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×ÈÑËÅÍÍÎÅ ÈÑÑËÅÄÎÂÀÍÈÅ

ÍÎÂÎÃÎ ÊËÀÑÑÀ ÂÎËÍ

Â ÍÅËÈÍÅÉÍÎÉ ÒÅÏËÎÏÐÎÂÎÄÍÎÉ ÑÐÅÄÅ

Ñòåôêà Äèìîâà, Ìèëåíà Äèìîâà∗, Äàíèåëà Âàñèëåâà∗

ÔÌÈ, Ñîôèéñêèé óíèâåðñèòåò "Ñâ. Êëèìåíò Îõðèäñêèé"
∗ÈÌÈ, Áîëãàðñêàÿ Àêàäåìèÿ Íàóê

"Ñîâðåìåííûå ïðîáëåìû âû÷èñëèòåëüíîé ìàòåìàòèêè è

ìàòåìàòè÷åñêîé ôèçèêè"

êîíôåðåíöèÿ ïîñâÿùåííàÿ ïàìÿòè àêàäåìèêà À.À. Ñàìàðñêîãî

â ñâÿçè ñ 95-ëåòèåì ñî äíÿ åãî ðîæäåíèÿ

Ìîñêâà, 16-17 èþíÿ 2014ã.
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ut =
N∑
i=1

(ki(u)uxi)xi +Q(u), t > 0, x ∈ RN

ki(u) ≥ 0, Q(u) ≥ 0, u(t, x) ≥ 0

ki(u) = uσi, σi > 0, Q(u) = uβ, β > 1

A.A. Ñàìàðñêèé, Ì.È. Ñîáîëü (1963), Ñ.Ï. Êóðäþìîâ (1974), Ì.È. Áàêèðîâà, Â.À. Ãàëàê-

òèîíîâ, À.Ï. Ìèõàéëîâ, Þ.Ï. Ïîïîâ, Â.À. Äîðîäíèöûí, Ã.Ã. Åëåíèí, Í.Â. Çìèòðåíêî, Å.Ñ.

Êóðêèíà, À.Á. Ïîòàïîâ, Ñ. Ïîñàøêîâ, Ñ.Ð. Ñâèðùåâñêèé, ...

2D,σ1 6= σ2, σi > 0, Q(u) = uβ, β > 1 :

íåîãðàíè÷åííûå ðåøåíèÿ, îïèñûâàþùèå
íàïðàâëåííîå ðàñïðîñòðàíåíèå òåïëà ( Äîðîäíèöûí, Êíÿçåâà)

÷èñëåííàÿ ðåàëèçàöèÿ:
Áàêèðîâà Ì.È., Äèìîâà Ñ.Í.., Äîðîäíèöûí Â.À., Êóðäþìîâ Ñ.Ï., Ñàìàðñêèé A.A., Ñâèð-

ùåâñêèé Ñ.Ð.: Èíâàðèàíòíûå ðåøåíèÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè, îïèñûâàþùèå íàïðàâëåí-

íîå ðàñïðîñòðàíåíèå òåïëà è ñïèðàëüíûå âîëíû â íåëèíéíîé ñðåäå. Äîêë.ÀÍ ÑÑÑÐ. 33(3),

187�189 (1988)
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2D Èçîòðîïíàÿ ñðåäà

ut =
1

r
(ruσur)r+

1

r2
(uσuϕ)ϕ+uβ, 0 < r <∞, 0 ≤ ϕ < 2π.

Ñâèðùåâñêèé, 1985: us(t, r, ϕ) = (1−
t

T0

)−
1

β−1θ(ξ, φ),

ξ = r(1−
t

T0

)−
m
β−1 , φ = ϕ+

C0

β − 1
ln(1−

t

T0

), m =
β − σ − 1

2

C0 - ïàðàìåòð ñåìåéñòâà ðåøåíèé. Äëÿ C0 6= 0 :

r(t)esϕ(t) = r(0)esϕ(0) = ξesφ = const, s = (β−σ−1)/(2C0).

−
1∂

ξ∂ξ
(ξθσ

∂θ

∂ξ
)−

1

ξ2
∂

∂φ
(θσ

∂θ

∂φ
) +

m

(β − 1)T0
ξ
∂θ

∂ξ
−

C0

(β − 1)T0

∂θ

∂φ
+ θ − θβ = 0.
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Äâà êëàññà êîíñòàíòíûõ ðåøåíèé äëÿ T0 = 1

(β−1)
: θ0

H ≡ 0, θH ≡ 1

C0 = 0, lim
ξ→∞

θ(ξ, φ) = θ0
H ≡ 0 :

β > σ + 1 : êîíñòðóèðîâàíû äâà êëàññà ðàäèàëüíî-íåñèììåòðè÷íûõ
ðåøåíèé ñëîæíîé ñèììåòðèè (Êóðäþìîâ, Êóðêèíà, Ïîòàïîâ)

Êîëåâà Ì.Ã., Äèìîâà Ñ.Í., Êàñ÷èåâ Ì.Ñ.: Èññëåäîâàíèå ñîáñòâåííûõ ôóíêöèé ãîðåíèÿ

íåëèíåéíîé ñðåäû â ïîëÿðíûõ êîîðäèíàòàõ. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå 3, 76�83 (1992)

β ≤ σ + 1 : òîëüêî ðàäèàëüíî-ñèììåòðè÷íûå ðåøåíèÿ ñ êîìïàê-
òûì íîñèòåëåì.

lim
ξ→∞

θ(ξ, φ) = θH ≡ 1 :

äâà íîâûõ êëàññà ðàäèàëüíî-íåñèììåòðè÷íûõ ðåøå-
íèé â HS−ðåæèìå:
� ðåøåíèÿ ñëîæíîé ñèììåòðèè C0 = 0,
� ðåøåíèÿ ñïèðàëüíîé ñèììåòðèè C0 6= 0.
Dimova S.N., Kastchiev M.S., Koleva M.G., Vasileva D.P., Numerical analysis of radially nonsymmetric

blow-up solutions of a nonlinear parabolic problem, J. Comp. Appl. Math., 1998, 97, 81-97

Dimova M.G., Dimova S.N., Numerical investigation of spiral structure solutions of a nonlinear

elliptic problems, NMA 2010, LNCS 6046, 395�403, 2011
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2D ðàäèàëüíî-íåñèììåòðè÷íûé ñëó÷àé,
C0 = 0, β = σ + 1

u(t, r, ϕ) = g(t)θ(ξ, φ), g(t) = (1−t/T0)
−1/σ, ξ = r, φ = ϕ,

L(θ) ≡ −
1

ξ

∂

∂ξ

(
ξθσ

∂θ

∂ξ

)
−

1
2

∂

∂φ

(
θσ
∂θ

∂φ

)
+ θ − θσ+1 = 0.

Íà÷àëüíûå ïðèáëèæåíèÿ

θ̃(ξ, φ) = 1 + αy(ξ, φ), α = const, |αy| � 1,

y(ξ, φ) îãðàíè÷åííîå ïðè ξ = 0 ðåøåíèå ëèíåéíîãî óðàâíåíèÿ:

−
1

ξ

∂

∂ξ

(
ξ
∂y

∂ξ

)
−

1

ξ2

∂2y

∂φ2
+ σy = 0.

×àñòíûå ðåøåíèÿ

y(ξ, φ) = Jk(
√
σξ) cos (kφ), k ∈ N.

y(ξ, φ), 2π/k ïåðèîäè÷åñêèå, ñ k îñÿìè ñèììåòðèè:
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ëüíàÿ çà
k = 1 k = 2 k = 3

Fig. 1: Ðåøåíèÿ y(ξ, φ) = Jk(
√
σξ) cos(kφ) ëèíåàðèçîâàííîãî

óðàâíåíèÿ, k = 1, 2, 3.
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Jk(z) ∼

√
2

πz
cos

(
z −

kπ

2
−
π

4

)
, z →∞,

y(ξ, φ) ∼
√

2

π
√
σξ

cos

(√
σξ −

kπ

2
−
π

4

)
cos(kφ), ξ →∞.

àñèìïòîòèêè äëÿ θ(ξ, φ)

θ(ξ, φ) ∼ 1 + γ

√
2

π
√
σξ

cos

(√
σξ −

kπ

2
−
π

4

)
cos(kφ),

γ = const, ξ →∞.
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Àâòîìîäåëüíàÿ çàäà÷à:

L(θ) ≡ −
1

ξ

∂

∂ξ

(
ξθσ

∂θ

∂ξ

)
−

1

ξ2

∂

∂φ

(
θσ
∂θ

∂φ

)
+ θ − θσ+1 = 0,

(ξ, φ) ∈ Ω, Ω = (0, l)× (0, ω), ω = π/k.

êðàåâûå óñëîâèÿ

lim
ξ→0

ξθσ
∂θ

∂ξ
= 0, φ ∈ [0, ω],

∂θ

∂ξ
+
θ − 1

2ξ
= −γ

√
2

π
√
σξ

sin

(√
σξ −

kπ

2
−
π

4

)
cos(kφ),

ξ = l� 1, φ ∈ [0, ω],

∂θ

∂φ
(ξ, 0) =

∂θ

∂φ
(ξ, ω) = 0, 0 ≤ ξ ≤ l.
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×èñëåííûé ìåòîä äëÿ àâòîìîäåëüíîé çàäà÷è

Íåïðåðûâíûé àíàëîã ìåòîäà Íüþòîíà (Ãàâóðèí, 1958)

0 ≤ t <∞, θ = θ(ξ, φ, t) :

L′(θ)
∂θ

∂t
= −L(θ), θ(ξ, φ, 0) = θ0(ξ, φ)

∂θ

∂t
= v(ξ, φ, t)

Èòåðàöèîííûé ïðîöåññ

L′(θn)vn = −L(θn)

θn+1 = θn + τnvn, 0 < τn ≤ 1, n = 0, 1, . . . ,

θn = θn(ξ, φ) = θ(ξ, φ, tn), vn = vn(ξ, φ) = v(ξ, φ, tn),

θ0(ξ, φ) = θk(ξ, φ) = 1 + αJk(
√
σξ) cos (kφ), |αy| � 1
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íà êàæäîé èòåðàöèè � Ãàëåðêèí ìåòîä êîíå÷íûõ ýëå-
ìåíòîâ äëÿ ëèíåéíîé çàäà÷è
áèëèíåéíûå êîíå÷íûå ýëåìåíòû

A(θ)V̄ = −B(θ)Θ̄

V = {vn(ξj)}Nj=1, A = LU

τn = min

(
1, τn−1

δn−1

δn

)
, if δn < δn−1,

τn = max

(
τ0, τn−1

δn−1

δn

)
, if δn ≥ δn−1,

δn = max
η∈ω̄h
|B(θn)Θ̄n|, [, ..., 1974]
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×èñëåííûé ìåòîä äëÿ ïàðàáîëè÷åñêîé çàäà÷è

ut =
1

r
(ruσur)r +

1

r2
(uσuϕ)ϕ + uσ+1, 0 < t < T0,

(r, ϕ) ∈ Ω, Ω = (0, R)× (0, ω), ω = π/k,

ruσur(t, 0, ϕ) = 0, t ∈ [0, T0), ϕ ∈ [0, ω],

u(t, R, ϕ) =
u(t, r∗, ϕ)

θ(r∗, ϕ)
θ(R,ϕ), t ∈ [0, T0), ϕ ∈ [0, ω],

u(0, r, ϕ) = u0(r, ϕ) = θk(r, ϕ) ≥ 0, (r, ϕ) ∈ Ω̄,

uσ(t, r, 0)uϕ(t, r, 0) = uσ(t, r, ω)uϕ(t, r, ω) = 0, t ∈ [0, T0), r ∈ [0, R],

u0(0, ϕ) = const, u0(r, ϕ) = u0(r, 2ω − ϕ).

Ãàëåðêèí ìåòîä êîíå÷íûõ ýëåìåíòîâ, îñíîâàí íà
- òðàíñôîðìàöèþ Êèðõîôà íåëèíåéíîãî êîåôôèöèåíòà òåïëîïðî-

âîäíîñòè

G(u) =

∫ u

0

sσ ds = uσ+1/(σ + 1);

- èíòåðïîëÿöèÿ íåëèíåéíûõ êîåôôèöèåíòîâ;
- êîíöåíòðàöèÿ ìàòðèöû ìàññû.
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Ïîëóäèñêðåòíàÿ çàäà÷à:

U̇ = −M̃−1KG(U) + q(U)

U(0) = U0

Ìîäèôèêàöèÿ ÿâíîãî ìåòîäà Ðóíãå-Êóòòû âòîðîãî ïîðÿäêà òî÷-
íîñòè.

×èñëåííîå èññëåäîâàíèå

Öåëü ÷èñëåííûõ ýêñïåðèìåíòîâ:

- èññëåäîâàòü óñòîé÷èâîñòü íîâîãî êëàññà 2D-àâòîìîäåëüíûõ ðå-
øåíèé,

Â ïðèìåðàõ íèæå: σ = 2, T0 = 0.5, l = R = 50,
hr = 0.1, hϕ = π/30, α = 0.1, γ = 0.2.
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t = 0 t = 0.497634 t = 0.499014

t = 0.499722 t = 0.499945 t =0.499973

Fig. 2: Ýâîëþöèÿ ñëîæíîé âîëíû â S-ðåæèìå: u(t, r, ϕ), σ = 2,
k = 1, T0 = 0.5.
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t = 0 t = 0.486748 t = 0.497776

t = 0.499367 t = 0.499856 t = 0.499914

Fig. 3: Ýâîëþöèÿ ñëîæíîé âîëíû â S-ðåæèìå: σ = 2, k = 2,
T0 = 0.5.
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2D ðàäèàëüíî-ñèììåòðè÷íûé ñëó÷àé

ut =
1

r
(ruσur)r + uσ+1, r ∈ R1

+, t > 0, σ > 0.

àâòîìîäåëüíûå íåîãðàíè÷ííûå ðåøåíèÿ

u(t, r) = ψ(t)θ(ξ) =

(
1−

t

T0

)− 1
σ

θ(ξ), ξ = r for β = σ+1.

L(θ) ≡ −
1

ξ
(ξθσθ′)

′
+ θ − θσ+1 = 0, 0 < ξ <∞.

u(0, r) = u0(r) = θ(r), ur(t, 0) = 0.
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(a) (b)

Fig. 4: Àâòîìîäåëüíàÿ ôóíêöèÿ θ(ξ) äëÿ σ = 2: (a) α = 0.1;
(b) α = −0.5.

Èùåì îãðàíè÷åííûå íà áåñêîíå÷íîñòè ðåøåíèÿ, êîòîðûå äëÿ êîí÷-
íîãî R� 1, R <∞, óäîâëåòâîðÿþò àâòîìîäåëüíîìó çàêîíó:

u(t, R) =
u(t, r∗)

θ(r∗)
θ(R) t > 0

ïðè ïîäõîäÿùåì âûáîðå òî÷êè r∗ � R.
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Fig. 5: Ýâîëþöèÿ àâòîìîäåëüíîãî ðåøåíèÿ u(t, r) è åãî àâòîìî-
äåëüíîãî ïðåäñòàâëåíèÿ. (óâåëè÷åííîå â îáëàñòè íà÷àëà êîîðäè-
íàò


