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K -functionals – an error measure

X — a Banach space, norm ‖ · ‖X
Y — a space with a semi-norm | · |Y

K -functionals

K (f , t ; X ,Y ) = inf {‖f − g‖X + t |g|Y : g ∈ Y ∩ X}

Y ∩ X is dense in X =⇒

lim
t→0+

K (f , t ; X ,Y ) = 0

K (f , t ; X1,Y1) ∼ K (Af , t ; X2,Y2) (1)
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Relations b/n K -functionals

Theorem
If X1,X2 — Banach spaces
A : X1 → X2, B : X2 → X1 — linear operators s.t.

1 ‖Af‖X2 ≤ c ‖f‖X1 ∀f ∈ X1;

2 |Ag|Y2 ≤ c |g|Y1 ∀g ∈ Y1 ∩ X1;

3 ‖BF‖X1 ≤ c ‖F‖X2 ∀F ∈ X2;

4 |BG|Y1 ≤ c |G|Y2 ∀G ∈ Y2 ∩ X2;

5 |f − BAf |Y1 = 0 ∀f ∈ X1;

6 |F −ABF |Y2 = 0 ∀F ∈ X2.

Then
K (f , t ; X1,Y1) ∼ K (Af , t ; X2,Y2). (2)
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Moduli of smoothness

ωr (f , t)p = sup
0<h≤t

‖∆r
hf (·)‖p(I), (3)

finite difference with a fixed step h

∆r
hf (x) =


r∑

k=0

(−1)r−k
(

r
k

)
f (x + kh), if x , x + rh ∈ I,

0, otherwise.

K (F , t r ; Lp(I),W r
p(I)) ∼ ωr (F , t)p(I) (4)

K (f , t r ; X1,Y1) ∼ K (Af , t r ; Lp(I),W r
p(I)) ∼ ωr (Af , t)p(I) (5)
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K -functionals with power-type weights

K (f , t ; Lp(w)(I),W r
p(wϕr )(I))

= inf
{
‖w(f − g)‖p(I) + t‖wϕr g(r)‖p(I) : g ∈ ACr−1

loc (I)
}

(6)

I w(x) ϕ(x)

(a, b) (x − a)γa (b − x)γb (x − a)λa (b − x)λb

(a,∞) (x − a)γa (x − a + 1)γ∞−γa (x − a)λa (x − a + 1)λ∞−λa

the Ditzian-Totik modulus
the Ivanov modulus
the Potapov modulus, etc.
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The Ditzian-Totik modulus

ωr
ϕ(f , t)p = sup

0<h≤t
‖∆r

hϕ(·)f (·)‖p, (7)

∆r
hϕ(x)f (x) =


r∑

k=0

(−1)r−k
(

r
k

)
f (x + khϕ(x)), if x , x + rhϕ(x) ∈ I,

0, otherwise.
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A-operators

ρ ∈ R, i ∈ N0, i ≤ r , x ∈ (0,1), f ∈ L1,loc[0,1]

(Ai (ρ)f )(x) = xρf (x) +
i∑

k=1

αr ,k (ρ)xk−1
∫ x

0
y−k+ρf (y) dy

+
r∑

k=i+1

αr ,k (ρ)xk−1
∫ x

ξ

y−k+ρf (y) dy ,

αr ,k (ρ) =
(−1)k

(r − 1)!

(
r − 1
k − 1

) r−1∏
ν=0

(ρ+ r − k − ν), k = 1,2, . . . , r .
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Best algebraic approximation

En(f )∞ ≤ c ωr (Bf ,n−1)∞[−1,1], B = B1B2

B1f (x) = f (x +
1− x2

2
)−

[r/2]∑
k=1

βr ,2k (1− x)2k−1
∫ x

0

f (y + 1−y2

2 )

(1− y)2k dy ,

B2f (x) = f (x − 1− x2

2
) +

[r/2]∑
k=1

βr ,2k (1 + x)2k−1
∫ x

0

f (y − 1−y2

2 )

(1 + y)2k dy ,

Kamen Ivanov and Borislav Draganov Equivalence Between K -functionals



K -functionals – an error measure
Relations b/n K -functionals

Moduli of smoothness
Applications

K -functionals with power-type weights
Best algebraic approximation
Post-Widder and Gamma operators
Best trigonometric approximation
L-splines

Related results

Best weighted algebraic approximation, Lp[−1,1]

Bernstein polynomials, weights with γ0, γ1 ∈ [−1,0]

‖w(f−Bnf )‖∞(0,1) ∼ K (f ,n−1/2; C(w)(0,1),W 2
∞(wϕ2)(0,1))

ϕ(x) =
√

x(1− x)

Kantorovich and Durrmeyer polynomials, etc.
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Post-Widder and Gamma operators

Theorem

γ ∈ R, 1 ≤ p ≤ ∞, f ∈ Lp(χγ)(R+), Af (x) = e(γ+1/p)x f (ex ).
1 If γ 6= −1− 1/p,−1/p, then

‖χγ(f − Psf )‖p(R+) ∼ ‖χ
γ(f −Gsf )‖p(R+)

∼ ω2(Af , s−1/2)p(R) + s−1 ‖Af‖p(R).

2 If γ = −1− 1/p,−1/p, then

‖χγ(f − Psf )‖p(R+) ∼ ‖χ
γ(f −Gsf )‖p(R+)

∼ ω2(Af , s−1/2)p(R) + s−1/2ω1(Af , s−1/2)p(R).
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Best trigonometric approximation

D. Jackson, S. N. Bernstein, A. Zygmund, S. B. Stechkin:

ET
n (f )p ≤ c ωr (f ,n−1)p, (8)

ωr (f , t)p ≤ c t r
∑

0≤k≤1/t

(k + 1)r−1ET
k (f )p, 0 < t ≤ t0 (9)

A discrepancy:

ET
n (f )p = 0 ⇐⇒ f ∈ Tn
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Another characterization

B — a HBS on T:

lim
t→t0
‖ft − ft0‖B = 0, ‖ft‖B = ‖f‖B, ‖f‖L ≤ c‖f‖B

ft (x) = f (x − t)

ωT
r (f , t)B = sup

0<h≤t
‖∆2r−1

h Fr−1f‖B. (10)

Fr−1f = (δ + a) ∗ · · · ∗ (δ + (r − 1)2a) ∗ f (11)

a(x) =
1
2
|x |(2π − |x |), x ∈ [−π, π], periodic. (12)
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A characterization

Theorem
Let B be a HBS on T and f ∈ B. Then

ET
n (f )B ≤ c ωT

r (f ,n−1)B, n ≥ r − 1, (13)

and

ωT
r (f , t)B ≤ c t2r−1

∑
r−1≤k≤1/t

(k + 1)2r−2ET
k (f )B, 0 < t ≤ 1

r
.

(14)

ωT
r (f , t)B ≡ 0 ⇐⇒ f ∈ Tr−1
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L-splines

Lg(x) = g(r)(x) +
r∑

k=1

ϕk (x)g(r−k)(x), x ∈ [a,b], (15)

ϕk ∈ Cr−k [a,b]

KL(f , t)p = inf
g∈W r

p [a,b]
{‖f − g‖p + t r‖Lg‖p}

— Scherer and Schumaker, 1980

EL
n (f )p ≤ c KL(f ,1/n)p (16)

for equidistant nodes
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The L-modulus of smoothness

f ∈ Lp[a,b], 1 ≤ p ≤ ∞

(ALf )(x) = f (x)

+
r∑

k=1

r−k∑
j=0

(−1)j
(

r − k
j

)∫ x

a

(x − y)k+j−1

(k + j − 1)!
ϕ
(j)
k (y)f (y) dy . (17)

The L-modulus of smoothness

ωL(f , t)p = ωr (ALf , t)p
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L-spline error characterization

Relation to a K -functional

KL(f ,1/n)p ∼ ωL(f ,1/n)p

Theorem

EL
n (f )p ≤ c ωL(f ,1/n)p (18)

ωL(f ,1/n)p ≤
c

n + 1

2n−1∑
m=n−1

EL
m(f )p. (19)

for equidistant nodes
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Properties of the L-modulus I

1 ωL(f + g, t)p ≤ ωL(f , t)p + ωL(g, t)p;

2 ωL(cf , t)p = |c|ωL(f , t)p

3 ωL(f , t)p ≤ ωL(f , t ′)p, t ≤ t ′;

4 ωL(f , t)p → 0, t → 0;

5 ωL(f , λt)p ≤ (λ+ 1)rωL(f , t)p;

6 ωL(f , t)p ≤ 2r‖AL‖ ‖f‖p;
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Properties of the L-modulus II

7 ωL(f , t)p ≡ 0 iff f ∈ ker L;

8 ωL2L1(f , t)p ≤ t r1 ωL2(L1f , t)p, f ∈W r1
p [a,b];

9 ωL2(L1f , t)p ≤ c
∫ t

0

ωL2L1(f ,u)p

ur1+1 du,

10 ωL2L1(f , t)p ≤ (2r2 + c t)ωL1(f , t)p;

11 ωL1(f , t)p ≤ c t r1

(∫ t0

t

ωL2L1(f ,u)p

ur1+1 du + ‖f‖p
)
.
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