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u = (ki(u)tg,)s, + Q(u), t >0, z € RY

=1

ki(u) >0, Q(u) >0, wu(t,z)>0

ki(u) =u% o; >0, Q(u) = uf, B>1

A.A. Samarskii, M.I. Sobol (1963), S.P. Kurdyumov (1974), M.I. Bakirova, V.A. Galaktionov, V.A.
Dorodnicyn, G.G. Elenin, N.V. Zmitrenko, E.S. Kurkina, A.P. Mihailov, Y.P. Popov, A.B. Potapov,
M.N. LeRoux, S. Svirshchevskii, H. Wilhelmsson, ...

2D,0, # 03, 0; > 0, Q(u):u676>1:
blow-up self-similar solution, describing
directed heat diffusion (Dorodnicyn, Knyazeva)
numerical implementation:
Bakirova, M.I., Dimova, S.N., Dorodnicyn, V.A., Kurdyumov, S.P., Samarskii, A.A., Svirshchevskii,
S.: Invariant solutions of heat-transfer equation, describing directed heat diffusion and spiral waves
in nonlinear medium, Soviet Phys. Dokl. 33(3), 187-189 (1988)
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2D Isotropic medium
—(ru U ),,—I— S(u’? u,),+u’, 0 < r < oo, 0< < 2m.

Cenpuesckuii, 1985 wu,(t,r, ) = (1 — —) 19(5 ?),

11r1(1——),'rn_ﬁ_a-_1

t . _
€:T(1_?0) 5_7¢—90+5_ 5

C, - parameter of the family of solutions. For C’O #0:
r(t)e*® = r(0)e**” = £e*® = const, s = (B—a—1)/(2C,).

e €07 — s (6T 4 e =

— 0% =o.
coc 206" 99’ (B-DD o (B-1Tooe | °
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Two homogenious solutions for T = (,Gil): 0

C, = 0, slim0(£,¢):02150:

mo
1l
f=
D
&
1l
[

B > o + 1 : two classes radially nonsymmetric solutions of complex
symmetry were found and investigated (Kurdyumov, Kurkina, Potapov, Samarskii,
1084, 1986.)

Koleva, M.G., Dimova, S.N., Kaschiev M.S.: Analisys of the eigen functions of combustion of a
nonlinear medium in polar coordinates. Math. Modeling 3, 76-83 (1992)

B < o + 1 : only simple finite support radially symmetric solutions.

lim 6(¢,¢) =6y =1:

two new classes of solutions in HS—regime:

— complex symmetry solutions for Cy = 0,

— spiral wave-solutions for Cy # 0.

Dimova S.N., Kastchiev M.S., Koleva M.G., Vasileva D.P., Numerical analysis of radially nonsymmetrig
blow-up solutions of a nonlinear parabolic problem, J. Comp. Appl. Math., 1998, 97, 81-97

Dimova M.G., Dimova S.N., Numerical investigation of spiral structure solutions of a nonlinear
elliptic problems, NMA 2010, LNCS 6046, 395-403, 2011
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2D radially nonsymmetric case, Cy =0, 3 =0 + 1
u(t,r, 90) — g(t)9(€9 ¢)9 g(t) — (1_t/T0)_1/07 E=1r, ¢ =,

L(Q) = _13 (59‘7%) — ii (9‘7%) + 60— 0°tl — 0
- £0¢ o 209\ 09¢ -

Initial Approximations

0(& ) =1+ ay(§, ¢), a=const, |ay| <K 1,
y(&, @) is a bounded at & = 0 solution of the linear equation:

10 Oy 1 0%y
——— =) — = + oy = 0.
£0E \ O¢ £209? «
Particular solutions Y
y(&, @) = Jp(Vo€) cos (kp), k € N. :
y(&, @) are 27 /k periodic and have k axes of symmetry: Back
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Fig. 1: Solutions y(&, @) = Jr(1/0&) cos(ke) to the linearized
equation, k = 1,2, 3.
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2 kw w
Jip(z) ~ cos|zm o) 200

y(&, @) ~

2
T/0¢

asymptotic for 0(&, @)

2

/o0&

0(& @) ~1+~

Cos (\/EE— k?ﬂ- —

v = const, &£ — oo.

cos (Vag — 7~ 7 ) cos(ke), € — o,

s

Z) cos(kep),
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The self-similar problem is closed:

Lo =-19 (ge@)_ii (eo%)w_em_o
T ot 9¢) €204\ 9¢ -

(& 0) €, Q= (0,]) X (O,w), w=m/k.
boundary conditions

imeae20 — 0, ¢ € [0,w]
1m . — Y ’ ’
Y “

§—0

90 0 -—1 2 kmw w
i e (e

E=1>1,¢0¢€ [Oaw]a

00 0
8—¢(€’ 0) —

0
8—¢(€7W):07 0<¢g<Ll
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Numerical method for the self-similar problem

Continuous analog of the Newton’s method (Gavurin, 1958)
0<t< oo, 0 =0(§9,t) :

D)2 = ~LO), 06 6,0) = 0u(&, 9
00

a — ’U(f, o, t)

Iteration process

L'(6,)v, = —L(6,)

6,.,=0,+71v, 0<71,<1, n=01,..., 44
>
0, = 9n(€7¢) — 9(57 ®, tn)7 Uy = ’Un(Ea ¢) — ’U(€, o, tn)a p

0o(&, P) = 0k(§,0) =1 + aJk(\/Eg) cos (ko), |ay| K< 1 4

Back

Close



Galerkin FEM for the linear problems at every iteration

Bilinear finite elements

A(0)V = —B(0)©

V= ()}, A=IU

:) ) ”:és '<: ésn, 19

T, = Mmin (1 Tho1———

n

O
),|f5 >5n 1

T, — Ilax (}Tb, Th—1—<—

n

5, = max |B(0,)0,|, [Puzynin, ..., 1974]

nNewp,
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Numerical method for the parabolic problem

up = %(r’u,"ur)T + ,r_lz (u”u‘P)(P + u"+1, 0<t< Ty,

(rye) €2, @=(0,R) X (0,w), w=7/k,

ru’u.(t,0,) =0, t € [0,Tp), ¢ € [0,w],

u(t, r*, p)
0(r*, ¢)

u(0,7, ) = uo(r,p) = O(r,p) >0, (r,p) € Q,

u? (t,r,0)u,(t,r,0) = u?(t,r,w)u,(t,r,w) =0, te€[0,Tp), r € [0, R],

ug(0, p) = const, wuo(r, ) = up(r, 2w — ).

u(t, R, p) = O(R, ), t€[0,Tp), ¢ € [0,w],

GFEM, based on
- Kirchhoff transformation of the nonlinear heat-conductivity coefficient

G(u) = /Ou sds = u’ /(o + 1);

- interpolation of the nonlinear coefficients;
- lumped mass matrix.
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semidiscrete problem

U=-M"'KGU)+ q(U)
Modification of an explicit second order Runge-Kutta method.
Numerical investigations
Aims of the numerical investigations:

- to analyze the evolution in time of the new class of 2D self-similar
solutions,
- to analyze their stability.

In the examples bellow: o = 2, T, = 0.5, | = R = 50,
h.=0.1, h, = 7/30, a = 0.1, v = 0.2.
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Fig. 2: Evolution of a complex wave in S-regime: u(t, r, ¢), o = 2,

k=1 T, =0.5.
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Fig. 3: Evolution of a complex wave in S-regime: o = 2, k = 2,
TO = 0.5.
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2D radially symmetric case

1
u; = ;(ruaur)r 4+ u’tt, r € Ri, t>0, o>0.

self-similar blow-up solutions

w(t,r) = P()8(E) = (1 - Ti) 0(€), € = 7 for B = o+1.

0
1 ,
£(6) = — (£6°0") +0 —0°T =0, 0< ¢ < oo.

u(0,7r) = uo(r) = 0(r), u,.(t,0) =0.
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Fig. 4: Self-similar function 8(&) computed for o = 2: (a) & = 0.1;
(b) @ = —0.5.

We seek for bounded at infinity solutions, which for a finite R >
1, R < oo, satisfy the self-similar law:

u(t, ")
0(r*)

for an appropriate choice of the point r* < R.

u(t,R)=——60(R) t >0
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Fig. 5: Evolution in time of the self-similar solution w (%, ) and its

self-similar representations. (Zoom in the region near the origin.) «
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