nH
_ /X 0,1,0(X)dx+2/ x"H100(x) .
0 1—x 0 1—x

@ evaluation of the integrals leads to differential relations:

9 5o = £ 1265 51(m) ~ 2515(0) - S22l
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Half-Integer Relations

@ Let a; € N, then we have the relation:

1
D Stantan iz (20) = T, armSaman - (1)

where we sum on the left hand side over the 2 possible
combinations concerning +.

@ this leads to half-integer relations:

1
§5273(n) = 523(2!7) + 527_3(2n) + 5_2,3(2n) + 5_27_3(2n).
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Number of Basic Harmonic Sums

Number of
Weight All Na Np Ny | Nap | Nag | Npy | Napy
2 2 2 1 2 1 1 1
6 3 4 4 1 2 3 1
18 8 12 14 5 6 10 4
54| 18 36 46 10 15 32 9

162 | 48 | 108 | 146 30 42 | 100 27
486 | 116 | 324 | 454 68 | 107 | 308 65
1458 | 312 | 972 | 1394 | 196 | 294 | 940 187
4374 | 810 | 2916 | 4246 | 498 | 780 | 2852 486

O NO O WN R

J. Ablinger Integration and (Generalized) Harmonic Sums



Number of Basic Harmonic Sums

For w > 2 we have

Alllw) = 2.3%7!

w5 (3)
d|w
Np(w) = 4.3%72
Np(w) = 2.3%7t—2v1
o = LSu(%) sty 3 ()
d|w dlw—1
wt) = S (5) 2]
lw
Npn(w) = 4.3w=2_ w2
o) = ()] - 5 () -
dlw dlw—1
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Using the Package HarmonicSums

infgl:= ComputeHSumBasis[2,n,UseDifferentiation—> True]

oufgl=  { S[1,—1,n|
S[1,1,n]

1

—Diff[S[-1, n], 1] + S5[-2, 00] + S[-1, n]S[1, n] — S[-1,1, n],
%5[1, n)? — %DifF[S[l, n], 1] + %5[2, o],

1

S[-1,-1,n]
S[—2,n]

S[2,n]

Half[S[1, 1, n], n]

%5[—1, n? — %DifF[S[l., n], 1] + %5[2, ],

S[-2, oc] — Diff[S[-1, n], 1],

S[2, 00] — Diff[S[1, n], 1],

%5[—1, n]? + S[1,n)S[-1, n] + %5[1, n]?

—Diff[S[~1, n], 1] — Diff[S[1, n], 1] + S[~2, o0] + S[2, 0] }

Ll
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Using the Package HarmonicSums

Only algebraic relations:

inj9:= ComputeHSumBasis[2,n]

out[9)= {{5[27 n),S[2,n],S[-1,1,n]}, {S[l7 —1,n] — S[1,-1,n],S[1,1,n] —
5[2 n+ = (2S[1 1,n] —S[2,n]),S[-1,-1,n] —

5[2 n+ = (2S[ 1,-1,n] — S[2,n])}}
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Using the Package HarmonicSums

Only algebraic relations:

inf11:= ComputeHSumBasis[2,n]

Out[11]= {{S[ 2,n],S[2,n],S[-1,1, n]}, {S[l,l,n] — S[1,-1,n],S[1,1,n] —
5[2 n+ = (25[1 1,n] = S[2,n]),S[~1, 1, n] —
5[2 n+ = (2S[ 1,-1,n] —S[2, n])}}
Algebraic relations using C. Schneider's Sigma package:
inf12]:= SigmaReduce[{S[-2, n], S[2, n], S[-1, -1, n],
S[-1, 1, n], S[1, -1, n], S[1, 1, n]}, n]

out12)— {5[2, n, S[2, n, % (5[71, 2+ S[2, n]) ,S[~1,1,n],S[-2, n] +

S[=1,nlS[1,n] — S[-1,1,n], = (5[1 ? +5[2, n])}
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Definition (S-Sums)
For ¢; € N and x; € R* we define

X7 Xk
SCl,...,Ck (X1,...,Xk,n) = I?ll?k
n>i>ip>>i>1 1 k

k is called the depth and w = Zf—‘zl c; is called the weight of the
S-sum S¢, . ¢, (x1,...,Xk; n).
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Definition (S-Sums)
For ¢; € N and x; € R* we define

X7 Xk
SCl,...,Ck (X1,...,Xk,n) = I?ll?k
n>i>ip>>i>1 1 k

k is called the depth and w = Zf—‘zl c; is called the weight of the
S-sum S¢, . ¢, (x1,...,Xk; n).

Sas(4.3in) = Y —H L
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Definition (S-Sums)
For ¢; € N and x; € R* we define

X7 Xk
SC17-~~7CI< (Xl,---,Xk,n)— E ot

i jek”
n>i>ip>>i>1 1 k

k is called the depth and w = Zf—‘zl c; is called the weight of the
S-sum S¢, . ¢, (x1,...,Xk; n).
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Multiple Polylogarithms (M-Logs)

Let a € R and
_fa ifa>0
" | oo, otherwise
We define f as follows:
f2:(0,9) — R
1 .
2 ifa=0
— x?
falx) = { ‘2‘7%, otherwise.
gn(a) x
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Multiple Polylogarithms (M-Logs)

Let ae R and

7{ a, ifa>0

oo, otherwise

We define f as follows:

f2:(0,9) — R

1 ifa=0
fa(X):{ X 1

m, otherwise.

Definition (Multiple Polylogarithms (M-Logs))
Let m; € R and let g = minp,~o m; we define for x € (0, q) :
H(x) = 1,
%(Iogx)"7 if (my,...,mg)
=0
Hmi m,..., mk(X) =

fox fron(Y)Hm,,...m, (¥)dy, otherwise.
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x 1
= dx; = —log(1 —
Hl(X) /() T— X1 Og( X)

x 1
Hoo(x) = /0 5 = log(2 4 x) ~ log(2)

X 1 Xt 1
2030 = /0 2—X1/ /

dX3 dX2 dX1
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Integral Representation of S-sums

Integral representation of S-sums with depth 1

Let me N, b€ R* and n € N then
b _n
Si(bjn) = /X =1 e

X2 —
/ / Xl 1 dX1dX2
X2
X3 1 X2 —
/ 7/ / / XmdXQ"'de—lde
o Xm .Jo Xm—1

Sz (b; n)

Sm (b; n)
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Integral Representation of S-sums

Integral representation of S-sums with arbitrary depth

Let m; € N, b; € R* and n € N then

Smy,my,..., my (by, bo, oo, byin) =
/bl"'bk m/kak_l Pl =i _H/Xk3 ﬁ/% dxi,
0 Xk 0 Xy 1 0 Xk, JO o X —by-c-br_q
/Xkl ka71mk_1 /Xk*lmk,l—l ka_lmk_l—l H4/Xk713 dx—_1,
by--by_q Xk71,,,k_1 0 Xk—lmk71_1 0 Xk—1p

/Xk—12 dx_1,
0 Xk—1y — b1+ b2

dx
/X31 X2, /X2m2,1 2my —1 ”A/X23 dxp, (X2,  dxp;
¢ 0 0

biby Xom, X2my—1 X, Jo x = by
dx; dx: n_
/x21 1my /x1m171 Imy—1 o /x13 dx12 /Xlz X1, 1 ™
— il
by X1y, JO Xy —1 v X1 7O g =1
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Integral Representation of S-sums: Example

@ we consider the sum

11
S121 (gaaﬁlv">
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Integral Representation of S-sums: Example

@ we consider the sum

11
S = =1
12,1 (3, > ")
@ using the previous theorem we get

1
11 P11 e
Si21(z. 5 Lin) = /6 1/ — 1/ ul dxadx3dxodxy
T332 o 1oXxo x3—3J1 xa—1

X176 /% 0
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Integral Representation of S-sums: Example

@ we consider the sum
11
S50 L
S12.1 (3, > ")

@ using the previous theorem we get

1
11 s 1 a1l o1 S xg—1
Si21(=,%,L,n) = /6 T —/ 1/ Xa dxadxzdxpdxy
T332 o xi—gJi xJo x3—3J1 xa—-1

6

@ integration by parts leads to integrals of depth one:

1
11 1 1 1 3x"—1
S121 (g: b ") = - (H;o,g(g) - H%(g)”o.é(g)) /% 1%

1 1
1, [ex"—1 e x"—1
+H0%(6)/0 H%(X)dxf/o Hy 1 (x)dx
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Using the Package HarmonicSums

13— InvMellin[S[1,2,1,{1/3,1/2,1}, n], n, x]

67"H[2,0,1,x] | 67"H[2, X]S[z o] 67"S[3,00] | 37"S[3,00]

Out[13]= —

—6+ x 76 6+ -3+ x
37"S[2, oo]S[1,{§},oo] "5[2 oo]S[1, {3}, 00
3—x 6 — x
67"S[1,2,{3,2},00] 37"S[1,2,{3,2}, oo] (s, 0] -
—6+x -3 +x - ’

S[3, colS[L. {%} 0] + 53, 0c]S[1, {5} 0] —

S[2, 00lS[L, {%}  sdlS[L, {%} o] +

S[2, olS[L., {%}  oolS[L, {%} 0] — S[2, o0lS2, {5} o] +
S[2, o0lS[L, 1, {%3} 0] + S[L., {%} ,0clS[L, 2, {%2} 00]
S[L, {%} ,50]S[L, 2, {%2} ,00] + S[L,3, {%6} 00l +

s[2,2, {%2} 0] 75[1,1,2,{%,3,2} ,oo]>

—_
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Connection between these structures




Connection between these structures

C-Logs

H4,1),(0,0)(%)



Connection between these structures

integral representation (inv. Mellin transform)




Connection between these structures

integral representation (inv. Mellin transform)

Mellin transform



Connection between these structures

integral representation (inv. Mellin transform)

3 Mellin transform



Connection between these structures

integral representation (inv. Mellin transform)

Mellin transform %




Connection between these structures

integral representation (inv. Mellin transform)

3 Mellin transform

power series expansion



Connection between these structures

integral representation (inv. Mellin transform)

power series expansion
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Using the Package HarmonicSums

in141:= HToS[H[-1, 3, x] + H[{4, 1}, x]]

X Ty T 4T oo 1 1 oo —2+47
37T x4 (—x)™S[1,{-3}, 7] X 1
D S S P st
=1 =1 =1 =1

In{15]:— SToH[i (—x)*lsu;l{_%} i,
T1=1

outis}= —H[—1, 3, x] + HI[0, 3, x]
isl— SinfTOH[S[2, o0] - S[-1, -1, o] + S[L, {%} ool
outiiel= —H[—1,1,1] + H[3,1]

7= HToSinf[H[-1, 1, 1] 4+ H[3, 1]]

ourl= S[2,00] — S[~1, ~1,00] + SIL, {%} 0]
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Asymptotic Expansion of Harmonic Sums

We say that the function f : R — R is expanded in an asymptotic
series

00 ax
f(X)NZF’ X — 00,
k=0

where ay are constants, if for all K >0

RK(X):f(x)—éjﬁ:o(;J, X = 0.

J. Ablinger Integration and (Generalized) Harmonic Sums



Why do we need these expansions of harmonic sums?

Eg.,
o for limits of the form
. G
nll—>rgo n (Sz(n) — (o — 52’2(17) + 10) =(-1

@ for the approximation of the values of analytic continued
harmonic sums at the complex plane

S5._3(—20 4 10i) ~ —0.795096 — 0.105476i
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Let ¢(x) be analytic at x = 1, with

o(1 —x) Zakx.
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Let ¢(x) be analytic at x = 1, with

o(1 —x) Zakx

Consider the Mellin transform

1
Q(n, o(x)) = /O X"p(x)dx
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Let ¢(x) be analytic at x = 1, with

o(1 —x) Zakx

Consider the Mellin transform

1
Q(n, o(x)) = /O X"p(x)dx

For Re(n) > 0, Q(n, p(x)) is given by the factorial series

G akk!
Q(n,gO(X)):;(n+l)(n+2;...(n+k+l)
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Let ¢(x) be analytic at x = 1, with

o(1 —x) Zakx

Consider the Mellin transform

1
Q(n, o(x)) = /O X"p(x)dx

For Re(n) > 0, Q(n, p(x)) is given by the factorial series

G akk!
Q(n,gO(X)):;(n+l)(n+2;...(n+k+l)

e Q(n, p(x)) can be continued analytically to values of n € C as
a meromorphic function.

e Q(n, p(x)) has an analytic asymptotic representation.
@ The poles of Q(n, p(x)) are situated at the negative integers.
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Asymptotic Expansions

@ this basic idea can be turned into an algorithm

2
Sl ~ (0 (“gr oo o 1ot ) F o4 (1) (- et e ) O o

2 a2 B amd
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Asymptotic Expansions

@ this basic idea can be turned into an algorithm

2
Saalm) ~ (0 (gt o) DG (£ - b - ) e B

2 a2 B amd

@ the algorithm can be extended to cyclotomic harmonic sums

1 73

Sea2aon(n) ~ —410g(2)S,1,-1)(0)* — 810g(2)S(z,1,-1)(00) — 4log(2) + B "t

o1 o1
_ L N A
+< 28m T am 4n)(°g(")+ ")
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Asymptotic Expansions

@ this basic idea can be turned into an algorithm

2
Saalm) ~ (0 (gt o) DG (£ - b - ) e B

2 a2 B amd

@ the algorithm can be extended to cyclotomic harmonic sums

1 73

Sea2aon(n) ~ —410g(2)S,1,-1)(0)* — 810g(2)S(z,1,-1)(00) — 4log(2) + B "t

o1 o1
_ L N A
+< 28m T am 4n)(°g(")+ ")

@ extension to a subset of the S-Sums:

1 1 3 3 1 3 3 1 1
1,= ~ — =1 M= -—-—5+-—| Hos(1 M= - = =
S2.1( ,3)(n) Si2 <3 oo) +3 <2n3 T 2n> 0,3(1) +3 ( 3 T am 2n> S2 (3 oo)

3 1 1 1 1 1
onf_3 b .t 1 1 E
+<3 ( 2n3+2n2+3 ( 6n3+2n2 n))+(2> S1 <3oo>

1 (3 1 3"
453 (3io0) 4 a3 (s - s ) + 3
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Asymptotic Expansions

@ this basic idea can be turned into an algorithm

2
S_1s(n) ~ (_l)n(_i+i_i_ 5 )+3|#£2)<3+(_1)n<1 .t 1) 3_19(2

20 a2 et ane 40
@ the algorithm can be extended to cyclotomic harmonic sums
> 1 1 73
S(2,1.2),(1,0,1)("’) ~ 74|og(2)5(2_1,_1)(oo) -8 |°g(2)5(2,1.—1)(oc) — 4log(2) + +

o3 4n ' 4
o1 1
_ L N A
+< 28m T am 4n)(°g(")+’)

@ extension to a subset of the S-Sums:
S21(1, %)(n) ~ —Si2 G 1;oo> +37" (23? - % + %) Ho3(1) +37" <7% + 43? - %) S (%;oo)
+ (3*“ (—2—?3+2—;2+3” (—61?+§—%>> +(g> S (%;oo)
+S3 (% oo) + H3(1)37" (% - 27;) + %

@ extension to a subset of the cyclotomic S-Sums:

Son (%, n) N _7r2 -6 (8H011 (%) + |0g2(2)) o (_293 99 5 1 >

22 T S V)
24y/2 8n®  16n*  4n3 + 4n2 +
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Continuation to the Complex Plane

Consider the harmonic sum S_; 3(2.5 4 2/), we have:

1 5 5 5 31223
S ~ (=)
1,3(n) (-1) ( as T ) 2
1 1 1 1 19 222
+(-1)" (7_7+ )23— z

2n 4n2 ' 8n*  4n® 40

Sastn-1) = Soasln) - (-1 222

Mﬂ.sm

i asymptotic region

B

0 S 13(—2.5+2i) = —0.795096 — 0.105476i
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Using the Package HarmonicSums

in[18:= SExpansion[S[-1, 3, n], n, 10]

Out[18]=

(—1)" 5_i_5+31+133_169_163+
4n3 8n4 8n5 16n® = 24n” = 96n8  24n° 16n10
31n2 z3 1 1 17 31 19 222
+(-1)" s ) B3
4 2n

m+W‘m+mer 20

in[19:= GetApproximation[S[-1,3,n], {-2.5, 2}]

out[19]= —0.795096 — 0.105476 |

in20]= HLimit[n*(S[2, n] - 22 - S[2, 2, n] + 7*22%/10), n]

out20]= -142z2
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Definition (Cyclotomic Harmonic Sums (C-Sums))
Let a;, k € N*, b;,n € N and ¢; € Z* we define

S(a1,br,1),(@2,52:C2)s (ki) (1) =
sign(cy)™ sign(c)? sign(cy )’
(arin + br)lel (a2iz + bo)lel  (akik + by )l

n>in>->ix>1

k is called the depth and w = Zf-;llc,-| is called the weight of the
cyclotomic harmonic sum Sa, b 1), ...(ax,bx,c) (M)-
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Definition (Cyclotomic Harmonic Sums (C-Sums))
Let a;, k € N*, b;,n € N and ¢; € Z* we define

S(a1,br,1),(@2,52:C2)s (ki) (1) =
sign(cy)™ sign(c)? sign(cy )’
(arin + br)lel (a2iz + bo)lel  (akik + by )l

n>in>->ix>1

k is called the depth and w = Zf-;llc,-| is called the weight of the
cyclotomic harmonic sum Sa, b 1), ...(ax,bx,c) (M)-

“ Y
j=
5(27172)7(37271) (n) = (2, + 11)2
i=1
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Definition (Cyclotomic Harmonic Sums (C-Sums))
Let a;, k € N*, b;,n € N and ¢; € Z* we define

55(317b17C1)7(a27t07cé):~~7(3k7bk,Ck) (n) =
sign(cp)"

sign(cz)"2 sign(ck)ik

n>in>->ix>1

k is called the depth and w = Zf-;llc,-| is called the weight of the
cyclotomic harmonic sum Sa, b 1), ...(ax,bx,c) (M)-

(a1i1 -+ b1)|c1| (a2i2 + b2)|c2| o

(akik + bk)|c‘<‘

S(2,172),(3,2,1) (n)

$(1,0,2),(1,0,—3) (1)

n i 1
2132

C (20 +1)°

3

i (=1
ZJ 1 (1j+0)3 5 ( )
(1i +0)2

i=1
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Definition (Cyclotomic S-Sums (CS-Sums))
Let aj, cj,n, k € N*, b; € N and x; € R* we define

5(81,171,61)7(327b2,C2)7-~~7(ak,bk,Ck) (X1, %2, ..., Xk, n) =

- T X1 5 X!
poi ot sy (@ b) (a2i2 + b2)2 (ki + by )

k is called the depth and w = Zf( 1 Gi is called the weight of the

Cyclotomic S-Sums S(., b, c1),....(axb,cx) (XL - 5 Xki 7).
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Definition (Cyclotomic S-Sums (CS-Sums))
Let aj, cj,n, k € N*, b; € N and x; € R* we define

5(81,171,61)7(327b2,C2)7-~~7(ak,bk,Ck) (X1, %2, ..., Xk, n) =

- T X1 5 X!
poi ot sy (@ b) (a2i2 + b2)2 (ki + by )

k is called the depth and w = Zf( 1 Gi is called the weight of the

Cyclotomic S-Sums S(., b, c1),....(axb,cx) (XL - 5 Xki 7).

n A 73!'5

=13j42

S@12),621) (4:50) = ZW
i=1
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Definition (Cyclotomic S-Sums (CS-Sums))
Let aj, cj,n, k € N*, b; € N and x; € R* we define

5(81,171,61)7(327b2,C2)7-~~7(ak,bk,Ck) (X17 X25 -+« 5y Xk n) =

B Z sz X£2 X;;l
poi ot sy (@ b) (a2i2 + b2)2 (ki + by )

k is called the depth and w = Zf( 1 Gi is called the weight of the

Cyclotomic S-Sums S(alybl7C1)7"'7(ak7bk7ck) (Xl7 ceey Xk n).

n_ 4 i J°

j=1 3j+2
S(2,1,2),321) (4,5,n) = Zﬁ
i=1

n Z}fl 7&__:3])3
S(1,0,2),(1,0,3) (1,-1,n) = Z W = 5.-3(n)
i=1
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Connection between these nested sums

Harmonic Sums



Connection between these nested sums




Connection between these nested sums




Connection between these nested sums

Cyclotomic S-Sums
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Cyclotomic Harmonic Polylogarithms (C-Logs)

We now define the alphabet

4= {i} N { ¢kx(/x)

where ®(x) denotes the kth cyclotomic polynomial and ¢ is
Euler's totient function.

kEN*,0§/<g0(k)},
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Cyclotomic Harmonic Polylogarithms (C-Logs)

We now define the alphabet

4= {i} N { ¢kx(/x)

where ®(x) denotes the kth cyclotomic polynomial and ¢ is
Euler's totient function.

kEN*,0§/<g0(k)},

Definition (Cyclotomic Harmonic Polylogarithms)

Let m; € 2 we define for x € (0,1) :

H(x) = 1,
%(Iogx)k, if (my,...,m

oo k)
M i) = — (L., 1

fox miHpm, .. m(y)dy, otherwise.
k is called the depth of Hpy(x).
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Using the Package HarmonicSums

in21):= Mellin[H[{4, 1}, x], x, 2 n]

(=1)"H[{4.0},1] _ H[{4,1},1] (=1)"S[{2, 1, ~1}}.n] _ (=1)" _
2fi+1 2n-i—11 2n+1 2n+1

Out[21]=

@niD)@nt3) @t DO+
in221:= Mellin[H[{3, 1}, x], x, 3 n]

HI3,001] | 2HIE3,111)  SHE3 11kl , SO
3n+1 13n+1 3n+i 3(3n+1)
1

T

Out[22]=

3n+1" (B3n+1)(3Bn+4) @Bn+1)B(1+1)+1)

in23:= Mellin[H[{5, 2}, x], x, 5 n]

H[{5,2},1] _ H[{5,3},1] | S[{{5.4.1}},n] _ _S[i,n]
5n+1 5n+1 5n+1 5(5n+1)
1 1

4(5n+1)  (5n+1)(5n+4)

Out[23]=
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Connection between these structures

integral representation (inv. Mellin transform)

power series expansion
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Cyclotomic Harmonic Sums at Infinity

We are interested in the limits:

N|ijlo S{al7b17cl}:{527b27c2}7~~w{ak¢bk7CI<} (N) = O{ay,b1,a1}{a2,b2,c2} - { @k, bi,ci}
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Cyclotomic Harmonic Sums at Infinity

We are interested in the limits:

N|ijlo S{al7b17cl}:{527b27c2}7~~w{ak¢bk7CI<} (N) = O{ay,b1,a1}{a2,b2,c2} - { @k, bi,ci}
There is a huge amount of relations between theese values for

example we have:

1 1 1 1
5(2,1,1),(1,0,1)(00) = 6 55(1,0,—1)(00)2 + 55(1,0,1)(00) + §5(1,o,1)(00)2

4 2
+§5(2,1,71)(00) + 55(2,1,71)(00)2 — 5(2,1,1)(00)

1 1
+§5(1,0,1)(00)5(2,1,1)(00) - 55(2,1,1)(00)2
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Cyclotomic Harmonic Sums at Infinity

We consider for example the iteration of the summands

1 (-1)¥ 1 (-1)*
kh'’ kb’ (2k + 1)’ (2k + 1)k

with k > 1, [,k € N\ {0}.

weight | Ns A] SH|A+SH|[A+sh+H; |A+SH+H; +Hy, |[A+SH+H +Hy + M
1 4 7 4 7 4 3 3
2 20| 10| 13 3 3 2 1
3| 100| 40| 46 6 6 5 3
4| 500| 150 | 163 10 10 9 6
5| 2500 | 624 | 650 21 21 19 13
6 | 12500 | 2580 | 2635 36 36 34 25
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Using the Package HarmonicSums

nf2e}~ ComputeCSuminfBasis[2,{{1,0}.{2,1}}]

outf2a)=

{{S[(l.o.—l)‘{Z.l, ~1}, 00}, {S[(2,1.1).(2,1.1).o€] -

% <1+45[(2.1.—1).x] +25[{2,1, -1}, 0] 75[{2.1.1).3012) .S [{2.1,1},{1,0,1},00] —

% (4 +325[{2,1, ~1}, 0] + 16S[{2, 1, =1}, 00]” — 125[{2, 1, 1}, oc]® — 125[~1, oc]® + 125[{2, 1,1}, 00](—2 + S[L, oc]) + 125 [1, 00] + 3S[1, 30]2) LS[{1.0.1},{2,1. 1}, 0] —
% (74 —325[{2,1, -1}, 0] — 16S[{2, 1, —1}, 00]* + 125[{2, 1,1}, 00]” + 1251, 00]* + 125 [{2,1, 1}, 00] (=2 + S[1, 00]) + 12S[1. <] — 3S]1, 50]2) LS[1,1,00] —

% (s +168[{2,1, ~1},00] +8S[{2,1, ~1}, 0]’ + 35[1,%]2) JS[{2,1,1}, {2,1, ~ 1}, 00] =+

%( 2 - 45[{2,1,1},00] - S[{1,0, ~1},{2, 1, ~1},00] — 25[~1, ]
S[{2.1, -1}, o<JS[~1, o¢] + 2S[1, oc] +
S [{2,1,~1}, o0JS[1, oc]), S[{2,1,1},{1,0, ~1}, 0] —
1+ 25[{2,1,—1},00] + S[{2,1, ~1}, 00]* + (1 +
S[{2.1,1}, 5])S[~1, 0], S[{1,0,1},{2, 1, ~1}, 0] —
242(24+5[{2,1, —1},00])S[{2, 1,1}, 00] + S[{1,0, =1}, {2, 1, =1}, 0] +
251, 00] — 2511, o0}, S[1, ~1,0¢] — ~35[-1, o](S[-1,o¢]
25 [1,00]), S{2, 1, ~2}, 0] = —1 — 25[{2,1, 1}, 0] —
SH1.0.-1} (2.1, —1}.oc] = S[-L oc] + S[L ). S[-2.06] =
S+ SR L -1} o)’ S [2,1, -1} {2, 1} 0] =
%(—S[{I.O,—1}.{2,1.—1).x] +5[{2,1, -1}, 00 (25[{2, 1, 1}, 00] +
$[-1,00] - S[1,5¢])), S[{2, 1, -1}, {1,0,1},00]

2 —4S [{2,1,1},00] — S[{1,0, ~1},{2,1, ~1},00] — S[~1,00] +
25[1, 00] + S[{2,1, 1}, 0] (=2 — 25[{2,1, 1}, 0] +
S[1, o0]), S[{1,0, —1},{2, 1,1}, o] —
—1-4S [{2,1,-1},o0] — S[{2, 1,1}, 0], S[1,1, 0] —
% (73 —165[{2,1, -1}, 00] — 8S[{2, 1, ~1}, 0] + 35[1, %]2) JSH2,1, -1}, {2,1, -1}, 00] =
% (1 +45[{2,1, —1},00] + 35[{2. 1, 71)@]2) ,S[{2,1,~1},{1,0, ~1},00] —
Z25[{2,1,1}, 0] — S[{1,0,~1}, {2,1, ~1}, 5] +
S[{2.1, -1}, ]S [~1, 0] + S[1, o¢], S[~1, ~1, 0]
% (s +16S[{2, 1, —1}, 00] + 8S[{2, 1, —1}, 00’ + 35[1, x]’) \S[{2.1,2},00] =
1+4S[{2,1, -1}, 00] + 2S[{2,1, -1}, oc]?, S[2, 00] —

2(1 +S[(2.1.71).x])2}}
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Higher Cyclotomy: Weight w =1

| 1/12|13]4]5 6 7 8 9 |10 |11 12|13 | 14| 15
sums |2 |46 |8 |10| 12|14 |16 |18 |20 |22 |24 |26 |28 | 30
basis |2 |3|4|5|] 6| 6| 8| 9| 8|10| 12|10 |14 | 14|11

new basis | 2 | 1|22 4 1 6| 4| 4 3110 2112 5 3
sums

Table: The number of the weight w = 1 cyclotomic harmonic sums up to
cyclotomy | = 15, the basis elements at fixed value of |, and the new
basis elements in ascending sequence.

Let p, pi, g be pairwise distinct primes > 2, and let k, k; be positive
integers. The number of basis elements at w = 1 and cyclotomy |

are given by
I+1, I=1or/=2k
(p—1)pF1+2, I = pk
26 (2T pf) —n—1 1= 2% [0, pli
o(l) = 2 i=1Pi ) = i=1Pj

(9= (T pf) = nlg—2) = q+3, 1=qII\,pf
00 (¢TI p ) — (04 Da—1). 1= g I[Lyplh k> 1.
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Using the Package HarmonicSums

in2s):= ComputeCSuminfBasis[1,{{1, 0}, {2, 1}, {3, 1}, {3, 2}, {4, 1}, {4, 3}}]
Out[25]=
{S[{I,O, —1}, 00],S[{1,0,1}, 0¢], S[{2,1, -1}, o], S[{3, 1, —1}.00],S[{3.1.1},00]7S[{4,1,—1}@0],5[{4,3.—1},&]}.

{log(3) — —1S[{1,0, -1}, 00] — 25[{1,0,1},00] — S[{3,1, -1}, 00] +
2S[{3,1,1},00] + 1,5[{4,3,1},00] — —35[{1,0, -1}, 00] +
1S[{1,0,1},00] — 3S[{2,1, -1}, 00] — 2,S[{4,1,1},00] —

—25[{1,0, -1}, 00] + 3S[{1,0,1}, 00] + S[{2,1, 1}, 00] —
1,5[{3,2,1},00] = —3S[{1,0,-1},00] — S[{3,1, 1}, 00] +
S[{3,1,1},00] — £,5[{2,1,1},00] —

—S[{1,0,—1},00] + £S[{1,0,1},00] — 1,S[{3,2, —1},00] —

25[{1,0, -1}, 00] + S[{3,1, -1}, 00] + %}}
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Higher Cyclotomy:

[ Ns | SH | A [A+SH|A+SH+H; [A+SH+H; +H, [A+SH+H; +Ha + M
1 6 4] 3 1 1 1 1
2] 20| 13| 10 3 3 2 1
3] 42| 27| 2 7 6 6 5
4| 72| 46| 36 12 11 10 3
5/ 10| 70| 55 19 17 17 16
6| 156 | 99| 78 27 25 24 5
7| 210 | 133105 37 34 34 33
8| 272 | 172|136 48 45 44 12
9| 342| 216|171 61 57 57 52
10 | 420 | 265 | 210 75 71 70 22
11| 506 | 319 | 253 o1 86 86 85
12| 600 | 378|300 108 103 102 21
13| 702 | 442351 127 121 121 120
14 | 812 | 551|406 147 141 140 49
15| 930 | 585 | 465 169 162 162 145
16 | 1056 | 664 | 528 192 185 184 50
17 | 1190 | 748 | 595 217 209 209 208
18 | 1332 | 837 | 666 243 235 234 63
19 | 1482 | 931 | 741 271 262 262 261
20 | 1640 | 1030 | 820 300 201 290 74

Table: Number of basis elements of the weight w = 2 cyclotomic
harmonic sums up to cyclotomy | = 20 after applying the quasi-shuffle
algebra of the sums (A), the shuffle algebra of the cyclotomic harmonic
polylogarithms (SH), and the three multiple argument relations

(H1, Ha, M) of the sums.
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