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[ThnaH Ha n3noxeHmeTo

MoctaHoeka Ha npobnemuTe. Mapagurma Ha BycnHeck.
BbaHuTe KaTO KBasm4acTMuy

NHTerpyemocT n HenHTerpyeMocT. HenuHeliHocT n gucnepcusi
YucneHn mMetoam, TEXHUKN U anropuTMu
MN36op n noctposiBaHe Ha HaYasHM YCIOBUSA

°
°
°
@ XaMuUNTOHOBa CTPYKTYpa U 3aKOHW 33 3ana3BaHe
o [lnHamunka Ha KBa3u4acTuum v Noasipusauums

°

Mo-BaxkHu pesyntatn n guckycusi. bbaewm venn n
NPeACTosALM N3CIenBaHNS
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VpaBHeHueTo Ha BycnHeck e ncropuyeckn nbpBusT Mogen Ha
NOBBPXHUHHU BBJHU B MINTHK TEYEH CJIONA, KOWTO OTYMTa 1
HeNMHeHOCTTa, n aucnepcusaTa. BanaHchT Mexay HenmHeliHOCTTa
(Bogewwa fo no-CcTpbMeH npodun) n gucnepcnsita (CTpemsiwa ce
KbM M3raxaaHe) nogabpxa opmarta Ha BbaHaTa (wave of
transition). OT To31 6anaHc ce nopaxxgaT YEANHEHUN BBJIHN C
noBefieHNe Ha YacTuuwm, HapedeHn oT 3abyckn u Kpyckan conmTonn
(collision property) B cneunantmn cnydaun. B KC, geuxewa ce
3ae4HO C LeHTbpa Ha bsrawaTa BbAHA ypaBHeHMeTo Ha BycuHeck
ce pegyuupa go ypasHeHue Ha Kopteser-ge Ppus.
MNpeobnagaBawarta 4acT OT NOJYHYEHUTE JOCEra aHaUTUYHU U
4MCNEHN pe3ynTaTy ca 3a efHOMepHUs ciy4daii. He ce 3Hae nouTu
HULLO 32 HECTALMOHAPHN PELLUEHNS], BKJIIOYBALLN B3aMMOLERCTBNE
MEXAy CONMTOHU. V3BeCTHM ca OTAENHM CTaTUK 33 PELLEHUs C
OrpaHM4yeHa BaJIMGHOCT, HaMnp. YPaBHEHWUETO Ha
Kapgomues-lleTesnawsnnn.
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OTkpuTreTO, HYe NokanusmpaHnTe peleHnst (MMaly KpaiHa
eHeprus B beskpaiiHa obnact) moraT fa 3anassT ceosiTa
WHAVBUAYANHOCT cnef cONbChK, AOBEAE A0 MOHATUETO
kBasmyacTuua. OT ocobeH uHTepec ca 060bLIeHNTE BBAHOBY
YPaBHEHUS!, ChAbPXKaLLM HEJMHERHOCT 1 ancnepcus ( Hanp.
ypaBHeHNeTO Ha BycuHeck u HeNMHelHOTO ypaBHeHME Ha
LLIpboauHrep) u HeNMHERHNTE €BONOLMOHHI ypaBHeHs (Hanp.
ypaBHeHuneto Ha Kopteser-ge ®Ppus). Keasu-vactuunTe ca MHOroO
Ba)KHW MPU WHTEPNPETMPAHE HA Aya/M3Ma BbJHA-4acTula BbB
uzukara.

MoBeyeTo pU3NYECKN CUCTEMU HE Ca HAMBAHO UHTErPYEMU AOPU U
B C/ly4asl Ha efjHa MPOCTPAHCTBEHA MPOMEH/INBA) 1 CaMO
YUCNIEHUAT NOAXOH MOXKE fa AOBEAE AO MbJHOTO U3ACHSIBaHE Ha
dr3mnyeckns MexaHM3bM Ha B3aMMOLENCTBUSITA.
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Ed)eKTI/IBHI/I HNCNEHN METOAN, TEXHNKN N anropnTtMmn

@ HesiBHu audbepeHyHM cxemu, M3NON3BALLM UTEPALUOHHN
METOAMN 33 PellaBaHe Ha JIMHeapu3npaHn CUCTEMU C
pa3spegeHn MaTpuum;

@ HesiBHu gudbepeHyHN cxemu, OCHOBaHM Ha MOKOOPAUHATHO
pa3uenBaHe Ha BUXapMOHUYHMTE onepaTopw;

o CnekTpaneH u/unm nceBfoOCNeKTpaneH METOA, N3MoN3BaLy
6bp30 npeobpazosanne Ha Pypue n anpokcumaumsi No MeTona
Ha KOJIOKALMUTE 32 HEJIMHENHUTE YJIEHOBE;

o CnekTpaneH metog Ha [anbLOpKUH, OCHOBaH Ha creymasnHa
NbJHa OPTOHOPMUPaHA CMCTEMA OT (DYHKLMM OT KJaca
Lg[—oo, OO]
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[Napagnrma Ha BycuHeck. KoHuenumsa 3a kBasu-4actuym

VpaBHeHuneTo, nsseneHo ot bycuHeck npes 1871 r., HapedeHo
“Original Boussinesq Equation”

9%h H?

otz 0x2
€ HaNbJIHO MHTErpyeMo, HO HEKOPEKTHO B CMUCHA Ha Azamap
3apaan NONOXKUTENHNS 3HAK Ha YeTBbPTaTa NPON3BOAHA.

Bbeexaalikn edpekTa Ha NOBBPXHOCTHOTO HaNpPeXeHue
Kopteser-ge ®pu3 nonyyasat T.H. Proper Boussinesq Equation

2 # o2
ot2  Ix? 0x?2

3g

3,0, g’ a%}
2

[u —auv® + (2)
KOETO € KOpekTHO Mo Ajamap (KOpekTHO MocTaBeHa HavasiHa
3agaya) camo korato (3 < 0. C TeyeHme Ha BPEMETO YpaBHEHMETO €
“nogobpsieano’ B ronsim bpoit nacneaeanust u nybamkauun. Camata
CMsiHa Ha TPelHns 3HaK Npejg YeTBbpTaTa NPOM3BOAHA BOAM 40
T.H. ‘good’ unm ‘proper’ Bousinesq Equation.
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[Napagnrma Ha BycuHeck. KoHuenumsa 3a kBasu-4actuym

HekopekTHocTTa MOXe Aa 6bae OTCTpaHeHa, ako AOMYCHEM, Ye
% ~ % (N3BECTHO KaTo penaunsi Ha JANHERHNS UMNEAAHC) 1
PasMeHMM CBLOTBETHUTE MPON3BOAHN (BBNPOCHATa pesiauns e
N3TOYHUK Ha FOJISIMO KONIMYECTBO HePU3MYHI Pe3ynTaTh):
Pu  9? d%u
ot2  Ox? }

982 (3)

[u —au’+ 43
HosononyyeHoTo ypaBHeHme ce Hapuda “improper” uan RLWE
(ypaBHenue Ha Benpxamuu-Bona-Maxonn). Heka otbenexum, ye
pasrnefaHnTe JOTYK BEPCUU HAa ypaBHEHMETO Ha BycuHeck
NPUTEXaBaT JIOKAJIM3NPaHM peweHnsi oT Tun sech. Hanp. pewenne
Ha ypaBHeHUeTo Ha bycnHeck uma siBHus BUA
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Ob0obLeHO BBAHOBO ypaBHEHME

[NoBe4eTO aHANUTUYHN W YUC/IEHU pe3ynTaTu, NOJayYeHU Jocera ca
3a eHOMepHU 3a4a4u, AOKATO B 2 1 NOBEYE U3MEpeHUst
NONIyYaBaHETO Ha aHANMTUYHN pe3ynTaTu e npobaemHo. Beuykn
IABYMepHu ypaBHeHusi Ha Bycuneck ca HeunTerpyemu. [Mpes 2001 r.
XpurcToB nokasBa, Ye CbrlacyBaHaTa peasin3aunsi Ha MeToda Ha
BycuHeck Bogu o cnegHoTo 0b60bLLEHO BBIHOBO ypaBHEHME
(Generalized Wave Equation) 3a dyHkuus f = ¢(x,y,z = 0; t):

fie + 2BV - Vi + pfAf

B
6

g

+ 3 (VPAF = AF 4 0 = C(AF)y =0

¢ XaMuiTOHOBA MNABTHOCT

M= 2[R+ (VF = APV + §6(VF) + BO(VR).
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Ob0obLeHO BBAHOBO ypaBHEHME

ToBa ypaBHeHUe € Bb3MOXKHO Hali-CTPOroTo aMnanTyAHO
ypaBHEHNE, KOETO MOXe aa bbae msseaeHo. To onncea
NOBBPXHUHHW BBJIHN HA HEBUCKO3EH NIUTDHBK cnoﬁ, KOraTto
BNCO4YMNHATA HA BbJIHATA € rojiiMa B CpaBHEHUE C ,D,'bﬂ60‘-|VIHaTa Ha
cnosi. YpaBHeHueTo e nseeaeHo eaea npes 2001 r. Hapeg ¢ Hero
MHOXECTBO HeCbIr/1acyBaHu BCe olle ca obeKT Ha m3cnenBaHe.
Hali-nonynsipHn ca Bepcunte ¢ KBagpaTUYHA HEJIMHERHOCT, KOUTO
Ca MOJIE3HN OT NapagurMu4YHa riaefHa ToYKa.
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[Napagnrma Ha Bycuneck. [TapagurmuyHo ypaBHeHue Ha

BycnHeck

Ako 3ameHUM f; C fy B KBafpaTMUHNS HESINHEEH YJIEH, NMOyYaBaMe

36 .. 8 g

upe = (U + U+ Sl — o),
2 6
koeTo ce Hapuya [lapagurmuyHo ypaeHeHne Ha Bycuneck
(Boussinesq Paradigm Equation). Tosa ypaBHeHune He e buio
n3ssectHo Ha BycuHeck. Makap n onpocTeHo, To He € HBapUAHTHO
oTHocHo lanuneesn TpaHcdopmaumm Ha cuctemara.
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[Napagnrma Ha BycuHeck. KoHuenumsa 3a kBasu-4actuym

Heka pa pa3srnegame ypaBHEHNETO, KOraTO MOTEHUMANBT Ha
CKOPOCTTa U BUCOYMHATA HA MOBBPXHOCTTA HE 3aBUCAT OT
koopauHaTaTa y. Vimaiiku npegsug, de f e noTeHUMansT Ha
OBHOTO Ha C/I0s1, BbBEXAME BEPTUKAIHA CKOPOCT U = fi 1
cnomaraTesiHa pyHkuus g. [1o To3m HaumH nosiy4aBame T.H.
Dispersive Wave System, kosiTo MoXe Aa ce npueme 3a
POAOHAYaHMK Ha Pa3/inyHUTE ypaBHeHus Ha BycnHeck:

[0
ur + E(U2)x = Qxx,

q: + augy = u — ﬁ2uxx + ﬁluth

KbAETO (1 1 (2 ca gucnepcnoHHu koedpuumentun, 1 = 36, = 5;
a = (3 e aMnAnTyAeH napameTbp.
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[Napagnrma Ha BycuHeck. KoHuenumsa 3a kBasu-4actuym

MapagurmnyHoTo ypaBHeHune Ha BycnHeck B 2D uma Buga
ug = Afu — au? + Brue — B2 Au] (4)

KbAETO U € OTKJIOHEHMETO Ha MOBBbPXHOCTTA, (31, 01 > 0 ca gBa
ANCNEPCUOHHN KOePULIMEHTA, (¢ € aMIINTYAEH NapamMeTbp.
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[Napagnrma Ha BycuHeck. KoHuenumsa 3a kBasu-4actuym

Mapagurma Ha BycuHeck ¢ HenuHeliHOCTM OT TpeTa U neTa cTenex
(Cubic-Quintic Boussinesq Paradigm Equation)

ue = Alu — a(u® — ou®) + Brug — FoAu] (5)

KbAETO U OTHOBO € OTKJIOHEHME Ha MOBBbPXHOCTTA, (31,01 > 0 ca
AMNCNEPCUOHHN KOEULIMEHTN. 3aKOHBT 3a €HeprusTa uMa Buaa

E
Y Al o 2 2 14 04 2 2
E= 5 [(Vue)*+u U —{-3u +B1u”+2(Vu)?]dxdy.

3a paznuka ot [lapagnrMn4HOTO ypaBHeHME C KBagpaTM4iHa
HEJIMHERHOCT, KoraTo aMnanTygaTa pacte, nerata crened 8 CQBPE
3a AOCTAaTBHYHO FOJIEMU O LE AOMUHUPA U Lie NOoALbpPXa
dyHKLMOHANa Ha eHeprusiTaa NoJIOKNTESIEH, KOETO OT CBOSI CTpaHa
e orpaHMYaBa HapacTBaHeTo Ha amnauTygaTa. Hawwnre
M3CNeaBaHNSA MOKa3BaT, Ye 3a 0 > 1% He MOXXe Ja Ce 04aKBa
n3byxsate (blow-up) Ha pelennero.
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Mapagurma Ha Bycnneck. (Enerniino)-cbrnacysata cucrema

Ha BycnHeck

Toea e no-HaTaTbLWHO 0bobuieHne Ha MMapagurMuyYHoOTO ypaBHeHue
Ha BycnHeck. VsBeseHa e cTporo ot mogena Ha bycuneck.

x _ B B a2, BOAF
of I}

o~ D, (6b)

Muxaunn Togopos Mapagurma Ha BycuHeck u KoHuenuus 3a KBasu4acTuun



Mapagurma Ha Bycnueck. (Exepruiino)-cbrnacysana

cucteMa Ha bycnHeck

Cnep n3BeCTHO KOIMYECTBO Npeobpa3oBaHus Nosly4aBaMe CleaHuUs
3aKoH 3a basaHca Ha eHeprusita

1
E= 2/ [;8 +(1+ BV’ + g(Aff + g(w&] dx
D
dE L B0t B OAF B OF
= ﬂ(lwx)fta 00, D20 Afan}d

D
(7)

KOETO HUM [iaBa OCHOBAHWE [a HapeyeM Te3u ypaBHEHUS
“EnepruiiHo-cbrnacysaHa napagurma Ha BycuHeck'.
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Popmynupare Ha npobaema. M360p Ha rpaHnYHU yCI0BUS

rpaHI/I‘-IHI/ITe ycnoemsa nmat Bmnaa

u|x:fL1,L2 =0 qX‘X=*L1J-2 =0.

N rapaHTNpaT KOHCEPBATUBHOCT Ha MbJ/iHATa €HEPrnA B MHTEPBaia
[—Li1, Lp].

Muxaunn Togopos Mapagurma Ha BycuHeck u KoHuenuus 3a KBasu4acTuum



Popmynupare Ha npobaema. M360p Ha rpaHnYHU yCI0BUS

HavanHoTo ycnoBue e cynepnosnunsi OT 4Be COJIMTOHHN BbJIHM,
JBVXKELLM Ce B NPOTUBOMNONOXKHN MOCOKMN C ha30BN CKOPOCTUN ¢/ U C,

o asgn(c)
u(x,t=0) = B >
55— 4 cosh?[b(x — X — ct)]
KbETo a = % b= ﬁ Sech-nopobHuTte pelwieruns

ChblUeCTBYBaT B ABe obnactu -— foseykoea: 0 < ¢ < 1/\/§ "
cBpbx3ByKoBa: ¢ > 1. Tbii KaTo fo3BYKOBaTa 0bnacT He gonycka
CbLUECTBYBAHETO HA ABJIMM BbAHW 33 Manku B n He e pru3n4HO
3Ha4YMMa, HUe Ce NHTepecyBaMe CaMO OT CBPBX3BYKOBUTE PEXXUMMU.
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@Popmynupare Ha npobaema. 3akoHK 3a 3amasBaHe

Nedurupame “maca”, M, (ncesgo)umnync, P, n (nceego)eneprus,

E:
L2
M= / :/ (ugx — éutux)dx,
1 2

E:2/—L1< +qx+§ 3 §u$+§ 2>dx

Tyk —L3 n Ly ca kpanwaTa Ha MHTepBasa, B KOWTO ce pasrnexga
peweHneTo. B cuna ca cnegHnTe 3akoHu 3a 3anasBaHe

aM _ P _ Bl dE
dt 7 dt 2 Xlx=—1,) dt
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Hucnen meton. KBasnnvHeapnsauus n BbTPELLHN UTepaumum

MocTposiBame KOHCEPBATMBHA CXeMa 33 CUCTEMATa, KOSITO €
NHBapmaHTHa oTHocHo lanuneesn TpaHcopmaunu. Brbexgame
paBHOMepHa Mpexa B uHTepsana [—Li, Lp], x; = —L1 + (i — 1)h,
h= (L1 + L)/(N —1), N e bposit Ha Bb3nuTe. 3nonssame
HioToHoBa KBasuanHeapusauns B KOMBUHALMA C BBTPELLHN
nTepayun. ToBa HU JaBa Bb3MOXKHOCT A3 HaNpaBuM
AandepeHyHaTa CxeMa HesiBHa U OTHOCHO HENMHERHNTE YaeHOBE.
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Hucnen meton. KBasnnvHeapnsauus n BbTPELLHN UTepaumum

MocTposiBame pobacTHa MKOHOMUYHA KOHCEPBATMBHA CXEMa C
BbTPELLHA UTEpPaLUs NO HENIMHERHOCT:

+1/2,k +1/2,k

e VA S X
T h?

B F1k—1 F1k—1 2 2

— | = @ 4 () ()

n+1/2,k n—1/2
i — 4 B ( n+1/2k-1 Gk | gne1/2  n-1)2

- ~ " 8h (qi+1 — 44 ta91 — a9 )
x ( n+1 k + u )

B [(un+1k_2 n+1k+un+1 k)_’_(u{1_1_2un 1+u.__11)}

+1/2,k
+ q:{Ll/

- 122 i+1 i+1 i
N ﬁ uI{7+17k _ 2u,n + uI{7—1 N uI{H-Lk + u’p—l
2 72 2
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Hucnen meton. KBasnnvHeapnsauus n BbTPELLHN UTepaumum

Moxxe pa ce fokaxke, Ye ropHaTa anpokKCMMaLUsi OCUrypsiBa
KOHCEPBAaTUBHOCT Ha eHeprusTa u mMacata Ha audepeHYHO HMUBO 3a

npoussoneH notenuman U(u), Te. M"T1 = M" »
En+1/2 En— 1/2
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PyHkunn Ha Eiipu

Pynkumsta Ha Elipn ce gecdbmumnpa ¢ nomowita Ha HecobcTBeHUA
MHTErpan

Ai(x) = 717/0 cos(g + xt)dt.

Ts e cbyHKUMst C BB3BpaTHA TOYKa — ocumimpa 3a x < 0 n 3aTuxsa
eKnoHeHumanHo 3a x > 0. ACUMNTOTUYHOTO NOBefEHNE B
oTpuLaTesHaTa 4acT ce onucea oT yHKLUUATa

sin(%x:“/2 + %)
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Head-on collision. ¢, =0.22, ¢, = —1.2, 6; =3, 5> =1,

a=—-3,7=0.05 h=0.1 M= -5.02002, E = 3.584

20k M . L E
-40 20 0 20

Puc.: 1. Short-times evolution. Forming of accompanying excitations
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Head-on collision. ¢, =0.22, ¢, = —1.2, 6; =3, 5> =1,
a=—-3 7=0.05 h=0.1, M = —-5.02002, E = 3.584
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Puc.: 2. Long-times evolution.
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Head-on collision. ¢, =0.22, ¢, = —1.2, 6; =3, 5> =1,

a=—-3,7=0.05 h=0.1 M= -5.02002, E = 3.584
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. 3. Very long-times evolution.
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Head-on collision. ¢, =0.22, ¢, = —1.2, 6; =3, 5> =1,
a=—-3 7=0.05 h=0.1, M = —-5.02002, E = 3.584

3.5 T T
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Puc.: 4. The evolution of the left excitation (shifted).
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Head-on collision. ¢, =0.22, ¢, = —1.2, 6; =3, 5> =1,
a=—-3 7=0.05 h=0.1, M = —-5.02002, E = 3.584
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Puc.: 5. The right left-going soliton with its trail. Middle-times evolution.
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Head-on collision. ¢, =0.22, ¢, = —1.2, 6; =3, 5> =1,
a=—-3 7=0.05 h=0.1, M = —-5.02002, E = 3.584
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Puc.: 6. The left right-going soliton with its trail. Middle-times evolution.
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Problem Formulation: Equations

CNLSE is system of nonlinearly coupled Schrddinger equations
(called the Gross-Pitaevskii or Manakov-type system):

i = Bioex + 01|t + (a1 + 2a2) 62 (+T0),
ipr = B + [01]0* + (01 + 202) [1h?] S(+T ),

where:

(3 is the dispersion coefficient;

a1 describes the self-focusing of a signal for pulses in birefringent
media;

=T, +1il; is the magnitude of linear coupling. ', governs the
oscillations between states termed as breathing solitons, while T;
describes the gain behavior of soliton solutions.

ay (called cross-modulation parameter) governs the nonlinear
coupling between the equations.
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Problem Formulation: Equations

When ap = 0, no nonlinear coupling is present despite the fact that
“cross-terms’’ proportional to a1 appear in the equations. For

ap = 0, the solutions of the two equations are identical, ¥ = ¢,
and equal to the solution of single NLSE with nonlinearity
coefficient o = 201.

For ' = 0, CNSE is alternately called the Gross-Pitaevskii equation
or an equation of Manakov type. It was derived independently by
Gross and Pitaevskii to describe the behavior of Bose-Einstein
condensates as well as optic pulse propagation. It was solved
analytically for the case ap =0, 3 = % by Manakov via Inverse
Scattering Transform who generalized an earlier result by Zakharov
& Shabat for the scalar cubic NLSE (i.e. Eq.(2-¢) with

©(x,t) = 0). Recently, Chow, Nakkeeran, and Malomed studied
periodic waves in optic fibers using a version of CNSE with " # 0.
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Integrability and Nonintegrability

The single NLSE has the form

e + B + P = 0 (9)

As far as the applications in nonlinear optics are concerned, the
above equation describes the single-mode wave propagation in a
fiber. Depending on the sign of (9) admits single and multiple
sech-solutions (bright solitons), as well as tanh-profile, or dark
soliton solutions. In this paper we concentrate on the case of bright
solitons.

A dynamical system with infinite number of conservation laws
(integrals) is called integrable. NSE is an integrable dynamical
system. CNSE is a nonintegrable generalisation of NSE.
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Problem Formulation: Conservation Laws

Define “mass”, M, (pseudo)momentum, P, and energy, E:

Ly Ly
M L 2 P [ T(ypidy + dd)d
55 |, (07 + o) | 2w+ o3ax

EY de where (10)
—L

B (19x? + 1ox*) = sea(lo* + |9[*)
_(041 + 2a2) (‘¢|2W"2) - 2r[§R(1/_’Q;)]

def

is the Hamiltonian density of the system. Here —L; and L, are the
left end and the right end of the interval under consideration.
The following conservation/balance laws hold, namely

—H| gﬁ:a (11)

x=Ls x=—Lq’ dt
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Problem Formulation: Choice of Initial Conditions

We concern ourselves with the soliton solutions whose modulation
amplitude is of general form (non-sech) and which are localized
envelops on a propagating carrier wave. This allows us to play
various scenario of initial polarization. Unfortunately in sech-case
the initial polarization can be only linear. Then we assume that for
each of the functions ¢, 1) the initial condition is of the form of a
single propagating soliton, namely

{Z)’((;‘ f))} _ {ﬁi} sech [b(x— X — ct)] exp {i [QC(XX)nt]}.

2_1 ¢ N e
b—ﬁ(n—l-w), A—b ()[17 Uec = C, (12)

where X is the spatial position (center of soliton), ¢ is the phase
speed, n is the carrier frequency, and b~ — a measure of the
support of the localized wave.
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Problem Formulation: Choice of Initial Conditions

We assume that for each of the functions ¢, v the initial condition
has the general type

= Ap(x + X — cyt) exp {i [nwt — %C¢(X—X—th)+ 5w] }(13)
o= A¢(X + X — C¢t) exp {i [n¢t — %C¢(X—X—C¢t)—|— (5¢] },

where ¢, ¢, are the phase speeds and X's are the initial positions
of the centers of the solitons; ny, ng are the carrier frequencies for
the two components; d,, and J, are the phases of the two
components. Note that the phase speed must be the same for the
two components 1) and ¢. If they propagate with different phase
speeds, after some time the two components will be in two different
positions in space, and will no longer form a single structure. For
the envelopes (Ay, Ay), 0 = arctan(max |¢|/max|i)]) is a
polarization angle.
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Problem Formulation: Generation of Initial Conditions

Generally the carrier frequencies for the two components ny, # ng —
elliptic polarization. When ny, = ny — circular polarization. If one of
them vanishes — linear polarization (sech soliton, 6 = 0; 90°).

In general case the initial condition is solution of the following
system of nonlinear conjugated equations

ATZ) + (n¢ + Cw) Aw + [alAw + (041 + 2&2)A¢] W = 0 ( )
14
AG+ (ng + 3¢5) Ag + [0 A + (a1 + 2a2) A7 | Ay = 0.

The system admits bifurcation solutions since the trivial solution
obviously is always present.
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Initial Conditions and Initial Polarization

We solve the auxiliary conjugated system (14) with asymptotic
boundary conditions using Newton method and the initial
approximation of sought nontrivial solution is sech-function. The
final solution, however, is not obligatory sech-function. It is a
two-component polarized soliton solution.

08 - — 4 06 | Ay 4
Ao
0.6 1
- 04 | 6=83%1 -
04 | .
- 02 - -
0.2 |- -
0 17 ! 0 1 /f/l\i\ L

10 5 0 5 10 0 5 0 5 10
Puc.: 7. Amplitudes Ay, and Ay for ¢y = —¢, =1, a3 = 0.75, ap = 0.2.
Left:n, = —0.68; middle: n, = —0.55; right: n, = —0.395.
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Initial Conditions and Initial Phase Difference

Another dimension of complexity is introduced by the phases of the
different components. The initial difference in phases can have a
profound influence on the polarizations of the solitons after the
interaction and the magnitude of the full energy. The relative shift
of real and imaginary parts is what matters in this case.

0.6

0.6 0.6 T T :

0.4
0.4 0.4
0.2

0.2 0.2

0

0 0

-0.2 - —

04 | 4 02} 4 -02

-10 -5 0 5 10 -10 5 0 5 10 -10 ] 0 5 10
Puc.: 8. Real and imaginary parts of the amplitudes from the case shown
in the middle panel of Figure 7 and the dependence on phase angle.
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Problem Formulation: Initial Conditions

After completing the initial conditions our aim is to understand
better the influence of the initial polarization and initial phase
difference on the particle-like behavior of the localized waves. We
call a localized wave a quasi-particle (QP) if it survives the collision
with other QPs (or some other kind of interactions) without losing
its identity.
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Linearly Coupled Problem Formulation: Equations and Initial

Conditions

For the linearly coupled system of NLSE the magnitude of linear
coupling ', generates breathing the solitons although
noninteracting The initial conditions must be

V =1 cos(l't) +igsin(lt), & =¢cos(l't)+iyvsin(lt), (15)

where ¢ and 1) are assumed to be sech-solutions of (8) for ap, = 0.
Hence (8) posses solutions, which are combinations of interacting
solitons oscillating with frequency I, and their motion gives rise to
the so-called rotational polarization.
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Problem Formulation: Conservation Laws

In all considered cases we found that a conservation of the total
polarization is present. Only for the linearly CNLSE (v, = 0) the
total polarizations breathe with an amplitude evidently depending
on the initial phase difference but is conserved within one full
period of the breathing.

(5o [ # o (o e o [ o [o o]
45° 45° | 45° 90° 33°48' | 56°12’ 90°
90° 45° | 45° 90° 24°06' | 65°54 90°
0° 20° | 20° 40° 20°00" | 20°00 40°
90° 20° | 20° 40° 28°48' | 2°02 30°50
0° 36° | 36° 72° 36°00" | 36°00 72°
90° 36° | 36° 72° 53°00" | 13°20" | 66°20
0° 10° | 80° 90° 21°05' | 68°54' | 89°59
90° 10° | 80° 90° 9°27" | 80°30" | 89°57’
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Numerical Method

To solve the main problem numerically, we use an implicit
conservative scheme in complex arithmetic.

Wit —yp B
it

- = o (vt =29 4+ ¢,n++11 + ol — 207 + Y7 1)

ntl | yn
e

+ o (9L + [9712) + (o +202) (19712 +16712)]

ATt ).

n+1 n
1¢ ¢ ﬁ (¢n+1

T 2h2

ntl 4 gn
+ O L o (072 +1007) + (o + 202) (92 + 107)]

=3 (W 9.

207 4+ oI + 67y — 207 + ¢ 1)
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Numerical Method: Internal lterations

n+1 k+1 n
), =7 B a1kl ALkl |l k4l
T G L +9

i+1
Uy — 207 + Ul )
k
A 1,k+1)|, n+1,k
S [ (R A+ )
(e + 200) (|07 67K + 1072
5

T 2h2
+ 071 — 207 + 974 1)
qbf.H'l,k + (bn
_i_’i

1,k+1 1,k
e (87 I 4 1opP?)
k k
(an + 2a2) (T o) .
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Numerical Method: Conservation Properties

It is not only convergent (consistent and stable), but also conserves
mass and energy, i.e., there exist discrete analogs for (11), which
arise from the scheme.

N-1
M" =" (17 +167I?) = const,
=2
N-1 3 ) oy 01 4 4
En =Y o (100 = + 1671 = 67P) + 55 (w7 1* + [671%)
=2

%(al + 202) (|97 P[] %) — TR[G7¥]] = const,
for all n>0.

These values are kept constant during the time stepping. The
above scheme is of Crank-Nicolson type for the linear terms and we
employ internal iterations to achieve implicit approximation of the
nonlinear terms, i.e., we use its linearized implementation.
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Results and Discussion: Initial Circular Polarizations of 45°,

042:0

—— ——
05 - g TeM 05 - g
miy,
o - Rel0] ol .
Im[o]
05 g 05 g
L L
-90 -85 -80 -75 -70 70 75 80 85 90

0.5 |
0
-100
LI — L —
05 1 Relw 05 | 3
Imly]
0 ===/ / -1 Re[o] 0 =]
¥ Im[o]
.05 | 4 -0.5 - 7
L L
-50 -45 -40 -35 -30 30 35 40 45 50

Puc.: 9. §, =0°, 6, =0°
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Results and Discussion: Initial Circular Polarizations of 45°,

042:0

—TT T
05 - E Refy] 05 - g
Imly]
oI . Refo] o .
Imfo]
0.5 B 0.5 g
L P
-90 -85 -80 -75 -70 70 75 80 85 90
Iyl
101

05 | 1 Repyl 05 - g
Imly]
o - Refo] 0 -
Im[6]
05 | g 05 8
L L
50 -45 -40 -35 -30 30 35 40 45 50

Puc.: 10. 6, =0°, §, = 45°
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Results and Discussion: Initial Circular Polarizations of 45°,

042:0

—When both of QPs have zero phases (Fig. 9), the interaction
perfectly follows the analytical Manakov two-soliton solution.
—The surprise comes in Fig. 10 where is presented an interaction of
two QPs, the right one of which has a nonzero phase §, = 45°.
After the interaction, the two QPs become different Manakov
solitons than the original two that entered the collision. The
outgoing QPs have polarizations 33°48" and 56°12". Something
that can be called a ‘shock in polarization’ takes place. All the
solutions are perfectly smooth, but because the property called
polarization cannot be defined in the cross-section of interaction
and for this reason, it appears as undergoing a shock.
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Results and Discussion: Initial Circular Polarizations of 45°,

042:0

Here is to be mentioned that when rescaled the moduli of ¥ and ¢
from Fig. 10 perfectly match each other which means that the
resulting solitons have circular polarization (see left panel of Fig. 11
below). The Manakov solution is not unique. There exists a class of
Manakov solution and in the place of interaction becomes a
bifurcation between them.
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Results and Discussion: Initial Circular Polarization and

Nonuniqueness of the Manakov Solution

1.0 T T 71y T T 1.0
/,’ \y/maxlyl ——
08 | / ‘I\¢/maxl¢l | 08
A; \
06 - [\ . 06 4
| \
/ \
04 / \ E 0.4 s
// X
02 | 7 \ . 0.2 -
74 \
0 " | 1 L~ 0

-10 -5 0 5 10

Puc.: 11. Circular polarization (left); Elliptic Polarization (right).
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Equal Elliptic Initial Polarizations of 50°08’ for a, = 2

0 - - J
-80 -60 -40 -20 0 20 40 60 80

Puc.: 13. 4§, =0°,4, = 180°
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Equal Elliptic Initial Polarizations of 50°08’ for a, = 2

05

9100 VSIO VGIO 4'0 '2I0 E) 2‘0 4‘0 6‘0 80
Puc.: 14. §; =0°,6, = 130°

05

9100 80 60 -40 -2'0 0 20 40 60 80
Puc.: 15. §, =

05 |

-100 -80 -60 -40 -20 0 20 40 60 80

Puc.: 16. §;, =0°,6, = 140°



Equal Elliptic Initial Polarizations of 50°08’ for a, = 2.

We choose njy, = npy = —1.5, njp = npy = —1.1, ¢ = —¢, = 1,
a1 = 0.75, and focus on the effects of oy and 5.

One sees that the desynchronisations of the phases leads in the
final stage to a superposition of two one-soliton solutions but with
different polarizations from the initial polarization. Yet, for

0, = 130° =+ 140° one of the QPs loses its energy contributing it to
the other QP during the collision and then virtually disappears: kind
of energy trapping (Figs.14, 15, 16).

For 0, = 180° another interesting effect is seen, when the right
outgoing QP is circularly polarized (Fig. 13).

All these interactions are accompanied by changes of phase speeds.
The total polarization exhibits some kind of conservation.
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g Nonlinear Interaction: ap, =

T
time from 0 to 160

-100 -50 0 50 100 150 200

Puc.: 17. ap =10, ¢ =1, ¢, = —0.5.
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Strong Nonlinear Interaction: a; = 10

@ Two new solitons are born after the collision.

@ The kinetic energies of the newly created solitons correspond
their phase speeds and masses, but the internal energy is very
different for the different QP.

@ the total energy of the QPs is radically different from the total
energy of the initial wave profile. The differences are so drastic
that the sum of QPs energies can even become negative. This
means that the energy was carried away by the radiation.

@ The predominant part of the energy is concentrated in the left
and right forerunners because of the kinetic energies of the
latter are very large. This is due to the fact that the
forerunners propagate with very large phase speeds, and span
large portions of the region.

o All four QPs have elliptic polarizations.

@ Energy transformation is a specific trait of the coupled system
considered here.
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Linear Coupling: Initial Elliptic Polarizations: § = 23°44/,

Qo = 0, Cl = —C = ]., I’)/l““e«‘7 = n,u«, = —1.].,
ng = ng =—15 1 =0.175

T T T T T T
1.0 Total energy, [5]=0° —— |

Total energy, [5]=90°
05 Total energy, [5]=1350 B
0 Total energy, [5]=180°
-0.5 - |
-1.0 1
I | i : : | :
0 20 40 60 80 100 120 140 160

Puc.: 20. Influence of the initial phase difference on the total energy:
0 =0° 46, =0°- E =—-0.262;
0y =0°, 9, =90° - E = —0.821;
0y =0°, 6, = 135° - E = —0.206;
0y =0°, 6, =180° — E = 0.640
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Linear Coupling: Initial Elliptic Polarizations: § = 23°44/,

Qo = 0, Cl = —C = ]., I’)/l““e«‘7 = n,u«, = —1.].,
ng = ng =—15 1 =0.175

ror I I ‘ ! ‘ Mass clf w-componém 4
Mass of ¢-component -------
Pseudomomentum -«

e SR PO egieressnemassen boeeiensessasmees PR [ FRTesy

20 40 60 80 100 120 140 160

Puc.: 21. 6 =0° 8, =90°, P=10"%3+10"°

0
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Linear Coupling: Initial Elliptic Polarizations: § = 23°44/,

ar, =0 ¢=—¢c=1n , = —1.1,
Mo = Ny = —1.5, T = 0.175
150.0 T T T T
) Polanzabon of left sohton
1200 | ¢ : Polanzatlon of right:soliton
: Total Polanzaﬂon
90.0 ;
60.0
30.0 |
0.5
0 20 40 60 80 100 120 140 160
Puc.: 22. §; =0°, §, =0°

150.0 ; ’ ;
1200 F 5 ! ) i g :
90.0
60.0
30.0 /-

0'5 1 1 ) 1 - 1 - 1 e 1 - 1
0 20 40 60 80 100 120 140 160

Puc.: 23. 6, =0°, §, = 90°

Polarlza(wn of left somon
Olarlzatlon of right-soliton
s Total Polaﬂzahon
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Linear Coupling: Initial Linear Polarizations: 8, = 0°,
0, =90°, ap =0, ¢ =15, ¢, =06, =0.175 + 0.0051

0
5
a) Profiles of the components
1 “Total energy
1
3 .
s
7
9
1
70
5
25
15 e
05
3 20 ) ) ) 100 120 120 160

b) Masses, psedomomentum, and total energy as functions of time.

Puc.: 24. 4§, =0°, §, =90°

Muxann Togopos Mapagurma Ha BycuHeck u KoHuenuus 3a KBasu4acTuun



Linear Coupling: Initial Elliptic Polarizations: § = 23°44/,

Qo = 0, Cl = —C = ]., I’)/l““e«‘7 = n,,l;, = —1.].,
ng = ng =—15 1 =0.175

@ We have found that the phases of the components play an
essential role on the full energy of QPs. The magnitude of the
latter essentially depends on the choice of initial phase
difference (Figure 20);

@ The pseudomomentum is also conserved and it is trivial due to
the symmetry (Figure 21);

@ The individual masses, however, breathe together with the
individual (rotational) polarizations. Their amplitude and
period do not influenced from the initial phase difference
(Figure 21);
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Linear Coupling: Initial Elliptic Polarizations: § = 23°44/,

Qo = 0, Cl = —C = ]., I’)/l““e«‘7 = n,,l;, = —1.].,
ng = ng =—15 1 =0.175

@ The total mass is constant while the total polarization
oscillates and suffers a 'shock in polarization ' when QPs enter
the collision. The polarization amplitude evidently depends on
the initial phase difference (Figures 22,23);

@ Due to the real linear coupling the polarization angle of QPs
can change independently of the collision.

e Complex parameter of linear coupling: Along with the
oscillations of the energy and masses the (negative) energy
decreases very fast, while the masses My, and M, increase all
of them oscillating. The pseudomomentum P increases
without appreciable oscillation (Figure 24).
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