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K-functionals — an error measure

K-functionals — an error measure

X — a Banach space, norm || - || x
Y — a space with a semi-norm | - |y

K-functionals
K(f,t; X, Y) =inf{||f — gllx + tlgly : g € YN X}
YNXisdensein X =

lim K(f,t; X,Y)=0
t—0+

K(f, t; X1, Y1) ~ K(Af, t; Xo, Yo) (1)
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Relations b/n K-functionals

Relations b/n K-functionals

If X1, Xo — Banach spaces
A Xy — Xo, B: Xo — X; — linear operators s.t.

Q | Af|lx, <c|flx, VFfeXi;

Q |Agly, <clgly, ¥Yge YinX;
Q |BF|x, <c|Flx, VYF € Xe;
Q IBGly, <¢|Gly, VGe YanXe;
Q |f—BAfly, =0 VfeX;

Q |F- ABFly, =0 VF € Xs.
Then

K(f.t; X1, Y1) ~ K(AF, t; X2, Ya). )




Moduli of smoothness

Moduli of smoothness

wr(f, t)p = OS%E,HAH(-)H;)W ®)
<h<

finite difference with a fixed step h

r

S (1) (;{) f(x +kh), x,x+rhel,

ApLf(x) = k=0
0, otherwise.
K(F. 17 Lp(l), Wa(1) ~ wr(F, t)p0 4)

K(f, t"; X1, Y1) ~ K(Af, t"; Lp(1), ng(l)) ~ wr(Af, t)p(,) (5)
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K-functionals with power-type weights

Applications

K(F, £ Lo(w) (1), Wy(wie")(1))
= inf {|w(f = 9)llo(n + twe' gl = g€ ACH' (D} (6)

/ w(x) »(x)
(a,b) (x —a)a(b—x)"b (x —a)*a(b— x)*b

(a,00) | (x —a)a(x —a+1)Ye~Ya | (x —a)ra(x —a+ 1) o Ra

@ the Ditzian-Totik modulus
@ the lvanov modulus
@ the Potapov modulus, etc.
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The Ditzian-Totik modulus

Z(—1 )’*" (;) f(x + kho(x)), if x,x + rho(x) € 1,
LL,D(X) f(X) = k=0
0, otherwise.

men lvanov and Borislav Draganov Equivalence Between K-functionals



K-functionals with power-type weights
Best algebraic approximation
Post-Widder and Gamma operators
Best trigonometric approximation

Applications Leies

A-operators

pER, i€N0> I.SI', XE(071)7 fELL/OC[O’ﬂ

AN = X710+ S araoe™" [ "y kef(y) dy
k=1

r X
£ 3 anlo ! [y ey gy,

k=i+1 3
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Best algebraic approximation

Applications

En(f)oo < Cwr(Bf,n Vo114, B=BiBe

{2

Bif(x) = f(x + =3 Bral(1 — )T / fly+135) o,
k=1

o (1-y)*
Ir/2) iy
1 x2 fy -1
Bof(x) = f(x — +Zﬁr2k (14 x)% 1/0 ((y+y)2;<)d%
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Related results

@ Best weighted algebraic approximation, Ly[—1,1]

@ Bernstein polynomials, weights with g, ~v1 € [-1,0]

1w (f=Baf)lso(o.1y ~ K(f,n™1/2; C(w)(0,1), WE,(w?)(0,1))

o(x) = Vx(1=x)
@ Kantorovich and Durrmeyer polynomials, etc.
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Post-Widder and Gamma operators

yER,1<p< oo, fely(x)(Ry), Af(x) = e0F1/PXf(eX).
Q Ify#—-1-1/p,—1/p, then

Applications

X7 (f = Psf)llperyy ~ IX7(f — Gsf)l|p(r.,)
~ wo(Af, 87V2) sy + 871 | AF| p(y-

Q Ify=—-1-1/p,—1/p, then

X7 (f = PsH)llpr.y ~ IXT(f = GsF)ll o)
~ wo(Af, 871/2)’0(1@) I 871/20.)1 (Af, Si1/2)p(R)~
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Best trigonometric approximation

Applications

D. Jackson, S. N. Bernstein, A. Zygmund, S. B. Stechkin:

ET(Np < cur(f.n ), ®)

wif,hp<ct” > (k+ 1) TE[(Np, 0<t<ty (9
0<k<1/t

A discrepancy:

El(f)p=0 = fecT,
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Another characterization

B—aHBSonT:

lim |[fe —fylls =0, lfels = lIflls, [IfllL < cllflls
—ly

fi(x) =f(x —t)

w! (f, t)g = sup A2 15,1 f||g. (10)

0<h<t
Sroaf=(@+a)ys-—-x(0+(r—1)%a)«f (11)
a(x) = % |x|(2m — |x|), x € [—m, 7], periodic. (12)
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A characterization

Let Bbea HBS on T and f € B. Then
El(fis<cw/(f.n Vg, n>r—1, (13)
and
1
wi(fhp<ct™ Y (k+122E/(fls, 0<t< =
r—1<k<1/t
(14)

T —
Wy (f,t)B:O — feT_1
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L-splines

Lg(x) = +Zsok )9 M(x), xelab], (15)

ok € CKa, b]

K. (f = inf f— t||L
(0= _jnt (1=l + £ Lglls)

— Scherer and Schumaker, 1980

EL(f)p < c K (f,1/n)p (16)

for equidistant nodes
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The L-modulus of smoothness

Applications

felplabl, 1<p<oo

(AL)(x) = f(x)

r r—k )
Cx =yt
* 112 < )/a ke j— 1) Pk Wfy)dy. (17)

The L-modulus of smoothness

wi(f, t)p = wr(ALf, t)p
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L-spline error characterization

Applications

Relation to a K-functional

KL(f, 1/n)p ~ wL(f, 1/n)p

EL(f)p < cw(f,1/n)p (18)
c 2n—1
wi(f,1/n)p < e > En(fp. (19)
m=n—1
for equidistant nodes
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Properties of the L-modulus |

Applications

Q wi(f+9,t)p <wi(f, t)p+wi(g,t)p;
Q wi(cf,t)p = |c|wi(f, 1)p

Q wi(f,t)p Swi(f, ), t< T

Q w/(f,t)p—0, t—0;

Q wi(f, \)p < (A+1)wi(f, t)p;

Q wi(f, )p < 27| ALl Ifllp:
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Properties of the L-modulus |l

Applications

Q@ w(f.0)p=0 iff fekerL,

Q wL2L1(f, t)p < LL)LZ(L‘] f, t)p, fe WI;1 [a, b],
Lwp,t, (f, )

e ng(L1 f7 t)P S CA ZJT-IP dU,

@ Wi,y (f, t)p < (2r2 + Ct) Wi, (f, t)p;

rn+1

fo f
® i (r.0p <ot ([l gy,
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