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Some Packages of the Algorithmic Combinatorics Group

» HolonomicFunctions [Koutschan] discovering and proving
difference and/or differential relations, closure properties

» Guess [Kauers] guessing multivariate recurrence equations,
efficiently guessing minimal order univariate recurrence,
differential, or algebraic equations

» SumCracker [Kauers] symbolic treatment of “admissible”
sequences, inequality proving (univariate)

All packages availabe for download at

http://www.risc.uni-linz.ac.at/research /combinat/software/



Some Packages of the Algorithmic Combinatorics Group

» Gosper, Zeilberger [Paule, Schorn] (hypergeometric (creative)
telescoping)

» MultiSum [Wegschaider, Riese] (discovering and proving
hypergeometric multi-sum identities)

» Sigma [Schneider] (discovering and proving multi-sum
identities including multi-sums in terms of indefinite nested
sums and products)

All packages availabe for download at

http://www.risc.uni-linz.ac.at/research /combinat/software/
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Cylindrical Algebraic Decomposition

Symbolic Local Fourier Analysis
(VP+Stefan Takacs)

CAD for Special Functions Inequalities
(Stefan Gerhold and Manuel Kauers)

Schéberl’s Inequality



Cylindrical Algebraic Decomposition
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Polynomial Formulas

» Everything that can be formed from variables, rational (or real
algebraic) numbers, +,—, -, /,=,#, <, <, >, >, 7, A, V, =, &,
True, False according to the usual syntactic rules.

» Examples:
» 22— (z-Dy-1)>0Az>y?>1 = y>-32<0
> 22—+ B >1 Ar>y>z2>1 = a:yz>%

» Counterexamples:
» zcos(z) — ysin(y) > T = cos(z)sin(z) < sin®(z)
» zexp(y) —y? <azy V log(y) <z = 22 +y* <4
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» A formula ® in n variables gives rise to a geometric object
S C R", its truth region:

S={(z1,...,zn) € R" | ®(x1,...,2,) = True}

» Sets which can be described by polynomial formulas are called
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Semialgebraic Sets

» A formula ® in n variables gives rise to a geometric object
S C R", its truth region:

S ={(x1,...,2n) € R" | ®(x1,...,2y,) = True}

» Sets which can be described by polynomial formulas are called
semialgebraic sets.
Example:

2 —(z-1)(y—1)>0
AN oz>yt>1
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Cylindrical Algebraic Decomposition (CAD)

CAD is an algorithm which can ...

>

decide whether a given semialgebraic set is empty, finite,
open, closed, connected, bounded

decide whether or not a given semialgebraic set is contained in
another one

determine the boundary, the closure or the interior of a given
semialgebraic sets

determine a sample point or a number of points of a given
semialgebraic set

determine a tight bounding box of a given bounded
semialgebraic set
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Cylindrical Algebraic Decomposition (CAD)

CAD is an algorithm which can ...
» decide whether a given polynomial formula is consistent
» decide whether a given polynomial formula is universal
> decide whether a given polynomial formula implies another one
> determine a certificate point for a given satisfiable formula

> determine the semialgebraic set of points
(T1,...,@p_1) € R™ ! such that there exists a number
xn € R where a given formula is true at (z1,...,2n—1,%y)

» determine the semialgebraic set of all points
(1,...,2n_1) € R" ! such that for all numbers z,, € R a
given formula is true at (1 ...,2p—1,2y)
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Quantifier Elimination

In particular, given any polynomial formula ® involving quantifiers
(¥, 3) CAD can compute a polynomial formula ¥ without quantifiers
that is equivalent (over R) to ®.

Examples:
2—y
y+1

Ve:0<z<1l = $2—y+1§B(J:y+1) oA y>—1AN B>

Vedy:0<az<lAO<y<a®= z®—y+1<Bay+1) “L¥ B>1

Note: The execution of CAD may be computationally expensive!



Symbolic Local Fourier Analysis

Stefan Takacs
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Local Fourier Analysis

» standard tool to analyze the convergence behaviour of a
numerical method

» optimization problem constrained to a partial differential
equation

» solution method: Finite Element Method with a
multigrid-solver

> robust with respect to parameters such as mesh-size and
regularization parameters

» typically rates are obtained only by numerical interpolation

» symbolic local Fourier analysis: exact bounds

» Given: lterative procedure of the form

2EHD) — A ()
the convergence rate is related to the matrix norm of A which

can be estimated by the spectral radius, i.e., the largest
eigenvalue in absolute value



The Problem

Given: matrix A(q,cy,c2,n) € R¥® with 0 < ¢ < 1 and
(61>62a77) €Q= {(01762777) | 0<cr<c<lA n> 0}7

where ¢; = cos(6;) for some frequencies 6; and = h*/a with
mesh-size h and regularization parameter a.

Find: bound B(q) for the maximal eigenvalue A4 (q, c1, c2,n) of
A over Q(eq,c2,1).



The Matrix A

Common denominator of the matrix entries:
D =256 (16030‘1177 + 1605041171 + 40?77 + 16030?77 + 16c§c?n + 4c?77
+ 4¢3 + 4can + 144c5et — T265¢t + 96t — T2¢5¢5 — 126¢5¢3
+36¢3 + 9¢5 + 36¢5 + n + 36)



The Matrix A

Common denominator of the matrix entries:
D =256 (16030‘1177 + 1603041117 + 40?77 + 16030?77 + 16c§c?n + 4c?77
+ 4dchn + Acin 4 144c5¢t — T2¢3ct + 9¢t — T2¢ac3 — 126¢3¢2
+36¢3 + 9¢5 + 36¢5 + n + 36)



The Numerator of A; 4

432qzcgc(13 =+ 3(1277cgcfl3 + ncgcg’ + 1440(230613 + 10()8@‘{2030(13 =+ 16L1217cgc(13 + 8170%6? —+ 720626? +
972(1252%613 + 30q2nc%c? + 26nc§c€1" + 1476c§c€1" + 1008q203 c? + 28q2ncgc§s + 447]c% c? + 1584c% c? +
108q2c? + 1080q2c%c? + 27q2nc§c? + 417]6%0? + 936c§c? —+ 12q2nc§ + 4nc? —+ 576q2cgc? +
28(]27](,‘26? + 20nc2c? + 288C26? + 366? + 1008q2cgc‘rl’ + 16q2ncgc‘;’ + SUCSC? + 72003(:? —
360q2c3ch + 80g%nc3cl — 64nc3 el — 1656c5c] — 3600¢%chcl + 128¢%nchc — 304nchcd —
7056c5c} — 2736¢%chc + 80g%nc3 el — 352nc3 el — 5328c3c) — 72042} — 1872¢% 3¢S +
80q2nc255 — 1847702(:5 + 720c2c3 + 64(1277c5 — 96'qc5 — 2088(]26265 + 128q2n6265 — l60nc205 +

2%1 2%1 251 1 1 1 1 1
1800coc? + 432¢% 4+ 972¢2c8c? + 30¢2ncScd + 26mcSc? + 14768t — 3600q2c3c? + 128¢2ncSct —
1 1 2%1 2%1 2%1 2°1 2%1 2%1
54 5 4 2 4 4 2 4.4 44 4 4 2 374
304ncycy 7056¢c5cy 5616q°cgc] + 108g“ncycy + 2724ncycy + 21168c5c] + 1584g°cycy
136q°nc3cd — 1672nc3ct — 3600c3 ¢t + 648q%c? + 1404¢2c2c? — 114¢%ncdc? + 3114ncdct —
2%1 2%1 2%1 1 2%1 2%1 2%1
15660c2c? + 120¢2nct + 616nct — 576¢%cact + 152¢%ncact — 760mcact — 2304coc? + 79203 +
2%1 1 1 1 1 1 1 1
1008(12 cgc‘;’ +28q2ncg c‘rf +44ncg c? + 1584626? — 2736q2cg c"% +80q2ncg c‘;’ - 3527]83 C? - 5328cg c? +
1584q2chc? — 136¢2nchct — 1672nched — 3600cic? + 12384¢2c3cd — 640¢2ncicd — 1936ncscs +
17568c3c$ + 1872¢% ¢ + 59042 c3 ¢ — 580¢%nc2cd — 1012nc3ed + 14544c3c8 + 112¢%nef —
528nc? + 7202 coc? — 16g2ncac® — 880mcacd — 1872coc? — 2160c + 1080¢2cSc? + 27¢%ncSe? +
1 1 1 1 1 1 2%1 2%1
41ncge% +93602c§ — 1872qzegc% +80q2ncgc% — 184ncgc% +7206;C% =+ 1404q2630% — 114q2nc%c§ +
3114ncie? — 15660c5c? + 5904q2c3c? — 5802 nc3c? — 1012ncic? + 14544c5c? + 108¢%c? —
5184¢°%c3c? — 525¢%nc3c? + 3729nc3c? — 15552c3c7 + 108¢°nc? + 676nc? — 6624q2cacy —
4q2nc2¢:§ - 46Onc2c§ + 288062cf + 6948c? + 576q2cgc1 + 28q2ncgcl + ZOancl + 2888361 —
2088¢%c3e1 + 128¢%nc3er — 160ncder + 1800c5er — 576q%cher + 152¢%ncher — 760ncier —
2304c5er +720q%cS ey —16¢%nc el —880nc3er — 1872¢3 1 +1440¢% ¢y — 6624¢°c3 ey — 4% neder —
460mcZcq + 2880c2cq + 112¢%ney — 240ncy — 3816g2cacy 4+ 176g%neacy — 400megey — 5112¢ac1 —
2 2
6048¢c1 4 108¢% ¢S + 12¢2nc§ + 4nc§ + 365 — 720¢% 5 + 6492 nch — 96mc] + 432¢5 + 648¢%ch +
120¢%nch + 616mch + 792ch + 1872¢% ¢ + 112¢%ncd — 528nc3 — 2160c5 + 1728¢% + 10842 ¢3 +
108¢2nc2 + 676mc2 + 6948c2 + 48q%n + 144n + 1440q%co + 112¢%ncy — 240mcs — 6048co + 5184
2 2 2
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Computational Issues

1. How to find the eigenvalues?
» symbolic interpolation in ¢

2. How to find the bound?

» consider the boundary of the domain to obtain a plausible
guess for the bound using CAD

3. How to prove the bound?

» use CAD
> necessary to split into subtasks and consider sufficient
conditions



The Eigenvalues

Using interpolation on the characteristic polynomial of the matrix
we find that the eigenvalues are

1
M=0, M=q" M= D (6(Q2) + d(Q2)> ,

each of multiplicity 2 with g2 = ¢ and e, d polynomials in ¢y, ca,n
and q2.
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The Eigenvalues

Using interpolation on the characteristic polynomial of the matrix
we find that the eigenvalues are

1
M=0, M=q" M= D (6(Q2) + d(Q2)> ,

each of multiplicity 2 with g2 = ¢ and e, d polynomials in ¢y, ca,n
and q2.

The largest eigenvalue is

Amaz = % (B(QQ) + d(Q2>) :



The Polynomial e(g2)

ncgc? —+ 144cgc? + 87]0%6? —+ 72chc? + 267]6%6? —+ 1476c421c(1s + 44ncgc? + 1584cgc? —+ 41nc%c? —+
936c%c‘15 + 97]cgq§c(15 + 129603(1%&13 - 24ncgq§c? - 216002(]%6? + 138nc%q§c§' + 63726%q§c(15 -
132ncgq§c? - 47526%(}%6? + l77nc§q%c§S + 49685§q§c? + 36nq%c? - 607}c2q§c€ls - 864cgqgc? +
324q%c? + 477(;5’ + 2077(;2(:(1" + QSSCZC? + Gnsgqgc? + 864cgq2c? + 167]cgq2(;(15 + 14406%(120? +
60nc%q25? =+ 19440%1125? =+ 88”6%(}26? + 3168cgq26? + 54770%1125? —+ 2160c%qzc(13 =+ 24nqgc? —+
4077c2qgc(15 + 57662112c‘13 + 216(]26? + 366? + Sncgc‘i’ + 72chc? - 647]836‘;’ — 1656cgc? -
304nchc] — 7056c5¢? — 352nc3 e} — 5328c5c] — 184nc2cl +720c3 ¢S — 24nc§q3 e} — 2160c5q3 S +
327](:311%0‘;’ + 2664cgq§c‘i’ + 2727]c%q§c‘;’ + 102246%(13(:‘;’ + 416nc%q§c? + 33120%q§c? +
2967]0% qg c? — 27360% qg c? —+ 327](1% c? + 128ncgq§ c? — 792co q%c? — 144q§ c? — 96nc? — 16077C2C?1) +
1800626‘;’ + 16ncgq2c‘i’ + 1440ngzc‘i’ + 327]63(126? - IOOSnggc‘i’ + 32nc‘21qzc‘;’ — 31680421q2c‘? -
64ncgqgc? + 2016cgqgc‘;’ — 112ncgqgc? —+ 20160%(120? =+ 64nqgc? + 32ncgq2c‘;’ — 100802(120? —
288ggc] + 432¢] + 26ncSct 4 1476c5ct — 304ncict — 70565t + 2724nch et + 21168chct —
1672nchct — 3600c3 ¢t + 3114ncZct — 15660c2ct + 138ncSa3ct + 6372¢5q3ct + 272nc3 a3t +

10224c3 g3 ¢t + 4292nchq2ct + 15408chq2ct + 1496nc3 g3t + 8496¢5 g2 et + 5018nc3q3et + ...



The Polynomial e(g2)

<. — 25740c2q3c} + 1064nq3ct + 680ncagict — 576caqic} + 1368q2ct + 616mct — 760ncact —
2304cact + 60mcSaact + 1944c§qact + 32ncSanct — 3168c3qact + 216nchgact — 11232¢4g0cf +
176'r]c%q2c‘1L — 48966%(126% - 228nc%qzc‘11 + 28086%(}26411 + 240nqgc‘11 + 80'(162¢,'{2c‘11 + 2880c2q26% +
1296g2c + 792¢t + 44nccd + 1584c§cd — 352nc3cd — 5328c5cd — 1672ncacd — 3600chcd —
1936mc3c3 + 17568c5¢3 — 1012nc3c + 14544c3ch — 132ncSq3cd — 4752c5q3 ¢} + 416nc3q3ct +
3312c5q3c] + 1496nch g3l + 8496chq2c? + 1808nchqict — 13536¢5q3 ¢S + 1628nciqict —
14832¢3q3¢3 +176n¢3 ¢ +944ncaql et — 144coq3 e + 72093 3 — 528nc$ — 880ncach — 1872¢acd +
887]03(12 c? + 3168cgq2 c? — 64770% qgcﬁ + 2016cg qgcﬁ + 176')76‘21 q2 C:li — 4896(3% q2 c? + 128ncgq2 c? -
4032¢3 gacf —616nc3gact +288c2gac? +352ngacf —64ncagact +2016¢2qacs +1440g2c5 —2160c5 +
41ncSe? 4+ 936cSc? — 184nchc? + 720c3¢? + 3114ncic? — 15660c5c? — 1012nc3c? + 14544c5c +
3729nc3c? — 15552¢3¢3 +177ncS a3 c? +4968cSq3c? +296mc3 g3 c3 — 2736¢5 g3 cF + 5018nch g3 c? —

25740chq3c? + 1628nc3q3c? — 14832c3q3c? + 6041nc3q3c? — 24768c3q3 3 + 1220mq3c? + . ..



The Polynomial e(g2)

o4 T40mcaq2c? + 4608caq3c? + 11844¢3¢? + 676mc? — 460mcac? + 2880cac? + 54ncSqgac? +
2160cgq20? — 112ncgq2c% + 2016cgq2c% - 228nc421q20% + 2808c§q2c% - 616ncngc? + 288cgqgc% —
1050mc2g2c? —10368c3gac? +2161g2c2 —280ncagac] —T488caqacd +216g2c? +6948¢2 +20ncSer +

288c§cy — 160mcicr + 1800c3e; — 760ncier — 2304cacy — 880nc3e; — 1872chey — 460nc3ey +

QSSOC%CI - 60negqgc1 - 864cgq§cl + 128ncgqgc1 - 7920%(]301 + 680nc3q%c1 — 5760%q§c1 +
944ncgq§cl — l44cgq§cl —+ 74Onc§q§c1 + 46085§q§cl —+ 807]q%(:1 + 368'chqgcl =+ 6120(:211551 =+
2016g3c1 — 240mcy — 400meaer — 5112¢a¢1 +40ncSgaer +576cSgact 4 32nc5gact — 1008c5gzcr +
807’]6%(]261 —+ 28806%(]261 — 64nc§q2c1 —+ 20160§q2c1 — 280nc§q201 — 7488c§q261 + 160ng2cy +
32ncagacy — 1008cagacy + 4032gacy — 6048¢cy + 4ncl 4 36¢S — 967mch + 432¢5 4 616mc] + 7925 —
528nc§ — 2160c3 + 67613 + 6948c3 + 361cSq3 + 324cSq3 + 32ncdq3 — 144c5q3 + 1064nciq3 +

1368chq3 + 176mc3q3 + 720c3q3 + 1220mc3g3 + 11844393 + 272nq7 + 80ncaqs + 2016c2q3 +
9792¢32 +144n —240mco — 6048c2 +24ncS g2 +216cS go +647c5 g2 —288¢5 g2 +240mc g2 +1296¢5 g2 +

352ncSqe + 14403 qa + 216nc3qa + 216c3 2 + 96mg2 + 160ncage + 4032¢aqa + 3456g2 + 5184



The Bound

» Consider extreme cases for 2
(Cla 02) ¢ /
» Consider the limits n — 0 5
and n — oo '




The Bound

» Consider extreme cases for 2
(c1,¢2) : '
» Consider the limits n — 0 5

and n — oo

This yields the following guess:

2
B(q2) — { lb(q2) = q2j3> ) 0< q2 < Q27
rb(q2) = @2(q2 +1), Q2< g2 <1

with Q2 = £(4v/10 — 5).
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The Proof

Need to show that

Maa = 35 (el@2) + V@) <Iblar), 0 <2< Qa

Or equivalently

Vd(g2) < D 1b(g2) — e(g2)

Note that
Vaz,y: y>0 A 22<y?> = z<y.

Hence we need to prove that
> R(ci,c2,q2,m) = D Ib(g2) — e(gq2) = 0
> S(c1,c2,2,m) = (D 1b(g2) — e(g2))* — d(g2) > 0



Sketching the Proof Steps

» Observation 1: R(c1,c2,q2,m) is linear in n (0 < n < 00):

R(CbCQv Q2777) = T0(617027 q2) + 7"1(61, €2, QZ)n
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Sketching the Proof Steps

» Observation 1: R(c1,c2,q2,m) is linear in n (0 < n < 00):

R(CbCQv Q2777) = TO(Cla C2, q2) + 7"1(61, €2, QQ)n

v

A sufficient condition for R(cy, c2,q2,1) > 0 is

ro(ci,c2,q2) >0 and  ri(cr1,c2,q2) >0

v

Observation 2: r;(c1, c2,q2) are quadratic in g

v

Use CAD to derive sufficient conditions for a generic second
degree polynomial to be non-negative

> Apply some logical simplifications to reduce the amount of
CAD-computations, e.g.,

A= (BNC) & (A=B)ANA=0)



Sketching the Proof Steps

>

v

Observation 1: R(cy, c2,q2,n) is linear in n (0 < n < 00):
R(Cl7 C2, 42, 77) = TO(Cla C2, q2) =+ 7"1(61, €2, QQ)n
A sufficient condition for R(cy, c2,q2,1) > 0 is

ro(ci,c2,q2) >0 and  ri(cr1,c2,q2) >0

» Observation 2: r;(c1, co, q2) are quadratic in g2

Use CAD to derive sufficient conditions for a generic second
degree polynomial to be non-negative

Apply some logical simplifications to reduce the amount of
CAD-computations, e.g.,

A= (BNC) & (A=B)ANA=0)

Proceed analogously for S(c1, c2, q2,m) (here cubic
polynomials appear)



The Bound for the Convergence Rate
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Two-grid convergence factor depending on 7 for
V = Vpre + Vpost = 2 + 2 smoothing steps



CAD for Special Functions Inequalities

Manuel Kauers and Stefan Gerhold



Input structure

Given a sequence f(n) satisfying a linear recurrence with
polynomial coefficients, i.e.,

given p; € K[x] such that
pr(n)f(n+r)+---+pi(n)f(n+1) +po(n)f(n) =0, n=0,
and initial values f(0),..., f(r —1)

Question: When can we prove that f(n) > 0 for all n > 07



Gerhold-Kauers method

Given: po,p1,p2 € K[z] and initial values f(0), f(1), s.t.,

p2(n)f(n+2) +pi(n)f(n+1) +po(n)f(n) =0, n>0

Proof by induction: Show that

po(n) Fn) - pi(n)

f(n)ZO/\f(n+1)20:>—p2(n)



Gerhold-Kauers method

Given: po,p1,p2 € K[z] and initial values f(0), f(1), s.t.,
p2(n)f(n+2) +pi(n)f(n+1) +po(n)f(n) =0, n=0

Proof by induction: Show that

fn) = 0Af(n+1)>0= —i‘f”if(n) ) 1y >0
2(N

Generalize: To prove positivity of f(n) it is sufficient to show that

po() p1(x)
ol )yo—pg( )9120

Yyo,y1 ERVe € R:yo > 0Ny > 0= —

8
8



Gerhold-Kauers method

Given: po,p1,p2 € K[z] and initial values f(0), f(1), s.t.,

p2(n)f(n+2) +pi(n)f(n+1) +po(n)f(n) =0, n>0

Proof by induction: Show that

po(n) Fn) - pi(n)

f(n) =0A f(n+1) 20:»—192(”) pa(n)

f(n+1)>0

Generalize: To prove positivity of f(n) it is sufficient to show that

po() p1(x)
ol )yo -

This can be decided by a quantifier elimination algorithm!

Vyo,y1r E RVz e R:yp > 0Ay; > 0= — y1 >0

8



Gerhold-Kauers method

Given: po,p1,p2 € K[z] and initial values f(0), f(1), s.t.,

p2(n)f(n+2) +pi(n)f(n+1) +po(n)f(n) =0, n>0

Proof by induction: Show that

fn) = 0Af(n+1)>0= —iOEn;f(n) ) 1y >0
2(N

Generalize: To prove positivity of f(n) it is sufficient to show that

po() p1(x)
ol )yo -

But it might be false even if f(n) > 0!

Vyo,y1r E RVz e R:yp > 0Ay; > 0= — y1 >0

8



Gerhold-Kauers method

Given: po,p1,p2 € K[z] and initial values f(0), f(1), s.t.,
p2(n)f(n+2) +pi(n)f(n+1) +po(n)f(n) =0, n=0

Proof by induction: Show that

fn) = 0Af(n+1)>0= —i‘f”if(n) ) 1y >0
2(N

Refined induction step formulas: Extend the induction hypothesis
and try to show that

po( ) pl( )

pa(@)” " o)™ =
po(@)pi(z +1)  pi(@)pi(z + 1) = po(z + Dpa(x)
P2($)P2($+1)y0+ pa(2)pa(z + 1) 120

Vyo,y, 2 €R:yg>0Ay1 >0A —




Turan's inequality for Legendre polynomials

Foralln >0 and all z € [-1,1]:

Ap(z) = Pn(x)Q = Po1(z) Prya(z) > 0.
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Foralln >0 and all z € [-1,1]:

Ap(z) = Pn(x)Q = Po1(z) Prya(z) > 0.
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Turan’s inequality for Legendre polynomials

Foralln >0 and all z € [-1,1]:

A (@) = Po(@)? = Pyo1(2) Paga(z) > 0.

1 -05 05
-0.05

1— 2
(693210 — 11552% + 6902° — 1502 + 2522 + 25)

Blr) = 556




Turan’s inequality for Legendre polynomials

Foralln >0 and all z € [-1,1]:

A (@) = Po(@)? = Pyo1(2) Paga(z) > 0.

1 -05 05
-0.05

1 —2? , ;
Ag(z) = 1("3;4 (3067352 — 825825212 + 867867210 — .. .)
)OB4




Proof using the Gerhold-Kauers method

» Proof by induction:

—1<z<1An>0ANA,(z) >0= Apt1(z) >0



Proof using the Gerhold-Kauers method

» Proof by induction:
—1<z<1An>0ANA,(z) >0= Apt1(z) >0

> Make statement polynomial: Use the recurrence for Legendre
polynomials

2n+3 (n+1)
P _
w2 P @) =T

Pn+2(x) = Pn(.%')

and introduce real variables p_; = P,_1(x) and py = P, ().



Proof using the Gerhold-Kauers method

» Proof by induction:
—1<z<1An>0ANA,(z) >0= Apt1(z) >0

» Make statement polynomial: Use the recurrence for Legendre
polynomials

(n+1)
n+ 2

2n+ 3
n+ 2

Poyala) = 2P () - Po(2)

and introduce real variables p_; = P,_1(x) and py = P, ().
» With this notation (using the recurrence) we have
5 2n+1 2.

Ap(z) = ps — 1 Tpop— 1+7+1




Proof using the Gerhold-Kauers method

v

Proof by induction:

—1<z<1An>0ANA,(z) >0= Apt1(z) >0

> Make statement polynomial: Use the recurrence for Legendre
polynomials
2n+3 n+1
Praalw) = 275 ePun (@) - . T 5Pl

and introduce real variables p_; = P,_1(x) and py = P, ().

» With this notation (using the recurrence) we have
2n+1
Ap(z) = p§ — ——p*
n(@) =po — - wpop-1 + +1

Consider n as a real variable

v
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» Mathematica package containing an implementation of the
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SumCracker (Kauers)

» Mathematica package containing an implementation of the
Gerhold-Kauers method and algorithms for proving and
finding algebraic relations between expressions defined in
terms of (systems of) difference equations

inf1]:= Timing[Provelnequality [LegendreP[n, a:]2 —
LegendreP[n — 1, z]LegendreP[n + 1,z] > 0,
Using — {—1 < = < 1}, Variable — n]]

outii]= {1.22881, True}

» The more general statement may be false, even if the discrete
statement is correct

» The method may fail to terminate

» If it terminates, then the statement is either proven, or a
counterexample is found



A Theorem of Alexander Alexandrov and Geno
Nikolov



Theorem 2

Let f be a polynomial of degree at most n having only real zeros
and define

2k

Li(f;2) = (1)

Jj=0

i) (2k—3)
4! (2k — j)!




Theorem 2

Let f be a polynomial of degree at most n having only real zeros
and define

2k . .
9@ SO @)
Ly(fiz) =) (1) 0 aogy Sksn

Jj=0

For the choice f(x) = H,(z) (the nth Hermite polynomial) the
function Ly (Hy;-) is

» monotonically decreasing in (—o0, 0], and

» monotonically increasing in [0, c0)
forall 1 <k <n.



The explicit representation

Derivatives of Hermite polynomials satisfy the relations

2Mp!

H\(z) = nHna(z) and DJHa(e) =

n—m /().



The explicit representation

Derivatives of Hermite polynomials satisfy the relations

2Mp!

(= myy o)

H!(z) =2nH,_1(r) and DIH,(z)=

Plugging this into

2k @) () FCR=0) (g
Lulfio) = Y- T FO ),

J=0

for f(x) = Hy(x) yields



The holonomic representation

Using HolonomicFunctions a representation in terms of defining
mixed difference-differential relations can be obtained directly from

the sum representation:

2k
In[2):= Annihilator[Z(—l)k_j <n> <2kn j) 4*H,,_;j(2)Hp—2x+i(x),

=0 J

{S[¥], S[n], Der[z]}]

oupl= {—(k+1)2k+1)(n+1)S + (—k+n+1)S, + (n+ 1)zD,
—2(n+1) (2k —n+22%), (n+1)D} +2(k —n — 1)S, — 6(n + 1)zD.
+4(n+1) (n+2x2),SnDz+2(n+1)DI—S(n—i—l)x,
(k—n—2)S2 +2(n+2) (k+22%) S, +4(n + 1)(n + 2)zD.
+4(n+1)(n+2) (n—42® +1)}



The holonomic representation

Using HolonomicFunctions a representation in terms of defining
mixed difference-differential relations can be obtained directly from

the sum representation:

2k
In[2):= Annihilator[Z(—l)k_j <n> <2kn j) 4*H,,_;j(2)Hp—2x+i(x),

=0 J

{S[¥], S[n], Der[z]}]

oupl= {—(k+1)2k+1)(n+1)S + (—k+n+1)S, + (n+ 1)zD,
—2(n+1) (2k —n+22%), (n+1)D} +2(k —n — 1)S, — 6(n + 1)zD.
+4(n+1) (n+22°),8,D; +2(n+ 1)D, — 8(n + 1)z,
(k—n—2)S2 +2(n+2) (k+22%) S, +4(n + 1)(n + 2)zD.
+4(n+1)(n+2) (n—42® +1)}

» S, denotes the forward shift in n
> the output is a list of operators annihilating the given function
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» Let ann denote the set of annihilating operators.
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A relation for the derivative

» Let ann denote the set of annihilating operators.
» The goal is to show that Ly(H,;z) > 0 for z > 0.
» We search for a relation in the ideal where the coefficients do

not depend on .

in@3:= xfree = FindRelation[ann, Eliminate — {x}]
outBl= {(k+1)S:S, —2(k+1)(n+1)S: —4(n+ 1)}
inf4:= ApplyOreOperator|[xfree, y[k, n]]

Out[4]=
{41 +n)y[k,n] =21+ k) 1 +n)y[l+k,n]+ (1+k)y[l+k,1+n]}



A relation for the derivative
» Let ann denote the set of annihilating operators.

» The goal is to show that Ly(H,;z) > 0 for z > 0.
» We search for a relation in the ideal where the coefficients do

not depend on .

in@3:= xfree = FindRelation[ann, Eliminate — {x}]
outBl= {(k+1)S:S, —2(k+1)(n+1)S: —4(n+ 1)}
inf4:= ApplyOreOperator|[xfree, y[k, n]]

Out[4]=
{41 +n)y[k,n] =21+ k) 1 +n)y[l+k,n]+ (1+k)y[l+k,1+n]}

Written as a recurrence in traditional form for yy, ,(x) = Li,(Hy; x)
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A relation for the derivative

» Let ann denote the set of annihilating operators.
» The goal is to show that Ly(H,;z) > 0 for z > 0.
» We search for a relation in the ideal where the coefficients do

not depend on .

in@3:= xfree = FindRelation[ann, Eliminate — {x}]
outBl= {(k+1)S:S, —2(k+1)(n+1)S: —4(n+ 1)}
inf4:= ApplyOreOperator|[xfree, y[k, n]]

Out[4]=
{41 +n)y[k,n] =21+ k) 1 +n)y[l+k,n]+ (1+k)y[l+k,1+n]}

Written as a recurrence in traditional form for yy, ,(x) = Li,(Hy; x)
or for the derivative
(k+ 1)y ks1n41(2) = 404 1)y n(@) + 20k + 1) (0 + 1)y k41,0 (2)



The recurrence

(k + Dyrs1nt1(x) = 40+ Dyea(@) + 2(k + 1) (0 + Dyt (@)
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The recurrence

(k + Dyrs1nt1(x) = 40+ Dyea(@) + 2(k + 1) (0 + Dyt (@)

2k ) (2k—3)
Li(f;z) = Z(—l)k”f Jj!(w) f(21<,- _JS?

J=0
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The recurrence

(k + Dyprn1 (@) = 40+ Dy (@) + 2k + 1) (0 + )yhy 0 (2)

Ly (Hy; x) = 8(n*=n) (nHp—(2) Hy—1(x) = (n — 2) Hy—3(2) Hn(2))
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Summary

» Show that yy () = Li(Hp; ) is monotonically increasing
forl1<k<nandz >0
> Show that y; . (v) = Lg(Hp;x) >0 for 1 <k <mnand x>0

Use the recurrence
(k + D¥prr 1 () = 40+ Dyp () + 2(k + 1)(n + 1)yhgr 5 (2)

with initial values v, ,(z) = 0 and v}, (7).
> Show that y; () >0

ins:= Provelnequality [8(n® — n)
(nHn—2(2)Hn—1(z) = (n — 2)Hn—3(z)Hn(z)) 2 0,
Using — {x > 0}, Variable — n]

outs]= True
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Motivation

Problem: Find a family of polynomials (¢,(x)),,~, such that for all
polynomials v(z) with deg(v) < n: B

/_1 On(x)v(x) dx = v(0).

Additional requirement: ¢, () uniformly bounded in L' with
respect to the polynomial degree, i.e.,

1
lbulls = / [6u(a)] dx < C.

» the reproducing property is satisfied by Legendre kernel
polynomials

n

ba(a,0) = 3 2L B 0) By )

J=0

» kernel polynomials are not uniformly bounded in L!
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Modification of the ansatz

Schoberl modified the ansatz using gliding averages, i.e.,

» ¢, (x) still satisfy the reproducing property

> with
1

n—+1

S(n,z) = kj(z,0)
=0
we can write

2n+1 n
on(x) = 1 S(2n,x) — ﬁS(n —1,2).




Modification of the ansatz

Schoberl modified the ansatz using gliding averages, i.e.,

1 2n
¢n( ): n~|—1jz;lkj(x’0)

» ¢, (x) still satisfy the reproducing property

> with
1 n
S(n,a:):n%_lA kj(z,0)
7=0
we can write
2n+1 n
n(z) = 2m,7) — ——8(n—1,1).
On () n+15(nx) n+15(n x)

» Schoberl conjectured that S(2n,x) > 0



Schoberl’s inequality

If —1<x<1, n>0, then

n
Z% 454+ 1)(2n — 25 + 1) P;(0) Paj(x) > 0.
7=0

12
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Recurrence relation for S(n, x)

The sums S(n, z) satisfy a five term recurrence

4(4n+T)(n +4)2S(n+ 4,z) = (2n + 3)%(4n + 15)S(n, z)
+(4n + 15) (16122 — 8n? + 48nx? — 12n + 3522 4+ 3)S(n + 1, z)
)
)

—(—192n22? + 144n* — 1056nx? + 792n — 126022 + 943)S(n + 2, =
—(4n 4 7)(16n2x? — 8n? + 128na? — 76n + 25522 — 173)S(n + 3,z

> this representation makes it possible to invoke SumCracker’s proving
procedure [Gerhold+Kauers]

» the procedure, however, does not terminate

» a reformulation is needed!



Step 1: Decomposing S(n, x)

Using human insight we decompose

22S(n,z) = g(n,z) + f(2n,z,0),

where
g(n,x) = 2n2+1 <1‘P2n+1( ) — iZi;P%( )) Py, (0),
- 1
f(n,z,y) ]Z R




Step 2: Estimating f(2n,x) from below

It is a basic exercise for a student to obtain the bound

f(2n,2,0) > L (f(2n,2,2) + £(2n,0,0)) =: e(n, z).



Step 2: Estimating f(2n,x) from below

It is a basic exercise for a student to obtain the bound
F(2n,2,0) >  (f(2n,2,2) + £(20,0,0)) =: e(n, ).

It is a basic exercise for SumCracker to obtain the closed form

1 .92 g
In[6]:= Crack[SUM[(zj “ 125 +3) LegendreP[j, x]°, {4,0,n}]]
_ _(n+1)2 2 _(nJrl)2 5
outf6]= T3 Po(z)" 4+ (n+ 1)xPryi1(x)Po(x) o1 Poyi(x)



Step 3: Proving positivity of lower bound

Collecting the considerations above, the proof is completed if we
can show positivity of g(n, z) + e(n, z):

22S(n,z) = g(n,z) + f(2n,z,0) T *W

\\F \ /\w\ “
> g(n,z) +e(n, ) W#Hw
i

>0 \JJ“JMUUUL




Step 3: Proving positivity of lower bound

Collecting the considerations above, the proof is completed if we

can show positivity of g(n, z) + e(n, z):

22S(n,z) = g(n,z) + f(2n,z,0) T
> g(n,x)+eln, x)
>0

in[7:= Provelnequality[g[n, ] 4+ e[n,z] > 0,
Using — {—1 < & < 1}, Variable — n]

out[7]= True




CAD-input for Schéberl’s inequality (general case)

Vn,a,:c,y,z,w((n >0N-1<z<1A-1<2a< 1A(2a+4n+1)(y2 +z2)(a+2n+1)2 —
(2a 4 4n 4+ 1)(2a + 4n + 3wzz(a + 2n + 1) + (2n + 1)(2a + 2n + 1) (2a + 4n + 3)w? > 0) =
(2n + 3)(a + 2n + 1)%(a + 2n + 3)2(2a + 2n + 3)(2a + 4n + 5)y? (a + 2n + 2)? + (a + 2n +
1)2(64n° — 25622n? + 160an? +464nt + 144a°n® — 512a22n> — 118422 n3 4+ 928an> + 1344n3 +
56a°n? + 628a%n? — 384a’x%n? — 1776ax?n? — 1984z2n? + 2016an? + 1944n> + 8atn +
164a°n 4+ 912020 — 1280322 n — 888a2z?n — 1984ax?n — 1434z%n + 1944an + 1404n + 120+ +
1200 + 44102 — 16022 — 1480522 — 4960222 — 717az? — 37822 + 702a + 405) 2% (a + 2n + 2)2 —
w?(—256n7 +40962*n% —307242n0 —896an® —1728n0 +12288ax*n> +25088z%n> — 121602 n° —
9216az2n® — 19968z2n° — 5184an® — 4864n° + 15360a2z%n? + 62720az*n? + 62464240t —
800a3n? — 58720°n? — 11008a2x%n* — 49920cx?n? — 5312022n* — 12160an* — 7408n* —
256a4n3 4102400324 n3 46272002240 +124928ax%n> + 8121624 n3 —3104a3n3 — 110722203 —
6656a3x%n — 47744022203 — 106240ax?n3 — 741762203 — 14816an® — 6592n> — 32a°n2 —
752a*n? 438400t 24n? 43136003 2% n? +93696a2z4n? 4121824z n? 45832024 n? —4448a3n? —
10192a%n2 — 2112a%22n? — 21696a%22n? — 76416a22%n? — 111264az?n? — 573962°n? —
9888an? — 3424n? — 64a°n — 736a*n 4+ 768a° ztn + 78400tz n 4 3123203 2% n 4 6091202 2% n 4
58320cztn + 21978x%n — 278403 n — 4576a%n — 320a°z?n — 4608atx?n — 232960322 n —
5356802 x%n — 57396ax?n — 2334022 n — 3424an — 960n — 32a° — 240a? + 64a82% 4 7840z +
3904atz* +10152a°% 2% + 1458002 2% +10989az* +34022* — 640a° —800a? — 16ax2 —352a°22 —
2504a*z? — 82400322 — 138810222 — 11670az? — 389722 — 4800 — 112) (a4 2n+2)? — 2(a+2n+
1wz (128n8 — 102422n° + 384an® + 1408n° + 448a2%n* — 2560ax?n?* — 550422n? + 3520an* +
5592n% +256a°%n3 4329602 n> —2560a222n3 —11008ax?n> — 114882213 +11184an>+10888n° +
720402 + 14240502 + 78700%n? — 1280a°%2%n? — 8256a2x2n? — 17232ax%n? — 11688z2n2 +
16332an? + 1125812 + 8a®n + 272an + 2278a3n + 7692a%n — 320atz?n — 2752a32%n —
8616ax%n — 11688az?n — 5814x%n + 11258an + 5940n + 16a® + 220a? + 112403 + 266902 —
32a°22 — 3440122 — 14360322 — 29220222 —2907ax? — 113422 429700 +1257) z(a+2n+2)2 > 0)



