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. Statement of the problem

ugr — Au — B1Aug + PoA%u = Af(u) for reR” teRT
u(x,0) = up(x), us(x,0) = uq(x), for r e R"

f(u) = ajul?, a>0, [1>0, [B2>0 — real constants

l<p<oo for n=1,2 and

A=_———5+-5+-++5— —  Laplace operator
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Notations:

up € H = {u € H'; (—=A)~ 2y € L2},

up € L= {ucL?(—A)"12y € L?};

ullfn = llullfz + 1Vullgs,
- s 1/s
ullns = [ [fon lul®dz] ", s>0

e
o

+ &,

%
1

n
2

§.x =& w1+ &+ - - § =

(&1, €25 - -

lullf = [Jull?: + [[(—A) 2|2,

|ul|f = [lul|2s + [[(=A) 71242,
ou Ou ou

Vu = (8:51’8:132"“’8—%)

(—A)*u=F~1 (|{|7*F(u))

Fourier transformation

inverse Fourier transformation

r = (21,%2,...,Ty)

7€n)7
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U — Au — B1Auy + FoA%u = Af(u) for rcR"* teRT )
4

u(x,0) = up(x), us(x,0) = uq(x), for r e R"

Definition: Weak solution of (4) in [0,7) x R" is the function u,

w e L([0,T);HY), wu, € L*°([0,T);L).

Problem: When the weak solution of (4) are globally defined or blow up for
a finite time?
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Change of the variables

S
|
)
\
R
v
|
|
~

Bourr — Au — B1Auy + A%u = Af(u)
u(z,0) = uo(v/Bax),  u(x,0) = u1(v/Fax)

Conservation of the full energy

zﬂwzgp%W—Ar”%t

2 o
2 2 — Pudr = E(0
ot Bl 4l |+ [ [ uPude = E0)

1 Q
J() = Z|ull?, + —— Pud
(u) 2Hu|IH1+p+1/ IR{n|u\ wdx
Sign preserving energy

p—1
I(u) = Hu||%11 + a/ . lu|Pudr = (p+1) [J(u) - Hu||%11]
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Theorem 1:([X-L])

If 0 < E(0) < d then the sign of I(u) is invariant under the flow of equation (5).

d= iglf\IJ(u), N = {ueH"I(u)=0,|ulq #0}
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Theorem 2:([X-L])

If £/(0) < 0 then every weak solution of (5) blows up for a finite time.

If £/(0) = 0 then every weak solution of (5), exept the trivial one, blows up for a
finite time.

When 0 < F(0) < d then:

o if /(ug) < 0 then the weak solution of (5) blows up for a finite time;

o if /(up) > 0 then the weak solution of (5) is globally defined for ¢ € [0, >0).

Lemma:([X-1])

—1 _2(p£1)
d> 2p [aCPT) 77T where €' = C(p) = sup HUHLPH.
(p+1) e ][
u#0
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Theorem 3:(Liu)

| 1 o
d=E(p) = 5”90”%11 T o7 it s

where ¢ is the positive radial H}(IR") solution of
—Ap+p—lp[fTlp=0

and1<p<ooforn:1,2;1<p<2—f§forn23.
Forn =1

_ 2(pt+1)

L=V o1 prayds] T <a

p < <
o |2+ D)7 )
(p—1)7 | _1 s p 1R
2y 1) |2+ (po+ 3T e
p+1) |
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11l. Main result

Theorem 4: The equality

1= [acr] T holds.
2(p+1)

Moreover, for n =1

i— 1 [2(p+1)]leF (pilf
r

- p+3 o

Corollary: Forn =1, p =2 i.e. for equation

2
52utt — Ugy — Bluttfcfc + Ugppax = aAu ; d =

2
If « =3 thend=-—=0.133....
o) en E
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Idea of the proof:
E.Lieb, Annals of Math., 118, (1983), 349-374.

Form=1,p>1

( 4 p—1 >
]| o 1 P4 177
C = C(p) = sup = 4 (p—1)(p+3) >
2 ue;i—Ig [afss 2(p+1) F(E)Z
u X )

2
Extremal functions Aw = A (cosh(pQ;l)x) P~ A = const £ 0

1
lwllF ]pl

oszRn wPt1 dx

U, = A, w, A*—[

I(uy) =0, inf J(u) = J(us) =d

ueN
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IVV. Applications
n=1p=2 fu)=au? B >0, 8>0

BZUtt — Ugy — Bluttx:c + Uggaax = &(uz)mm

u(x,0) = up(x), us(x,0) = uq(x)

w(z,t) = 2(62; 1)Sech2 (1\/5162 (\/7513 — ct))

for

N B
lc| < min{1, 51}, | > max{1, 51}

1
2

> —1
52(5102 - 52)

B(w) = =25 | (1= ) (-56ic + 462 + )
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Theorem 5: Suppose E(w¢) < d and

2
o — w(w, I < &, — wi(w, 0)[22 + || (~2) 2w — wi(x,0))]

< e,
L2

e > 0 sufficiently small, ug € H, u; € L.

Then the solution u(x,t) of (6) is defined and bounded for every t € [0, c0).
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Example 1: n =1, 55/61 =1,

6
52

B(w®) = —5(1 — c®)(=5c* 4+ 4¢* + 1)

For ¢ <c? <1,1<¢*<ci, e =0.6646, cy ~ 1.1654 the solution of (6) is

defined and bounded in [0, c0)

E(c)

0.4r-

0.2

d=0.1333%4

U

|
0,2

| |
% ¢ ¢=06646°° !

Figure 1: B3/B81 =1, a = 3.

c.=1.1654
+
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Ying Yang, Chunlai Mu, Jing Deng, Nonl. Anal., 69, (2008), 1599-1614

For 0 < ¢ < c¢% <1, B3/B1 = 1 the solution u(z,t) of (6) blows up for a finite
time.

Example 2: n=1, 5, >0, 82 >0, B2/B1 <1, || > 1

N|—

6

E(w°) = —=(c* — 1)(5B1c* — 4B2c* — 32)

_ (2-1)
- 5a2

52(5102 — 52)

For 1 < (32 < Cz, Cx =— C*(/61762)’

1
2

(2 —1)
Ba(Bicz — Bo)

(2 — 1)(5B1cs — 4B2cF — Bo) <1

the solution u(x,t) of (6) is defined and bounded in [0, c0).
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c=1.1344
E(c) ;]
CD: 0.8145
CD: 0.6429
051 ¢2=p,/B,=0.8165 il
0.3 -
d=0.1333.. //”'—\\J
0 | | | L l |
0 0,2 0,4 1
C CD CD CD

Figure 2: 62/51 = 2/3, a = 3.
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0,8
E(c)
c3=B,/B =0.5774

0.6 i

0,4 i

0.2 -
d=0.1333...

0 | | | | l/l |
0 0.2 04 06 0.8 1 12
(o CD=1.1024

Figure 3: B32/81 =1/3, a = 3.
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Example 3: n=1, 55/6: =1

up(z) = (w(x + zo,t) + w™(x — 0,1))|,—q ;

S
—_
=

|

(wi(z + o, t) + w; “(x — x0,1))|,_,

6
E(0) ~ 2@(1 — ) (=5c* +4c* + 1)

0.5

E(c)

2d

0 | | | | |
0 0,2 0,4 c 06 c=0812 1 c,= 1.123

Figure 4: 81 =1, B2 =1, a = 3, Chrowup ~ 2.4.
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Figure 5: 3;
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V. Numerical experiments

Problem: What is the optimal bound d for the energy E for global solvability
or finite blow up of the solutions of Boussinesq Paradigm Equation?

n=1p=2 a=3, f(u) =3u? B =3/2, B2=1/2

%utt — Ugx — %uttmm T Uggzr = 3(u2)azm (7)

u(x,0) = up(z) = —Acosh_z(g), us(x,0) = ug(x) = eup(x)

-I-Ir>
1%
(o))
(3)]
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Table 1: A = 0.55, I1(0)

= —0.0968 < 0, z € [=50,50], 0 <t < 50, t* - blow

up time.
e | E(0) existence time £ E(0) existence time
0 0.12906 | t*" =~ 7.4 -0.0400 | 0.19654 | t* ~ 12.15
0.01 | 0.13328 | t*" = 7.1 -0.0410 | 0.19996 | t* ~ 12.95
0.1 0.55081 | t* =~ 5.6 -0.0420 | 0.20346 | t* ~ 14.20
-0.01 | 0.13328 | t* =~ 7.85 -0.0430 | 0.20704 | t* =~ 20.45
-0.1 0.55081 | t= 50 -0.0431 | 0.20740 | t=50
I~ B=

€=0.043 ||
t=20.3
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Table 2: A = 0.495, I(0) = 0.0078 > 0, z € [—50,50], 0 < ¢ < 50, t* - blow up

time.

e | E(0) existence time e | E(0) existence time
0 0.13329 | ¢t=50 0.0040 | 0.13384 | t=50
0.001 | 0.13332 | t=50 0.0043 | 0.13392 | t=50
0.01 0.13670 | t* =~ 12.25 0.0044 | 0.13395 | ¢t=50
0.1 0.47491 | t" =~ 6.75 0.0045 | 0.13398 | t* ~ 23
-0.001 | 0.13332 | t=50 0.0050 | 0.13414 | t* = 17.25
s N

£=0.0045

t=22.75 I
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V1. Conclusions

e The constant d, explicitly found in Theorem 5, is the best possible one for the
validity of Theorem 2.

e Another conclusion from the numerical experiments is that the global solvability
and finite blow up of the solutions depend on the "angle” between the initial
data ug and u;. More precisely in [9, 10] for n > 1, 81 = B2 = 1 there is a
partial answer of this question.
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