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© Numerical experiments
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Generalized Boussinesq type equation

a1Ug — ao AU — az AUy + a4A2U = Oz5A2Utt + Mu + Af(U) =0,

X € Rn7 t€ [07 Tm)7 Tm S 0,
U(X,0) = Up(X), U(X,0)=U(X), XeR"

Nonlinearities

| A

oo forn=1,2

n+2
5 forn>3

f(U) = a|UP~'U, a = const# 0, 1<p<{

A\

Boussinesq type equation with linear restoring force (BEs)

a5 =0, a1 >0, ao >0, ay >0, M>0, >0,

2
x=,/2x, u(x,t):%U(X,t), B1>0,8,>0,m>0,a>0
4

Boly — Au — B1Auy + A%u+ mu + aA(|ulP~'u) =0
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Boussinesq type equation with linear restoring force (BE)

Boly — AU — B1Auy + A2%u + mu + aA(JulP~'u) =0, x eR",
u(x,0) = ug(x), ui(x,0) = u(x), te[0, Tn), Tm < co

up € H'(R"), (=A)~"2uy e L3(R"), w1y € L2R"), (—A) 2y € L?

@ transverse deflections of an elastic rod on elastic foundation
Modeling
@ A.M. Samsonov, Nonlinear waves in elastic waveguides, Springer, 1994

@ A.D. Mishkis, P.M. Belotserkovskiy, ZAMM Z. Angew. Math. Mech. 79 (1999)
645647

@ A.V. Porubov, Amplification of nonlinear strain waives in solids, World Sci., 2003
Numerical Study

@ C.I Christov, T.T. Marinov, R.S. Marinova, Math. Comp. Simulation 80 (2009)
56—65

@ M.A. Cristou, AIP Conf. Proc. 1404 (2011) 41-48
Theoretical Investigations
o
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Nonlinear Klein-Gordon equation (KG)

as =0, ap=-m<0, ag=as=1, M=0, a<0, a> 0777

up — Au+mu—alA(JuP~'u) =0, xeR" te]0,Tpn), Tm < oo
u(x,0) = up(x), u(x,0) = uy(x), up € H'(R"), uy € L3(R™)

@ Pesher 1976 (local existence)
@ Strauss 1989 (global existence with small data)
@ H. Levine 1974 (finite time blow up with negative initial energy)

Finite time blow up for subcritical initial positive initial energy (Potential well method)
@ Payne, Sattinger 1975
@ Ball 1978
@ Strauss 1989

Finite time blow up for arbitrary high positive initial energy

@ F. Gazzola, M.Squassina, Ann. Inst. Henri Poincaré, Analyse non Linéaire 23
(2006) 185—-207 (nonlinear wave equation)

@ R. Xu, Y.Ding, Acta Mathematica Scienta 33B(3) (2013) 643—652 (Klein-Gordon
equation)
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Short notations: |[ul 2w = lUlle,  [[Ullnrrey = [|Ulla

/ uvdx KG
<U, V> =
B / uvdx+62/ (=A)""2u.(-A)""2vdx BEy
Rn n
Conservation low: E(t)=E(0) Vte|[0, Tn),

E(t) == E(u(-, 1), ur(, 1))

1 2 1 2 p+1
(e 0.u )7 + Glu 0l — 5 [ uxpP ok Ke
1 1
E(t)=< Z(u(- SN2 - —lu(- IR, — )P+
(0= Gl w007 + Glut Ol ~ 225 [ jute P ox
2
N
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Important functionals

Potential energy functional J(u):

1 a

Sllul - m | 1t e ax KG
YORSS 2

_ _ )P+ —1/2

ol = 22 [ uec 0P a3 (-a) "2 BB

Nehari functional /(u):

Julf —a [ Jutr. P+ ax KG
(u) = J'(u)u= * 2
lullfy —a / U P derm |(—2) 20| BE
lRN
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Potential well method

Nehari manifold N N={ueH": I(u)=0, |u|g # 0}
Critical energy constant d: d = inf J(uv)
ueN
Depth D of the potential well: D= inf supJ(Au) >0
ueH'"\{0} x>0
d=D
J(u) J(Au)
TN
// :
0 0

(b)
Figure: (a) Schematic illustration of J(u) as a function of u € H'; (b) Cross section of J(Au) as a
function of X for a fixed u € H'.
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Potential well method

Theorem (Global existence — KG)

Suppose up € H' and uy € L2. If 0 < E(0) < d and /(up) > 0 or
lluo||x+ = 0 then problem KG has a unique global solution defined for
every t € [0, c0).

Theorem (Finite time blow up — KG)

Suppose Uy € H' and uy € L2. If 0 < E(0) < d and /(1) < 0 then the
weak solution of KG blows up in a finite time.

Theorem (Global existence — BEs)

Suppose up € H', (~A)~"2up € L2, uy € L2, and (—A) 2wy € L2 If
0 < E(0) < dand I(up) > 0 or ||up||lyr = 0 then problem BE;; has a
unique global solution defined for every f € [0, o).

Theorem (Finite time blow up — BE)

Suppose ug € H', (—A)~"2uy € L?, uy € L2, and (—A)~"2uy € L2, If
0 < E(0) < d and /(up) < 0 then the weak solution of BE,; blows up
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Theorem (Finite time blow up with arbitrary positive energy — KG)

Suppose up € H' and uy € L2. If ||ug||» # O,

' 1
/ Uo(x) s (x) dx > 0, h\\uohz > E(0) > 0

then the weak solution of KG blows up in a finite time.
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High energy blow up method

Theorem (Sign preserving properties of /(u(t))

Suppose up € H', uy € 1.2 (and additionally (—A)~1/2uy € 1.2 and

1/2
(—A)""2uy e L2 for...). If ||ug|| 2 # O, My = min (ﬂz A) and either

(i)  (uo,ur) >0, mm/p+1 (Up,uy) > E(0) >0

or mo = min (ﬁ—”; 5i1>1/2
(i) 0 < (uo,us) <moy/B =T (o, Uo),
mi(p—1) (Up, uy)?
2o+ 1 0 g uy = HO 0

is satisfied then /(u(t)) has a negative constant sign under the flow of
KG or BE.

= SRR in case (i);
Moreover if t < Ty, where t = {mo p (i)

p+1 (Uo,th) ¥
B(p—1)7Z {to.o) in case (ii),

then I(u(t)) < —B5 (ug(t), uy(t)) for t € [t, Trm).
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High energy blow up method

Theorem (Finite time blow up)

Suppose ty € H', (~A)~"/2u € L2, uy € L2, (—A)~"/2u; € 12, and
[l # O. If either

() (uo,us) >0, moy\/B=t(wo, ur) > E(0) >0

or mo = min (ﬂ—”; 6%)1/2
(i) 0 < (uo, ) < moy/ ZH (Uo, Uo),
mi(p—1) (Ug, tn)?
, =277 > F(0 0
2(p+1 \tho, L) 2(uUp, Uo) — ©)>

is satisfied then every weak solution of BE,; blows up for a finite time
t. < oo, where either t, < t or

Lo 2lu®) {;, et incase (i)

(b — 1)(u(D), u(t)’ S (e in case (i).
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Comparison between Potential well method (PWM)

and High energy blow up method (HEBM)

method Ug, Ut 1(up) E(0)
PWM no conditions (up) <00< E(0)< d
HEBM (Up,u1) >0 no arbitrary high
(i) Mo/ B (U, t) > E(0) > 0 conditions|  positive
HEBM 0 < (U, uy) < My ’;%(uo, Uo) no |arbitrary high
(ii) %(uo, Up) + éL(IZ;fJLZi > E(0) > O|conditions| positive
Conclusions:

@ Subcritical initial energy: 0 < E(0) < d — PWM
@ Supercritical initial energy: £(0) > d — HEBM
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Choice of initial data

Uo(X) = r(w(0x)),  th(x) = ra(w(6x)),

w: weH? Wy # O;
0, r,q — constants

parameters:

ﬁ1:ﬂZZ1!m:1!m0:1aa:2!p:2(f(u):2|u‘u)

a = 57 < d= |nf J( ) < J(W), Vv €N
03<d< 9.59601581
E leq: B 2 1 1
xample 1: w(x) = — 2 11 T g0am—2 11 T 0T 14
1
E le2:
xample w(x) = cosh(x)
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Family of finite difference schemes

i XX \,N XXXX | ,N n
B 7'2 — /\ Vi + ﬂ2/\ V,' - mV,'
n+1,3 n—1,3
_ é/\xx |Vi ‘ B |Vi |
- n+ n—
3 V; 1 V4 1 ’
I I
_ m 2 2\ A XX 2 XXXX
B=(1 +§T ) — (81 + o7 )N* + o7 5o\
@ v/ - adiscrete approximation to u at (x;, ty), T is a time-step
@ Ay = W# Ay, Vigo —4Vi1 + 6V, —4vi 1+ Vo & - parameter

h ’ h*

Properties:

@ Convergence: The schemes have second order of convergence in space and
time O(|h|? + 72).

@ Stability: The schemes are unconditionally stable for o > 1/4.

@ Conservativeness: The discrete energy is conserved in time, i.e.
Ep(vM) = Ep(v®), n=1,2,...
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Potential well method, numerical experiments

Example1: 1 =5=1,m=1,my=1,a=2, p=2,

=12, r=0.3, q=0.0057
E(0) ~ 0.22850225 < dy < d, I(up) ~ 0.44530787 > 0

0.04
03 t=0 t=100
y \
il
: “ i ‘\ |
) s ““\M \“l\
300 200 100 0 100 200 300 -300 200
0.04 =250 004 zoom around the origin =250
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High energy blow up method, numerical experiments

Example1: 3y = =1, m=1,my=1,a=2,p=2,
t =+/3/3 ~ 0.57735027,

S=10>d —fixed, 60=12, r=57789, g=027:

E(0) ~ 10.50341845 > S > d,  T~058, t, < 24 U) _ 4 g9
(u(t), ur(t))

6 3x10°
t=0 t~1.26
3
Oﬂ \ 0 — -
-30 20 10 0 10 20 30 -30 20 10 [ 10 20

Figure: Profiles of the numerical solution u(x, t) at evolution time t = 0 and
t=1.26; t. =~ 1.27 < 1.91 — blow up time.
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High energy blow up method, numerical experiments

Example2: 3y = =1, m=1,my=1,a=2,p=2,
t =+/3/3 ~ 0.57735027,

S=10>d—fixed, 6=12, r=90881, g=0.25:

E(0) ~ 10.09279508 > S > d, t~ 058, t, < 2(u(), ut) 4 6o

5x10°
4 [ =
/ t=0 t=1.29
4 4
-30 20 -10 0 10 20 30 -30 20 -10 [ 10 20 30

Figure: Profiles of the numerical solution u(x, t) at evolution time t = 0 and
t=1.29; t* =~ 1.30 < 1.60 — blow up time.
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Thank you
for your attention!
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