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Abstract

Let A be a finite-dimensional commutative associative unital K-algebra, K € {R,C}, and 4M a
finitely generated A-module. In the present thesis we generalize the core theory of (vector-valued)
holomorphic functions of a single variable to the setting of functions f: U — 4M, U C A open, having
an A-linear differential D f, where the role of C is thus now assumed by A and the complex vector
space in the codomain is accordingly replaced by the module 4M. We make a point of distinguishing
between two main groups of foundational results — those that do not actually require the presence
of a “full” complex structure and follow already from partial properties such as commutativity, and
those for which the presence of an underlying complex structure is essential (e.g. requiring path-
connectedness of K*). For K = C this yields a function theory of several complex variables that
is nonetheless very similar to single-variable complex analysis in more ways than one. Where such
(partial) generalizations already exist in the research literature, our versions are not only more
general but oftentimes also much stronger or even maximal — in some precise narrow sense — for the
respective special cases, in part due to our introduction of a spectral point of view into the general
theory. Furthermore, an organic part of our investigation is the study of the interplay between
analysis on the one hand and elementary algebraic and categorical aspects of the involved objects
on the other as they come naturally organized in various distinct categories. Finally, of some special
interest is the case of representations arising from morphisms A 2, B as this gives a “functorial-like”
behavior of the relevant regularity classes.
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Notations & Conventions

Given a direct sum decomposition, say V & W, we will write v & w to emphasize that the sum v+ w
is in fact with respect to said decomposition, in particular v € V and w € W. In the same vein we
will write @5 and @ to specify over which ring the direct sum holds (for example, the direct sum
decomposition may hold only after a restriction of scalars). This is actually completely consistent
with the usage @5 and ®@g.

The spectral norm on matrices will be denoted by ||-[|y, instead of the rather standard |||, to avoid
confusion with the Euclidean norm (matrices are vectors after all).

By abuse of notation, we will use the same symbol to mean both a curve v: [0,1] — X as a continuous
mapping and its image. More generally, we will use the same symbol to denote both a cycle I' and
its support, for example fr w. Furthermore, loops v: St — X will always be parametrized as ~(t)
with ¢ € [0, 1] for the sake of notational simplicity.

In the presence of tensors, we will try to always denote free indices by 1, j, k, £ and summation indices
by r, s, t, unless we forget to do so.

For open sets U;, U;, Uy, ... we put U;; = U; NU;, U, = U; N U; NU ete.

All rings are assumed associative unless explicitly stated otherwise.

N: the natural numbers {1,2,3,...}.

No :=NuU{0}.

[n] ={1,...,n} C N for some n € N.

P(S): power set of some S € Set.

PX: path space

LX: loop space

L'%(M, N): space of k-times R-multilinear maps M* — N for M, N € Mod(R), R € CRing.

Sym]f%(M,N): space of symmetric k-times R-multilinear maps M* — N for M, N € Mod(R), R €
CRing.

CC: compactly contained.

def

Dom(f): domain of a map or a morphism f: X — Y, i.e. Dom(f) = X.

Codom(f): codomain of a map or a morphism f: X — Y, i.e. Codom(f) “y.

Im(f): image of amap f: X — Y, ie. Im(f) £ f(X).

R(z): real part of a complex quantity z € C, C", M, (C) etc.

J(z): imaginary part of a complex quantity z € C, C", M,,(C) etc.

XX &t (@1,...,xy): a shorter notation for an element of the Cartesian product [[;" ; X;.

Xierfit [lier Xi = [l;er Yi: the Cartesian product of maps fi: X; — Y;, i € I.

R € Ring: a ring, usually unital and commutative, object of Ring (see below).
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NOTATIONS & CONVENTIONS

R > 0: some positive radius.

R*: the group of units (multiplicative group) of R € Ring, also denoted as U(R) := R*.
Sing(R) :== R\ R*: the singular set of R € Ring.

J(R): the Jacobson radical of R.

Jx F: the (K-)Jacobian of a map F.

nil(A): set of nilpotent elements of A € Algp, e.g. the nilradical of A if A € CAlgp.
Kdim(R): the Krull dimension of R.

K: arbitrary field, usually char K = 0 or perfect, unless explicitly stated otherwise.
k: a residue field, usually char x = 0, unless explicitly stated otherwise.

K: the field R or C.

C*: the multiplicative group of the complex numbers.

C™T: the additive group of the complex numbers.

Gg: the additive group scheme.

Gy,: the multiplicative group scheme.

S, the symmetric group of [n].

S™: the n-sphere.

T” := (S')™: the standard n-torus.

CAT: the category of all categories.

Cat: the category of all locally small categories, Cat € CAT.

Set: the category of sets.

Ab: the category of abelian groups.

Vec(K) = Vecg: the category of K-vector spaces.

FdVec(K) = FdVeck: the subcategory of Veck of finite-dimensional K-vector spaces.
Grp: the category of groups.

Ring: the category of non-commutative unital rings.

CRing: the category of commutative unital rings.

LocCRing: the category of commutative unital local rings with local homomorphisms.
Mod(R) 2 Modp: the category of R-modules over some R € CRing.

LMod(R): the category of left R-modules over some R € Ring.

RMod(R): the category of right R-modules over some R € Ring.

BMod(R, S) = BModpg s: the category of R-S-bimodules over some R, S € Ring.
FdMod(.A): the category of modules over the K-algebra A that are finite-dimensional over the ground

field K.
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NOTATIONS & CONVENTIONS

End4(M): the algebra of A-linear endomorphisms of M € LMod(A), RMod(.A),Mod(A) for A €
Algr, R € CRing.

GL4(M) == Aut4(M) := U(End4(M)) & End 4(M)*: the general linear group of the A-module M,
also written as GL(4M) or GL(M4) etc.

Sch/S: the category of schemes over a base scheme S.

Sch 4: the category Sch/ Spec A.

,&}3 := Spf R[t]: the formal spectrum of R[t], completion of the affine line over R € CRing.

Alg(R) = Algp: the category of unital associative algebras over R € CRing.

Algr: the category of non-unital associative algebras over R € CRing...

CAlg(R) = CAlgp: the category of unital commutative associative algebras over R € CRing.

LocCAlg(R) = LocCAlgg: the category of unital commutative associative local algebras over R €
CRing.

FdAlg(K) = FdAlgy: the category of finite-dimensional unital associative K-algebras.
FdCAIg(K) = FdCAlg: the category of finite-dimensional unital commutative associative K-algebras.
Artpr: the category of commutative Artinian R-algebras over R € CRing.

LocArtg: the subcategory of Artg of commutative local Artinian R-algebras.

NrmVeck: category of normed K-vector spaces.

NrmAlgy: category of normed unital associative K-algebras.

NrmCAlgg: category of normed unital commutative associative K-algebras.

NrmFdCAlgy: category of normed finite-dimensional commutative associative unital K-algebras.
NrmLMod(A): category of normed left A-modules over A € NrmAlgy.

NrmRMod(A): category of normed right A-modules over A € NrmAlgy.

NrmBMod: category of normed A-bimodules over A € NrmAlgy.

NrmMod: category of normed A-modules over A € NrmCAlgg.

NrmFdMod: category of normed finite-dimensional .A-modules over A € NrmFdCAlgy.
NrmFdVec: category of normed finite-dimensional K-vector spaces.

Ban(K) = Bang: the category of Banach spaces over K € {R,C} (with bounded linear maps as
morphisms).

BanAlg(K) = BanAlgy: the category of unital Banach algebras over K.

CBanAlg(K) = CBanAlg: the subcategory of commutative unital Banach algebras over K.
BanAlg(A) = BanAlg 4: the category of Banach A-algebras over A € CBanAlgg.
BanMod(.A): the category of Banach A-modules over A € CBanAlgg.

LBanMod(.A): the category of left Banach .A-modules over A € BanAlgy.

RBanMod(.A): the category of right Banach .A-modules over A € BanAlgy.
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NOTATIONS & CONVENTIONS

PB(FE1, E>): the Banach space of bounded linear operators between the Banach spaces E; and
E,.

PB(FE) = B(FE, E): the Banach K-algebra of bounded linear operators on a Banach K-space E.

A, B, C: (possibly finite-dimensional) unital (possibly commutative) associative algebras over R, K
or K.

ZD(R): set of zero-divisors of R € CRing.

Z(A): the center of an associative R-algebra A.

C4(X): the centralizer of a subset X C A in A € Algp.

Z(f): the zero set of a function f whenever that makes sense.

Mat, xm(R) = R™™: n x m-matrices over some ring R.

M, (R) :== Mat, (R) = R"™™"™: the ring of n x n-matrices over R € Ring.
I, € M,,(R): the identity matrix of size n x n.

I :==[0,1]: the unit interval.

AT € R™*": transpose of A € R™¥™,

Smax(A): largest singular value of A € M,,(K).

Int(7): the interior of a Jordan curve v C C.

supp(f), supp(T'): support of a function f or of a (topological) cycle T
Supp(M): support of M € Mod(R).

tn(C): the group of complex n-th roots of unity.

D, (20): the open disc with radius r around zy € C.

D% (2p): the punctured open disc with radius r around zp € C.

A,(z): open polydisc of radius r around z € K".

A, (2): closed polydisc of radius r around z € K™,

z): open ball of radius r around z € K".

z): closed ball of radius r around z € K".

€*(X,Y): space of k-times continuously differentiable maps U — V', k € No U {00, w}.
CKIfW(X ,Y'): space of piece-wise k-times continuously differentiable maps X — Y, k € NoU{oo,w}.

HZ, (U,G): k-times continuously differentiable singular homology with coefficients in G € Ab, i.e.

using k-times continuously differentiable singular chains, in particular HZ, (U, G) HWU,G).
£l = supere [1@)]l

pt: the one-point space.

A: a solid triangle with boundary 9A.

[1: two solid triangles glued along one side.
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NOTATIONS & CONVENTIONS

Y¢: a star-shaped open set.
Q%g: de Rham complex.

2* == Qp ;: holomorphic de Rham complex.

Crit(f): the critical locus of a differentiable map f.

Reg(f): the regular locus of a differentiable map f.

. a leaf from a tree or a bush.



Introduction & Overview

This introduction needs a short introduction on its own. Namely, it is organized in the following
parts:

e The Landscape: here we paint the general landscape of function theories over algebras and
how they came to be historically.

e The Finite-Dimensional Commutative Case: following the previous point, we focus at-
tention to our case of interest, motivating its study and describing what has already been
done.

e Motivation & Goals of the Present Thesis: in the context of the previous point, we
motivate our place of the present thesis in it.

e Differentiability with Respect to a Representation: here we discuss and motivate our
main definition(s) and provide necessary context for it, incl. from neighbouring fields.

e The Special Case of a Morphism: here we give a discussion of a special, important subcase
of interest that we motivate and again provide some context for.

e Overview of the Present Thesis & New Results: self-explanatory.

e The Algebraic Classification Problem: here we touch upon the problem of classification
of the main objects we are working with.

e Things Omitted: here we give a shortlist of important topics not included in the present
thesis for one or another reason.

e Applications: here we mention some applications of the theory.

e A Note on Terminology: here we add to the reader’s confusion already created by the
preceeding parts of the introduction.

The Landscape. Starting with the deceptively simple-looking definition of complex-differentiability
given by the well familiar difference quotient limit

F(z0) = ;lll_% f(z0 + hf)L — f(20)

for a function f: U — C with U C C open and zg € U, it is a completely natural question whether one

can repeat the beauty and success' of Complex Analysis & Geometry of single and several variables
by replacing C by another K-algebra A for, say, K € {R, C} now. Then one would call such a function
A-differentiable or A-regular or A-holomorphic etc., depending on the given context. In line with
tradition, we will call Funktionentheorie? (or function theory) a one-variable theory of functions that
exhibits at least some (but ideally all) of the following broadly defined properties:

e Presence of generalized Cauchy—Riemann equations;

e Presence of generalized Cauchy’s and Morera’s Integral Theorems;

e Presence of generalized Cauchy’s Integral Formula;

e Presence of Analyticity.
It should come as no surprise that this question in its simplest form already goes back to the late
19th century amidst the vigorous developments complex analysis had been witnessing at the time at
the hands of giants like Hurwitz, Klein, Picard, and Poincare (standing of course on the shoulders
of the earlier generation of giants of 19th century complex analysis such as Cauchy, Riemann, and
Weierstra$l), and amidst all the active attempts by many others to generalize its spectacular results

lyes, some of us mathematicians are shallow like that;
2borrowed from German, it literally means function theory and traditionally refers exclusively to the area of study
of holomorphic functions;



INTRODUCTION & OVERVIEW

in all directions imaginable (see for example Hurwitz’s survey [Hur32|] at the turn of the century).
It is fair to say that to an extent this is still the case even to this day. More precisely, the question
at hand was considered for the first time and studied in some detail by Georg Scheffers in 1893 in
his two consecutive papers [Sch93a] and [Sch93b], where, among other things, he stated a corre-
sponding system of generalized Cauchy—Riemann equations (cf. Section 1.3) under the assumption
of (complex) analyticity of the components of f and then later also considered appropriate groups of
coordinate transformations to go with that. In the following years it became abundantly clear that it
is conclusively necessary to distinguish at a minimum between the following fundamentally different
cases and subcases:

(1) Ais a commutative associative (usually unital) K-algebra, i.e. A € CAlgg:

(i) A is a finite-dimensional commutative associative K-algebra, i.e. A € FdCAlgy:
(a) A is a finite-dimensional commutative associative R-algebra, i.e. A € FdCAlgp;
(b) A is a finite-dimensional commutative associative C-algebra, i.e. A € FdCAlgc;
(ii) A is an infinite-dimensional commutative associative K-algebra;

(2) A is a finite-dimensional, non-commutative, associative (usually unital) or non-associative
K-algebra;

For a rather extensive bibliography of all the developments up to the late ’30s we refer the reader
to [War40]. As far as we know, there are no published attempts of a working definition in the case
of A being an infinite-dimensional non-associative K-algebra. The main reason for the distinction
between (1) and (2) is quite simple: the few naive definition choices available in the commutative
theory fail dramatically in the non-commutative setting as they all tend to produce rather trivial
function theories (see for example [Ros00]). Nevertheless, it is also fair to say that this history of
failures® eventually led to the birth of the areas of Quaternionic and, more generally, Clifford Analysis
as well as other function theories for more general non-commutative K-algebras A. Very briefly and
very roughly, there are three groups of approaches to non-commutative A-analysis:

e generalized Cauchy—Riemann—Fueter? and Dirac(-Fueter) operators (and/or, dually, differen-
tial form conditions, ensuring the vanishing of the corresponding integrals on some class of
submanifolds in the spirit of Cauchy’s Integral Theorem);

e Banach-Algebra-theoretical (incl. matrix algebras) methods (e.g. spectral methods) and non-
commutative analyticity (= non-commutative power series) (for starters, we refer the interested
reader in chronological order to [Die30], [Sch31], [Wag42], [AC55], [Brub8; Bru59], [Rin55;
Rin57; Rin60; Rin61; RW62; RW64], [CH66; CH67], [Den67; Den70; Den71], [Sze78], [Sti87]);

e slice regularity /differentiability (e.g. requiring holomorphy of the restrictions of f to complex
lines spanned by the various complex structures of .4) — this obviously has some overlap with
the previous point.

In fact, the Dirac—Fueter approach also turns out to be well applicable to the finite-dimensional
non-associative case as well (see [Kra07]). We will discuss the group (1)(ii) as we go.

The Finite-Dimensional Commutative Case. Barring this introduction, the present thesis deals
exclusively with the setting of (1)(i), with a nod to (1)(ii) as the reader may observe in Chapter 1,
the endgame being (1)(i)(b) though. We would argue that the finite-dimensional commutative case
is in a sense also the most fundamental one for several reasons, some less obvious than others:
e it is the next most immediate and straightforward generalization of C as it encompasses all
finite commutative ring extensions of R;

3see for example the historical account given in [DKMO1];

“these should not be confused with the Cauchy-Riemann-Scheffers equations for finite-dimensional commutative
K-algebras (cf. Section 1.3), which is why we rather prefer the terminology of (generalized) Dirac and Dirac—Fueter
operators;
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e it is the “baby” case among the different setups and should serve as a (stronger than C)
prototype in the following sense: any general finite-dimensional non-commutative (understood
as not necessarily commutative) function theory over A € FdAlgy ought to degenerate to it for
A € FdCAlgg and any infinite-dimensional (understood as not necessarily finite-dimensional)
commutative function theory over A € CAlgyk ought to also degenerate to it for A € FdCAlg;

e asthe reader may have already guessed, the slice differentiability approach appears well amenable
to restrictions to more general classes of commutative subalgebras of a given finite-dimensional
non-commutative algebra;

e Wilkerson [Wil82] showed that on finite-dimensional commutative R-algebras one can produce
“Dirac-Fueter-regular” functions on A from A-differentiable functions in the “standard” sense’,
provided that A is itself not local, that is, that A is a non-trivial product of local Artinian R-
algebras (as per the decomposition theorem for commutative Artinian rings), which we found
a little surprising;

e in the spirit of the previous point, if one is willing to drop finite-dimensionality, Krasnov showed
in [Kra03] and [Kra07] that many finite-dimensional non-commautative function theories (incl.
Quaternionic and Clifford Analysis) correspond in some narrow sense to (infinite-dimensional)
commutative (associative) function theories on operators.

Given the naturality of the finite-dimensional commutative setting and the accompanying surprise
factor, what should not come as a surprise though is that many of its core results have been in-
dependently rediscovered in one form or another several times over throughout history. Thus, for
instance, the elementary treatment in [Fox49] appears to be the first systematic study of the case
K = R and in particular states a version of Cauchy’s Integral TheoremS (CIT) in the absence of a
complex structure. We speculate that it must have been known even earlier, but we were not able to
pinpoint a precise reference in support of this. The real Cauchy’s Integral Theorem was also redis-
covered in [Ped92], but it was clearly already known to [Hab76] as well. In that time span there were
likely other accounts of it as well. Further aspects of the theory over R (partially included in earlier
treatments too) are discussed in [Wat92a; Wat92b], [GM96], and [Pog07]. Some low-dimensional
and special subcases of the real setting also appear in varying forms for example in [Hor63], [BR73],
[MR98], [KSO05], [RS04], and [Di +23]. On the other hand, we are quite certain that the first concise
treatment of the case K = C was given already in 1928 by P. Ketchum in [Ket28a]. His paper can be
seen as a proof of concept, laying the groundwork for the whole subject over C: he proves that the
main pillars of single-variable complex analysis (Cauchy-Riemann equations, Cauchy’s Integral The-
orem, Cauchy’s Integral Formula, Analyticity, Laurent Series Expansion etc.) have corresponding
analogoues for every A € FAdCAlgc. So, the remaining question was not whether but how far one can
take this analogy, how strong the corresponding core theorems can be, and what are the eventual,
inevitable differences to the complex plane. In that sense, the next key result in the history of the
finite-dimensional commutative complex A-analysis came from G.B. Rizza, who proved a homologi-
cal version of Cauchy’s Integral Formula in [Riz52a] and [Riz52b]. He later gave a more systematic
treatment of the core theory in [Riz54b], based on his previous results. Unsurprisingly though, the
complex case suffers from the same fate as the real case in that the core theory has been rediscovered
independently several times over in various forms, for example in [Ede73; Ede76b]. A proof of a
generalized Cauchy’s Integral Formula (and some of its usual consequences) is also given in [Shp15],
starting from a Gateaux-type A-differentiability, which, however, can be shown from “first princi-
ples” to be equivalent to the standard definition(s). Low-dimensional and special subcases of the

®he calls the first kind “F-regular” (after Fueter) and the second kind “S-regular” (after Scheffers) for short, a
terminology that appears to go back to [Kri52];
Snot to be confused with Cauchy’s Integral Formula;
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complex theory have been investigated in [Ril53], [NT55; NT56], [Goo88], [Pri91], [Ola02], [R6n08],
[Alp+13], [Lun+15], [RS04], and probably others. We remark that all these function theories for
low-dimensional A € FACAlgy have of course natural classical-geometric counterparts, starting with
[Stu03]7, but then also [Grii06], [Tak40a; Tak41la], [Tak40b; Tak41b], [Tak40c; Tak41c], and others.
We refer the interested reader to the books [Ben73|, [Yag66], [Yag79], or to the nice, very short
exposition in [HHO04], or to [Cerl7] for some of the history of the classical-type geometry over .A.
Moving on, a more recent exciting development in the low-dimensional theory is the construction of
the analogue of Sato’s hyperfunctions in the bi-complex setting, see [VV12], [Col411], and [MS20;
MS21; Mat22; Mat25]. But despite some such isolated advancements, the sheer number of historical
“independent” rediscoveries only attest to the rather sorry state the subject of finite-dimensional
commutative A-analysis is in, which in and of itself should be taken as a negative development, con-
sidering its lively origins. Indeed, with some notable exceptions, the area shows a sad tendency of
authors picking (oftentimes the same) lowest of low-hanging fruits. We aim to fix that by picking all
of the remaining low-hanging fruits. An unfortunate but not unexpected byproduct of the aforemen-
tioned development is also the scattared nature of the subject. Waterhouse even writes in [Wat92b:
“The theory has been developed only in fits and starts, and some of the simple results we need seem
not to be on record at all, while others are only recorded in language that is now hard to understand”.
One might even go as far as saying that the topology of the subject itself in the ambient space-time
has a bit too many connected components.

Motivation & Goals of the Present Thesis. But our desire to reopen a closer look into the finite-
dimensional commutative associative theory is not only dictated by the somewhat unsatisfactory,
outdated, and fragmented state of the subject. The purpose of the present work is manifold:

e to separate the wheat from the chaff, in particular to clearly delineate the most trivial aspects
of the theory from the less trivial ones, thus identifying possible core issues in need of a
conceptually satisfactory answer;

e and in doing so, to conceptually clear up and elucidate various aspects of the theory and give
conceptually clean descriptions of its objects;

e in order to consolidate the main theory and streamline its proofs;

e by using proper “modern” mathematical language (really, mostly just the basic language of
commutative algebra, algebraic topology, and differential geometry by today’s standards, but
as opposed to the notational and mathematical inbreeding often seen otherwise);

e thereby providing a concise but comprehensive systematic and somewhat in-depth study of the
subject (with one eye open towards the infinite-dimensional commutative case);

e in a way accessible to a broad audience of mathematicians from different areas since the subject
is not nearly widely enough known and deserves more attention;

e but ultimately to provide solid foundations to develop geometry over A € FdCAlg¢ in the spirit
of the beautiful theory of Riemann Surfaces and more general Complex-Analytic Geometry.

Indeed, while smooth manifolds over the “bi-real” numbers® and over Weil algebras® have been ex-
tensively studied, the latter class notably by the Kazan school of geometry'” in the east and in the
setting of Weil bundles and Weil functors in the west!!, and are seeing some recent resurgence due

this is the same E. Study, after whom the Fubini-Study metric is called;

8 def

see for instance the survey [CFG96] on manifolds with (almost) A-structure, where A = R[z]/(z*> — 1) = R[j] =
R x R, j% = 1, as well as [GGM02] and [GGMO03];

9commutative local Artin R-algebras with residue field R;

0gee for example the book [VSS85] or Shurygin’s more recent survey [Shu02], incl. the references therein, or Salimov’s
book [Sal23] for some more up-to-date developments;

Hgee for example the corresponding chapters in [KMS93] and the references therein, but also independently of Weil’s

ideas [BC74] on integrable almost-tangent (i.e. R[z]/(x?)) structures;
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to newfound connections to information geometry, Frobenius manifolds, and Manin’s pre-Frobenius
manifolds (see [CM20], [CM22], as well as [MS22]), in contrast the complex counterpart remains to
our best knowledge largely unexplored!'?. Circling back to the infinite-dimensional commutative case,
the usefulness of manifolds modelled on commutative Banach algebras was recognized by Kobayashi
[Kob87] in the setting of mapping spaces and later by H. Yagisita [Yagl9a; Yagl9b] in the setting
of continuous families'® of complex manifolds. Roughly speaking, this is because the corresponding
Banach manifold becomes finite-dimensional-like over a suitable (infinite-dimensional) Banach alge-
bra A. In the finite-dimensional case, complex 4-manifolds (and more generally, A-analytic spaces)
arise naturally in several ways, for example:

e complex tori C"/A automatically become A-curves for free via coverings A — A/A;

e analytifications of projective spaces over A;

e interesting group actions G ~ A as a result of A € LocArtc usually having highly non-trivial

positively dimensional automorphism group;

etc.

Differentiability with Respect to a Representation. Rather than just an algebra A € FdCAlgyk
for K € {R,C}, the starting point of the present thesis is a finite-dimensional representation p: A —
Endg (M), or equivalently, M € FgMod(A). Then, given U C A open and f: U — M a function,
we call f(Z) p-differentiable (representation perspective), or equivalently, A-differentiable (module
perspective) at Zy € U if there exists an element (and our to-be-derivative) f/(Zy) € M such
that

def

f(Zo+ H) = f(Zo) + H - f'(Z0) +r(H) = f(Zo) + p(H)(f'(Z0)) + r(H),

where we distinguish between three modes of basic p- (or A-) regularity, yielding three different basic
structure sheaves on |A| (the underlying topological space of A for the analytic topology), depending
on what condition we put on the remainder term r(H):

(1) Classical or limit-wise p-differentiability .Z),:

lim p(H)™(r(H)) =0,

corresponding to the classical limit definition via a difference quotient (roughly speaking, so
see Section 1.1 for the precise details);
(2) Strict A-equivariant Frechét differentiability .775":

lr(H)[l 5 = O(HP(H)HEndK(M))
as H — 0;
(3) A-equivariant'® Frechét differentiability .7,
lr(E)l[ar = o(H|l 4)
as H — 0.
We will use the terms p-differentiable and A-differentiable interchangeably, depending on which per-

spective is the most convenient one. Since p is bounded, it is moreover clear that .# Str C Z,. We also

introduce the sheaves .,Sfpk , ffpm’k, F ,f of k-times (not necessarily continuously) p-differentiable func-

2modulo some isolated exceptions treated in [Sal23] — the reader should not be confused by Salimov’s usage of the
term “holomorphic”, it is (somewhat generously) deployed to mean .A-differentiable even when A itself does not carry
a complex structure;

13as opposed to the complex-analytic families in Kodaira-Spencer deformation theory

Y41 one prefers group representations over algebra representations, then by openness A-equivariance is equivalent to
AX 2 GF x GE-equivariance for some k € N, ¢ € Ng. Of course, the non-trivial part is describing the action of the
vector group GE.
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tions, k € NU{oo}, as well as the sheaves ‘gf , k € NU{oo,w}, of k-times continuously p-differentiable
functions on A. We remark that imposing continuity of the derivative removes the distinction be-
tween .Z,, .7 pm, and .#,-regularity (see Proposition 1.1.14), hence the unified notation in that case.
Nevertheless, in the spmt of the previously outlined goals of the thesis, a substantial amount of it is
devoted to the precise relationship between these lower-regularity classes of p-differentiability, their
properties, as well as their interaction with basic algebraic constructions in FdCAlgg and FdMod(.A).
The motivation for carefully studying low p-differentiability classes is quite natural: it is a standard
but non-trivial fact in complex analysis that continuity of the derivative of holomorphic functions
is a superflous assumption. This raises the inevitable question how far the A-equivariant condi-
tion alone can take us without necessarily assuming an underlying (almost) complex structure of
A. While the regularity class .Z, behaves well with respect to pretty much every algebraic con-
struction (see Section 1.1), we remark that it is an unnatural definition in the Banach setting since
infinite-dimensional commutative Banach K-algebras need not have dense groups of units. On the
other hand, .%#, is the “gold standard” in the Banach setting, but unfortunately it does not appear
to behave well with respect to some crucial algebraic operations (notably pre-compositional factor-
izations with respect to epimorphisms, see Proposition 1.2.1). This is where the auziliary notion
of 7 ;“ enters as it is both more natural to the Banach setting and behaves well with respect to

F, St however, does not appear

pre-compositional factorizations. Since we cannot have nice things, #
to behave well with respect to post-compositional operations without further assumptions (see for
instance Proposition 1.1.23 and afterwards). The ygtr—condition is not a strange one, it naturally

arises in the p-analytic setting
k| f
f(Z+H) = +§ H +§ k'p F®(2))

in the self-evident algebraic way, but then again it also con(:1des Wlth £, and Z, under such high
regularity. As far as we know, [Wat92a] is the only meaningful treatment of low A-regularity is-
sues and only for the case 4M = A, proving Z4 C %4 among a few other things that we will
come back to in a jiffy. The idea to look at representations of A instead of A itself is not new,
not only in the sense of reconstruction theorems from categories of representations but also in our
modest analytic setup, and in that regard the most natural generalization would be to replace A
in both the domain and codomain by 4M, 4N € FdMod(A) and then study functions f: U — N,
U C M open, with an A-linear differential instead of only functions of the type A — N. Indeed
this setting naturally arises for example in the study of finite-dimensional real A-manifolds, see for
example [Shu99], [SS01], [Mik01], [KM03], [Kur06] and later papers of Mikulski, Kures, and others,
but these all assume the standard differential-geometric €*°-setting from the get-go and do not con-
cern themselves with subtler regularity questions, that have no bearing on the differential-geometric
content anyway. In the infinite-dimensional setting, topological (projective, finitely-generated) A-
modules for topological algebras A € CAlgy and A-differentiable!® maps between them also arise
naturally, for example starting with the aforementioned work of Kobayashi [Kob87] and Yagisita
[Yagl9a; Yagl9b] (Banach modules over A € CBanAlgk) and in the context of non-linear Serre-Swan
theorems (see [Man92; Man95; Man98; Man17] and [Pap92a]) and .A-vector bundles (see [Pap92b;
Pap94; Pap98; Pap99b; Pap99a] as well as the references therein to the beautiful work of Mallios).
Indeed it is no secret that many problems in finite-dimensional differential geometry give rise to
objects in infinite-dimensional differential geometry. As far as we know, this is one of two research
directions within the group (1)(ii) (differentiability with respect to infinite-dimensional commutative
associative K-algebras) outlined at the beginning of the introduction. We also use the occasion to

15for a suitable definition, depending on the exact infinite-dimensional context;
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mention the beautiful odd-duck paper [Ped97], proving Cauchy’s Integral Theorem over all finitely
generated commutative associative R-algebras, suitably topologized of course. Together with the
cited work of Manoharan and Papatriantafillou on A-differentiability in topological A-modules we
take this as evidence that the concept of A-differentiability and .A-holomorphy should be possible in
very general suitably topologized formal algebraic setting, conceivably even globalized to Noetherian
schemes over K in place of a single Noetherian K-algebra. But we digress! Observe moreover that
the “two-sided” representation setting is also “intrinsically” natural: A-differentiability involves a
(non-canonical) choice of an A-structure on a V' € FdVeck, which is the same as a faithful repre-
sentation of A, of which there are usually very many. Furthermore, it also encompasses “several
A-variables” as a special important case (free A-modules of finite rank). It is prudent to mention
at this point that “several A-variables” also has another line of generalization, namely to functions
of several different A-variables for varying algebras A4 € FdCAlgx by means of multi-modules, that
is, K-vector spaces that admit several simultaneous module structures (over different algebras) that
are compatible with each other. For example, B € FdCAlgy generally admits many K-algebra mor-
phisms into itself (e.g. think of all the K-subalgebras contained in ). While some of our intended
applications later on would in principle indeed require the development of a theory of functions over
more general A-modules, we will focus in the present work only on the special case of A-differentiable
functions of the form f: U — 4M, U C A open. There are several reasons for that:

e first and foremost, they have the special property that the p-derivative (when existent) is again
a function f': U — M,

e speaking in terms of relations and generators, to understand the more general case of an A-
module domain of f, one first needs to understand the case of several free A-variables; but
to understand that case well, one first needs to understand well enough the case of a single
A-variable;

e this case is comparable to vector-valued holomorphic functions on C and nothing is lost by
replacing A by 4M in the codomain because much of the theory is additive anyway;

e to treat the more general case in the way that it deserves would require to include significantly
more module theory in a work that is already rather long (i.e. for mundane, “length” reasons);

e the hidden agenda of the present thesis is actually differentiability with respect to a morphism
A% Bin FdCAlgg, but this is treated most naturally in the module language since big portion
of the theory is additive, as just mentioned.

But, as previously alluded, even in that special case we are already secretely doing functions over
(multi-)modules since if f: U — 4M has an A-equivariant differential D f, then D f is also equivariant
with respect to all K-subalgebras of A.

The Special Case of a Morphism. Speaking of morphisms .4 % Bin FdCAlgk, one can and does
define the corresponding basic regularity classes of (-differentiability by simply replacing p by ¢ in
the above definitions. However, since much of the theory is additive, it is more convenient to treat
both the representation case and the morphism case on equal footing by passing to the corresponding
representation ¢'°P £ ppr A % B2 Endg(B) instead, where pg is the regular representation of B.
On some occasions, however, it will be actually more convenient to treat the representation p as a

" in FdCAIgk by passing to a convenient corestriction of it (see Section 0.1.4). Most

morphism p™°
prominently, this will be the case in Section 2.2, where we will want to explicitly identify the lattice
in Endg (M), which the generalized analytic index (generalized winding number) Ind,(I', Zy) of a
singular 1-cycle I with respect to a point Zy € A is taking values in. The main reasons why one would
want to build morphisms A % B into the definition of A-differentiability are rather simple. First and

foremost, the concept of differentiability is inherently relative (proof: by looking at the definition).
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It should then come as no surprise that under mild regularity assumptions such differentiability
behaves functorially: if f is ¢-differentiable and g is v-differentiable, then g o f turns out to be
1 o p-differentiable (provided of course that the compositions are well-defined). Once the possibility
of a function theory over every A € FdCAlgk is established — thus replacing the once canonical
choice of C — it becomes abundantly clear that the theory is not just categorically flavoured, but the
categorical nature of the subject is inescapable, as we shall see in Section 1.1. The only remaining

question then is how far this perspective can be taken'®.

While ¢ being part of the definition of
A-differentiability is arguably only a cosmetic modification, it is conceptually also an important one
with its own subtleties and encompasses even standard relevant examples such as anti-holomorphic
functions and B-valued holomorphic functions. In fact, the necessity of such a setup was recognized
by [Shu99] in the context of constructing a category of all smooth manifolds over Weil algebras. We
remark that some of our results for the special case A %> B were announced (without proofs) in
[Gen24]. Here we will include of course full proofs (in the more general setting of representations).
Recall also that there is a well established relative notion in algebraic geometry, in particular on the
level of coefficients/scalars. We want to introduce a similar relative notion beyond C/R in complex
analysis as well. In the same vein, Weil restriction is a well established procedure/method in algebraic
geometry, especially in arithmetic geometry, e.g. algebraic groups/abelian varieties over a number
field extension L/K. Indeed, A-holomorphic functions can be interpreted as holomorphic A-operator
calculus for holomorphic 4M-valued functions, then passing to a C-basis of A yields a special class
of holomorphic mappings of several complex variables.

Now consider the special case ¢ = id4 and put ¥4 = Fiq,. If A € CBanAlgc, the definition .74
actually goes back to [Lor43|, who proved Cauchy’s Integral Theorem, Cauchy’s Integral Formula,

and analyticity under the assumption of convexity of the corresponding domain'”

. Some 12 years
later Blum [Blu55] dropped the convexity assumption of Lorch and substantially expanded the core
theory. Since then the subject of holomorphy over general infinite-dimensional commutative Banach
C-algebras has grown slowly but steadily (see for example [Mib60] and [Gli68; Gli70; Gli71]) and
is still an active field of research even to this day, see [MMP09; MP13; MMP16; MP16]. As the
reader might have guessed, this is the second line of research within the group (1)(ii) introduced at
the beginning. We remark that while the commutative Banach setting is certainly very general and
in principle subsumes the finite-dimensional case, the latter also has a lot of special extra structure
(starting with the decomposition of commutative Artinian algebras into local ones) not necessarily
available in the generality of the Banach setting and has the language and the tools of standard

differential geometry and algebraic topology at its disposal.

Overview of the Present Thesis & New Results. Following our philosophy of identifying the
right reasons behind any core result made it quickly clear upon closer review of the pre-existing
literature that a more in-depth look into the real theory, that is, over the indeterminate K € {R,C},
is desperately required. Thus, even though the main objective of the present thesis is the finite-
dimensional commutative complex theory, we will have to spend more time on the underlying real
theory than we originally intended. As a result, the main body of the present thesis organically splits
into the following two chapters / fields of coefficients / reasoning groups:

(1) Differentiation over A (Chapter 1) covers the theory over K, i.e. the part that is independent
of the presence of an underlying complex structure in A, or equivalently, core results that
follow for purely algebraic reasons, more precisely: given f: U — A A-differentiable, the
commutativity of A implies that the corresponding 4M-valued differential 1-form w = dZ -

Swe are a little afraid that the answer to this question might be “the sky is the limit”;
17t is thus tempting to call . 4-regular functions for A € CBanAlg. Lorcholomorphic;
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f(Z) € p(dZ)(f(2)) is d-closed, i.e. dw = 0, leading to the generalized Cauchy’s Integral
Theorem over A. In particular, Cauchy’s Integral Theorem (even over C) has nothing to
do with the complex numbers per se (except historically), but only with their structure of a
commutative R-algebra.

(2) Integration Theory over A (Chapter 2) covers the theory over C, or equivalently, core results
that follow for purely topological reasons, more precisely: mo(C*) = 1 implies m(A*) = 1,
which in turn enables the the existence of (the holomorphic) generalized Cauchy’s Reproducing
Kernel over A, leading to e generalized analytic index (winding number) over A, to Cauchy’s
Integral Formula(s) over A etc. This is the most crucial first difference to the purely real theory,
implying all the expected special consequences for A-analogues from the complex plane.

In more detail, the first fundamental issue we deal with in Section 1.1 is showing that £, C % ;tr C
F,. In the case yM = A, it was shown by Waterhouse in [Wat92a] that Z4 C %4, however
even in that case our approaches differ substantially. His proof strategy goes as follows: given
A = TTp_; (Ag, mg, R), one shows first that any f € Z4(U) can be written as f(Z) = f(Z1,...,2Z,) =
(fi(Z1),..., fu(Zy)), where each f(Zy) is £y, -differentiable (this is a special case of our later
Proposition 1.2.9) and then uses the rather special algebraic structure of the local (Ag, my,R) to
conclude that in fact fj is %4, -differentiable, hence in particular continuous, 1 < k < n. In
contrast, our approach completely avoids appealing to any algebraic facts about A and shows that
the inclusion in question holds for purely topological / analysis reasons (as it should!). In fact, we
show continuity of f € .Z,(U) (again for purely topological reasons) before we show that it is Frechét
A-differentiable (again as one should!). Moreover, Waterhouse is not particularly precise about the
domains of definition of the components fi, 1 < k < n. Finally, we are not entirely convinced
by his proof of the decomposition of f since he only actually shows it for products of copies of R
and C by making an essential use of their absolute values and then remarks that the proof for the
general case A = [[_; A is analogous, but recall that in general A, 1 < k < n, would only admit
submultiplicative norms, which appears to break his argument'®. The remaining part of Section 1.1
is mostly devoted to verifying various “p-calculus” rules, incl. various chain rules. In particular, we
state a “mixed” Leibniz rule in Proposition 1.1.19 for the product of a “morphism-differentiable”
function with a “representation-differentiable” function. As for the chain rules, an important subtlety
is that the middle sheaf % Str is not unconditionally well-behaved with respect to post-compositions.
This even includes post-compositions with A-linear homomorphisms, which causes % ;tr to behave
somewhat strangely compared to the other two regularity classes (see Proposition 1.1.23). We also
prove a substantial sharpening of a main result of [GM96] in Proposition 1.1.16: in our notation
their result reads €4 (U, 4 A) = ZL7°(U, 4A) N €*(U, A), whereas we show that in fact Vk € NU
{oo,w}: ‘KJZ(U, AA) = ZLA(U, 4A) NE* (U, A), that is, one can drop the “.Z4-smoothness” condition
to just the most basic Z4-regularity (the underlying reason being purely algebraic, namely that
A-linearity propagates to all higher total derivatives due to their symmetry), see the remarks after
Proposition 1.1.16 for details.

In Section 1.2 we prove various automatic p-differentiable extensions of p-differentiable functions and
canonical factorizations by studying the interplay between the analysis and basic algebraic/categorical
constructions, notably epimorphisms. We remark that canonical factorizations and automatic p-
differentiable continuations are really two sides of the same medal. This is where ﬁ;’tr finally gets to
shine after being a disappointment in Section 1.1. Barring A-prolongation and the aforementioned
factorization result of [Wat92al, all of these factorization/extension results are to the best of our
knowledge new. Naturally, they all rely on the conservation of A-differentiability by pre- and post-

8we are even tempted to say that his proof does not hold water;



INTRODUCTION & OVERVIEW

compositions established in Section 1.1. This is also where various spectral considerations enter
the play for the first time and are there to stay. More precisely, given a finite-dimensional represen-
tation p: A — Endg (M), where A = H?Zl(.Aj, m;, K;), we have that 4M admits an indecomposable
decomposition 4M = @), aMj, and p determines an index subset I, C [n] of “relevant” local fac-
tors Aj, or equivalently of characters x; of A, j € I,, in such a way that p reduces to representations
(Aj,m;,K;) — Endg(Mj) in a precise narrow sense (see Section 0.1.5 for the precise details). In
other words, on the representation side it is completely sufficient to consider only indecomposable
representations of local Artinian K-algebras. It turns out that this picture permeates the analysis
side as well, see Proposition 1.2.12, and that for the purposes of analysis it is in fact sufficient to
consider only faithful indecomposable representations of local Artinian K-algebras.

In Section 1.3 we state the homogeneous generalized Cauchy—Riemann(—Scheffers) equations for
p-differentiable functions and discuss various cosmetic aspects of them. These are more or less well-
known. Then we derive generalized Wirtinger operators, universal for all A € FdCAlgx. To our
surprise, these are completely new despite the fact that the construction is entirely natural. A subtle
point is that while the generalized Cauchy—Riemann—Scheffers equations evidently depend on the
A-module M (unlike for vector-valued holomorphic functions, that all satisfy the same Cauchy—
Riemann equations), more precisely on the structure tensor of the representation p, the generalized
Wirtinger operators are stated entirely in terms of A (of course, one still has to know the action
A ~ M), see Definition 1.3.2 and the subsequent paragraphs. They also have natural interpretations
as the “components” of the 2-form d(dZ - f(Z)).

def

Speaking of which, in Section 1.4 we finally consider w = dZ- f(Z) = p(dZ)(f(Z)) € QY (U, 4.M) and
give a rather short proof, in particular without invoking the generalized Cauchy—Riemann—Scheffers
equations, of the key fact that f(Z) is p-differentiable if and only if dw = 0, see Proposition 1.4.8. In
the case 4 M = A this result is not new, but as far as we know, its proof is, likely because it makes use
of the generalized Wirtinger operators defined previously. There we also consider the reverse question
of p-integrability, i.e. existence of p-primitives of p-differentiable functions f(Z) on various domains
and prove this to be the case on homologically 1-connected domains. Of course, on the way there
we prove various versions of the generalized Cauchy’s Integral Theorem, in particular a generalized
Cauchy—Goursat Theorem (after Pringsheim) that notably removes the condition of continuity of
the derivative, see Proposition 1.4.11. To the best of our knowledge this adaptation of Pringsheim’s
proof is new in the finite-dimensional commutative literature, especially for modules, but appears in
the infinite-dimensional commutative case in [Ped97]. Regardless, it is a natural continuation of the
preceeding low regularity discussion of p-differentiability.

In Section 2.1 we finally begin our treatment of the complex case. This is where spectral consid-
erations enter the picture in a decisive manner. It is prudent to point out at this point that when
it comes to the complex case, there are two seemingly competing points of view. The first one is so
to speak the intrinsic one, reflecting the desire to demonstrate that .4-holomorphy is a completely
self-contained and self-sufficient body of theory that has earned its independent existence and is on
par and equal in rights with classical complex analysis. This is of course philosophically and con-
ceptually important, but it is feasible only to a certain point. The second perspective is namely the
spectral one, reducing various problems to the complex plane, sometimes quite literally so. But it is
more than just an effective way to simplify problems — without it the theory of A-differentiability and
A-holomorphy simply remains incomplete. Thus, Section 2.1 introduces all the necessary topological
and algebro-topological notions that will support the integration theory of Cauchy’s Reproducing
Kernel (and related issues) in its strongest topological forms later on and they are all intimately to
the spectral notions introduced in Section 0.1.9. We say “strongest topological form” because the

10
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spectral POV clearly demonstrates for many (but not all!) types of problems over and over again
that the only obstruction is what is (not) known and/or doable in the complex plane. This applies
in full strength to Section 2.2, Section 2.3, and Section 2.4. Very briefly, as previously mentioned,
the finite-dimensional representation p: A — Endc (M) determines a subset of characters x; € X'(A)
of A, j € I,, that assemble to a “multi-character” x = x,: A — Cle (see Section 0.1.13 for the
precise details), providing a “relevant” strong deformation retract for homotopical “reduction” of
the corresponding integral to the complex plane (more precisely, a Cartesian power thereof), roughly
speaking. To the best of our knowledge, the spectral method, both in the real and complex finite-
dimensional commutative theory, is a whole completely new approach as attested by the substantially
stronger results we have obtained than what is currently available in the corresponding literature.
In particular, this also includes the simple algebro-topological invariants introduced at the end of
Section 2.1 that govern the basic algebraic topology of A-holomorphy. On the other hand, of course,
spectral arguments are nothing new in infinite-dimensional Banach algebras.

In Section 2.2 we introduce the p-analogue of the analytic index (winding number) from the plane for
singular 1-cycles I' with respect to a point Zy € A and give a complete characterization of it, using
the aforementioned spectral-homotopical approach, showing among other things that it is valued in
a canonical lattice in Endc(M). We remark that in the special case ¢ = id4 with A = (A, m,C)
the generalized index appears as an undetermined integer in [Riz52a; Riz52b]. It also appears in
[Ede76b] and [Shpl5], but neither of the authors has managed to give a satisfactory description (or
full calculation) of it.

In Section 2.3 we prove several versions of Cauchy’s Integral Formula over A, building from a local
“pointed” formulation, through a homotopical “pointed” and local non-pointed formulations, all the
way up to the homological version, also being the most general one. Barring the latter one, all of
the other formulations are intrinsic. This peculiar gradation of intrinsic versions has to do with
the fact the singularity of Cauchy’s Reproducing Kernel is somewhat more complexr than that in
the complex plane, so it all becomes a nice little balancing act between the contours of integration,
the points of “reproducing”, and the domain of definition of the p-holomorphic function f(Z). We
remark that a homological version of Cauchy’s Integral Formula over A = (A, m,C) also appears
in the aformentioned papers of G.B. Rizza [Riz52a; Riz52b], but our topological hypothesis on the
integration 1-cycle I' is much weaker than his (hence our version is much stronger): while Rizza
requires I' to be null-homologous, we require I' to be only spectrally null-homologous (see Defini-
tion 2.1.6), i.e. that only certain spectral projections (more precisely, the images under x;, j € I,)
of I' are null-homologous. A byproduct of our spectral proof is that this version is in a sense the
strongest possible since the statement reduces to the homological Cauchy Integral Formula in the
complex plane. We also prove automatic p-holomorphic continuation of p-holomorphic functions
and give a complete characterization of the domains of p-holomorphy (Theorem 2.3.5 coupled with
Corollary 2.3.9). Then we also derive the A-analogues of various standard consequences of Cauchy’s
Integral Formula. Finally, we prove a Cauchy Transform over A = (A, m, C) (see Proposition 2.3.16),
from which we derive a second, but intrinsic proof of the p-analyticity of p-holomorphic functions
(the first one being Proposition 1.1.16), as well as an .4-analogue of Morera’s Theorem (Proposi-
tion 2.3.18). While Morera’s theorem over A is certainly in the literature (except for the fact that
our version for p-holomorphic functions rather than A-holomorphic ones), the Cauchy Transform
over A is to the best of our knowledge new.

Finally, in Section 2.4 we prove a Cauchy-Pompeiu formula over A = (A, m,C) for sufficiently
differentiable 4M-valued mappings f and orientable compact surfaces ¥ C A in a general position
with respect to m. This connects back to the “standard” theory of holomorphic mappings of several
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complex variables as follows. Since .A-holomorphic functions are in particular holomorphic mappings,
this yields for holomorphic mappings f a kind of a low-dimensional Bochner—-Martinelli formula for
f over ¥, but with a non-vanishing surface integral term and holomorphic kernels for both the
boundary and the surface integral.

The Algebraic Classification Problem. We remark that in dimg > 7 there are uncountably
infinitely many isomorphism types of (A, m,K) € LocArtg (see [ST03; ST68] or [Sup56]). A full
classification up to dimg A < 6 was given by Poonen in [Poo0O8b]. Finding a classification/explicit
parametrization of all such algebras is an important open problem (see [Poo08a] for the state of the
art about the underlying moduli space). Furthermore, the representation theory of (A, m,K) with
m? # 0 but m3 = 0 is known to be wild.

Omitted Topics. It is safe to say that the number of important aspects we omitted in the present
work is at least as much as the included ones. More precisely, we have not included the follow-
ing:

e Any even remotely deep representation/module theory for A4 as well as any finer structure
theory for A itself (equivalently, “deeper look into the radical”);

o p-differentiability in the sense of Gateaux;

e A whole chapter on p-analyticity and mapping properties of p-analytic functions for both
K e {R,C};

e Any meromorphic theory and singularities over 4. This actually has to do with the appearance
of a new singularity phenomenon for Laurent series due to the presence of nilpotents (compared
to the complex plane), that we have dubbed “essential poles”. This is most easily illustrated
by an example: already in Cle]((Z)), €2 = 0, we have

€  N/€ .
(z-)(z+) -1
which gets progressively more complicated with higher-dimensional A. It is an interesting
problem to characterize when such singularities appear, but that is well beyond the scope of
the present work. So, yes, there are important qualitative differences to the complex plane that
cannot be explained away by spectral arguments!

e Solving the inhomogeneous Cauchy-Riemann-Scheffers equations and the corresponding ana-
logue of Neumann’s O-problem over A;

e Continuing the previous point, we have given no treatment of related cohomology theories.
However, we refer the reader to [Mal90; Mal99; Mal08], [Shu96], [SS01], and [MS16] for the
case A € FdCAlggr. With an underlying C-structure the corresponding cohomology theories
probably grow as O(n?).

And several more that would otherwise belong organically to the present thesis.

Applications. Even ignoring Section 2.4 or the natural appearance of A-structures in geometry,
the theory of A-differentiable functions for A € FdCAlggk is certainly not an end in itself. There
is a solid historical track record of applications to differential (and integral) equations: for exam-
ple, [Ket28b], [Lam49], [Wag48], [War53|, [Eic61], [Ede76a], [Wat92b], [PRS13], [Lép22], [LMT23],
[AFL23], [DLO25], and many others. Even more so, if we include the non-commutative setting (see
for instance [BKKO03; Kra07; Kra09; Kral3; BK14; KM14; KT18] and countless others).

A Note on Terminology. In various function theories over A € Algy the functions that are objects
of these theories are often called monogenic, meaning that the corresponding notion of a derivative
is independent of the choice of direction, and otherwise polygenic. Finite ring extensions of R, com-
mutative or not, have historically often been summarily called hypercomplex numbers (hence names
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like hypercomplex analysis, hypercomplex variable, hyperholomorphic functions etc.), but not every-
one understands the same under this term. For example, it is a bit strange to call a finite ring
extension of R that is not even a left or right C-vector space hypercompler. The bicomplex num-
bers Clz]/(z? — 1) = C x C are sometimes also called motor variables (mostly by some physicists
only). The “bireal” numbers R[z]/(z? — 1) 2 R x R have many names: double numbers, hyperbolic
numbers, split-complex numbers, paracomplex numbers (and hence one speaks for example of para-
complex geometry and paraholomorphic functions etc.). Some authors call A-differentiable functions
holomorphic regardless of whether A has an underlying complex structure or not, probably because
they satisfy generalized Cauchy-Riemann equations (see for example [Sal23]). But perhaps the top
three positions for most abused terms are taken by analytic, reqular, and function theory.
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0. Preliminaries

In Section 0.1 we give a detailed discussion of various basic structural properties of A € FdCAlgy
and its finite-dimensional representations. Even though we are ultimately interested in the case
K =K € {R,C}, various aspects turn out to hold for very general reasons that can otherwise end
up being obscured by superficial concreteness. To this end, the purpose of Section 0.1 is to give the
right amount of general context, where each of these hold. As it happens, this does not necessarily
require commutativity (especially when considering representations of A) or finite-dimensionality or
even an underlying field to well-define the former. We introduce several notions that will be crucial
later on for the analysis part.

In Section 0.2 we give a short discussion of the group of units A* of A € FdCAlgy and some
related facts. The topology of A* plays an essential role for establishing the analogue of Cauchy’s
reproducing kernel over A in the case K = C.

In Section 0.3 we give an overview of norm theory for A € FdCAIlgg, its (finitely generated) modules,
and some related basic algebra and module constructions, including the advantages and disadvantages
of various norm choices, painting an approximate picture of what is feasible in terms of favourable
norm properties. One of the main issues is that algebra norms are generically only submultiplicative,
which sometimes presents certain challenges when trying to generalize some of the landmarks of
classical one-variable complex analysis. Naturally, various norm estimates, especially those relying
on structure properties of finite-dimensional commutative algebras, play later on an important role
for obtaining tighter or otherwise meaningful bounds.

0.1. Algebraic Preparations

Since finite-dimensional commutative algebras and their finite-dimensional representations are central
to what follows, it is prudent to discuss some facts from both the commutative and non-commutative
algebra worlds that will be used in various places later on. For conceptual reasons we spend some time
doing so in appropriate generality since little is gained from specialization, as it turns out. Taking
such an approach is also consistent with our secondary, ulterior motives of keeping one eye open
towards the infinite-dimensional case. Most of the preparatory facts we present here are certainly
well-known, sometimes in disguise, but we don’t have a precise reference where the necessary material
is consolidated in one place and organized both to our liking and in a way that supports the main part
of the theory. It’s also mostly an excuse to fix various notations and conventions that we are going to
follow closely later on and setting a tone for the main part. So, it is the case here that, in a sense, the
definitions will be more important than the actual lemmas as the latter will mostly serve for proofing
the definitions, demonstrating whether we have indeed made the correct choice of definitions (or not).
Thus Section 0.1 has more of a (modest) foundational flavour and is about deducing statements for
the right reasons in line with the goals we have set ourselves in the introduction. But in reality it is
mostly just a careful navigation through a lot of simple observations. One can identify three central
themes recurring throughout:
(I) the back-and-forth passage between morphisms and representations of algebras;

(IT) standard factorizations of morphisms between different products of algebras and of representa-
tions of products of algebras, reducing the analysis later on to morphisms and representations
of blocks;

(IIT) emphasis on the spectral point of view and its interplay with products.
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In Section 0.1.1 we give a preliminary discussion relating to (I). The context of that is the desire
to eventually put the morphism and representation setting on equal footing for the purposes the
analysis later on.

In Section 0.1.2 we have consolidated some well-known material on the relationship between idem-
potents and direct (product or sum) decompositions, giving it a treatment more to our liking.

In Section 0.1.3 we introduce the perhaps lesser known notion of external direct products and connect
it to the familiar (internal) direct products. This has to do with the fact that the structure sheaves
we introduce in Section 1.1 exhibit naturality with respect to both kinds of products.

In Section 0.1.4 we finally introduce certain convenient corestrictions of representations. This is a
more in-depth continuation of Section 0.1.1, further addressing (I). Very briefly, convenient core-
strictions provide a way to pass from the inherently non-commutative world of representations of
commutative algebras to the commutative world of morphisms (of commutative algebras) in a way
that is tuned to our setting. These will reappear most prominently in Section 2.2, where it will be
more convenient to work with morphisms instead of representations.

In Section 0.1.5 we tackle (II), relying on Section 0.1.2. A subtle point is that, even though the
standard factorizations can be deduced for both morphisms and representations in great generality,
surprisingly neither one follows from the other in such generality, which necessitates certain amount
of repetitiveness in establishing the validity in both settings. We will examine this at some length.
We remark that one is able to deduce these factorizations from each other only after sufficient spe-
cialization (for example, this is so for our case of interest, commutative Artinian K-algebras).

In Section 0.1.6 we introduce relative notions of certain basic algebraic objects. These in turn sort
of specialize into “product notions” in Section 0.1.7 and “spectral notions” in Section 0.1.9, though
not entirely strictly.

In Section 0.1.7, as just mentioned, we introduce relative versions — with respect to direct products
— of certain basic algebraic objects of interest.

In Section 0.1.8 we deal very briefly with the fact of life that preimages of units need not be themselves
units (as well as some related issues). This is obviously related to our relative point of view. Basically,
it has to do with our difference quotient definition in Section 1.1 which only requires p(H), resp.
w(H) to be invertible. On the bright side, this gives more flexibility to the definition of the derivative,
which in turn allows for more natural proofs of the “functorial” behavior of this regularity class down
the lane.

In Section 0.1.9 we introduce the spectral point of view (issue (III)) (characters of algebras) in a
general algebraic setting and some corresponding notions that will be essential later on. In doing
analysis over a general A € FdCAlgk (instead of a local (A, m,K)) and over its representations,
it becomes self-evident that this is the conceptually correct point of view, at least for the time
being.

In Section 0.1.10 we deal with finite products of local rings as a somewhat more general venue
than commutative Artinian rings. This is also where Section 0.1.7 and Section 0.1.9 finally meet
and start to interact with each together. To this end, we give, however, the following notational
forewarning: as special cases of Section 0.1.6 we will have introduced in Section 0.1.7 the notations
.A(XI), Sing(1)(A), J(1)(A), [al(r), [a] (XI), and in Section 0.1.9 the notations A%, Sing7(A), Jz(A), [d]z,
[a]}, respectively. In Section 0.1.10 we will then have a self-evident natural correspondence I <+ Z
and then prove that the two sets of notions do actually agree in that special setting. In other words,
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the notation will indeed eventually converge, nevertheless the reader should keep in mind that it
ultimately expresses very different and generically unrelated points of view. On top of that, given
X C A, we will also have the notations X7 and Xy (introducid in Definition 0.1.6 in Section 0.1.2),
Xy (introduced in Definition 0.1.35 in Section 0.1.7), and X7 (introduced in Definition 0.1.42 in
Section 0.1.9). The latter two do not have precise matches in the “relative notions” from Section 0.1.6,
but rather are closures thereof.

In Section 0.1.11 we discuss some key aspects about the residue field s of a commutative local ring
(A, m, k), but most importantly under what circumstances it induces a k-algebra structure on the
local ring A. Even then, an important subtlety is that A D k need not imply that the composition
k < A — K is the identity on k, which is, however, what we are ultimately after. In other words,
one needs to answer the question when the “character” map x: A — s admits a section ¢: Kk — A.
When that is the case, k is called a coefficient field for A. We list a few general well-known criteria
for this to happen. The problem is most naturally understood in the setting of complete local rings.
Somewhat out of place, positive characteristic will pop up, but this is implicitly only so we can
exclude it!.

In Section 0.1.12 we finally restrict attention to our special case of interest — commutative Artinian
rings and algebras. Its purpose is to accumulate some basic critical mass of concrete commutative
algebra that will be needed later on for the analysis part on A € FdCAlgk.

In Section 0.1.13 we essentially summarize the preceeding sections and how all these different sets of
notions and perspectives converge together in the special setting of commutative Artinian algebras.
More precisely, Section 0.1.13 is a direct continuation of Section 0.1.10, where we show, among other
things, how the now matching “product” and “spectral” notions tie back to the original “relative”
notions from Section 0.1.6 for a given representation p: A — Endg (M) or morphism A % B.

0.1.1. Preamble: Morphisms vs. Representations

Given A € FdCAlgg, we will need to consider two intimately related perspectives that, however,
will ultimately give rise to two very different categorical structures, namely working with morphisms
A% Bin FdCAlgy (relative point of view) vs. working with finite-dimensional representations
p: A— Endg (M) of A € FdCAIgk (representation-theoretic point of view for not very short), that is,
M € FdMod(A) (the equivalent module-theoretic point of view). Worse still, despite the equivalence
of the latter two we will need to be somewhat flexible and will occasionally have to vary (of course, in
principle interchangably) between the representation-theoretic formulation and the module-theoretic
one, depending on which one is more convenient or natural in the given context. Even though A itself
will be eventually assumed commutative, we will also introduce in the following subsections some
aspects from non-commutative algebra as a natural setting for the representation-theoretic point of

view.

As previously promised, much of it can and will be done in a rather general, ring-theoretic setting.
But rings are just Z-algebras, while algebras are just rings with an additional compatibility structure,
and so we are faced with a choice. Since the main focus of the present work is on algebras, it is
more natural to take the perspective Ring = Alg, and likewise CRing = CAlg;. Thus we fix a base
ring R € CRing and we let A, B € Algp (or A, B € CAlgp). We also make the following conventions.
In representation-theoretic context we will use A to denote representations (corresponding to left
modules) and p to denote anti-representations (corresponding to right modules). This should not
be confused with the occasional usage of A (together with k) as a residue field (it should be clear

! Know thine enemy.
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from the context anyway). Later on, when we finally restrict our attention to commutative algebras,
we will only use p to denote representations of A € CAlgg. In the same vein, we will denote
by Ag: B — Endg(B), b — ({y: © — bx), the regular representation and by pg: B — Endg(B),
b — (rp: x + xb), the regular anti-representation of B. Both are indeed always injective since
Vb e B: Ag(b)(1p) = ps(b)(15) =b.

The astute reader will observe that the relative point of view ought to be treated as a special case of
the representation-theoretic one since any A % B induces an A-bimodule? structure AB 4 in the usual
way viaVa € AVbe B:a-b:=¢(a)band b-a = bp(a). Moreover, since ¢ is multiplicative, it is in
particular also a homomorphism of A-bimodules: indeed we have Vo, a € A: ¢(a-a) = p(a)p(a) &
a - p(a) and @(a - o) = p(a)e(e) € p(a) - a. We will denote the corresponding left, right, and
A-bimodule maps by 4¢: 4 A — 4B, pa: Aq — Ba, and g4p4: 4A4 — aB4, respectively. In other
words, we have very generally a map

(_)rep : MOI‘AlgR (-A? B) - MorAlgR (A’ EndMOdR (B))

(0.1.1)

o= (P"Pra— (a: b= p(a)b)).

More precisely, ¢ actually induces a representation-anti-representation pair:
@ PP = (Ay = Ag o, py, = ppo.p) (0.1.2)

Obviously, this distinction disappears for CAlgg. Having said that, there are two more practical
issues for us with this passage from morphisms to representations:
(i) it forgets the extra algebra structure on B;

(ii) it is not functorial in any suitable sense;

(iii) the treatment of direct products becomes more awkward because (even finite) direct products
of modules generally do not match direct products of the corresponding representations as
morphisms (or equivalently, the endomorphism algebra of a direct sum of modules is not
a direct product of the individual endomorphism algebras unless the modules are pair-wise
Hom-orthogonal).

One conceivable way around this is to leave CAlgp altogether and work in the larger category Algp
since then representations become morphisms. For us this concretely means abandoning FdCAlgy
for the larger FdAlgy, which qualitatively changes the venue of doing analysis over algebras to such
an extent that it effectively renders our rather direct approach to the subject unviable!

In the opposite direction, an alternative to the above would be to instead consider some corestriction
of the representation A to a mice commutative subalgebra, for example its image A(A), since the
source is already commutative, which clearly turns the corestricted A into a morphism in CAlgp
again. In summary, we thus have so far generically

(A5 B) s (0P A% B 5 Endp(B))

(0.1.3)
(A2 Endg(M)) — (A™: A — \(A) C Endg(M)),

where \™ denotes the obvious image corestriction. For our purposes, however, it will turn out later
on that this definition of a CAlgg-morphism out of A is not the most practical one and that there
is a more convenient one, which we will simply dub the convenient corestriction of A and which for
the intents of analysis behaves much better with respect to our other central topic, namely direct
products.

Details follow, but for now observe that the assignment ¢ — P preserves ¢ since Ag is always
injective. In the other direction, even though now A(A) € BMod(A) via A™ — (A™)*P the assign-

2clearly, we have Va1,a2 € AVb € B: (a; - b)-az =a1-(b-a2);
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ment \ — A™ is certainly lossy as we lose track of the precise M € LMod(\(.A)), of which there are
many, and A itself certainly need not be injective. Finally,

(@ P)™ = (Ago)™ =M op = (Ag)Mop =g (0.1.4)
since A\iI': B = AB(B) is a very canonical isomorphism. On the other hand,
(A)'P Z Ay © AT A — Endp(A(A)) (0.1.5)

with Endr(A(A)) in place of Endg(M), where A(A) C Endg(M). We will navigate these issues in
order to reconcile the morphism-theoretic and the representation-theoretic points of view so as they
can be treated on equal footing at least for our purposes.

Problem 1: Which representations A (really, compatible pairs (), p) of representation and anti-
representation in the sense of BMod) arise from morphisms ¢?

0.1.2. Direct Decompositions & Idempotents

We gather here some basic stuff about idempotents and decompositions that is certainly well-known,
but is unfortunately often scattered throughout the literature in lemmas, exercises, and remarks. We
thus use the opportunity to organize it in a somewhat comprehensive way to our liking and, more

crucially, tailored to our exposition later on. To this end, the terminology might slightly vary.

Definition 0.1.1 (Idempotents): Let e, e, €9, ..., e, € A be idempotents.
(1) e is called non-trivial :< e ¢ {0,1}.
(2) e is called central :< e € Z(A).
(3) e1,eq are called orthogonal 1< ejes = ese; = 0.
(4) e is called primitive :< e # 0 and e # e1 + eg for any two non-trivial orthogonal idempotents
€1, €2.

(5) e is called centrally primitive :< e # 0 central and e # e; + ey for any two non-trivial
orthogonal central idempotents ej, eo, i.e. e cannot be further decomposed into elements of
the same kind.

(6) The system {er,...,e,} is itself called (centrally) primitive :< V1 < j < n: e; is (centrally)
primitive.

(7) The system {e1,...,en} is called complete 1= >0 ej = 14.

Remarks:
(1) The condition for a set {e1,...,e,} C A to be a system of mutually orthogonal idempotents
can be succinctly expressed as V1 <14,j < n: e;ej = d;5e5.
(2) Any system {ej,...,e,} C A of mutually orthogonal idempotents can be orthogonally com-
ej and e, = 1 — e, we have ¢? & (> 51 ej)? = >y €5 +
Z#j eiej = Z;L:1 ej + Zi# dije; = e, i.e. e is idempotent, hence so is e,41, and moreover

. def . def
Vi<i<n:ee=ee, =Y eej = Z?Zl dijej = e;, hence V1 <i < n:ejepqy1 = eppr16; =

pleted: putting e = Z;‘:l

eill—e)=e —ee=e—e =

Definition 0.1.2: Let A € Algg and M € LMod(A).
(1) M is called finitely decomposable if there exists a finite family {Mj}i<k<m C LMod(A) of
indecomposable A-submodules of M such that M = ;" ; M.
(2) If M is finitely decomposable, then a decomposition M = ;- M} into A-submodules is
called complete? if M}, is indecomposable for every 1 < k < m.

Analogously for M € RMod(.A) or BMod(.A).

3sometimes also called a Krull-Schmidt decomposition, e.g. in [Lam01], or an indecomposable decomposition;
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Remarks:

(1) In particular, any indecomposable module is finitely decomposable with m = 1.

(2) In general, complete (finite) decompositions need not be unique (up to a choice of an ordering
of the indecomposable modules). Nevertheless, if M happens to admit a strong? complete
decomposition M = @}, My, then the Krull-Remak-Schmidt-Azumaya Theorem (e.g. see
[LamO01, Thm. 19.21]) tells us that it is unique both in terms of the number of summands m
and their isomorphism types [My], 1 < k < m. This actually encompasses a wide variety of
important examples.

Definition 0.1.3 (Decomposability in Algg): Let A € Algp. Then:

(1) Ais called left decomposable if A = P’_; £; for some non-trivial {£;}1<j<n C LMod(A) (left
ideals).

(2) A is called right decomposable if A = @’_; R; for some non-trivial {R;}1<j<n C RMod(A)
(right ideals).

(3) Ais called centrally decomposable if A = ’;_, 2; for some non-trivial {2;}1<j<, C BMod(A)
(two-sided ideals).

(4) A is called block-decomposable (or A admits a block decomposition) if A is finitely centrally
decomposable. When that is the case, the pieces 2;, 1 < j < n, will be called the blocks of A.

Remarks:

(1) In particular, it follows from the definition that a block of A is itself indecomposable over A
and that every centrally indecomposable A (equivalently, indecomposable as a bimodule over
itself) is its (only) own block.

(2) One should be aware that the terminology of what constitutes a block varies in the literature.
For our intents and purposes the above definition is completely sufficient.

Lemma 0.1.4 (Decomposability & Idempotents): Let A € Algp.
(1) Let M € LMod(.A). The following are equivalent:
(i) aM = @Zn:l AMy, with 0 # My, € LMod(A), 1 <k < m.
(ii) End4(4M) contains a complete system of mutually orthogonal non-trivial idempotents
{&1,...,En}, in which case we also have V1 < k < m: My = E,(M).
Analogously for RMod(A) and BMod(A).
(2) The following are equivalent:
(i) A admits a complete system of mutually orthogonal non-trivial idempotents {e1, ..., e,} C
A.
(ii) Left Peirce Decomposition: A = P7_; £; in LMod(A), where £; = Ae; ¢ {0, A},
1 < j < n, are left ideals.
(ili) Right Peirce Decomposition: A = PJ_; R; in RMod(A), where R; = e;A ¢ {0, A},
1 < j <n, are right ideals.
(3) The following are equivalent:
(i) The system of idempotents {ej,...,e,} in (2) is central.
(i) Wehave V1 <j<n: L;=Aej =¢;A=R; =A; < Aand A= P;_, A; in BMod(A).
(iii) A= []j_, ; in Algg, where 2; 20,4, 1 <j <n.
(4) The above decompositions are complete iff, additionally, the system {ej,...,e,} is primitive.
(5) If A admits a block decomposition A = H?:l A;, then the latter is unique up to permutation
of the blocks A;, 1 < j <n.

Proof: To (1): This is a standard generalization of, say, [Jac89][Prop.3.1, p.111]. Since we don’t

4the submodule My, is assumed to be strongly indecomposable, i.e. Endg(My) is a local ring, 1 < k < m;
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know a precise reference for the general statement, we include a proof. We only prove the LMod(.A)
case since the other cases are completely analogous.

“1) = (i))”: As [] 2 ]] in LMod(A), we have retraction diagrams
M, —F s M

. \ iprk
id g,

My,

forall 1 < k < m. Define &, = e opr,: M — My — M, 1 < k < m. Then clearly V1 < k <
m: & € Enda(M)\{0,idps} and &7 & e opry oggopry, = epoidag, opry, = eropry & &k Writing oz =
21 @By, for & € M, we have (371, &) (x) Z 0L, Do (eropry) (ze) = Sy en(7ey Skewe) =
o er(xr) = >, o = @, that is, ;0 | & = idps. Finally, if 1 < k # £ < m, then prj oy = 0 in
Hom 4 (Mg, My,) since MiNMy = 0, hence &y = ggopry oggopr, = ego0opr, = 0. Thus, {&1,...,En}
is indeed a complete system of mutually orthogonal non-trivial idempotents in End 4(M).

“(ii) = (1)”: Define My = E(M) C M, 1 < k < m. Since & # 0, we have M #0, 1 < k < m.
Since > ;" | & = idys, we clearly have M = ;" | Mj. It remains to show that this is a direct sum.
Observe that Vi € My: E(zr) = x as 5,3 =&,1<k<m Let K ;Cé [m], £ € [m] \ K, and
r € My o My with x =37, E(yx) for some y;, € M, k € K. Then, using idempotence and
orthogonality, we get © = &(x) = (X per Ex(Wr)) = 2 per Ee(Ex(yr)) = 0. This completes the
proof.

To (2): “(i) = (ii)”: Define £; := Ae;, which is clearly a left ideal of A, and for a € A put
aj = ae; € L5, 1 < j < n. Since 14 = > 7 ej, we have a = > 7 aj, hence A = 77, £;.
Observe that if a € £;, writing a = ae; for some a € A, we get a; S ae; = de? = ae; = a,
1 < j < n. Suppose now that a € £; N £; for some 7 # j, hence a = a; = a;e; = aj = aje;. Then
a = a; = aje; = aje; = ajeje; = 0 by orthogonality. It follows that Vi # j: £, N £; = 0, hence
.A == @?:1 Sj.

“(ii) = (i)”: If a € A, then by assumption there exist unique a; € £;, 1 < j < n, such that

a = @?:1%'- Define accordingly 14 =: 69;‘:16]-. We have Va € AV1 < j<n:& 3a; =ajly=
® qaje; € @, L (since £;, 1 <1i < n, are left ideals), therefore a; = ajej, hence £; C Ae;, and
2
J
and Vi # j:eje; = 0, that is, {e1,...,ep,} C A is a complete system of mutually orthogonal

Vi # j: aje; = 0. In particular, taking a; := e;, 1 < j < n, it follows that V1 < j < n:e? = ¢;

idempotents. Similarly, Va € A: a = &7_ja; = ala = a(®]_ €;) = Bj_jae; € EB?:I £;, therefore
Vae AV1<j<n:aj=aej, hence Ae; C £;. Thus, V1 < j < n: £; = Ae;.

“(i) « (iii)”: Analogously, but with the corresponding accomodations for right ideals R;, 1 < j < n.

To (3): “(i) = (ii)”: If, additionally, {e1,...,en} C Z(A), then clearly V1 < j < n:; = &; =
Aej = ej A = R, are two-sided ideals of A. The decomposition follows from (1).

“(ii) = (i)”: We only need to show that e1,...,e, € Z(A). Since 2A; < A, the identity al 4 = 14a,
a € A, implies that aje; = ejaj, and moreover Vi # j: aje; = 0 = e;a;, 1 < j < n, which proves the
claim since a = >, a;.

“(i) & (ii) = (iili)”: By hypothesis, we have A = @7_; A;, where V1 < j < n: ; = (e;) < A
Since e; € Z(A), we have that 2; is itself a unital R-algebra 1y, = e;, 1 < j < n. Furthermore, in
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BMod(A) finite coproducts coincide with finite products:

n n
o A=Pw =[]y =2
j=1 j=1
a1 @ Dap > (ar,...,an)
We are going to show that ¢ is in fact also an isomorphism in Algp. We only need to show that ¢ is
multiplicative, but this follows from

ab = (@?zlai)(@?zlbj) = Z aibj = Z eiejab = Zejaejb = Zajbj = @?Zlajbj,
j=1 j=1

1<ij<n  1<ij<n

using orthogonality and centrality of system {ei,...,e,}.

“(iii) = (ii) & (i)”: To avoid notational overload, we write instead A = []7_; A; = 2 in Algg
for the right hand side and denote by ¢: A =, A the given isomorphism. Now set Ql; = {04,} X
cee X {OAj—l} X Aj x {O-Aj-H} X - x {04, CAand e;- = (OAI,...,OAj_l,lAj,OAHl,...,OAn) e
1 <j <n Clearly, V1 < j < n: ) = (¢j) <A such that A = Pj_; A, in BMod(2), and
{€e],...,e,} C Z(A) is a complete system of mutually orthogonal idempotents. Putting

A = qb_l(ng-) and e; = (b_l(e;-), 1<j<n, (0.1.6)
it is easy to check that they do the job.

To (4): “=": Suppose that the system {ej,...,e,} is not primitive, i.e. suppose without loss of
generality for concreteness that e; = €] + €} for some non-trivial orthogonal idempotents €}, e/ € A.
Then by the same arguments as in “(i) = (ii)” in (1) we have £1 = £ & £/, where £| = Ae/| and
£1 = Ae] are non-trivial left ideals. Alternatively, it suffices to observe that £, = £] + £/ and
that {e}, e, ea,...,e,} is again a complete system of mutually orthogonal non-trivial idempotents:
for 2 < j < n we have €je; + ¢/e; = erej = 0, hence 0 = ¢/ (elej + efe;) = €le; + elefe; = €le;
and similarly eje} = efe; = eje] = 0. (This would imply that £ & £/ & L2 & --- @ £, is indeed a
refinement of £, & L2 @B --- D L,,.)

“«<": Suppose without loss of generality for concreteness that £; is further decomposable as £, =
£1 @ £] and for the corresponding e; € £; write e; = €] @ €} accordingly. Since €}, e] € £, we
have €] = eje; and e] = €fe1, hence £] 3 €| = ele; = e @ efe] in £ & £, hence €| = ¢ and
i€l = 0. Analogously, €] = ¢/? and €{e] = 0. Finally, since £7, £} ¢ {0,A}, it is clear that e}, ¢/

are non-trivial.
To (5): This is completely standard, see e.g. [Lam01, Prop. 22.1 on p. 327]. O

Remarks:

(1) In other words, A € Algp, is left decomposable iff it is right decomposable, or equivalently, A is
left indecomposable iff it is right indecomposable (over itself). Thus, we can refer to A € Algp
as just decomposable or indecomposable (over itself) without having to choose sides. In
the same vein, A is finitely decomposable (over itself) iff it contains a complete (in particular,
finite) system of mutually orthogonal non-trivial primitive idempotents. Finally, Lemma 0.1.4
(3) justifies calling A € Algp indecomposable in Algp if A cannot be written as a (finite)
product H?Zl Aj in Algg, even though [] is not the coproduct in Algp. Likewise for calling A
finitely decomposable and H?Zl A; a complete decomposition in Algy.

(2) The results in Lemma 0.1.4 are only equivalence-of-existence. In general, a complete decom-
position need not even exist to begin with despite an abundance of idempotents (e.g. infinite
direct products of rings).
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(3) A byproduct of the proof of Lemma 0.1.4 (2) is that A € Algp can be decomposed into at
most finitely many (non-trivial) ideals.

(4) An important relevant for us example of blocks comes from local rings. First recall that if
B = (B,n), then B does not admit non-trivial idempotents: if e € B is an idempotent, then
sois 1 —e, and e(1 — e) = 0, but we have either e € n, 1 — e € B*, or vice versa, hence
e € {0B, 15} regardless. It follows that (B,n) is indecomposable over itself by Lemma 0.1.4.
Thus any finite product of local R-algebras is automatically a block decomposition.

(5) If A € CAlgp, then Lemma 0.1.4 (3) automatic as every idempotent will be central.

(6) In many standard references on Commutative Algebra, versions of Lemma 0.1.4 (3) are proved
by passing to quotients and, say, invoking the Chinese Remainder Theorem. We remark that
the included proof, among other things, does not utilize quotients.

(7) Internalization: but Lemma 0.1.4 (3) is first and foremost about internalizing the inherently
external notion of (categorical) products in Algp so as to not have to constantly drag around
or worry about some isomorphism ¢: A =N H?:l Aj that may or may not (but usually can be
arranged to) stay an isomorphism in additional settings like Banach algebras, metric spaces,
submanifolds etc. Indeed, product decompositions (like for instance that of commutative
Artinian rings into local Artinian rings) generally hold only up to not even unique permutation
isomorphisms, unless we have explicitly postulated A := H?Zl A; to begin with. On the other
hand, the above @5-decompositions are internal in the sense of decompositions into subobjects,
and the isomorphism ¢: €@ = [] (finite) in Mod(A) is unique (as a result of the universal
property), however € is a coproduct only in Mod(.A), but not in Algg. So, here is how to eat
the cake and have it too without having to break basic category theory conventions, spelled
out: if we denote by p;: A = H?:l 20; — 2A; the canonical i-th projection in Alg g, then defining
pr; = pri* == ¢*p; & pi 0 ¢ gives the projection prit: A= @, 2 — A; in Mod(A), that also
happens to be a projection in Algp, 1 < ¢ < n. In other words, the cake is the frankensteined
pair (A = @;L:l Qlj,{prf}lgjgn), and there is only one way to bake it since ¢ is unique.
Essentially, this is Wedderburn’s outdated notion of a direct sum of algebras. The overarching
1ssue being that later on it will be much more convenient to do our analysis set-theoretically
than to try so categorically and generally avoiding checking things up to some (no top of all)
algebraic isomorphism. Equivalently and perhaps more cleanly, one can instead simply and
unambiguously postulate A = H?Zl A; from the outset. After all, A is isomorphic to only
finitely many different sets, so one of them ought to be the right one, right? Anyhow, we will
revisit the internalization issue for modules in Section 0.1.3.

Corollary 0.1.5 (Translation between M and End(M) (in)decomposability): By Lemma 0.1.4 (1)
and (2) we have in particular the following translation between module language and algebra lan-
guage:

M indecomposable < End(M) indecomposable. (0.1.7)

In particular, if M is indecomposable, then End(M) is a block (i.e. centrally indecomposable) since
the latter is just a special form of decomposability. We thus have the following “commutative
diagram” of implications:

rM indec. =——= 4 M indec. Endg(M)M indec.

H H ﬁ (0.1.8)

Endg(M) indec. === End (M) indec. === Endgyq,(ary(M) = Z(Endg(M)) indec.

where the first row is induced by restriction of scalars and the second row is induced by inclusion of

22



CHAPTER 0. PRELIMINARIES

the corresponding endomorphism algebras. O
Let now {A;}1<j<n C Algp and A= [];_; A;. We thus have natural epimorphisms
pr; = prj‘: A — A;
(a1,...,an) — aj,
forall 1 <j <n.

Definition 0.1.6: Let @ # I C [n] and X C A. We put:
(1) Ar =1L Aj-
(2) Xj:=pr;(X) =pri{(X) C4;, 1<j<n
(3) X1 =1l;er X; and

v Xj ifjel
n =
0 Aj;, otherwise.

Furthermore, for any @ # I C [n] we have an obvious multi-projection morphism
pry == pri: A — Aj.
In the other direction we also have:
Definition 0.1.7:
(1) Canonical non-unital inclusions (embeddings®) of R-algebras: V1 < j < n:
g = 634: A — A
a; — (0,...,0,a;,0,...,0)
(2) Multi-Inclusions: if @ # I C [n], then
er = Ef‘: Ar — A
(aj)jer = (a1, an),
where a; = 0 whenever j ¢ I.
Following the notations of Lemma 0.1.4 and its proof, we clearly have e; = €;(14,) and ¢;(A;) =

A; <A 1< j<mn,as well as ¢;(Ar) = @je[mj <1 A. Moreover, prjog; = idy;, €j o pr; = &5,
1<j<n, Z?le—:j opr; = idy, pryoes = idy,, and ey o pr; = ¢;.

To finish off the section, we recall the following relaxed form of the notion of direct products, that
oftentimes turns out to be completely sufficient:

Definition 0.1.8 (Subdirect Products): An object A € Algp, is called a subdirect product of a family
{Bi}icr C Algp, if there exists an inclusion® ¢: A < B :=[[,.; B; such that the induced map
A—->B

N
N

N B
L3 \& &prz
B;

is surjective for all i € 1.

0.1.3. Internal vs. External Direct Products

Even though we will be only interested in finite direct products, we should temporarily distinguish
between two different kinds — internal direct products (or just direct products) and external direct

Swe take here some poetic freedom to call non-unital inclusions of possibly unital R-algebras embeddings.
Sthe monomorphisms in Ring are always injective;
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products (for the lack of a better term). As it will turn out, the distinction is somewhat superficial,
but nonetheless conceptually convenient as it will reappear in Section 1.1.

We first briefly discuss the internal direct product of modules and its internalization”. To this end
we fix a single A € Algg and consider a family {M;}icr C LMod(A) with A;: A — Endg(M;), 1 € 1,
being the corresponding representations. Then the internal direct product is just the familiar cat-
egorical direct product [[;c; M; € LMod(A) with the obvious A-action a - (2;)icr = (a - xi)icr. As
already mentioned in Section 0.1.2; even for |I| < oo a pet peeve of the direct product is the cate-
gorical artefact that such product representations generically hold only up to (unique permutation)
isomorphisms unless one actually specifies the object explicitly as in M := [];., Mj. For instance,
if My, My € LMod(A), then both (M; x My, pry,pry) and (Ma X Mi,pry, pry) are products for the
pair (M1, Ms), yet in general My x My # My x M already in Set, but only M; x My = My x M in
LMod(.A) (as it should). In the finite case (|| < co) this can be rectified since the finite internal direct
product in LMod(.A) can be itself internalized as it coincides with the finite coproduct in LMod(.A)
(=direct sum), whose corresponding diagram consists of actual set-theoretical inclusions. More pre-
cisely, if we put M = My @ 4 Ms for the external direct sum, we have indeed M7 x Moy = My G 4 Mo
(equipped with projections M — Mj, My, or equivalently, M; x M, is a categorical coproduct via
the inclusions My, My < M; x Ms, x1,x2 — (21,0),(0,22)), but then we also have My, My — M
set-theoretically and the external direct sum becomes an internal direct sum with M itself being the
ambient A-module with equalities My &4 My = M = My &4 M> rather than just isomorphisms.
Such internalization is very convenient as it allows us to stop dragging around up-to-isomorphisms
and pass to (set-theoretical) equalities instead.

Lemma-Definition 0.1.9 (External Products & The Category of All Modules):
(1) Compatibility of morphisms: given A 2 B in Algh and M 2, rN in Mod(R), the pair (¢, ®)
is called compatible, if M € LMod(A), N € LMod(B), and
VAe A: p(A)od =Do A (0.1.9)

with the understanding that A € Endg(M) and ¢(A) € Endgr (V). In that case we also call ¢
to be over ® and write diagramatically

A—2 5B RM —25 N
rRM —25 gN A—F 5B

In other words, we simply have ® € Hom4(4M, ¢*(s8N)).
(2) The category LMod(Algy) of all left modules over non-unital R-algebras: it is given by the

data

(i) Objects:

Obj(LMod(Algr)) = {aM = (A, M) : A€ Algr, M € LMod(A)}
(ii) Morphisms:
Homy g(M,N) :== Mor(A, M;B,N) :=
== Mor((A, 4M), (B,5N)) = {(¢,®) : M 2 N is over A % B}.

One defines RMod(Alg) and BMod(Algy) analogously.
(3) External product: if {4, M;}ier C LMod(Algy) is a family, then the eXternal direct product

"There is an unfortunate overload of terminology here, but both notions of internal are unrelated: the internal direct
product refers to a product that is internal to some fixed category, e.g. LMod(A), while internalization refers here to
replacing category-theoretical isomorphisms by set-theoretical equalities.
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Xicr(a; M;) is given by [[;c; M; equipped with [[;c; Ai ™~ [icr M, (ai)ier - (%i)ier = (ai -
%;)ier- Thus, putting A == [[,c; Ai, M = [],c; M;, we have in particular M € LMod(A), and
Xier(4; M;) coincides with the (internal) categorical product in LMod(Alg}y), which is given

by (A, M) equipped with the pairs of canonical projections {(A ~ A;, M LN M;)}ier-

Proof: To (3): Firstly, given M; € LMod(.A;), the canonical projection m;: A — A; in Algy induces
def

AM; = 73 (4;M;), and we have Va = (a;)ier € AVx = (z;)ier € M: j(a-x) = IL;((ai-2:)ier) = a;-

x; S a-z;, hence (7;,1I;) is indeed a compatible pair, j € I. It remains to show that (A, M) together

with the given projections satisfies the universal property of a categorical product in LMod(Alg}y):

(¢5,%5)

(B,N) (Aj, M;)
T(p®) /@r;) (0.1.11)
(A, M)

Clearly, p: B— A, b— (¢;i(b))icr, and ®: N — M, x — (®;(x));c1, is the unique pair of maps that
satisfies the above diagram for all j € I, and it is a compatible pair by element-wise compatability
(of the pairs (¢;, ®;), i € I). O

Remark: The reader will immediately recognize that the external product X, ; 4, M; really is an
object in [[,.; LMod(A;), the (internal) categorical product (of these categories) within CAT, the
category of all categories. One should keep in mind that module categories are not small. O

Lemma 0.1.10 (Translation between internal and external products):
(1) Internalization: if {(A;, M;)}ier C LMod(Algy) is an arbitrary family, then
A( X .AiMi) = [[ads = T 75 (4 M),
icl iel iel
where A = [[,.; Ai in Algk. That is, the external product is internal with respect to A.
(2) Externalization: if A € Algy and {M;},c;r C LMod(A) is an arbitrary family, then

[ = A*<><AMi>7
iel el

where A: A < A, a +— (a);ey, is the canonical diagonal embedding. That is, the internal

product is a diagonal restriction of scalars of the external one.

Proof: To (1): this is just Lemma-Definition 0.1.9 (3).

To (2): For every ¢ € I we have a commutative diagram

A B Al
\ % (0.1.12)
id4
A
Thus:
A ( X AMO = A*<HW2‘<AM,->) = [T a7 (a) = [[(mi 0 A)* (abi) =
i€l i€l i€l i€l (0.1.13)
~Tisan = Tans
iel iel
as desired. =

One can combine Lemma 0.1.4 and Lemma 0.1.10 to show the following well-known fact (really,
rather a restatement of these):
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Proposition 0.1.11: Let {A;}1<j<n C Algg and A = [[}_; A;. Then there is an isomorphism of
categories

LMod(] ] A4;) = [ ] LMod(A
j=1 j=1

given by the functors

F: LMod(J ] A;) — J] LMod(4;)
7j=1 7=1
M~ (e1M, ... e, M)

and

n n

G: [ Mod(A;) — LMod H
j=1 j=1
(Mo 8 o 4 X M),
j=1

where {ej,...,e,} denotes the corresponding complete system of mutually orthogonal non-trivial
central idempotents for A. Analogously for RMod. O

Remark: Proposition 0.1.11 fails for infinite products or for Algy in place of Algp, though.
We end the subsection with fixing matching product terminology® for morphisms:

Definition 0.1.12: Let C € CAT.
(1) Internal product of morphisms: if X € C and X Y, iel, isa family of morphisms in
C such that Y := [[,.; Y; exists, then their internal product is defined to be the universal
morphism

(piier: X =Y.
For example, if C = Set, we simply have

(pi)ier: X = ][V
i€l

= (pi())ier-

(2) External product” of morphisms: if X; 24 Y;, i € I, is a family of morphisms in C such that
both X = (X, {pr{ }icr) = [L;c; Xi and Y := [[;, Vi exist, then their external product is
defined to be the internal product

X i = (i opri)icr: X =Y.
i€l

For example, if C = Set, we simply have

X [1x—]]v

el el

(zi)ier = (pi(2i))ier-
Given {X RN Y;}ier in Set, we have of course
(pidier = (X i) 0 A,
el

where A: X < X!z (2);¢1, is the obvious diagonal inclusion.

8as far as we know, there is none universally accepted despite the ubiquity of both constructions;
9also called Cartesian product of morphisms by some authors;
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0.1.4. Convenient Corestrictions

Generically, given an arbitrary family {M;}ier C Mod(R), we have M; € LMod(Endg(M;)), i € 1,
hence X, ;(Endg(m,)Mi) € LMod([[;c; Endr(M;)). Accordingly, putting M := [[;c; M; in Mod(R),
we have a natural faithful “diagonal” product representation

tprod: | | Endr(M;) < Endg(M) (0.1.14)
el
via factor-wise action. With regard to direct products, this homomorphism plays a key role for the
translation between the representation'® point of view and the module point of view as follows. If
Ai: A;i — Endg(M;), i € I, denotes a family of algebra representations and A := [[,.; A;, then their
external product (as morphisms) in Algy is given by X;erAi: [[;ie; Ai = [[;c; Endgr(M;). In other
words, the representation corresponding to the external product of (4,M;)icr (as an A-module) is
almost, but not quite the external product of the individual representations, since it is actually given
by the composition
tprod © (X Xi): A= J[Ai = [ [ Endr(M;) — Endg(M).
il icl icl

Since tproq is an Algg-inclusion, it thus makes sense to treat it as an identification of sorts (onto its
image), a perspective that we shall adopt henceforth. Then one can get away with the following:

Meta-Lemma 1: The external product of representations as morphisms corresponds to the external
product of the respective modules. ]

On the other hand, if Vi € I: A; = A, then the representation corresponding to the internal product
[I;cr 4M; is given by the diagonal pull-back of the product of the individual representations:

tprod © ( X Ai) o A A< AT — [] Endg(M;) < Endg(M). (0.1.15)
i€l el
(cf. Lemma 0.1.10). In particular, the Cartesian product of A-modules does not directly match
the Cartesian product of the corresponding representations as morphisms. This would grow into a
technical annoyance later on that therefore needs to be nipped in the bud (as one should). We come
conceptually prepared:

Meta-Lemma 2: The (internal) product of modules corresponds to the internal product of the
corresponding representations.

Proof: By Section 0.1.3 we have (\;)ier = (XierAi) o A, hence

lprod © (Ai)ieli A — HEndR(Mz') — EndR(M)
el
by Eq. (0.1.15). ]

def

When the product M = [[,.; M; is finite (which is what we are mainly interested in), there is a
rather explicit description of the “identification” tp0q as follows. Let C € Cat, let X € C, and recall
the functor hx(—) = Morc(X,—): C — Set and the cofunctor h*(—) := Morc(—, X): C — Set, or
equivalently, h* (—): C°P — Set as a functor. As functors, both hx(—) and h* (—) are continuous, i.e.
hx (lim;es Y;) 22 limyer hx (Y;) and A (lim;es Y;) 22 limger A (Y;) for any diagram {Y;};e; in C or COP,
respectively. Since limits in C°P correspond to colimits in C, this means in particular that hx(—) pre-
serves products and hX (=) preserves coproducts in C. Taking C := Mod(R), we have that ¥ M, N €
Mod(R): Hompr(M,N) € Mod(R) viaVr € RV f € Homg(M,N)Vz € M: (r- f)(z) =rf(z) =

1 .
Y%as a morphism;
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f(rz), hence Hompg(—, —) is in fact an internal'! Hom, i.e. Homz(M, —), Homg(—, N): Mod(R) —
Mod(R) rather than just Set, where Hompg(M, —) preserves arbitrary direct products in Mod(R)
and Homp(—, N) preserves arbitrary direct sums in Mod(R) as just observed. In particular, since
Dy, = 11, in Mod(R), we have that Homp(M, —) preserves finite direct sums and Hompg(—, N)
preserves finite direct products.'> More specifically, following our internalization philosophy from
Section 0.1.3, we thus obtain the equalities

Homp(M, 5 My) = € Homp(M, M)

k=1 k=1
HomR(@ Mk, M) = @HomR(Mk, M)
k=1 k=1

rather than mere isomorphisms, where explicitly
m
(ig)«: Homp(M, My) = Homp(M, D My)
k=1
frrigof

for ip: My — @, My, denoting the canonical inclusion of R-modules, 1 < ¢ < m, and

Hom pg(Mj, M) < Homp(EP My, M)
k=1
A CHEE T (CI)
Now let M = @, My in LMod(A), hence also in Mod(R), and let A: A — Endr(M) denote the
corresponding representation. It follows that we have the equality

Endg(M) = Endg (@MO < Homp <@Mk,@Mg> = @@HomR(Mk,Mg), (0.1.16)
k=1 /=1

k=1 k=1 ¢=1
where the last object can be neatly organized as the matrix (@, @}~ Homp (M, Mf))lge,kgm
and is indeed canonically an R-algebra in the R-linear category Mod(R) via the composition o of
morphisms. It comes equipped with the obvious Mod(R)-projections

prgléd(M): Endg(M) — Hompg(My, My), 1 <k, 0 <m,
which, however, are in general not Algp-morphisms in the corner cases k = ¢, unless the decompo-
sition is actually orthogonal in the sense that V1 < k # ¢ < m: Hompg(My, My) = 0. On the other

hand, following Lemma 0.1.4 (3) and Definition 0.1.7 we do get a natural (diagonal) inclusion of the
corner R-algebras

Tg (0.1.17)

1%

But while g/, 1 < ¢ < m, are only Algp-inclusions, teor is in fact an honest Algp-inclusion, as one can
easily check. Consequently, even though usually products act on products, we have in the finite case
Algr products acting on Mod(R) direct sums:

m m m
[[ Endr(My) ~ M =P M = [] M
k=1 k=1 k=1

yet another usage of internal;
12Without further assumptions on R € CRing and/or M, N € Mod(R) this is about the best one can expect as there
are counter-examples otherwise.
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(factor-wise). Moreover, we clearly have a commutative diagram

[T, Endg(My,) <> Endg(M)
%rEnd(M) (0.1.18)

pr, &L

Endp (M)

for all 1 < ¢ < m, but only in Mod(R). All in all, this gives a complete description of iproq in the
finite product case: tprod = lcor-

Let us now apply our starting point of view of this section to our finite case M = @, ; M}, a little
further. Tautologically, we have M € LMod(Endg(M)) with the original M being of course the
restriction of scalars of gyq,,(ar)M along the canonical inclusion R < Endg(M), r + ridy. Writing

*

T = @)L, 2 € M, the restriction of scalars ¢,

M is simply given by

def

m
[ Endr(Mi) A M: (D1, @) -2 = (D1, Bp) - DLy 2 = DI Pr().- (0.1.19)
k=1

*
cor

Accordingly, the subsequent restriction of scalars ej¢%,. M is in turn given explicitly by

EndR(Mg) NM: ®p-x det (Lcor ¢ 85)(@@) - et (0, ..., 0,9,,0,... ,0) . @’,;”lek = (0 ) 20)
=03 Q0D D) DOD--- 0= iy(By(x0)),

1 </ <m. It follows that
ip: EndR(Mg)Mﬁ — E;LZOYM (0121)

is in fact well-defined in LMod(Endgr(My)), 1 < £ < m. In other words, Eq. (0.1.21) simply says that
the inclusion teor © £¢: Endg(My) — Endg(M) in Algy is compatible with the inclusion ip: gMy —
rM in Mod(R) in the sense of Lemma-Definition 0.1.9, that is,

Vo, € EndR(Mg): (Lcor o 83)(@5) oty =1y 0 Py, (0.1.22)

or put differently, that we have a morphism (teor © €¢,7¢): (Endg(My), My) — (Endgr(M), M) in
LMod(Algy), 1 < £ < m. Using this, we can now, among other things, address the inverse problem of
characterizing the necessary and sufficient conditions under which the containment of a product of
endomorphism algebras gives rise to a matching decomposition of the corresponding module:

Proposition-Definition 0.1.13 (Corner Corestriction): Let M € LMod(.A) via A: A — Endg(M)
and let ig: pMp — rM, 1 < k < m, be a finite family of R-submodules of M that are also A-modules
via corresponding representations Ay: A — Endp(My), 1 < k < m. Then 4M = @,-; 4M in
LMod(.A) if and only if the following two conditions are fulfilled:
(i) Factorization (or compatibility of the A-action): A = teor 0 A" in Algp for some inclusion
teor: 111, Endg(My) < Endp(M) and X = (Ap, ..., Am) = S €k 0 Ak
(ii) Compatibility (between the module inclusion and its endomorphism algebra inclusion): ij: My —
M is Endp(Mp)-linear, where Endr(My) ~ M via tcor © €2 Endg(My) — Endg(M), for all
1<k<m.
Moreover, when this is the case, the inclusion (o, is precisely the one induced by the decomposition
rM = @, M} in Mod(R) as described in Eq. (0.1.17), and hence the action Endg (M) ~ M is
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as given by Eq. (0.1.20). Equivalently, we have the following succinct diagram

Endg(My) &&—— T Hk 1EndR (My) «--<%-- > Endgr(M) (0.1.23)
M, « L M

where the upper left triangle (above /) and the right triangle commute, 1 < ¢ < m. The morphism
A" will be called the corner corestriction of A. Analogously for RMod(.A), anti-representations
p: A— Endg(M) and pi: A — Endg(My), 1 < k < m, and an anti-homomorphism p*

Proof: “=": This basically follows from the above discussion. Note that ix: My — M, 1 <
k < m, also become inclusions in LMod(A) since by assumption 4M = @, AMk.N It only re-
mains to show that the right triangle commutes. Denote by ¢: M = @, M — [, Mg,
x = @' xp — X} 2k, the canonical isomorphism (in LMod(A)) and observe that Va € A: (tcor ©
X (@) = ¢ oA (a) 0 ¢. Thus Va € AV € M: (teor(A(a)))(z) = ¢~ (Acor(a)(qﬁ(az))) =
¢~ (O Ak(@) (L)) = &7 O (@) (@r))) = 67 (L (a - 2p) = @7 a - (X)) =
¢ Ha-d(x) = ¢ P(a x) =a-z = Na)(z), i.e. Va € A: (teor 0 A)(a) = A(a) as desired.

“<”: Conversely, put B := [[;-; Endg(M},) and suppose that there exists some inclusion teor: B <
Endgr(M) in Algp (technically not a corner inclusion yet, either) such that tcor 0 £¢ is compatible
with ig, 1 < £ < m, and A = teor © X", where X": A — B, a — (Ai(a),...,Am(a)), is as given
(technically not a corner restriction yet). We first claim that very generally V® € Cp(A“'(A)) =
[Ti21 Cendp(ar) (Ae(A)) : teor(P) € Endy(M) € Endg(M). Indeed, setting £ = tcor(P), we have
Vae AVx e M:

a-E(x) = (AN@)€)(@) = (toor(X(@))tcor(®)) () = (toor(A (@) @) (2) = (teor (PA (a))) () =
= (tcor (@)oo (A (a)) ) (2) = (EM)(2) = E(a - @),

Now, if {e1, ..., en} denotes the corresponding Canonical complete central system of mutually orthog-
onal non—trwlal idempotents for B, explicitly er & €g(ldM€) S ee(Me(ln)) = o (0,...,0,X(14),0,...,0),
then clearly e, € Cp(A(A)), 1 < £ < m, hence, setting & = teor(€r) = (teor © €7 0 M)(14) €
Endg(M), 1 < ¢ < m, we actually get that {&1,...,En} C Enda(M) C Endgr(M) is itself a complete
system of mutually orthogonal non-trivial idempotents (not necessarily central anymore though).
Taking M, = &(M) € LMod(A), 1 < £ < m, it follows from Lemma 0.1.4 that 4M = @}, 4 M.
Next we claim that & oip: 4 M; — AM) is in fact an equality of A-submodules of M, 1 < ¢ < m.
To this end, we have YV, € My: (E0i)(2) = ((teor 0 €0)(idag,)) (ie(20)) = (idar, 0i¢) (w¢) = i¢(as) by
compatibility, i.e. £ o iy = iy in Mod(R), hence pMy = pRM) and Vk # (: Ey oty =Ep o0& 0y =0 by
orthogonality. It remains to show that i, is also A-linear. We have Va € A:

Lcor()\cor(a)) o Lcor < Z(Ek o )\k)(a)> = Z(bcor CE&Ro )\k)(alA) =

k=1 k=1
m m
ef
- Z(Lcor OEE© )\k)(a) : (Lcor OEE© )\k‘)(lA) = Z(Lcor O€&k© )‘k)(a)gk
k=1 k=1
Hence, using V1 < k, ¢ < m: &, o iy = Sty from above, we have Va € A Vxy € My:

a-ig(we) = Na)(ie(xe) = (tcor(Meor(a))) (ie(r)) = <Z(Lcor o€ o Ak)(a)5k> (ie(we)) =

k=1

= ((teor 0 €00 Me)()) (ie(x4)) = ((teor 0 £0)(Ne(@))) (ie(we)) = ie(Ne(a) (xe)) = ig(a - w¢)
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by compatibility. This completes the proof. O

Remark: Since ix: My — M is Endr(My)-linear, it follows that Ker(ix) € LMod(Endgr(My)), so
with some additional assumptions on My, e.g. M} simple, the injectivity hypothesis on i; could be
even dropped, 1 < k < m. O

In other words, we have just given a characterization of when a module is a direct sum (=internal
direct product) of finitely many submodules in terms of inclusions of the corresponding endomor-
phism algebras. Next we give a characterization of the parallel question of when a representation is
(essentially) an internal direct product of other representations as morphisms:

Lemma 0.1.14: Let {M}}1<k<m C LMod(A) be a finite family with corresponding representations
At A — Endp(My), 1 < k < m,let gM = @, RM}, in Mod(R), and let X\: A — Endg(M) be
some representation. Then A = teop 0 (A1, ..., A\ ), 1.e. A is the internal direct product A" up to teor,
if and only if the following two conditions are satisfied:

(i) A(A) € TIiL, Endg(Me);

(ii)) V1 <k <m: prg’r];d(M) oA = ) (in Mod(R)).
Schematically, we have the diagram

c
———s T2 Endp(My) ——*—— Endg(M) (0.1.24)
\ lprk m

Endgr(Myg)

for all 1 < k < m, where A =C oA™ and ta(4) denotes the inclusion from (i). Analogously for
RMod(.A), anti-representations p: A — Endg(M) and pg: A — Endgr(My), 1 < k < m, and anti-
homomorphisms p" and p™.

Proof: We need to show that the upper triangle commutes if and only if there exists a set-theoretical
containment ¢y(4) and the outer parallelogram commutes for all 1 <k < m.

“=": obvious from the discussion so far.

“«<": By commutativity of the upper right triangle it suffices to show that the upper left triangle
commutes. But

d(M)

E M
Ak = prkjr;g (M)

o\ = prgr;vd o C o™ = pr, OL)(4) © A

by commutativity of the whole right triangle, hence the issue reduces to the commutative “double”

diagram
(A 1y Am) m
A H@ 1 EndR(Me)
[’)\(.A)O)‘ m
A lpfk

where we need to show that the two parallel arrows agree, 1 < k < m. But this is just the universal
property of the product. O

Lemma-Definition 0.1.15 (Convenient Corestriction): Let 4M = @,~; 4M} in LMod(A) with
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corresponding representations A" = (A1,..., Ap,). Put By = Ag(A), 1 <k <m, and B =[]}, B.
Then the morphism A™°" completing the commutative diagram

_A
)\im - A
= e xeor (0.1.25)
)\(A) ha B ?’\’/// X p=1'By, HZl:1 EndR(Mk;) z%% EHdR(M)

will be called the convenient corestriction of A and B will be called the convenient target (or convenient
codomain) of A\, where tg,: By < Endr(My), 1 < k < m, denote the image inclusions. In other
words, we have

amor & (\im - \im) (0.1.26)
Analogously for RMod(.A), anti-representations p: A — Endgr(M) and px: A — Endg(My), 1 <

k < m, and anti-homomorphisms p°*, p'™, and p™°r.

Proof: \°°" exists “commutatively” by Proposition-Definition 0.1.13, from where the “commutative”

)\mor

existence of is clear by construction. O

Remarks:

(1) If m = 1, then indeed A\™°F = \I™,

(2) Certainly, both A®" and A™°" depend on the choice of a decomposition for M. However, as
already pointed out in Section 0.1.2, under favourable circumstances M admits a unique (up
to permutations) complete decomposition, in which case X" and A™°" only depend on the
choice of ordering / labelling of the direct summands.

(3) If A € CAlgp, then (—)™°" allows us to abandon the inherently non-commutative world of
the representation A and pass to a morphism in CAlgp. This is especially useful when By,
1 < k < m, turn out to be (commutative) blocks, e.g. commutative local rings. Using A\™
instead is less convenient since the block decomposition of the image need not match the (say,
complete) decomposition of M (e.g. think diagonal inclusions like A: A < A?).

Recalling Definition 0.1.8, we now show that even though it may not be possible to match a de-
composition of the image to the decomposition of the target endomorphism algebra factor-wise, the
image still happens to be a subdirect product of an object matching said decomposition, namely of

the convenient target:

Lemma 0.1.16: Let oM = ;" aM}, in LMod(A) with corresponding representations A: A —
Endr(M), \g: A — Endr(My), Br = Ap(A), 1 <k < m. Then the image of A\, A\(A), is a subdirect
product of the convenient target of A, B := [[,-; Bx. That is, we have a commutative diagram

A2 NA) — S BB Endgp(M)
T iprls/ (0.1.27)
)\}Cm \\4\_\ prg,r;cd(]\/[)

By,

where the rightmost triangle is only in Mod(R), for all 1 < k < m. Analogously for RMod(.A), anti-
representations p: A — Endg(M) and pi: A — Endgr(My), 1 < k < m, and an anti-homomorphism
pim'

Proof: We only need to show that the maps m, 1 < k < m, are surjective. To this end we show that
the leftmost triangle commutes. But this is clear from the commutativity of the bigger left triangle
in which it is contained: 73 o AI™ ot prf o C o™ = )\}ﬂm, 1 <k < m. Since )\}ﬂm is itself surjective by
definition, it now follows that so is 7, 1 < k < m. O
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Corollary 0.1.17: Let B = [}, By in Algg with corresponding regular representations Ag: B —
Endg(B), A\g, : Br — Endgr(Bg), 1 <k < m. We then have a commutative diagram
B
e

B =TI, Bx —25 > Endg(B)

PrgB r
AB, [ Xj=1ABy, i /
_ v (0.1.28)

¢ m
Endp(Br) '« — [lp=1 Endr(By)

for all 1 < ¢ < m. It follows that A\Z" = X}, Ag, and )\ién = A\g°" = idg. Analogously for the right
regular anti-representations pp: B — Endg(B) and pg, : B, — Endg(Bg), 1 <k < m.

Proof: The square on the left is self-evident (when interpreted appropriately), so nothing to show
there. By Lemma 0.1.4 and the subsequent internalization discussion we can write gBg = @?:1 B(Bi)s
in BMod(B), hence also in Mod(R), which in turn induces teor: [ [ Endgr(Bg) < Endgr(B) in Algp.
Next we show that A\Z" = x}* ; Ag,. Writing b = x}" b, € B € Algp and y = @]y € B € Mod(R),
we get

def def def

Vb,y € B: As(b)(y) = by = x[Lybg - X Py = XPlibrye = Xy A (0) (k) =
= teor(Xje1 A8, (bk)) (DL 1Yk) = teor (X fe1As;, (0k)) (y) =
= Lcor«xzn:l)‘Bk)(in:lbk))(y) = ((Lcor o (XLnZI)\Bk))<b)> (),

hence Vb € B: Ag(b) = (Lcor o (x};‘:l)\gk))(b), i.e. Ag = teor © (X} B, ) as desired. Finally, )\ié“ =
Az°" = idg follows from Lemma-Definition 0.1.15. U

Corollary 0.1.18: Upon identification via tcor, we simply have:
)\Hzlzl B, = X?ZIABk. (0.1.29)
That is, the regular representation “commutes” with finite direct products. ]

In CAlgyr we have one additional type of useful natural corestriction that we examine next:

Lemma-Definition 0.1.19 (Tautological Corestriction): Let A € CAlgp and let 4M = @)~ 4 M
in Mod(.A). Then we have a commutative diagram

A
A T e M, N (0.1.30)
ABnd 4 ! ' o
End v
)\(A) & Hm End (M ) (L ( EndA(M), ) (% End (M)
k=1 A k XL)’LlLZaut H;cnzl EndR(Mk) Endp R

with no a priori inclusion relations between End 4(M) and [[;, Endg(Mj). The map AUt
will be called the tautological corestriction of A.

Proof: Since A is commutative, the representation A\: A — Endg(M) factors through the natural,
almost tautological inclusion tgay: End4(M) — Endg(M) via a map A%, Analogously, we have

maps (12" : End 4(M}) < Endg(My), 1 < k < m. The other notations are self-explanatory. O
Lemma 0.1.20 ((—)"P vs. (—)™"):
(1) Let ¢1,...,¢m be morphisms in Algg. Then, after an ¢ -identification, we have:
e Internal Products: (1,...,9m)" = (017, ..., om’).
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e External Products: (X} ;pr)"P = X7 ¢, ",

(2) Let o = (o1, --,0m): A— B = [I;, Bk be an internal morphism product in Algg. Then we
have a commutative diagram

A

Ap

AIL;]OI‘ )\(ipol‘ (0-1-31)
Ty Ay (A) — Tt Endg(B) —*— Endg(B)
in Algp, where:
(p™eP)mer S AT = ((QIP)m, L (heP)™) £ . (0.1.32)

Proof: To (1): We follow here Eq. (0.1.29). First let A 2% B, 1 < k < m. Then:

)rep = ()‘Hk 1Bk) (9017 .- -,(Pm) = (XZLl)\Bk) © (9017 . -,ﬁpm) =
= (ABl o Spla .. ‘7)\Bm o me) d:ef (SOI‘BPJ A 7@?)’??)'

Next let A, 2% B, 1 < k < m. Then:

(@17"'7()0777,

rep

T def def
(<F210k)™? = (A, ) © (XEL1k) = (XEL1As, ) © (Xpliwr) = XGL1(As, 0 k) = XGLipy -

To (2): This follows from Lemma-Definition 0.1.15. In particular:
(P N (O, () (e oa )™, (e or,)™) =

m
- ((Agl 0 901>im? R ()\Bm 0 Som)lm) = (/\:zr??’ Tty Agﬁl)
by Eq. (0.1.28), where we have denoted prE™d: T[)", Endg(B;) — Endg(By), 1 < k < m. Hence

Codom(AZ°") = Codom(AL?, ..., A" ) =TT, Ay, (A). The inclusion A, (A) C [TiL, Ay, (A) follows

automatically from Lemma-Definition 0.1.15. Alternatively, we have

M) E ) S (P (A) 2 (AT, ()

Pm)"
=N VERD W H

k=1

0.1.5. Standard Factorizations

Lemma 0.1.21 (Morphisms from Decomposable Algebras into Indecomposable Algebras): Let A 2 B
be a morphism in Algg. If A is decomposable over itself with 44 = @, £; and Ax = P’ R;
and B is indecomposable over itself, then there exists a unique i € [n] such that

aA 255 B Ay 245 By
7 and ] (0.1.33)
L7 J1ap 7 31pa
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are commutative diagrams in LMod(A) and RMod(A), respectively. In particular, if A = [[}_; A;
in Algp, then there exists a unique i € [n] such that
A—*5B

7

pr@ (0.1.34)

is a commutative diagram in Algp.

Proof: We prove only the LMod(.A) case since the RMod(.A) case follows analogously. Let {ey,...,e,} C
A denote the corresponding complete system of mutually orthogonal non-trivial idempotents. Putting
fi = p(ej), 1 < j < n, we have that {f;}1<;j<n is itself a complete system of mutually orthogonal
idempotents in B. Since B is indecomposable over itself, it follows that V1 < j < n: f; € {0g, 15}.
As ¢ is non-trivial and unital, we cannot have V1 < j < n: f; = 0, since otherwise we get
0=>71fi = v(>Xj_i1¢;) = ¢(la). Suppose now that there exist i,j € [n], i # j, such that
fi = fj = 1. Then by orthogonality O = f;f; = 1z, a contradiction to ¢ being non-trivial.
Thus 311 < i < n: f; = 1, and Vj # i: f; = Op, that is, Vj # i:e; € Ker(p). Putting
=35 Aej £ @D,..; £; € LMod(A), we have [; C Ker(p) = Ker(ayp), hence a¢ factors through
AA/ Al = 4£;. Finally, if the decomposition of A is central, then in the notations of Lemma 0.1.4
without loss of generality £; = R; = ;, 1 < j < n, are two-sided ideals, hence the quotient is an
object in Algp isomorphic to A;. O

Lemma 0.1.22 (Indecomposable Modules over Centrally Decomposable Algebras): Let A € Algp
and M € LMod(.A) via a representation A\: A — Endr (M) or M € RMod(.A) via an anti-representation
p: A — Endp(M). If A= ][;_, A;j in Algp and M is indecomposable in LMod(A) or RMod(A),
respectively, then there exists a unique i € [n] such that

A 2P Endgp(M)
priAl 7 (0.1.35)

is a commutative diagram in Algp, where in the second case p is an anti-homomorphism.

Proof: Let {ej,...,en} C A denote the corresponding complete system of mutually orthogonal non-
trivial central idempotents as in Lemma 0.1.4. Put f; == A(ej), 1 < j < n. Since e¢; € Z(A), we
have in fact f; € Enda(M) C Endg(M), 1 < j < n. Thus {fj}1<j<n itself is a complete system of
mutually orthogonal idempotents in End4(M). Since M is indecomposable in LMod(.A), it follows
from Lemma 0.1.4 (1) that V1 < j < n: f; € {0,ida}. It is not possible that V1 < j < n: f; =0,
since then we would have A\(14) = 0, a contradiction as M # 0 by definition. Therefore, at least one
fj is idps. Suppose now that f; = f; = idas for some i # j. Then idys = f;f; = 0 by orthogonality,
a contradiction again to M # 0. Thus there exists exactly one 1 < i < n such that f; = idy; and
Vj#i: f; =0, in particular Vj # i: e; € Ker()). Setting a; :== (e1,...,€i—1,€i41,...,€n) T A, we
have a; C Ker()), hence A factors through A/a; = A; as a morphism of R-algebras. The proof for
RMod(.A) is analogous. O

Remark: Despite the apparent similitude between the proofs of Lemma 0.1.21 and Lemma 0.1.22,
a moment’s thought shows that neither of the lemmas implies the other one naively. We refer the
reader here to the diagram in Eq. (0.1.8). On the one hand, taking B := Endg(M) and ¢ =
A as a special case of Lemma 0.1.21 implies that we are expecting M to be indecomposable in
Mod(R), which is certainly too strong a requirement (think R = K a field). However, this can be
salvaged by additionally requiring A to be commutative (see Corollary 0.1.23 for the basic case of an
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indecomposable 4M and Corollary 0.1.29 for the general setting of 4M being finitely decomposable).
On the other hand, taking instead M = B as a special case of Lemma 0.1.22 means that we
are expecting 4 M o AB to be indecomposable, which is once again a much stronger hypothesis
than the indecomposability of gM &' gB needed for Lemma 0.1.21. Nevertheless, we include this
short approach in Corollary 0.1.24 (for the case of 4B indecomposable) and in Corollary 0.1.31
(for the more general case of 4B being finitely decomposable) below. Finally, observe that the
proof of Lemma 0.1.22 does not work anyway with (the more general) indecomposability of gM for
B := Endgr(M) in place of 4M, since generically A\(Z(A)) ¢ Z(B). Thus, there does not appear
to be a clear-cut way to unconditionally deduce the morphism case from the representation case, or
vice versa in such complete generality. O

As just mentioned, in the special case when A is commutative, one can actually deduce the repre-
sentation factorization from the morphism factorization as follows:

Corollary 0.1.23: Let A € CAlgp and M € Mod(A) via A\: A — Endg(M). If A = [[i_; A; in
CAlgp and 4M is indecomposable, then there exists a unique i € [n] such that
A —2 5 Endp(M)
pi 7 (0.1.36)

is a commutative diagram in Algz. Moreover, this is the same i € [n] implied by Lemma 0.1.22.

Proof: Put B := A(A) C Endgr(M) and consider ¢y := \™°": A — B. Since A is commutative, we
have B C End4(M) C Endgr(M). As 4M is indecomposable, it follows that B does not contain
any non-trivial idempotents, hence B is itself indecomposable by Lemma 0.1.4. It now follows from
Lemma 0.1.21 that we have a commutative diagram

for some i € [n]. It is the same ¢ € [n] as in Lemma 0.1.22 by its uniqueness property in the diagram
of Eq. (0.1.35). O

In the special case when the morphism A % B yields an indecomposable left or right A-module,
one can conversely deduce the morphism factorization from the representation factorization as fol-
lows:

Corollary 0.1.24: Let A % B be a morphism in Algg. If A = H?:l Aj in Algr and 4B or By is
indecomposable in LMod(.A) or RMod(.A), respectively, then there exists a unique i € [n] such that

A—2>B
P

Przé Rt
0 e

is a commutative diagram in Algp. Moreover, this is the same ¢ € [n| as the one implied by
Lemma 0.1.21.

Proof: We prove the LMod(A) case. Consider the induced representation \, = ¢@"P Nz o ®.
Since 4B is indecomposable in LMod(A), it follows from Lemma 0.1.22 that A\, induces a unique
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representation 5‘@ such that

commutes in Algp. Since Ag is injective, it follows from the commutativity of the diagram that there
exist a unique morphism ¢ that completes it. Furthermore, the index i € [n] is the same as the one
in Lemma 0.1.21 by its uniqueness property in the diagram of Eq. (0.1.34). Finally, the RMod(.A)
case is analogous except one considers the induced anti-representation p, := pg o ¢ instead. O

Definition 0.1.25 (Projection selection morphism): Suppose that A = H;L:1 Aj in Algg, m € N,
and let 7: [m] — [n], k — 7(k), be an index parametrization. We put
IT:=IL(7) = (Prr(1)s- - Prr(m));
that is
m
Nyt A= J] Ar
k=1

(al, R ,an) — (a7(1)7 .. .,CL.,.(m)).

Lemma-Definition 0.1.26 (Standard Form of II(;)): Let A =[[}_; Aj, m € N, and 7: [m] — [n]
as above.
(1) Up to some 7 € &,,, the map Il (;) can be written as

Ty A 5 Ay <20 T AT (0.1.37)

which we will call a standard form of 11;), where:
o [:= Iy :=7([m]) C [n] (implicitly with the induced order from N);
e mj:=|r1(j)| >1,j €I, and >_jerm; = m is an N-partition of m of size |I|;
o Ar= XjerAj with Aj: Aj — .A;-nj, a; — (aj,...,a;5), j € I, being the obvious diagonal
monomorphisms.
Moreover, the choice of said 7 is unique up to post-composition with a permutation from
[I;e; 65 < Gm. If ;) is in a standard form, then the index (re)mapping 7: [m] — [n] will
be called fiber-grouping or fiber-consolidating.
(2) If X; C AT(k), 1 <k <m, then

m N Xp, ifjel
;) < I1 Xk,) = ker-1(j) (0.1.38)
k=1

Aj;, otherwise.

Proof: To (1): This is simply a regrouping of the A, )-factors in the codomain by 7-fibers: clearly,
there exists m € &,, inducing a permutation isomorphism (abuse of notation)

m m
s [T A = [T Armwy = TTA7.
k=1 k=1 jeI
Then replacing II;) by the post-composition 74 o II(;) gives the desired map, and the factorization
(xjerAj)opry is now immediate. Finally, the uniqueness up to post-composition with a permutation
from de Sm; < Gy, is also clear.
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To (2): Indeed we have

( H Xk) = (pr; (k’))1<k<m( H Xk) = ﬂ (prﬁk) m m pr (Xk) =
k=1 k=1 EI kJET 1(])
N Xg,ifjel
= ﬂ ﬂ (pryh) 1 (X) ﬂ < ﬂ Xk> = ker=1(j)
el ker=1(4) jeI ker—1(j) A;, otherwise.
as claimed. 0

Remarks:

(1) Conversely, any @ # I C [n] and any N-partition {m; : j € I} of m give together rise to a
projection selection homomorphism I := (x;jerAj) opry: [T Aj = [Lier Aj = [lier A;?”‘j.

(2) If n > m and 7 is injective, then Il ;) is an honest projection (surjective). If 7 is not injective,
then II(;) cannot be surjective, since it will contain non-trivial diagonal algebra inclusions
Aj: Aj — ATj, m; > 2, as its components for some 1 < j < n . If n < m and 7 is surjective,
then II(; is injective as it does not discard any of the factors A;, 1 < j < n. If 7 is not
surjective, then we have

n o
KerTly — [] {o, tjel
=1 Aj;, otherwise.

(3) A slight variation of the above description of II is the following: realizing that A(J)- =0 1is
the singleton object in Algp, we have A x 0= A; in Algg naturally. Then II can be given
as x7 AJ, where again A;: A; — .A , but this time m; = |771(j)| > 0,1 < j < n, and
m + -+ m, = m is an Ny-partition Of m of size n, followed by discarding of the O-factors.

(4) The related notion of %y will be introduced later on in Definition 0.1.48. The previous
observations about II(;y apply to it almost verbatim.

The following lemma too falls into the category of “unique up to permutations” nonsense.

Lemma 0.1.27 (Factorization of Morphisms from Finite Products to Finite Indecomposable Prod-
ucts in Algg): Let A % B be a morphism in Algp. If A = [Tj-1 A;j in Algp and B is block-
decomposable, then there exists a block decomposition : B = [[,-, By and a fiber-grouping index
mapping 7 = 7,: [m] = [n], k — 7(k), depending on said decomposition and ¢, such that ¢ can be

written as
A—* B L5, B,
le 3W7 (0.1.39)
R
where:

e II, := 1l ) is a projection selection morphism, in a standard form, associated to the morphism
A% Bin Algg;
® p = XjL,@ for some morphisms @r: Ay — By such that ¢ = @ o prf(k), 1 <k <m,
with (¢1,...,%m) = B o ¢ being the “components” of ¢ with respect to the above block
decomposition of B.
Moreover:
M Ker(g), if j € 7([m])
Ker(p) = ¢ k€771() (0.1.40)
Aj, otherwise.

38



CHAPTER 0. PRELIMINARIES

Proof: Let f': B =N [Tis, B), be some initial block decomposition of B. Write ¢’ = ' o p: A —
[, B, and ¢ = (¢),...,¢),) for its respective components. By Lemma 0.1.21 we have that
ViI<k<mFHB1<i<nihg e MorA|gR(.Ai,B§€): o) = @) 0 prf‘, where different k-s may share
the same 7. Putting 7/(k) =14, i.e. ¢}: Ay — By, and ¢' == x]_ )., we get a projection selection
homomorphism " := Tl (y: A — [];L; Ay such that ¢' = @' oII'. As in Lemma-Definition 0.1.26

there exists m € &, such that taking 7 := 7’ o we have II := i © T(A) © IT" in a standard form.

Furthermore, 7 also induces a permutation isomorphism 7gy: [, By, =N [Tie, B. (r)- Now put
By = B;(k), O = go;(k): A — By, ¢ = SB;r(k;): Arey = Bry 1 <k <m, and ¢ == X}y, that is,
¥ T(B) © g(_J,OT('(;%). Setting 3 == myof': B =N [, B, =N [Tie Bi, we get Sog ) () of op =
T(B) © o = T(B) © @ oIl = T(B) © @ o 77(_;) oIl = @poll as desired. Finally, since § is an isomorphism,

we have
m
K = Ker(goll,) = I (Ker(¢)) & I, (Ker(x &) = 11! Ker(
er(ip) = Ker(p o Il,) = I (Ker(¢)) = I (Ker(xjy ) = T[] Ker(gn) ).
k=1
and the last claim follows from Eq. (0.1.38). O

Definition 0.1.28: A choice of product decomposition of the codomain B == []/", B, satisfying
Eq. (0.1.39) will be called p-adapted.

When A is commutative, we can actually deduce from Lemma 0.1.27 (morphism setting) a general-
ization of Corollary 0.1.23 to finitely decomposable 4M (representation setting) as follows:

Corollary 0.1.29 (Factorization of Finitely Decomposable Representations of Finite “Commutative”
Products): Let A € CAlgg and M € Mod(A) via A\: A — Endg(M). If A=[]7_; A; in CAlgg and
M is finitely decomposable in Mod(.A), then there exists a complete decomposition 4M = @~ ; 4 M}
and a fiber-grouping index mapping 7 := 7: [m| — [n], k — 7(k), depending on said decomposition
and A, such that A\ can be written as

A2 " Endgp(My) <> Endp(M)
Hxl T (0.1.41)
=77 3y e
H?:l AT(k)
where:
e Il :=II(;,) is a projection selection morphism, in a standard form, associated to the represen-
tation A;
o )Cor — lezlj\k: for some representations \: Ay — Endr(My) such that Ay = \j; © prf(k),
1 < k <m, where A" = (Aq,...,A\n,) as usual.
Moreover:

N Ker(\), if j € 7([m])
Ker(A) = { ker=1(5) (0.1.42)
Aj, otherwise.

Proof: Let 4M = @} AMj. be some initial complete decomposition of M in LMod(A) and write
instead X' := X to signify that choice. Then by Section 0.1.4 we have a commutative diagram

Bl

B' =iz, By




0.1. ALGEBRAIC PREPARATIONS

where §;: B, — Endgr(M]), 1 < k < m, denote the canonical image inclusions and ' :== X}, /.
We set for short ¢ := (N)™°". It clear from the proof of Corollary 0.1.23 that [’ B}, is a block de-
composition for B'. Tt follows from Lemma 0.1.27 that there exists a permutation'? 7 € &,, inducing
block permutation isomorphisms () : B’ S [, By = [Tity Bi and mgna: 1], Endr(M}) =N
[T Endr(My) with By = B;r(k) and M = M;r(k), 1 < k < m, such that we get a commutative
diagram in Algp

et = Endp(M)  (0.1.43)

where ¢ = (@1, .., Pm) With @y Opl“f(k) =, 1 <k <m, for mpnop = (p1,...,0m), B = X[ Bk
for B, = B;(k), 1 <k <m,ie Bomg & TEnd © B, teor = Uor © ﬂgéd, and \°or = th;lj\k for
Mo = Bro@r, 1 <k < m. We can also take now A\ := mgpq 0 (\)°* =Y 4 o o Bompyop o
B0 (@1, ¢m) = (B1oP1, -+, B o pm). Then indeed A o pré % B 0 @ o pré) = By oo = Ay
is precisely the k-th component of A°°" as just defined, 1 < k < m. It remains to justify the notation
IT) = Iymor, which will be done after the next lemma... Finally, since Ker(\) = Ker(A™") (as tcor0 3
is injective) and Ker(\z) = Ker(gy) (since B is injective), 1 < k < m, the last claim follows from
Eq. (0.1.40) applied to the pair (A™*, @). O

Lemma 0.1.30 (Factorization of Finitely Decomposable Representations of Finite Products): Let
A € Algp and M € LMod(A) via A: A — Endg(M). If A =[[;_; A; in Algg and M is finitely
decomposable in LMod(A), then there exist a complete decomposition M = ;" ; M} in LMod(A)
and a fiber-grouping index mapping 7 := 7x: [m| — [n], k — 7(k), depending on said decomposition
and A, such that A can be written as

A —22 5 T, Endg(My) << Endg(M)

nAl 7 (0.1.44)
//’/ 31 cor
[Tes: Ary
where:
e Il :=II(;,) is a projection selection morphism, in a standard form, associated to the represen-
tation A;

o \oor — X;anlj\k for some representations \: Arry = Endgr(My) such that Ay = A\ © pr;“(k)7
1 < k <'m, where A" = (A1,...,A\y) as usual.
Moreover:
N Ker(\), if j € 7([m])
Ker(\) = ¢ kem=1(j) (0.1.45)
Aj, otherwise.

Analogously for M € RMod(.A) via an anti-representation p: A — Endgr(M).

Beven if we don’t invoke the uniqueness of block decompositions up to permutation, it follows from the proof itself
of Lemma 0.1.27 that it is sufficient to permute the existing block decomposition;
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Proof: Let 4M = ;" AM], be some initial complete decomposition of M in LMod(A) and as in
Corollary 0.1.29 write X' := X to indicate that choice. In particular, we have a commutative diagram

A

(X)ml \

17, Endg(M}]) <> Endg(M)

in Algp with (X)) = (\],...,\),). By Lemma 0.1.22 we have that V1 < k <m 3,1 <i<n 3 5\2 S
Moraig, (Ai, Endg(M})): A}, = A} opri!, where different k-s may share the same i. Putting 7/(k) == i,
ie. Ayt Apry — Endp(Mj), and (V) := xJ X}, we get a projection selection homomorphism
Il =TIy A = TIiZ; Ay such that (X)) = (N)er o II'. As in Lemma-Definition 0.1.26 there

exists m € &,, such that taking 7 := 7’ o ™ we have II = i e T(A4) © Il in standard form. Fur-

thermore, 7 also induces a permutation isomorphism 7gnq: [[;_; Endg(M]) =N [Tie, Endr(M/ (k)
Now put My = M;r(k), A\ = )\;(k): A — Endg(Mg), A\ = )\;(k): Ay = Endr(My), 1 <k <m,

and AT = X7 Ay, that is, X = mpaq o (W) 0wy, For @ty My = @)L, Mj, = M (rather

than just an isomorphism) take teor: [} Endr(My) < Endg(M), that is, teor = thoy © Mg Thus

A=t 0(N) = (Lo, Oﬂﬁﬁd) o (TEnd © (A')") = teor ©TERd © ()T o II' = 1o © (TR © (A)COF 077641)) )

/
cor

(m(a) © ') = teor © AT o IT as desired. Thinking of tcor and (., as identifications (with the corner
corestrictions), we simply have A = mgpqo\'. The Ker(A) part follows as in the proof of Lemma 0.1.27
from Eq. (0.1.38). Finally, the RMod(.A) case is analogous by invoking the anti-representation part

of Lemma 0.1.22. UJ

Remarks:
(1) Comparison between Corollary 0.1.29 and Lemma 0.1.30: inspecting the proofs of Lemma 0.1.27,
on which Corollary 0.1.29 is based, and of Lemma 0.1.30, it is clear from the uniqueness part
of Corollary 0.1.23 that 7ymor = 7, and hence ITymor = II}.
(2) The similitude, yet subtle difference between the proofs of Lemma 0.1.27 and Lemma 0.1.30 is
an artefact of the same tension between Lemma 0.1.21 and Lemma 0.1.22 mentioned previously.

We can now also deduce the weaker form (mentioned previously) of the morphism factorization from
the representation factorization:

Corollary 0.1.31 (Factorization of Morphisms from Finite Products to Finite Indecomposable Prod-
ucts of Domain-Indecomposables): Let A % B be a morphism in Algp. If A = [Tj=; Aj in Alg and
B is decomposable into LMod(.A)- or RMod(.A)-indecomposable blocks, then there exists a block
decomposition 5: B = [, By in Algr and a fiber-grouping index mapping 7 := 7,: [m] — [n],
k — 7(k), depending on said decomposition and ¢, such that ¢ can be written as

-7
nvl (0.1.46)
-7 S
ITis: Arey

where:
e II, := II(; ) is the projection selection morphism, in a standard form, associated to the mor-
phism A % B in Algp;
® ¢ = Xp' @) for some morphisms @y : A ) — By such that ¢ = @ 0 pr;“(k), 1 <k <m,
with (p1,...,m) = B o ¢ being the “components” of ¢ with respect to the above block
decomposition of B.
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Moreover:

N Ker(ap), if j € 7([m])
Ker(p) = ¢ kem=1()) (0.1.47)

Aj, otherwise.

Proof: This is basically a slight generalization of the proof of Corollary 0.1.24. Consider again
Ap = P © \go ¢. By hypothesis and Lemma 0.1.4, B admits a finite decomposition B = @, ; Bx
with B < B, 1 < k < m, that is simultaneously indecomposable in both Mod(B) and LMod(.A) (or
RMod(A), respectively). It follows from Lemma 0.1.30 that we have a commutative diagram

A

Iy, Ap
l)&;}'@\

)\COI‘ Lcor
ITis: A - [1i2) Endg(By) ———— Endg(B)

in Algr. By Corollary 0.1.17 and Lemma 0.1.20 this diagram extends to a commutative diagram

(0.1.48)

in Algp with AZ" = (1P, 0m’) = Apyse s Agy) and AT = X7 A, where V1 < k <
m: Ay, = Ap, © prf(k). Since Ap, is injective, it follows from the commutativity of the diagram that
;\wc induces a unique @y : AT(k) — Bj, with 5\% = A, © @k, i.e.

Aow E 7 =B E Ag
that are also easily seen to satisfy ¢ = @y o pr;“(k)7 1 < k <m. The diagram is completed by taking
xjv, of the corresponding arrows. Comparing the proofs of Lemma 0.1.27 and Lemma 0.1.30, it is
clear from the uniqueness part of Corollary 0.1.24 that the construction of 7/: [m] — [n] produces
the same index parametrization in both cases, provided that the initial complete decompositions
agree, i.e. V1 < k < m: M; = B, whence... one can / to arrange an equality T, = Top, L€
I, = I,. Moreover, we have Ker(p) = Ker(\,) and Ker(gr) = Ker(\,,), 1 < k < m, by
faithfulness of the regular representations, hence the Ker(y) part follows from the corresponding
claim in Lemma 0.1.30. Finally, the case RMod(.A) is argued analogously by considering the induced

anti-representation p, = pgo¢: A— B — Endg(B) instead. O
Notation: Whenever there is no ambiguity about the index (re)mapping 7: [m| — [n], by abuse
of notation we will simply write for convenience j: [m] — [n] and j(k) := 7(k) instead, e.g.
e TIi=y Ay = Tiss Aje- -

With the notations of Lemma 0.1.27 and Lemma 0.1.30 we now finally put:

Definition 0.1.32 (Induced Index Subset): Let A == J[7_; A; in Algp.
(1) If B is finitely decomposable in Algy and A % B is a morphism, then we set

def

I = Iy % rp([m)) € [n).
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(2) If A: A — Endgr(M) is a representation such that M is finitely decomposable in LMod(.A),
then we set

Iy = I(r,) © a([m)) € [n].
Analogously for anti-representations p: A — Endgr(M).

Express B being finitely decomposable through some property of ¢... Then also: M is finitely
decomposable in LMod(.A) if and only if A is how decomposable?...

1) If J C [n], then I,,, < J since pr; = ideEJAj OideeJAj opr;. More succinctly, Iy, = 1.

Ty
If ¢ is injective or p faithful, then necessarily I, = I, = [n].

(

(2)

(3) I AL B¢, then Iyo, C I, C [n].

(4) Internal Products: if ¢ = (¢1,...,¢m): A = [[j, Bi (ie. I, C [n], 1 < k < m), then
I, = Ulgkgm I, . This boils down to the fact that pr; is itself an internal product (pr;)jer-
(5) External Products: if ¢ := x_,¢;, then necessarily IX;L:I%. = U?:1 Iy;. O

0.1.6. Relative Notions

Definition 0.1.33 (Relative closures, units, radicals, classes): Let A % B be a morphism in Alg R-
(1) Closure!* with respect to ¢: if X C A, then

X% = o7 (p(X))-
(2) Multiplicative submonoid with respect to ¢:
A% = Up(A) = o (U(B)) & o1 (5%) 2 A7,
(3) Singular cone with respect to ¢:
Sing,,(A) := A\ A% = ¢~ '(Sing(B)) C Sing(A).
(4) Jacobson radical with respect to ¢:

(5) Nilcone with respect to ¢:
nil,(A) = ¢~ (nil(B)) 2 nil(A).

If additionally A, B € CAlgp, we call this the nilradical with respect to ¢.
(6) Singular “class” of a € A with respect to ¢:

[a]sing = a + Sing(A)
and
[a]go =a+ Singgo(A) - [a]Sing-
7) Multiplicative “class” of a € A with respect to ¢:
12
[a]* =a+ A"
and
[l = a+ A3 = A\ a2 [a]”
Remarks:
(1) As usual, the p-saturation (—)¥ is a closure operator.

Malso called ¢-saturation of X;
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(2) Observe that Definition 0.1.33 also includes the representation case as a morphism A 2
Endgr(M) in Algp.

(3) Note that in general J,(A) 2 J(A) (it would be true if for example ¢ is surjective since
©(J(A)) € I(B) then).

(4) The nilcone (or nilpotent cone) is indeed a cone in the following algebraic sense: Vr € RVz €
nil,(A): ra € nil,(A) as ¢(rz) = re(z) € nil(B).

(5) Clearly, [0], = Sing,,(A), (0] = A%, [alsng = [alia,, and [a]* = [a] .

(6) In general, [alsing (and [a]™) are not equivalence classes in quotient R-algebras.

(7) Of course, since J,(A) <A and nil,(A) <A too in the commutative case, we also have the more
“traditional” cosets [a]y, = a + Jp(A) € A/Jp(A) and [a]ni, = a + nil,(A) € A/ nil,(A),
but these won’t suffice for our purposes later on.

Lemma 0.1.34: Let A % B be a morphism in Algp. Then:
(1) A is indeed a multiplicative submonoid of (A, x). Moreover, if B is Dedekind-finite, then
Vai,as € A:ajas € A;f & a1,a2 € .A;
(2) If B is Dedekind-finite, then Sing,,(A) is indeed a (two-sided algebraic) cone, i.e. Va € AVz €
Sing,,(A): az,ra € Sing,,(A).

Proof: To (1): We have ay,as € A7 E o(a1), plag) € BX = p(araz) = p(a1)p(az) € BX = ajag €
AZ. If B is Dedekind-finite, then ajas € A3 & ¢(araz) = p(ar)p(az) € B* & ¢(a1), p(az) € B>,
i.e. ay,a0 € A;

To (2): If there exist a € A and = € Sing,,(A) such that ax ¢ Sing,(A), i.e. ax € A%, then a,z € A}
by (1), a contradiction to = € Sing,(.A). Analogously for za. O

0.1.7. Product Notions

Definition 0.1.35 (Index-wise Projection Closure): Let A = [[}_; A; in Algp, I C [n], and X C A.
Then, as a continuation of Definition 0.1.6, we put

- ifjel .
X 1) pI‘ ) dof XPh = pr XI = ]’ = X ¥
w grjl ! jrj[ ]1;11 Aj, otherwise D

(See also Definition 0.1.6.)

Remarks:
(1) X manifestly depends on the choice of a product decomposition for A, i.e. it is in general not
invariant under permutation of the factors in any reasonable sense, even though the latter
would produce an algebra of the same isomorphism type.

(2) (—) is indeed a closure operator, ie. X C X, X CY = X CY, and X = X.

(3) There is an additional notion of a uniform projection closure defined by the saturation XP'
pry *(pr; (X)) = &' X +Ker(pr;). Clearly, we only have XP*1 C X since pr;(X) € X only. In the
case of the simple projections we won’t have any need for it, but we remark that nevertheless

def

an analogue of it will appear in Section 0.1.9 along with an analogue of the just defined
index-wise!® projection closure.

(4) Complements: since X C X, we have X¢ C X¢ C Xe. Moreover, continuing the previous
point, there are in principle also corresponding notions of an uniform projection complement
(XPr1)¢ and an index-wise projection complement ﬂjel pr]l(Xj)c in parallel with the upcom-
ing Definition 0.1.42. However, in the present work we won’t have any use for them either,

15for the lack of a better term; suggestions are most welcome, though;
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so we will refrain here from formally introducing them since we are already boldly riding the
limits of reasonable notation.

(5) If Il g IQ, then clearly 5(:([1) :_) 5(1([2). _

(6) If X is open (closed) in some product topology on A, then so is X since the projections pr;,
j € J, would be open and continuous.

(7) Projection closure of a point: if a = (a;)i1<j<n € A, then:

{a }dcfH{{a]} ifjel

A;, otherwise.
In view of Section 0.1.5 and Definition 0.1.32 we also introduce the following short notations:

Definition 0.1.36 (Projection closure with respect to a morphism or a representation): Given A :=
H?:1 Aj in Algp, a morphism ¢ with corresponding index subset I, C [n] or an (anti-)representation
A with corresponding index subset I C [n], and X C A, we put
X =Xy =Xy, or X =Xy =X,

respectively.

Lemma-Definition 0.1.37 (Product-relative'® units, radicals, classes): Let A = [[=1 Aj in Algg
and I C [n].

(1) Multiplicative submonoid with respect to I:

Al = Uy (A) = Upr, (A) Zpryt <U<HAj>) =prj! <HU(AJ)> —

Jel Jjel
- if I —
= H HIEh T o ax,
i .A], otherwise

(2) Singular cone with respect to I:

Sing(7)(A) = Sing,,, (4) = A\ A} = H

i€l j=1

if 7 =
{Smg iy =1 C Sing(.A) C Sing(A).

Aj;, otherwise

(3) Jacobson radical with respect to I:

3y (A) = Tpr, (A) 2 pry! (J(HAJ)) = pr;* (

ﬁ{” MEIET o s

i=1 (Aj,otherwise
(4) Nilcone with respect to I:

il 1 (A) = nilpe, (A) % pry (nil ( 11 A]-) ) — prt ( 11 nﬂ(Aj)) _

jel jel
il(A;),ifjel ——
_ H nil(Ag), i g € I _ — nil(A4) D nil(A).
Aj, otherw1se

If additionally A € CAIg R, we also call this the nilradical with respect to I.
(5) Singular “class” of a € A with respect to I:

[al(1y = a + Sing(;)(A) C [alsing-

here is a mnemonic: pr; stands both for projection and product-relative;
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(6) Multiplicative “class” of a = (ay,...,ay) € A with respect to I:

LAY el —
a+.AX =4 @ 77 = [a]* D [a]*.
@ ](1) ]1_11 Aj, otherwise ] la
Proof: To (1), (3), (4): Let F € {U,J,nil}. Since F(—) respects products, we have V1 < j <
n: prj(F(A)) = F(A;), hence F(p)(A) = F(A).

To (6): We have V1 < j <n: prj([a]*) = prj(a) + pr;(A*) = a; + A7, hence [a](X]) = [?1]; as well.

The rest is clear from Definition 0.1.33. O

Remarks:
(1) The two key properties in Lemma-Definition 0.1.37 are that pr; is surjective and that U(—),
nil(—), and J(—) all respect (in fact arbitrary) direct products (see e.g. [Lam01, Ex. 4.12B on
p. 65] for the latter).
(2) Since pry; = ida, we have A = AR Sing(A) & Sing)) (A), J(A) = I (A), nil(A) <

il ) (A); [a] () = [alsing, and [a](f,;) = [a].

(3) Note that at this point we establish no connection between A% vs. A(Xlw), or Sing,(A) vs.
Sing 7,y (A), or J,(A) vs. J(1,)(A), or nil,(A) vs. nil(z,)(A), or [al, vs. [a](,), or [a]; vs.
[a] (XLp)’ respectively, with I, as in Definition 0.1.32. Likewise for representations (A, I)) or
anti-representations (p, I,). This will happen in Section 0.1.10 and Section 0.1.12.

(4) Furthermore, Singj)(A) should not be confused with the expression

H {Slng Jiftjel _ m prj—l(prj(AX)C)a

Aj, otherwise

which might be called a projection complement of A* with respect to I C [n] (see spectral
complement in Definition 0.1.42 below).

(5) Since in general we only have nil(A;) C Sing(A;), 1 < j < n, this also extends to nil;)(A) C
Sing)(A) only, or equivalently, .A( 7y € nilp) (A)€ only. This obviously disappears for products
of local rings with nilpotent maximal ideals.

Finally, we need a small additional observation about J(—) and subdirect products.

Lemma 0.1.38 (J(—) for subdirect products): Let @ # I be an arbitrary index set and let A <
B :=[],c; Bi be a subdirect product in Algr. Then J(A) C J(B) = [L;c; I(Bi).

Proof: Since ; is surjective, we have 7;(J(A)) C J(B,), i.e. J( ) Cm (~( i), i € I. Thus, J(A) C
Niermi "(3(B:)) = Nigr(prf o0) " (3(B:) = Mgy e ()71 (3(By)) ) H(Mier(erf) 71 (3(B:)) =
" HJI(B)) since J(B) = I([Tie; Bi) = [1;e; I(B;), that is, o(J(A)) C (B ) as desired. O

Remark: Thus for subdirect products J(—) behaves in the same way as U(—) and nil(—) do with
respect to inclusions into products.
0.1.8. Unital Saturation

Definition 0.1.39: Let R € CRing, A € Algp, and X C A4 with X N A* # &.
(1) Unital closure of X in A:

UA(X) = (X NA®) < A" (0.1.49)

will denote smallest subgroup of A* containing all elements of X invertible in A*.
(2) X is called unitally closed (or unitally saturated) in A if X D U4(X).
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If A% Bis a morphism in Algg, then we only have ¢(AX) C B and ¢! (B*) D A*. Moreover,
U(—) is a product-preserving functor Algp — Grp, inducing ¢* := U(p): A* — B>, but in general
e 1(B*) # (p*)~1(B*). In determining ¢~ (B*), it is sometimes useful to work with Ug(¢(A)) <
B* instead since o~ 1(B*) = ¢ (p(A)NB*) = ¢ 1 (Up(p(A))). We remark that unital saturatedness
is a transitive property under appropriate inclusions. We list now some examples central to our
applications later:

Lemma 0.1.40: Let A € Algp and 4M = @], AM) in LMod(A) via A\: A — Endgr(M) and
At A — Endg(My), 1 <k <m. Then:
(1) The R-subalgebra [[;*, Endg(Mj) is unitally saturated in Endg (M), that is:

GLp(M) N [ [ Endr(My) = [ [ GLr(M).
k=1 k=1

(2) The R-subalgebra End 4(M) is unitally saturated in Endg(M), that is:
End4(M)NGLR(M) = GLA(M).

It follows that the R-subalgebra [];; End 4(M}) is unitally saturated in Endg(M).
(3) If A € CAlgp, then

Al =271 ( 11 GLA(Mk)> = 4%, (0.1.50)
k=1 k=1

Analogously for RMod(.A) and BMod(.A).

Proof: To (1): By induction it suffices to consider only the case M = M; &4 My = M; ©r Mo.
Writing explicitly

EndR M1 HomR Mg,Ml
Endg(M) = Endp(M & M) = (HomR(l\Sh J\)42) End(R(M2) )>

one checks that any block-diagonal element invertible in GLr(M) must already be an element of
GLR(M1) X GLR(MQ).

To (2): Let ® € Endy(M) N GLr(M) with ¥ := ®~1 € GLi(M). We only need to show that ¥
is A-linear. But since ®¥ = idy;, we have Va € AVx € M: ®Vaxr = ax = a®PVz = PaVx, hence
Vac€ AVx € M: Wax = aVz by taking ®~! on the left.

To (3): follows from (2) and Eq. (0.1.30). For example,

={ac A|V1<k<m: M\(a) € GLg(M)} L(GLk (M) defﬂA
k=1

as desired. O

A5 A GLE () = A A 1 GLe) =47 (A0 ﬁ GLK<Mk>) -
=[x

Lemma 0.1.41: Let ¢: A — B be a morphism in Algp. If (A, m) € Algp is local with m nil, then
©(A) is unitally saturated in B.

Proof: Tt follows that A’ := ¢(.A) too is a local ring with nil maximal ideal, say A" = (A’,m’), hence
(A\A)NB =m'NnB* = 2. O
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0.1.9. Formal Characters & Spectral Closures

def

Fix R € CRing, A € CAlgg, and consider Spm(A) = {9 : M < A maximal}. Let Z C Spm(A)
be a collection of maximal ideals also thought of as an indexing subset, that is, we will use j € Z
and 9M; € 7 interchangeably to mean the same thing. We put x; := A/M; for the corresponding
residue fields, j € Z. Borrowing from the theory of topological algebras, we will call the residue
maps x;: A — Kj, j € Z, also (formal) characters of A and we will denote by X7(A) = {x; : j € Z}
the space'” of (formal) characters of A with respect to Z, where we also put X(A) = Xgym(a)(A)
for the whole (formal) character space of A. In other words, we have an obvious correspondence
Spm(A) < X(A). Following Definition 0.1.6, we put 7 & [1;cz ks € CAlgp for short. Furthermore,
@ # I C Spm(A) also defines a multi-character or a poly-character
XT ‘= ( X Xj)OAzi A%AZ%K}I
jer (0.1.51)

a— (x;(a))jez

which is clearly an R-algebra homomorphism, and we have Ker(yz) = Z & Njez M. We remark
that even for Z only countably infinite, Spm(rz) can be quite complicated'®, but this will be of no
consequence to us at present.

Definition 0.1.42 (Spectral Closures & Complements): Let A € CAlgp, X C A arbitrary, and fix
T+#0o.

(1) Uniform Z-spectral closure of X:

X=Xr=XX=X+ Ker(xz).
(2) Uniform Z-spectral complement of X:
X = Xz = x7' (xz(X)") = xz" (xz(X))* & X° = (X + Ker(x))".
(3) Spectral projections of X:
X5 = yj(X), j € L.
(4) Full Z-spectral projection of X:
XP o= XP =] XP
JjeT
(5) Individual spectral closures of X:
Xj=x;' (X" )=X+m;,jeT.
(6) Point-wise Z-spectral closure of X:
X=Xr= X9 E ;' (XD E X=X +3) =xz' (XP).
jez jez jez jez
(7) Point-wise Z-spectral complement of X:
X = Kr= ()5 06092 G (&9 = g (5 2 () K5 = (X + )
J€T JET jeT JjET jET

Remarks:

(1) One can even go as far as repeating the above definitions with Spec(.A) in place of Spm(.A)
since we still get a reduced codomain, but this strays even further from our goals later on.

7calling it a space is perhaps a bit of an overstatement since we won’t be needing any additional structure (e.g.
topology) on it, so it’s more of a collection at this point rather than an actual space;

8for a concrete example, Spm(R"Y) is in one-to-one correspondence with the space of ultrafilters on N, i.e. the
Stone—Cech compactification SN;
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(2) We have a € Xe3IzeXVjel: X;j(a) = xj(z), hence the name “uniform”.

(3) Wehavea € X & Vje T Jz; € X: xj(a) = x;j(z;), hence the name “point-wise” (in the
sense of Spm(R)).

(4) As expected, 0=0,0=A,0=0,2=A.

The following is mostly set-theoretical non-sense, that, however, quickly piles up and can be easily
confusable, so for bookkeeping purposes we create a careful record of it here, only to go on with our
lives and forget about it.

Lemma 0.1.43 (Basic Properties): Let A € CAlgp and let & # Z C Spm(.A) be an indexing subset.
(1) Basic properties of (/—\):
(i) (/—\) is a closure operator.
(if) f T C J C Spm(A), then Xz D X ;. _
(i) Vj € Z: x;(X) = X;°, and X is the biggest subset of A satisfying xz(X) = xz(X).
(2) Basic properties of (/—\):
(i) (/—\) is a closure operator.
(ii) If Z € 7 C Spm(A), then X7 D X R
(ili) Vj € Z: x;(X) = X;°, and X is the biggest subset of A satisfying Vj € Z: x;(X) € X;".

(3) Relation between X and X: X - X , hence X=X=X.In particular, the ideal-wise spectral
closure is uniformly spectrally closed.
(4) Basic properties of X:
(i) If X CY, then X D Y.
(ii) If T C J C Spm(A), then X7 C X .
(i) Vi€ T: (X;P)° = x;(X)° C xy(X) € x(X9),
(5) Basic properties of X:
() f XCY,then X DY,
(ii) If Z C J C Spm(A), then X7 D X 7.
(iii) X is the biggest subset of A satisfying Vj € Z: x;(X) C (X57)°.
(6) Comparison of complements:

(i) We have:
X=X=X=X=XCX=XCXEX=X=XCX°CX°CX¢ (0.152)
and
CXCXCcCXe (0.1.53)

In particular:
o X is already both ideal-wise and uniformly spectrally closed;
o X is already uniformly spectrally closed;
. (\—J) = (—)¢ on ideal-wise spectrally closed subsets.
(ii) If xz is injective, then:

CXEX =X =XcCX=X° (0.1.54)
(7) Comparison of double complements:
(i) We have:
XeCXCXCX=XCXCXcX°=X (0.1.55)
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and

¥ecXcx—XcC.. (0.1.56)
(ii) If xz is injective, then:

XXX -Xx-X%%c.. (0.1.57)

Proof: To (1):

(i) Since xz|X — xz(X) is surjective (even though y7 itself need not to), we get X C Xz Lixz(X))
X. Furthermore, X CY = xz(X) C xz(Y) = X7 (xz(X)) € x7 (xz(YV)) & X CY. Fi-
nally, X = x7" (xz(0xz " (X)) = xz ' (xz (X)) £ X.

(i) This is clear: a € X7 & x/(a) € x7(X) & 3z € X Vj e J: xj(a) = x;(x), in particular
dJrxe XVjeZCJ: xjla)=x;x),ie. a € Xr.

(iii) By (i) we have X C X, hence Vj € T: Xj(X) 2 x;(X) &' X°P. We thus need to show that
Vjel: Xj(X) C X]S-’p. Fix j € T and let a; € Xj(X), ie. Elaj €XCA: a; = x;(a;). But
a; € X« X7 (xz(X)) just means that 3z; € X Vk € Z: yx(a;) = xk(x;), in particular
3z, € X: xjla;) = xj(x;), hence Jz; € X:a; = x;(xj), ie a; € x;(X) = X3P, Since
a; € Xj(X ) was arbitrary, we have Xj(X ) C st-p as desired. Finally, X C Ais the blggest

def

subset with the property yz(X) = xz(X) by definition.

To (2):
(i) Since x;|X — x;(X) is surjective, we have X C Xjfl(xj(X)), J €Z,hence X C ez Xjfl(xj(X)) £
X. Next, if X CY, then Vj € Z: x;(X) C (V) =VjeT: X;l(XJ(X)) C Xj—l(xjm) =

def

njeIXj_l(Xj(X)) C Njez Xj_l(xj(Y)) & X C Y. Finally, since X & ﬂ 7 Xj, we have Vj €

I: X C X hence Vj € I: Xj(X) C XJ(X ) = Sp and V] €I:x; (X](X)) C XZI(X;p).

Thus, X & Njez X5 0G(X)) € Nyer x5 (X3P def)?, ie. X C X On the other hand, by the

previous considerations We have X C X hence X C X therefore X X.

(ii) This is is clear: a € XJ Evjed: xj(a) € x;(X), in particular Vj € Z: x;(a) € x;(X), i.e.
a € XI'

(iii) From the proof of (i) we have Vj € Z: x;(X) C X3P, Conversely, since X C X by (i), we get
VjieZI:X;? (X)) C x(X). Thus, Vj € T: x;(X) = X3P, The last claim is clear from
the definition: if Y C A has the property Vj € Z: x;(Y) C X;”, then Y C X.

(1)(iii) we have Vj € T: xz(X) C X;", hence Vj € I: X C X_I(XSp) therefore
( Jsp) def

~

X, X XandXCX:>XCXCX XleX X as well.

o (3

X Furthermore, by the closure operator propertles we get X C X CX=

><> ><)

): By
CMNjez X;
CXCX=

To (4):
(i) This is clear: if X C Y, thenXCYby( ) henceXdEchjycd_efY

(i) If Z C J, then X7 D X by (1), hence X 7 = XI C XC X,
(i) Since X C X by closure properties, we have X = X¢ C X¢ hence X;(X) C x;(X°).

- O
=

the other hand, since x; is surjective, we have Xj(X) Ey Xj(XC) 2D X5 (X)C =
Xi(X) 2 (X3P)e, j e T
To (5):
(i) We have X CV = Vj € Z: x;(X) C (V) = Vi€ T: x; (g (X)° 2 x5 (g (V) = X =
ijIXj_l(Xj(X) 2 ﬂ]eIXJ (x;(Y)) = =y

>.<
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(i) Since J 2 T, we have X7 % (), x5 (;(X))° € Moz X7 (s ()7 & X
(iii) We have again from the definition that Vj € Z: X C Xjfl(xj(X)C), ie. VjeI:x(X)C

x;(X)e ) (X]S-p)c. It is clear that by definition X is the biggest subset of A with this property.

To (6):
(i) We split the inclusion chains into successive distinct parts as follows:

(i)

o X = X X: Since X C X we have X C X by inclusion reversal. Conversely, suppose

ef

that there exists a € X such that a € X = (ﬂjezxj (XJ(X)) )¢ = UjeIXj (X](X)),
ie.3j€Z: x a)e X](X) e )XSp But xj(a) € X](X) (X37)¢ by (5), a contradiction.
It follows that X C X hence X X. Next, X C X holds by the closure property. On
the other hand, by (2) and (5) we have Vj € Z: XJ(X) = X](X) C ( )¢, but X is the

blggest subset of A with the last property, hence X C X as Well It follows that X X.
e X =X = X: Since X C X by the closure property, we have X cX by 1nclu81on reversal

N

b = et - def —
e X C X¢=X C X: We have X = ﬂjezxj Ou(X))° = (Ujezx; ' (xi(X))°

, and moreover X&Xx @) X¢. Finally, since X c X by

~

=

e X = X = X: We have XI(X) (X)) & XI(XI (xz(X)9)) C xz(X)¢, hence X«
XEI(XI(X)) C Xil(xz(X)c) <X, but XcX by closure properties, therefore X - X.

= det = (1)

Furthermore X = X = XX as well.
e X C X©c X\C C X¢ Indeed, we have X C X¢ from the proof of (4)(iii) and further
X¢ C Xc C X¢ by closure properties/\and (3).
e Finally, since X C X¢ we get X C X C Xe by closure properties.
If x7 is injective, then x7(X)° 2 xz(X°) = x7' (xz(X))* = x7' (xz(X)*) 2 xz' (xz(X?)), i
z £ XE D) ﬁ, hence X = X¢ = X¢ by (i) (or directly), and consequently, X =X ¢, where
X¢C X¢ by (i).

To (7):

(i)

(i)

By (6) we have XcX , hence Xe¢ C Xe. Next, X¢ C Xe by the closure property, hence

X% Xe* C X. Thus, X C X°C X C X C X, andmoreoverX X (E)X def(XC)c:X.

def

Furthermore a€?’ XEVjel: ya)e X3P C (X X)¢ by (5), hence a € ﬂjezxj (x; (X)) &
X that is, X C X Next, putting Y := X we have by (6) that Y C Y€ ie. X C Xe. Finally,
X=X ©
inclusions, since YCY by (6), taking Y := X gives X C X X by (i). Furthermore, X C X

X ¢, this completes the first chain of 1nclu81ons Regarding the second chain of

by (6), hence XecX by inclusion reversal, or XcC X - X = X in total.
If [f X1 is mJectlve then X = X°¢ = X¢ by (6), hence X=Xcand X° = X = X ¥ X with
XeC X¢ by (i).

O

Remarks:

(1)

It is clear from the proofs that the above relations have little to do with commutative algebra,

o1
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but are entirely set-theoretical in nature.

(2) Observe that if Z C 7, then the complements X and X behave entirely oppositely to each
other.

(3) We will be primarily interested in X and X rather than X and X. They will reappear again
more crucially in Section 2.1 and onwards.

(4) The “estimate” X C )ziin Eq. (0.1.52) is somewhat generous since by Eq. (0.1.55) we have

the “refinement” X - S(/Q Xe. R
(5) In (6)(i) there is in general no relation between X and X¢ or X¢ without further assumptions.
Symmetrically, in (7)(i) there is likewise no relation between X and X or X¢in general.

6) We remark that in general these notions really ought to be investigated in conjunction with
y oug g ]
properties of A, but this goes far beyond the scope of the present work.

Lemma-Definition 0.1.44 (Spectral-relative units, radicals, classes): Let A € CAlgp, let @ #Z C
Spm(.A) be a collection of maximal ideals understood as an indexing subset, and a € A.
(1) Multiplicative submonoid with respect to Z:
A = Uy (A) 2 AL, 2z (kF) = () MG 2 AX 2 AX D AX. (0.1.58)
JjeET

(2) Singular cone with respect to Z:

Singz(A) := Sing, ,(A) = UI o U M, C Sing(A) C Sing(A) C S@) =
JjEL
0.1.59
| Sing(A), if A is local ( )
A, otherwise.
Moreover:
e * if A is local
Sing(A) = {A , 1A Ss loca (0.1.60)
&, otherwise.
Furthermore:

Sing(A), if Z = Spm(.A)
Sm = { A, if 7 is a finite proper subset of Spm(.A) (0.1.61)
Sing(A) or A, if Z is an infinite proper subset of Spm(.A),
hence
A*if T = Spm(.A)
SFg(Z) o S@c =4 @, if Z is a finite proper subset of Spm(.A) (0.1.62)
A* or @, if 7 is an infinite proper subset of Spm(.A4).
In particular, if # Spm(A) < oo, then:
Sing(A), if Z = Spm(A)
A, if T # Spm(A)
A*, if T = Spm(A)
{@, if 7 # Spm(A).

Sing(A) = {
(0.1.63)

Sing(A) =
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(3) Jacobson radical with respect to Z:

32(A) = 3o (A) 27 k) = Ker(xa) = (T2 ()M = J(A) = 3(A) 2 3(A).
JET
(0.1.64)
Moreover:
J(A) = A% (0.1.65)
(4) Nilradical with respect to Z:
nilz(A) = nily, (A) % 7' (il(x7)) = Ker(yz) = J7(A) = nil(A) = nil(A) D nil(A).
(0.1.66)
Moreover:
nil(A) = A% = 3(A). (0.1.67)
(5) Singular “class” of a € A with respect to Z:
[a]z == a + Sing7(A) C [alsing- (0.1.68)
Moreover:
— — [a]sing, if A is local
alsine = @ + Sing(A) =
(@hing s(A) {A, otherwise
(0.1.69)
- —_ * if A is local
[a]sing =a+ Sll’lg(A) _ {[a] , 1 A ?S oca
&, otherwise.
Furthermore:
[a]sing7 if 7 = Spm(A)

[a]sing = a—i—éing(A) =4 A, if Z is a finite proper subset of Spm(.A) (0.1.70)
[a]sing or A, if 7 is an infinite proper subset of Spm(.A),
hence
def

[alsing < [alsing = a + Sing(A) =
[a]*, if Z = Spm(A)

(0.1.71)
=4 &, if Z is a finite proper subset of Spm(.A)
[a]* or @, if 7 is an infinite proper subset of Spm(.A).
In particular, if Spm(A) < oo, then:
[/]—\ [a]sing, if Z = Spm(.A)
Q|sing =
® | A, if 7 # Spm(A)
(0.1.72)
@l [a]*, if Z = Spm(.A)
G|sing =
¢ &, if T # Spm(A).
(6) Multiplicative “class” of a € A with respect to Z:
la]F =a+ AF D a]*. (0.1.73)

— —~— ~ ~

Moreover, we have [E]\X = a+ A% and m; = a+AX as well as [a]* = a+A* and [a]* = atAX

Proof: To (1): We have a € A7 < xz(a) € iy & VjEL: xj(a) € k] & VjETL:a €M ie A7 =

Njez 5. Furthermore, we only have Vj € Z: x;(A*) C H;, hence only AX & Njer xj_l(xj(AX)) C
-1

ﬂjeIXj (HJX) = ﬂjel’m; = A;-
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To (2): We have Singz(A) = (A7) = (N;ez M)® = Ujer M, by (1). If A = = (A is lo-
cal, then S@Z\dﬁf m X7 (xa(®)) = Ker(xa) = M = Sing(A) and Slng( ) L oon
X4 (xa(M))e <M = M = AX. Now 5uppose that A is not local and write Spm(A) = {imz}i,
where # Spm(A) > 2. If i = j, then x; Y(xj (M) = M; and X; 1 ](931)) = MS. How-
ever, if i 7£ Jj, then Xj*l(xj(im-)) = M; + M; = A by maximality, hence x; (XJ(S)JI))C = g.

Thus, Smg(A) = Njez x5 0GUM)) = Nier(Ui G (06 (OM))) = Njer A = A and Smg(A) =
Nyez X5 ' 06U M))° = Njez(NixG ' (0 (M:))°) = @ as # Spm(A) > 2. Similarly, since x7' (xz(My)) =

Ker(xz) + Mi = Jz(A) + M; (see (3)), we have Sing(4) = x7' (xz(U; M) = U;xz (XI( z)) =
Ui Bz(A) + M) = (Uiez (3z(A) + %)) U (Useze Fz(A) +9%)) = Singz(A) U (Ujeze (3z(A) + M)

as Vi € Z: Jz(A) + M; = M;. In particular, if Z = Spm(A), we get Z¢ = & and Slng(.A)
Singgpm(4)(A) © Sing(A). Now suppose that Z¢ # @. If #7 < co and i € Z¢, then Jz(A) € M;
by prime avoidance (see e.g. [AM69, Prop. 1.11]) and maximality, hence Jz(A) + M; = A, implying
éing(.A) = A. However, when Z is infinite, we have two possibilities:

o if 3i e Z¢ Jz(A) € My, then we have again Jz(A) + M; = A, hence Sing(A) = A;

o if Vi € I¢ J7(A) C 9y, then as before Vi € I¢: Jz(A) + M; = M;, hence Sing(A) =
Sing7(.A) U Singz.(A) = Sing(.A).

In summary, if Z is a proper infinite subset of Spm(A), then S@ € {Sing(A), A} and in such
generality either one is possible.
To (3): Since J(kz) = I([Ljer ki) = [ljer (ki) = 0, we have Jz(A) = Ker(yz) = ﬂjezfm
Furthermore, since yx;: A — &; is surjective, we have x;(J(A)) € J(x;) = 0, j € Z, hence J(A) «
Mjer X5 (3(A) = Nyer Ker(xy) = Njer My = 3z(A). Similarly, 3(A) 2 ez x5 06 @(A)° =
ﬂjeI MmS = AZ by (1). Finally, set B := xz(A) C k7 and denote by 7;: k7 — kj, j € Z, the canonical
projections. Without loss of generality we can assume A # 0, hence B # 0. We show that J(B) = 0.
To this end, we have a commutative diagram

KT

kj

for every j € Z, where x’; denotes the image corestriction of xz and the induced map W]-B = mjo Cp
is indeed surjective. Thus, B Cp k7 is a subdirect product, hence J(B) C J(kz) = 0 by Lemma 0.1.38.
def ~7 A\ def

Since x7: A — B is surjective, it follows that xz(J(A)) = x7(J(A)) C J(B) = 0, hence J(A) =
X7 ' (xz(3(A))) = Ker(xz) = Jz(A) as well.

To (4): We have nil(rkz) = [[;e7 nil(x;) = 0, hence nilz(A) = Ker(xz) = Jz(A) by (3). Moreover,
since K, j € Z, are in particular reduced, we have nil(.A) o Njez Xjfl(xj(nil(fl))) = jez Ker(x;) =
J7(A) and nil(A4) & Njez x;l(xj(nil(A)))c = Njezr Ker(x;j)¢ = N;er M5 = A7. Similarly, since xz

def

too is reduced, we have nil(A) = y7*(xz(nil(A))) = Ker(xz) = Jz(A).

To (5): We have b € [alsmg 5 Vj € T: x;(b) € x;(a + Sing(A)) = x;(a) + x;(Sing(A)) < Vj €
T: x;(b—a) € x;(Sing(A)) © Vj € I: b—a € x; ' (x;(Sing(A))) & b—a € ;7 X (x;(Sing(A))) =
Sing(A), i.e. b € a + Sing(A), and the first equality follows from (2). Analogously for [a]sing. Fur-

thermore, [alsing o+ Sing(A) + Jz(A) a4 Sing(A), which implies the remaining statements in
(5) by way of (2).

o4
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To (6): Analogous to (5).
As before, any remaining stuff follows immediately from Definition 0.1.33 and Lemma 0.1.43. ]

Remarks:

(1) If X C A, then in the above notation we simply have X % X +37(A), hence X = (X+J7(A))C.

(2) Observe that in this generality it would be difficult to obtain more meaningful descriptions of
A% = Njer(A* + ;) and Ax = Njer(A* + ;)¢ and similarly for AX = A% +Jz(A) =
AX + ez My and A< = A = (A +32(A)° = (A" + ez ;)¢ but we will do so in
more concreteness in the next Section 0.1.10.

(3) It B o xz(A) C kg were closed under pseudo-inverses, then 3 would be Von Neumann regular,
hence we would automatically have J(B) = 0. However, in our special case we got away with
the much simpler fact that B o xz(A) is a subdirect product of fields.

(4) Finally, recall that in the commutative case A/ nil(A) is always a subdirect product of integral
domains and A/J(A) is always a subdirect product of fields.

0.1.10. Finite Products of (Commutative) Local Algebras

Here Section 0.1.7 and Section 0.1.9 finally start to converge together, more precisely by way of
Lemma-Definition 0.1.37 and Lemma-Definition 0.1.44, respectively. We remark, however, that at
this stage we don’t need the full Artinian property yet.

Corollary 0.1.45:
(1) Factorization of Finitely Decomposable Representations of Finite “Commutative” Products:
Let A € CAlgp and M € Mod(A) via p: A — Endg(M). If A = [[/_; A; in CAlgg and
M is finitely decomposable in Mod(.A), then there exists a complete decomposition 4M =
DL, aMj and a fiber-grouping index mapping 7 := 7,: [m] — [n], k — 7(k), depending on
said decomposition and p, such that p can be written as

cor

A —L 17, Endg(My) <> Endg(M)
le P (0.1.75)
_=77 3, poor
H?:l AT(k‘)
where:
e II, := Il(;,) is a projection selection morphism, in a standard form, associated to the

representation p;
o P = X}, p, for some representations py: Ay ) — Endr(My) such that pj, = ﬁkOprf(k),
1 < k <m, where p°" = (p1,...,pm) as usual.
Moreover:
M Ker(py), if j € 7([m])
Ker(p) = < ker1(j) (0.1.76)
Aj, otherwise.

(2) Factorization of Morphisms from Finite Products to Finite Products of Local Algebras: Let
A= H?:l A; in Algr and let A %, B be a morphism in Algp. If B is a finite product of local
R-algebras, then there exists a rearrangement B = [}, (B, n;) and an index parametrization
T = T,: [m|] = [n], k — 7(k), depending on said rearrangement and ¢, such that ¢ can be
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written as
A—F— BT, (Br, i)
H“’l 7 (0.1.77)
-7 T
ITiss Arry
where:

o II, = Il is a projection selection morphism, in a standard form, associated to the
morphism ¢;
e ¢ = x}L Py for some morphisms @y : A, ) — (Bk, ng) such that ¢ = @kopr;“(k), 1<k<
m, with (¢1,...,om) being the “components” of ¢ with respect to the rearrangement.
Moreover:
M Ker(gg), if j € 7([m])
Ker(p) =  ker=1() (0.1.78)
Aj;, otherwise.

Proof: To (1): This is just Corollary 0.1.29.
To (2): Any local ring is a block, hence the claim follows from Lemma 0.1.27. O

Let A € CAlgp. If A= (A,m, k) € LocCAlgp, we will also write x4: A — & for its unique character.
A key observation is that the induced homomorphism X;(\ = U(xa): A* — £ of units is surjective by
locality of A. Given X C (A, m, k), it has trivial projection closure(s) X = XP'1 = X (since |I| = 1 by

o def

virtue of (A, m, k) being a block) and canonical spectral closure(s) X=X x;\l (xa(X)=X+m

with canonical spectral complement(s) X = X¢ = X¢e ¥ X Moreover, clearly Sing(.A) < .
Furthermore, it is immediate that:

o _,/Al?:AX—km:AX,hence;l;:m;

e m =m, hence m = A%,

o nil(A) = v ;! (xa(nil(A))) = Ker(x4) = m since nil(A) C m, hence nil(A) = AX.

x def

Finally, if a € A, then [a]gng = a +m = [a] € A/m =k and [a]* £ a+ AX =a + A\ m.

Now suppose that A = H?Zl(Aj,mj,ﬂj) in CAlgp. Unlike the local case, this is arguably the
simplest class of examples, where the different versions of projection closures, spectral closures, and
spectral complements, respectively, no longer agree. We have Spm(A) = {9, : 1 < j < n}, where
M =A; x---xAjg xmjx Ajp X x Ap, 1 < j <n, whence J(A) = my X -- xm,. Furthermore,
we have factorizations

X

T pT;
A A, A — AX
m ¢XA]- = x]\g\ X4, (0.1.79)
kj K

j
in particular X3” = x.4;(Xj), 1 <j <n. We get a natural bijective correspondence
P([n]) «> P(Spm(A)),

where we make the identification I — Z := {9; : j € I}. The main source for I-s is of course
def def

Corollary 0.1.45 via I = I, = 7,([m]) or I = I, = 7,([m]) (cf. Definition 0.1.32). Accordingly, we
will write

Xr(A) = Xr(A) Z {x; 5 € I} (0.1.80)

for the corresponding subspace of (formal) characters. The corresponding multi-character is simply
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given as
A P L 4 A% P L, A
o ljéIXAj inducing » ljélxk (0.1.81)
Hjel kj Hje[ ’fjx
where (a1,...,an) = (aj)jer = (aj mod m;)jer. In line with Section 0.1.7, it is convenient at this

point to introduce also the following short notation:
n . .
m;,ifjel
mgy =40 aA (0.1.82)
i=1 LAj, otherwise

Clearly, if [I| = 1, then m ;) coincides with some M; € Spm(A), but otherwise it is not maximal. In
particular,

KeI'(X]) = 1‘11(]) (0183)
If X C A, then we have the relation X*5P det XSp = x1(X71) as well as
def o def TH Jifjel
det def H Xj it g (0.1.84)
i=1 LAj, otherwise
and

def

X¥ x4 Ker(xr) = X +mp). (0.1.85)

Furthermore, we can write explicitly

n —1 n n ir o
~ fjel, fjel X; Lifjel
X_H{X ;& it _eH{ nitie H{ Tmp RIE (0.1.86)

=1 Aj, 0therw1se Aj;, otherwise Aj;, otherwise,

where indeed X = XA (XAJ (X; ))& XA (XA] (pr;(X))) = X,_4j (X;p) is the canonical spectral closure
of X; in the local R—algebra (Aj, my, ﬁ:]) and the individual spectral closure of X is then given by
)?] =A; x - x Aj_q 5(\] X Ajp1 X -+ x Ay (cf. Definition 0.1.42), 1 < j < n. Similarly, we can
write explicitly

- Xsp))lfjefdef"{ X, ifjel ”{X+mj ifjel
H 11 =11 (0.1.87)

.A], otherwise Aj;, otherwise Aj;, otherwise.

Thus we have the simple relation
X=X +mp) o X(I) +mp. (0.1.88)

Furthermore, in view of Corollary 0.1.45 we can similarly write without loss of generality

o, ifjel
Ker(p) = H { / = a(y) (0.1.89)

i=1 (Aj, otherwise

too, where Vj € I: a; < .A; and a; C m; by locality of A;.

Lemma 0.1.46:
(1) We have:

(0.1.90)
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(2) We have:
XCXPrCXC(X)P=XrCX. (0.1.91)

(3) We have:
F=X-X=X=X=Xr=(X). (0.1.92)

(4) We have:
Xr=(X)P=X. (0.1.93)

Proof: To (1): Indeed X* = X+aq CX+mp Y C X +mp X and X & (X+a(1))(1) =
Xy + gy = (X)P € Xy +my = X,

def def T

To (2): Indeed XP'7 = X + Ker(pr;) € X(p) + Ker(pr;) = X(;) = X.

To (3): We have X« (X +mp) )y = Xy +mp Y= X. Also, Xr & (X +amn)m +mg) =

def >

Xy +aqy +mgy = Xy +mpy = X and (X)? & Xy +mpy +a) = X +my = X

To (4): We have)?fs dof (X—I—a([))—l—m([) = X—i—m(I) d:ef)’(\and (X\)p def (X+m(1))+a(1) = X+m(1) dof X\
]

Remarks:
(1) Like in the case of X , both X and X clearly depend on the choice of a product decomposition
for A as they are generally not invariant under permutation isomorphisms.
(2) For example, X will be taken by an open subset U C A or the support of a (singular) 1-cycle
I', see Section 2.1 and onwards.

Lemma 0.1.47 (Agreement between I-notions and Z-notions): Let A = [[7_, (A;, m;, r;) in CAlgp,
@#I1C[nl,andZ={M;:j eI} CSpm(A).

(1) Relative multiplicative submonoid:

n X ep - c g s
A Ztvxd:efH{A"’lfjel =7t?:74?={mj’lf‘761 = ()25 = A7 2 A

- Aj;, otherwise A;, otherwise

j=1 jel
(0.1.94)
and
— S myifjer
A =T14" (0.1.95)
i=1 LA;, otherwise
(2) Relative singular cone:
Singp)(A) = Singz(A) = | o, = A (0.1.96)
Jel
Furthermore:
— Jif A= (A,m,
Sing(A) = e (A, m, r)
A, otherwise
(0.1.97)

Sing(\A)

&, otherwise

— {Ax,ifA_(A,m,n)
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and
——  [Sing(A), if I =[n
Sing(A) = {.A, i1 £ [n)
AT =n)
Sing(A) = {@7 if 1 £ [n]

and

JA) =AF = .A(XI).
(4) Relative nilradical:
T~ e 1(Aj),if jel
mmwwzmmﬁg{j()lj
j, otherwise
but only
nilz(A) = nil(A) = nil(A) = I (A) = H {

=1

mj,ifjel

Aj;, otherwise

.

Moreover:
) = 300 = A = 47
(5) Relative singular “class” of a € A:

a1y = [alz = a + Sing ;) (A).

Moreover:
— [a]sing, if A= (A,m,kK)
[a]sing = .
A, otherwise
— [a]*, if A= (A m,K)
[a]sing = .
@, otherwise.
and
— alsing, if I = |n
[a]sing _ [ ] ' g [ ]
A, if T # [n]
(@), it 1 = [n]
[a]sing = .
@, if I # [n].
(6) Relative multiplicative “class” of a = (ay,...,a,) € A:

%H{Ml‘]6 “H{ IS R =R,

Aj;, otherwise Aj;, otherwise

99

D nil(7)(A) 2 nil(A).

(0.1.98)

(0.1.99)

(0.1.100)

(0.1.101)

(0.1.102)

(0.1.103)

(0.1.104)

(0.1.105)

(0.1.106)

(0.1.107)



0.1. ALGEBRAIC PREPARATIONS

Moreover:
aj +m;, if jel 4 i|sing, if j €1
~11 U || 12 ]sing. iF J (0.1.108)
i=1 (Aj, otherwise i=1 LAj, otherwise
and
[a]* = [a](p). (0.1.109)

Proof: These characterizations mostly follow from Lemma-Definition 0.1.37, Lemma-Definition 0.1.44,
and the previous discussion. More precisely:

To (1): By the preceeding discussion we have @ = ij = AJ-X, thus the descriptions of A% and
A* follow from Eq. (0.1.86) and Eq. (0.1.87), respectively. That AX admits the same description
follows from Eq. (0.1.81).

To (2): The first part Sing(;)(A) = Singz(A) follows from A(XI) = AZ by taking the complement.
Furthermore, by (1) we have A% = (Mjer M5)¢ = U;je; M; = Sing(py(A). The remaining

characterizations in (2) follow from Lemma-Definition 0.1.44 since Spm(.A) < oo.

To (3): The left side follows from Lemma-Definition 0.1.37 since J(A;) = m; by locality of A;,
1 < j < n, and the right hand side is just Lemma-Definition 0.1.44. They meet because clearly

Njer P = mp D A*. The second statement is also just Lemma-Definition 0.1.44 and (1) again.
To (4): The inclusion nilz(A) 2 nil(7y(A) proves itself from the two explicit descriptions.

To (5): The first part follows from (2) by definition. The last part follows from Lemma-Definition 0.1.44
as Spm(A) < oo.

To (6): The first and second description follow from (1) and Lemma-Definition 0.1.44 (6). Further-
X def

more, by (2) and Lemma-Definition 0.1.44 (6) we have [ET; = a+ A* = a + Sing;)(A) = [a]().
O

Remark: The only “mistmatch” is (4), where we only have nilz(A) 2 nil;(A). But that will
disappear in the next Section 0.1.12 too.

In the special setting of this section, along with IT(;) (see Definition 0.1.25) one can also associate
to a given 7: [m] — [n] an obvious residue selection homomorphism in a completely analogous way,
which for the purposes of the later analysis and consistency we call slightly differently:

Definition 0.1.48 (Spectral Selection Morphism): Let A = [[}_,(A;j,m;,55), m € N, and let
7: [m] — [n] be an index parametrization.
(1) We put

Y= Z(7') = (XT(I)’ cee 7XT(m))7
that is,

ZT): A — HHT(kJ)
k=1

(al? s ?an) = (dT(l)a s 7a‘r(m))7
where a; = x4, (a;) € Aj/mj =k, 1 < j<n.
(2) Given a morphism A % B or an (anti-)representation A: A — Endg(M) with corresponding
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index parametrization 7, or 7y, respectively, in the sense of Section 0.1.5, we also put for short
E@ = Z(Tv) and Z)\ = E(T)\).
Remarks:

(1) Analogously to Lemma-Definition 0.1.26, we can describe ¥;) as

X1 J m;
A KT Hje["ij s

where 07 = Xjerd; with d;: k; — /@;-nj, a; — (@j,...,a;), j € I, denoting the corresponding
diagonal inclusions.

(2) The spectral selection morphism ¥(;y: A — [[;L krk) is self-evidently a special case of a
morphism between finite products of commutative local R-algebras, hence Corollary 0.1.45
applies: accordingly, its standard factorization is simply given by

2(7_) = (lezlx-"b(k)) o H(T).

0.1.11. The Residue Field

Lemma 0.1.49: Let A = (A, m,k) € LocCAlgp. If M € Mod(A) is simple, then 4M = 4k in
Mod(A). In particular, 4k itself is a simple, hence an indecomposable A-module.

Proof: Let 0 # p € M and define a homomorphism of A-modules fi: A — M, a — ap. Then i # 0
since i(14) = p # 0. Hence Im(j2) C M is a non-trivial A-submodule. By simplicity of M, it follows
that {1 is surjective, thus M = A/ Ker(ji), which is then also simple and therefore Ker(ji1) = m by the
correspondence for ideals of quotient rings. In other words, M = A/m & x in Mod(A). O

Suppose now that R = K is a field and (A, m, k) € LocCAlgy. Then we get a field extension /K via
K — A — k, which is finite if A € FdCAlgy (and the converse will also hold when A is local Artinian,
see Lemma 0.1.58 later). Moreover, A = k @ m in Veck since every SES0 - m — A - k — 0
of (possibly infinite-dimensional) K-vector spaces splits (assuming AC), hence dimyx A = [k : K] +
dimg m (with standard conventions for oco). Despite A = k @i m, we have that A is indecomposable
over itself (as local rings are blocks, see Section 0.1.2), in particular 44 # 4@ 44m. One can also see
this directly as follows: V21,20 € k VX1, X2 € m: (210 X1) (200 X2) = (2122) D (21 Xo+ 22 X1+ X1 X2)
with 21 Xo+20 X1+ X1 X2 # (210X1) X2 unless X7 = 0 or 22 = 0. Regardless of the indecomposability
of 4A, note that 4m itself may or may not be decomposable in Mod(.A):

Example:
(1) Decomposable qm: if A := K[z,y]/(z,y)?, then m = (7,9) = KT Ok Ky = (Z) D4 (7).
(2) Indecomposable 4m: if A := K[z]/(z"), then m = (Z) is clearly uniserial and hence cannot
be decomposable. O

As alluded in the Introduction, a key aspect of the analytic theory is the existence of a retraction
diagram

A a
m\J&XA
K

so we want to take a moment to discuss it. The issue can be posed as follows: given (A, m,k) €

K

LocCRing, when does the canonical quotient map x4: A — k admit a section t4: Kk — A? Note
that this is a stronger condition than merely requiring A € LocCAlg, via some t4: K — A since
in general 04 = x4 014 € Endcring() need not be an automorphism of « (so far these are only
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homomorphisms of rings, not of k-algebras):

L

N XA
04 ~a ¢
K

As one can check, this diagram would also hold in LocCAlg,, provided .(ar) is taken with the
k-vector space structure given by restriction of scalars along 64 (since x4 then also becomes k-
linear'?), which may disagree with the tautological vector space structure of x. However, if in fact
64 € Aut(x) \ {ids}, then replacing 14 by /4y = 140 921: k — A clearly gives now an honest
retraction diagram in LocCAlg,. A shortlist of fields &, for which End(x) = Aut(x) holds, includes
F,, Q, R, as well as any (finite or not) algebraic extension thereof, in particular C/R, so in these cases
we automatically have the equivalence (A, m,k) € LocCAlg, < A admits a retraction diagram in
LocCAlg,.. Moving on, the problem of existence of a section of x 4 in LocCRing is intimately connected
with the structure theory of complete local rings. To this end, recall that (A, m,x) € LocCRing is
said to have a coefficient field if A contains (as a subring) an isomorphic copy of « itself via some
ta: k= A such that 04 € Aut(k), see [Stacks, Tag 0326] for the more general context of coefficient

rings. We begin with the following simpler observation:

Lemma 0.1.50 (Characteristic in Local Rings): Let (A, m, k) € LocCRing be a local ring.
(1) We have:
(i) If char(x) = 0, then char(.A) = 0.
(ii) If char(A) > 0, then char(.A) > char(x) > 0.
(2) If A is equicharacteristic, then A D prime field of x.
(3) If A D K a field, then A is equicharacteristic.
(4) In particular, char(k) =0 < A D Q.

Proof: To (1): Let q := char(A) > 0. Then 0 = x4(q) = gxa(la) = ql,. If either char(k) =0 < ¢
or char(k) > ¢, we get a contradiction.

To (2): By hypothesis, we have char(A) = char(k) = p, where p € {0,2,3,5,...}. Since Z is an
initial object in CRing, we have unique maps ¢: Z — A and ¥ : Z — k with the following diagram
being necessarily commutative:

Z—"- A
k o
K
Then Ker(y) = pZ. If p > 0, then ¢ induces an inclusion ¢: F, = Z/pZ — A, and we are done. If
p=0, then Z <> A and Z\ {0} C A\ m = A" as Ker(y)) = pZ = 0, hence A D Q.

To (3): Similarly to (2), we get a commutative diagram

hence char(A) = char(K) = char(k).

Ygiven a s-algebra A, algebra homomorphisms x: A — x are sometimes called weights of A, especially in the
representation theory of Lie algebras, however we will stick to the term “characters” since it matches better the
topological and analytic character of the present work, which doesn’t have much weight;
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To (4): If char(k) = 0, then A is automatically of equicharacteristic 0 by (1), hence A D Q by (2).
Conversely, if A 2 Q, then char(k) = char(A) = char(Q) = 0 by (3). O

Remark: Even though char(k) = 0 = char(.A) = 0, one still speaks of “equicharacteristic 0” since
the converse is not true in general: for (Z), (p),Fp) we have char(Z,)) = 0, but char(F,) = p.

Lemma 0.1.51: Let (A, m, k) € LocCRing be a complete. Then A is Henselian.
Proof: See for instance [Stacks, Tag 04GE], in particular [Stacks, Tag 04GM]. O

Lemma 0.1.52: Let (A, m,x) € LocCRing be complete with char(x) = 0. Then A contains a
maximal subfield, and any such field is a coefficient field for A, hence in particular A € LocCAlg,..

Proof: This is well-known and follows from Lemma 0.1.51 and Zorn’s lemma, using A O Q from
Lemma 0.1.50. See also [Nag75, Thm.31.1 on p. 106] or [ZS60, Cor. 2 on p. 280]. O

But one can do even better:

Lemma 0.1.53: Let (A, m, k) € LocCRing be equicharacteristic and complete. Then A contains a
coefficient field, hence in particular A € LocCAlg,..

Proof: This follows from Cohen Structure Theorem, see [Stacks, Tag 0323]. O]

Remarks:
(1) Both Lemma 0.1.52 and Lemma 0.1.53 employ Zorn’s lemma under the hood and are therefore
non-constructive in general.
(2) The induced k-structure on (A, m, k) is in general not unique.

Definition 0.1.54 (Spectral Retraction Diagram): Let (A, m, k) € LocCRing and let x be a coefficient
field for it. Then the maps ¢4 and x4 from

ke—2s A
.d\‘ %A (0.1.110)
K

in LocCAlg,. will be called spectral section or spectral inclusion/embedding and character, or spectral
retraction, or spectral projection of A, respectively.

Remarks:

(1) This is in line with Section 0.1.9. Moreover, see also Eq. (0.1.112) for some further justification
of the terms.

(2) Using the spectral embedding, the map y 4 is indeed a projection operator since X?A = XA

(3) If additionally k = K € {R,C}, then the pair (x.4,t4) also defines a topological retraction
onto K C A. As we will see later, diagram (0.1.110) heavily determines what is going on in
the analytic theory. In the case Kk = K = C, one can thus also speak of a Henselian lifting of
complex analysis in the plane. ]

Now let A = H?Zl(Aj,mj, k;) € Artg with x; being a coefficient field for A;, 1 < j < n, and let
I C [n]. Furthermore, recall from Section 0.1.2 the multi-projections pr;: A — A; and the (non-
unital) multi-inclusions e7: A; <— A. Having coefficients fields at our disposal, we can add to that
mapping package the following two:

Definition 0.1.55: With the above notations:
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(1) Spectral Nonunital Inclusions:
L Z:L}A =cgjota k= Aj— A
% (0,...,0,2,0,...,0).
(2) Spectral Nonunital Multi-Inclusions:
Ly = L“f‘ =10 (Xjerta;): k1 = A — A
(zj)jer = (21, -, 2n),

where z; = 0 whenever j ¢ I.

0.1.12. Artinian Rings & Algebras I: Commutative Algebra

Remark (Terminology): Given a field K, or more generally R € CRing, there is sometimes an (im-
plied) distinction in the literature between Artinian K-algebras, i.e. K-algebras that are Artin(ian)
rings, on the one hand and Artin K-algebras on the other, with the latter taken to specifically mean
those Artinian K-algebras A that are also finitely generated®® over K, i.e. dimyx A < co. In par-
ticular, there is a difference in the meaning of Artin between Artin rings and Artin algebras. For
instance, [ARS97] defines A € Algp to be Artin iff R € CRing is itself Artin(ian) and A is finite as an
R-module. Note that Artin R-algebras are always Artinian. While it certainly makes a lot of sense to
have some such short designation for finitely generated Artinian algebras, especially since incidentally
these are the kind we are ultimately intersted in, we will not subscribe to that convention so as to
minimize potential confusion (including our own) as well as typographical slip-ups. O

Given any A € CAlgy and any M € Mod(.A), we will denote by £ 4(M) its length as an .A-module, that
is, by definition 4M has finite composition (i.e. has a composition series) if and only if £4(M) < oco.
When this is the case, Jordan—Holder theorem applies, giving a set of invariants for 4M. We now
fix our base ring R € CRing to be a field R := K, where our main point of interest lies in the case
A € FdCAlgy. Then, by virtue of finite dimensionality, A is Artinian, that is, every descending chain
of ideals becomes stationary.

Definition 0.1.56: Let R € CRing
(1) Artg will denote the full subcategory of CAlgp of Artinian R-algebras.
(2) LocArtg will denote the full subcategory of Artg of local Artinian R-algebras.

We summarize the most important facts about Artinian rings in the following:

Lemma 0.1.57 (Artinian Rings): Let R € CRing and A € CAlgp. The following are equivalent:
(i) A€ Artpg.
(ii) £4(A) =t £ < o0, i.e. A admits a composition series of ideals A =:ay 2 --- 2 a1 2 ag := 0.
(iii) A is Noetherian and Kdim(A) = 0, i.e. Spec(.A) = Spm(.A). In particular, J(A) = nil(.A).
(iv) A is Noetherian and Spec(.A) is discrete (and finite).
(v) A = [T} (Aj,my, k;) uniquely up to index permutations, where (A;,mj, ;) € LocArtp,
1<j<n.

Proof: This is standard, see for instance [AM69, Ch. 8]. Observe, however, that the R-algebra struc-
ture is naturally inhereted by the local rings (A;,m;, x;), 1 < j < n, so that the product is valid not
only in CRing (as is the usual statement for Artin rings), but also in CAlgp. O]

In particular, it often suffices to consider only the case of local Artinian rings and K-algebras A =

20recall that every (module-)finite R-algebra is algebra-finite (also called of finite type), and for Artinian K-algebras
the converse holds as well, see [AM69, Ex. 8.3], hence for Artinian algebras over a field the distinction between “finitely
generated as a module” and “finitely generated as an algebra” disappears;
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(A,m, k). This includes the construction of (counter-)examples.

Remarks: The characterization in the above Lemma 0.1.57 is optimal in the following sense:

(1)
(2)

By [AMG69, Ex. 8.2] finiteness of Spec(.A) in (iv) is indeed optional (implied).
Note that if A = (A, m,x) is Artinian, then m is not just a nil ideal, i.e. m C nil(A) =
(\Spec(A), but is itself nilpotent of order < dimg .A. While every nilpotent ideal is au-
tomatically a nil ideal, the converse need not hold: if A := Klx1,z2,...]/(2%,23,...) and
m = (T1,T2,...), then m is clearly a nil (maximal) ideal, but not nilpotent, since Vk €
N: m* 5 Z,Z5...%, # 0. Moreover, we have the general fact that any A € CRing that con-
tains a nil maximal ideal m satisfies Spec(.A) = Spm(A) = {m} (hence finite and discrete), in
particular (LA, m) is local of Kdim(A) = 0. Thus, the above A is also an example for a ring
with all these properties that is also not Noetherian (since m is not finitely generated) and
hence not Artinian. Nevertheless, nility of maximal ideals is sufficient to ensure that every
morphism between local rings is automatically local, which is otherwise not necessarily the case.
In particular, every morphism (A, m, ) LN (B,n, \) of local Artinian rings is automatically
local, i.e. ¢p(m) C n. This will be crucial down the road.
In continuation of (2), requiring further m to be nilpotent instead of only nil is still not enough:
if we take A := K|x1,22,...]/(x1,22,...)? and m = (Z1,Z2,...) again, then m € Spm(A) as
A/m = K and it is not difficult to see that m? = 0, but m is clearly once again not finitely
generated. This shows that indeed one cannot drop the Noetherian hypothesis in (iii) and
(iv).
Furthermore, one cannot drop the Kdim(.A) = 0 hypothesis in (iii) either, since there exist
Noetherian rings with nil Jacobson radicals J(.A) # 0, but of positive Krull dimension. Indeed,
consider A := C[z,y]/(2?) and 7: A — A/(Z) = C[y]. Since Z € nil(A), we have automatically
Vp € Spec(A): p > Z. By the correspondence for prime ideals of quotient rings, we thus get
induced (C-preserving) bijections Spec(f): Spec(Cly]) — Spec(A), Spm(f): Spm(C[y]) =
Spm(A), q — 7 1(q), hence Spm(A) = {(z,5j —¢) : ¢ € C} (as C is algebraically closed)
and Spec(A) = {(Z)} U Spm(.A). In particular, Kdim(A) = Kdim(C[y]) = 1 (given explicitly
by the chains (Z) C (Z,5 —¢), ¢ € C) and J(A) = (.ec(Z,7 —¢) = () # 0 (since the
elements of (Z,7 — c¢) are of the form Z f.(y) + g.(y) for some f.(9), g.(¥) € C[y], ¢ € C), hence
J(A)? = 0. Note that even though by (2) it is not possible to exhibit a local such example,
there is in fact an abundance of such counter-examples: by the Rabinowitsch form of Hilbert’s
Nullstellensatz every finitely generated K-algebra A (automatically Noetherian by Hilbert’s
Basissatz) is Jacobson, hence in particular nil(A) = J(A).
A non-trivial local Artinian K-algebra need not have a non-trivial radical m: indeed, fields
are precisely the local Artinian rings with trivial radicals. In particular, any field extension
K C L is a local Artinian K-algebra with trivial radical. This also helps narrow down the
next point.
We don’t want to leave the impression that Artinian K-algebras are only finite-dimensional,
though. Namely:

e Infinite-dimensional Artinian K-algebras with trivial radical are precisely infinite field

extensions K C L.
e Infinite-dimensional Artinian K-algebras with non-trivial radicals: for instance, L[z]/(x2),
where L/K is again any infinite extension.

On the other hand, in a sense these are all types of infinite-dimensional Artinian K-algebras
since the condition [k : K| = oo is both sufficient (see Section 0.1.11) and necessary for
infinite-dimensinality of Artinian K-algebras as we will show in Lemma 0.1.58 below.

65



0.1. ALGEBRAIC PREPARATIONS

Lemma 0.1.58: Let K be a field and (A, m, k) € LocArtg. Then:
(1) A € LocArt,.
(2) In fact, A € FdCAlg, with dim, A = ¢4(.A).

Proof: To (1): Since m is nilpotent, A is in particular a (Noetherian) complete local ring. As A D K,
A is also equicharacteristic and hence admits a coefficient field by Lemma 0.1.53.

To (2): Since A is Artinian, it admits a composition series of ideals A = ap 2 m = ap_; 2 --- 2

a; 2 ag := 0, where £ := £ 4(A) < oo by definition. This means that V1 <4 < £: a;/a;_1 € Mod(A) is
simple, hence by locality and Lemma 0.1.49 we have V1 < ¢ < ¢: a;/a,-1 = 4k in Mod(A), starting
with a7 & 4k. Since k is also a coefficient field for A by (1), we have that ,(4x) is isomorphic to
the tautological k-vector space structure on k (the s-linear isomorphism being given by 6 4 itself, see

Section 0.1.11), hence dim,, ,(4x) = 1, which completes the proof. O
Corollary 0.1.59: If (A, m, k) € LocArtz, with char(x) = 0, then A € FdCAlg,, and dim, A = (4(A).

Proof: By Lemma 0.1.52 we have that k is automatically a coefficient field for A, and the claim now
follows from Lemma 0.1.58 (2). O

Remarks:
(1) Here we see once again the conceptual difference between Artin rings and Artin K-algebras:
the condition A D K is quite strong as it makes A equicharacteristic!
(2) (Z/(»"),(p),Fp), n > 1, is an example of a local Artinian ring (since finite) that is not an
[F,-algebra, in particular x: Z/(p"™) — F, does not admit a section. Indeed, Z/(p") is not even
a well-defined Fp-vector space, since char(F,) = p # p"™ = char(Z/(p")).

As we remarked in Section 0.1.10, the proofs of Lemma 0.1.52 and Lemma 0.1.53, and hence that
of Lemma 0.1.58 and Corollary 0.1.59 are somewhat non-constructive. We include here two, more
constructive proofs applicable to our special case of interest.

Lemma 0.1.60: Let (A, m, k) € FACAlg,. If K is a perfect field, then A € FdCAlg,., extending the
K-algebra structure.

Proof: Since A = k @k m, it suffices to show that m is a vector space over k in a way that extends
the K-linear structure. As K is a perfect field, the finite extension k/K is separable. Thus, by
the Primitive Element Theorem we have x = K[a] for some 0 # @ € A/m £ k. Now, pick a
representative o € &, o € A*, and define a K-linear action x X m — m via & - x := ax. This defines

a k-linear structure on m, depending on a and extending the previous K-linear structure. O

For the special case of kK = C, we present a constructive proof?! of Lemma 0.1.58 that unlike
Lemma 0.1.60 does not need finite dimensionality of A:

Lemma 0.1.61: Let A = (A, m,C) € LocArtg. Then A is automatically a C-algebra, extending the
R-algebra structure.

Proof: Since A is Artinian, we have nil(A) = m. We are going to plug nilpotent elements into formal
power series to explicitly lift?? a root of P(t) :=t>+1 € R[t] C A[t] from k = C to A. As k =C

is algebraically closed, there exists a € A such that a> = —1 in &, i.e. a®> + 1 = 2 € m is nilpotent.
Therefore, —a? = 1 — 2 has an inverse 1 +y = 1 +x + 22 4+ ... for y € m, which in turn has a
square oot 1+ 2z =1+y/2 —y%/8 +y3/16 — ... for some z € m. Now setting a’ := a(1 + z), we get
a? =a?(1+2)2=a*(1+y) =a?/(1 —x) = —1 as desired. O

2!T learned this proof from Jeremy Rickard, see [MSEO1];
22¢f. Hensel’s lemma;
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Lemma 0.1.62 (Uniqueness of the Complex Structure on A):
(1) If A= (A, m,C), then the induced C-structure on A is unique up to a sign (i.e. up to conju-
gation).
2) fA=]]"_,(A;,m;,C)and J; € Ay,...,J, € A, are corresponding complex structures, then
J=1 J J
J = (£Ji,...,+J,) are all complex structures on A.

Proof: To (1): By Corollary 0.1.59 there exists J € End4(A) = Z(A) = A such that J2 = —14.
Now consider the equation Z? = —1 in A. Writing Z = z @ X with z € C (induced by J) and
X em, wehave 722 = (z @ X)? = 22 @ (22X + X?) = —1, hence 22X + X? = X(2z+ X) =0inm
and z = £J. But then 2z + X € A* (since z # 0), hence X = 0. Thus +J are all the solutions to
Z*=—1in A.

To (2): immediate from (1). O

Problem 2 (Galois Descent): Does (A, m,C) € LocArtg always have a real form and, if yes, is it
unique? If yes, does this extend to other field extensions in place of C/R? O

Finally, we mention that there is a special class of local Artin rings that traditionally bears a different
name in differential geometry and are usually defined in a somewhat clumsy, ad hoc way, but in view
of Corollary 0.1.59 one can do better definition-wise:

Definition 0.1.63: A Weil algebra?? is simply an object (A, m,R) € LocArty.

For details we refer the reader to [KMS93, Def. 35.2 on p. 298] and onwards. However, for a variety
of reasons we propose that a better naming convention would be Artin—-Weil R-algebras (that is, also
specifying the coefficient field), so that, following the obvious naming pattern, one could also say
that the main setting of the present work is that of Artin—Weil C-algebras. Carchedi and Roytenberg
gave the following rather general definition:

Definition 0.1.64: Let R € CRing.

(1) A € CAlgp is called a formal Weil R-algebra if we have a surjective homomorphism A X2 R
in CAlgp such that x4 admits a section in CAlgp and Ker(y4) < A is nilpotent, i.e. A is a
split nilpotent extension of R in CAlgp.

(2) A € CAlgp is called a Weil R-algebra if A is a formal Weil R-algebra that is also finitely
generated in Mod(R).

We refer the reader to [CR13, Def.2.39 on p.16] for more details, but we would like to highlight
once again that all homomorphisms in the above definition are taken in CAlgy rather than CRing (so
we have again a distinction between Weil algebras vs. “Weil rings” similar in spirit to that of Artin
algebras vs. Artin rings from the beginning of the section). Note moreover that Ker(y 4) need not
be even maximal (for example, this would be the case if R does not contain a field) and that a Weil
R-algebra A need not be Artinian unless we require R itself to be Artinian.

Definition 0.1.65 (Height): Let A = (A, m, k) € LocArtg and M € Mod(A).
(1) aM-Height of A (or m):

var(m) == min{k € N: m*M = 0} € min{k € N: m* C Anny(M)}.
(2) Height?* of A:

210t to be confused with the Weil algebra W (g) of a Lie algebra g;
24should not be confused with ht(p), the height of a prime ideal, which is the Krull dimension of its localization;
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i.e. the order/degree of nilpotency of m.
(3) Height of a morphism: if (A, m, ) 2 (B,n,)) in LocArtg, then

v, = vp(m).

Definition 0.1.66 (Width): Let A = (A, m, k) € LocArt,.

(1) Width(s) of A:

d;j = dim,m? /mi™ 1 <j<v—1.

(2) Cumulative widths of A:

j—1
=2+ d,1<j<w
i=1
Remarks:

(1) The terms “height” and “width” of A appear to go back to [Weib3] and are rather stan-
dard in the literature on manifolds over Weil algebras (incl. Weil bundles and Weil functors).
Piggybacking on that, we have slightly extended them to include our setting.

(2) In particular, d; is the dimension of the Zariski cotangent space m/m2 and d,_; = dim,, m*~1.

(3) Observe that l; =2, [j;1 —1; =d; > 1, and [, = dim, A+ 1. O

Now let K be a field and (A,m,K) € LocArtx (cosmetic change of notation). Since each m/ is
a finitely generated .A-module, each choice of K-basis for m’/m/*! lifts to a generating set (over
A) of m/. In the case of m/m?, such a generating set for m is also sometimes called a pseudo-
basis of m (or A). Given (A,m,K) 2 (B,n,K) in LocArtg, ¢ is automatically local and induces
a K-linear map @eor: m/m? — n/n? of Zariski cotangent spaces. As usual, (—)cot is a functor
LocArtxy — Vecg. Furthermore, every (A, m, K) € LocArtk is a finitely generated K-algebra. It
follows from Nakayama’s Lemma that the minimum of generators of A is precisely the width p =
w(A) = di £ dimg m/m2. In particular, since in general ;1 > 0 = Kdim(A), A is never a regular
local ring unless it is a field. Using the width p and the height v, there is a somewhat canonical way
to represent A:

Definition 0.1.67: We will call (K,,,m,,, K) € LocArtg given by
Ky, =Klzi,...,zu)/(x1,...,2,)"

def

and m,, = (Z1,...,%,) < K., the jet K-algebra® of type (u,v). We also set K, = K, =

Kfz]/(").
Remark: Observe that indeed p(A,,) = p and v(A,,) = v. O

Lemma 0.1.68: Let (A, m, K) € LocArtg with = p(A) and v == v(A) and let vy > v. Then:
(1) (A,m, K) is a quotient of (K, My ., K).
(2) Every such presentation is unique up to o € Autg (K, ), i.e. we have a commutative diagram

DN wm (0.1.111)
A

Proof: To (1): Let {ai,...,a,} be a K-basis of m/m? giving A = Klai,...,a,]. Consider the
corresponding evaluation epimorphism 7: K[z1,...,z,] - A, P +— P(a1,...,a,). Since v < vy, we

25as it is indeed closely related to jets, but there doesn’t appear to be a standard name for it despite its ubiquity;
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have (x1,...,2,)" C Ker(w), hence 7 factors through K, ,, as

KH’7V0
where ¢ is the canonical quotient map. Thus, A = K, ,,,/ Ker(7).

def

To (2): Write K, = K[Z1,...,%,] and define a; := 71(Z;), 1 < i < p, hence A = Klay,...,a,]. On
the other hand, let P, ..., ]5” € K, ., be arbitrary such that 72(P;) = a;, 1 <4 < p, and consider
the substitution homomorphism o: K, ,, — K, 1, T; = P,1<i< . We have my oo £ 1, hence
by and functoriality of (—)cot We get a commutative diagram

2

2 Ocot
_—
m%VO /m,u,z/o mu,l/o /m,u,ug

(7T1 )COt 42 )cot
m/m?

in FdVeck, where ocot: [#3] — [Pi], 1 < i < p. But dimg myy,/m2%, = p = dimg m/m2, hence

(71)cot and (m2)cor are K-linear isomorphisms, so ocor € GL(My,/m? ). Since {[#] : 1 <i < p} is

a K-basis, it follows that so is {[P;] : 1 < i < u}, hence A = K[Py,...,P,], that is, o is surjective.
Since o is in particular K-linear and dimg K, ,, < oo, it follows that o is also injective, which
completes the proof. O

Lemma 0.1.69 (Jordan-Hoélder Basis): Let (A, m, k) € LocArt, with dim,.A = d. Then A has a
basis {a1 = 14, aq,...,aq} with structure tensor (afg) such that:

(1) V1 <k, £<d: ok, =af =6},

(i) Vj,>2VEk <max{j,(}: aé?e = aéfj =0.

Proof: By Lemma 0.1.58 there exists a Jordan—Holder composition series of ideals of length d, say,
A = aq 2 m =: as 2 2 aq 2 agy1 = 0. Pick a1 = 1.A S Cl1\Cl2, as € ag\ag, a; € ai\ai+1,
1 <i < d, and notice that the choice of a; yields (i). Without loss of generality suppose now that
2 <j </ Then ajay € ag, hence VE < £: aé?e = 0. We are left to check the case k = ¢. We have

d
V4 _ k
(aj — aﬂ)ag = Z Qjpak € Ar4q
k=041

If afg # 0, then a; — aé?é € A*, therefore ay € ag41, a contradiction. This proves (ii). O

Remark: In particular, if d > 2, then ag =0, and if d > 3, then a4_1a4 = 0.

Corollary 0.1.70 (Triangular Form): Let A = (A,m,x) € LocArt, with dim, A = d. Then A
is triangulable. More precisely, it is isomorphic to a (commutative) k-algebra of lower-triangular
Toeplitz matrices of size d

; (0.1.112)

whose regular representation coincides with the matrix subalgebra itself.

Proof: This is immediate from Lemma 0.1.69, where also observe that the regular representation of
an upper-triangular algebra is in fact lower-triangular. O
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Remarks:

(1) For self-evident reasons we will also call this the stable regular representation of A.

(2) In the special case of algebraically closed k, another proof follows from [HK71, p.199-204]:
indeed, since k is now algebraically closed, all elements of A are triangulable as their minimal
polynomials split, and in fact they are simultaneously triangulable since they are mutually
commuting, hence A itself is triangulable. Since any local ring is connected, triangulability
forces A to be Toeplitz. O

From a rather formal point of view, one criterion for niceness of a basis is the number of zeros among
the structure constants. In this regard, the choice in Lemma 0.1.69 is not necessarily an optimal one.
To improve on this, one might use the following:

Lemma 0.1.71: Let (A,m,x) € LocArt, with dim, A = d. Then A admits a k-basis {a1 =
1a,ag,...,aq} with structure tensor (aék) such that:

(i) V1<ik<d:ai, =a, =6; ‘

(i) V1<7rs<v—-1Vji>1l Vk 21 V1 <i<lninfrisy — 1t oy, = 0.

Proof: Consider the descending chain of ideals A 2 m 2 m?* 2 .- 2 m”~! 2 m” = 0. This is a
decreasing chain of vector k-subspaces of A, therefore we can pick a basis a; =14 € A\ m = A",
apyy-..,Qp—1 € m\ m? Qlyy -y Qls—1 € m? \ m3 etc. Let r,s € N and let aj € m" and a; € m®, ie.
j > 1, and k > 5. Then aja;, € m"5, therefore V1 < i < Iminfrtspy — 1: oz;'-k = (0, where the min
condition comes from the fact that ajar, =0if r +s > v. O
Remarks:

(1) We still have ag =0ifd > 2, and ag—1ag =0if d > 3. In fact Vj > [, Vk > l,_,: ajap =0
since a; € m" and a € m""".

(2) It is not always possible to improve on the number of zero structure constants by means of
Lemma 0.1.71, for example if d; = dy = --- =d,_1 = 1 as in the case of K[z]/(z¥~1).

O]

Lemma 0.1.72 (Schur-Jacobson): If K is an arbitrary field, then the maximal dimension of a
commutative K-algebra of matrices of size n is [n?/4] + 1.

Proof: We refer the reader to [Jac44] for the classical source or to [Mir98] for a short proof. O

Corollary 0.1.73: Let A = [[7_;(A;j, mj,x) € FdCAlg, with d; = dim, A;, 1 < j < n. Writing
Z=(z1®X1,...,20 0 X,) € Afor z; € k and X; € mj, 1 < j < n, we have:
(1) The spectrum of Z is given by o(Z) := {z1,...,2,}, where each z; has algebraic multiplicity

(2) The character space of A is given by X (A) = {x;: Z+— z; |1 <j <n}.
(3) Consequently, tr(Z) = >>"_, d;jx;(Z) and det(Z) = [[}_, x;(Z2)%. O

Definition 0.1.74: Let A be a Weil K-algebra. A Weil A-module is simply an object in FgMod(.A).

Lemma 0.1.75 (Localizations of Artinian rings): Let A = [[7_, (A;j, m;, x;) be an Artinian ring and
let S C A be a multiplicative system. Then S~ A4 = HjEJ Aj; for some J C [n].

Proof: First suppose that A = (A, m, k) and let S C A be a multiplicative system. Then either S C
A* or SNm # @, where m = nil(A) since A is Artinian, i.e. 3f € S: f¥ = 0 for some k € N. Hence
either S~'A = A or S A 2 0. For the general case set S; = pr;(S), 1 <j <n. Then S; C Aj;,
-1
jeJ Sj -Aj
which implies the claim. ]

1 < j < n, are themselves multiplicative systems. One easily checks that S~'A = []
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Lemma 0.1.76 (Polynomials over A): Let (A, m, k) € LocArt, and P(Z) = > 1_,axZ* € A[Z].
Then:

(1) Pe A[Z]* & ap € A* and ay,...,a, € m.

(2) nil(A[Z]) = m[Z].

(3) Annyz(P) #0 < Anna(P) # 0.

(4) A[Z] is Noetherian.

Proof: To (1)—(3): These are general facts valid for any R € CRing with nil(R) in place of (A,m =
nil(A)), see [AM69, Ex. 2 after Ch.1].

To (4): This follows from Hilbert’s Basissatz since A is itself Noetherian. O

Lemma 0.1.77 (Hilbert’s Basissatz for Power Series): Let A € CRing be Noetherian. Then
Al[Z1,...,Zp]] is also Noetherian.

Proof: This is a standard fact in Commutative Algebra, but we give here a short proof for complete-
ness sake because we haven’t found an exposition we like. By induction it suffices to prove the claim
for S := A[[Z]]. Let I < A[[Z]] and let a be the set of lowest degree coefficients of elements from 1.
It is easily verified that a << A. Since A is Noetherian, a is finitely generated, say, a = (a1, ...,ay)
for some ay,...,a, € A. Let fi(Z) = a;Z™ +--- € I, 1 < i < n, where we have assumed without
loss of generality that the degree after each a; is the same (multiply with suitable powers of Z as [
is an ideal). We are going to show that I N (Z™) = (f1,..., fn). Let g(Z) =bZ™ +--- € IN(Z™).
Then b € a, hence b = Y1, b;a; for some b; € A, and g(Z) — D" b fi(Z) € I N (Z™H1). Likewise
3b),..,0 € A g(Z2) = S0 bifi(Z) = SR VZfi(Z) € I N (Z™F2). Tteratively it follows that
9(Z) =321 1 hi(Z2) fi(Z) for some hi(Z) € A[[Z]], 1 <1i <mn. Thus I N(Z™) is a finitely generated
S-module. But since we have inclusions I N (Z™) < (Z™) and I < S of S-modules and hence as
A-modules, we also have a well-defined inclusion I /(I N (Z™)) — S/(Z™) = A™ as A-modules. But
A™ is a Noetherian A-module, hence I/(I N (Z™)) is a finitely generated .A-module, ergo a finitely
generated S-module. This together with I N (Z™) itself being finitely generated S-module implies
that the whole I is a finitely generated S-module, which proves the claim. O

Much of the following is valid for any A = (A, m) € LocCRing with m nilpotent. Recall though that
if more generally A € CRing contains a nil maximal ideal m, then automatically (A4, m) € LocCRing
with Kdim(.A) = 0, in which case we have the implications A Noetherian < A Artinian = m actually
nilpotent (see discussion at the beginning of Section 0.1.12).

Lemma 0.1.78 (Formal Power Series over A): Let A € CRing and let f(Z) ==Y 2, arZ" € A[[Z]].
Then:

(1) feAllZ]]* < ap € A*.
(2) If A= (A, m, k) € LocCRing, then (A[[Z]],(m, Z), k) € LocCRing as well.
(3) If (A, m, k) € LocArt, then nil(A[[Z]]) = m[[Z]].
(4) If (A,m, k) € LocArt, then Ann 4(z(f) # 0 & Anny(f) # 0.
(5) A[[Z1, ..., Zn]] is Noetherian for any m € N.

Proof: To (1): This is standard.

To (2): By (1) we have A[[Z]] \ A[[Z]]* = {f € A[[Z]] : ap € m} = m + ZA[[Z]]. We claim that
m+ ZA[[Z]] = (m, Z) < A[[Z]], this would already imply A[[Z]] € LocCRing. “C” is obvious, and for
the converse one has mA[[Z]] C m[[Z]] = m + Zm[[Z]] C m + ZA[[Z]]. Finally, it is immediate that
AllZ]l/(m + ZA[[Z]]) = A/m = k.

To (3): The first part of the inclusion nil(A[[Z]]) C (nil(A))[[Z]] = m[[Z]] holds for any A € CRing
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(see [AM69, Ex. 3 after Ch. 5]). Conversely, since m <1 A is itself nilpotent, one sees that m[[Z]] C
nil(A[[Z]]).

To (4): By [Fie71] this holds more generally for any Noetherian 4 € CRing.

To (5): This follows from Lemma 0.1.77 since A is Noetherian. O
Remarks:

(1) Note that m[[Z]] & (m,Z) always in (3) as Z ¢ m[[Z]]. In particular, even if (A ,m,x) €
LocArt, A[[Z]] is not Artinian in stark contast to (A((Z)),m((Z)),k((Z))), since we then have
nil(A[[Z]]) & (Z,m) = J(A[[Z]).

(2) In fact, [Fle71] shows more generally that if A € CRing is Noetherian, then nil(A[[Z]]) =
(mil(A))[[Z]].

Lemma 0.1.79 (Lagrange Inversion, Formal Inverse Function Theorem): Let A € CRing and let
= ,arzk € A[[Z]] such that f(0) = ap = 0 and f/(0) = a1 € A*. Then f has a unique

formal compositional inverse g == Y22, by Z* € A[[Z]], g(0) = by = 0, where by = 1/a;. That is,
f(9(2)) = 9(f(2)) = Z in A[[Z]].

Proof: For example see [Sta99]. O
Remarks:

(1) A left compositional inverse is automatically also a right compositional inverse, and vice versa:
if £(9(2)) = Z and g(h(2)) = Z, then g(f(2)) = g(f(9(h(2)))) = g(h(2)) = Z. However, is
it easy to see that existence of a left-inverse implies existence of a right-inverse and vice versa?

(2) In characteristic 0 all coefficients in the Lagrange inversion can be stated with the help of
(formal) residua.

Lemma 0.1.80 (Formal Implicit Function Theorem): Let F/(Z, W) := >3 _, aij Z'Wi e Al[Z,W]]
such that F(Z,0) = 0 and %(070) = ap,1 € A*. Then there exists a unique g € A[[Z]] such that
g(0)=0and F(Z,g9(Z)) =0 in A[[Z]].

Proof: Put S = A[[Z]], i.e. A[Z,W]] = A[[Z]][W]] = S[W]}, F(W) == F(Z,W) € S[[W]], and
note that F(0) = F(Z,0) = 0 in S and the free coefficient of 4L is a power series in A[[Z]]. Since
4L.(0,0) € A* is the free coefficient of SV}?/ (0) € A[[Z]], it follows that 35, (0) € A[[Z]]* = S*. Thus,
by Lemma 0.1.79, there exists a unique G(W) € S[[W]], G(Z,W) = G(W) € A[[Z, W]], such that
G(0) =0 and F(G(W)) =W, ie. F(Z,G(Z,W))=W. Now put g(%Z) = G(Z,0) € A[[Z]]. O

Lemma 0.1.81 (IBN): Let 0 # A € CAlgp and m,n € N such that A™ = A" in Mod(A). Then
m=n.

Proof: This is well-known, but we include the proof here for completeness sake since it is very short.
By Zorn’s lemma 4 has a maximal ideal m. Let x := A/m and suppose that f: A™ = A" in
Mod(A). Then id®f: k @4 A™ Sk 4 A™ is an isomorphism of finite-dimensional vector spaces
over k, hence m = n. ]

Remarks:

(1) Thus the “R-dimension” of a module-finite, module-free, commutative R-algebra A is a well-
defined quantity, usually referred to as rank of the algebra (as in rank of the underlying free
R-module).

(2) Commutativity is essential here. There exist non-commutative rings that do not have the IBN
property. ]
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0.1.13. Artinian Rings & Algebras II: Representation Data

This section is essentially a summary of Section 0.1.4 through Section 0.1.10 applied to our special
case of interest A € FACAlgy . But before we do that, we should establish certain fundamental facts
about FdMod(A).

Lemma 0.1.82: Let K be a field and A € FdCAlgy. Then FdMod(A) = FgMod(A). Furthermore,
for M € Mod(A) the following are equivalent:
(i) M is Noetherian;
(ii) M is Artinian;
(iii) £4(M) < o0
(iv) M € FgMod(A) = FdMod(A).

Proof: If M € FdMod(A) with dimg M = m, then any K-basis {z1,...,zm} C M is clearly a
generating set for M over A. Conversely, if M € FgMod(A) and {y1,...,yn} C M are generators
over A, then {a; -y; : 1 <i<d, 1 <j<n} C M is a finite generating set for M over K, where
{a1,...,aq} is any K-basis of A. Hence dimxg M < oco. Moreover, in general we only have that
lA(M) < 00 & M is both Artinian and Noetherian. However, since A € FACAlgy, then in particular
A € Artz, hence A is semiprimary, and by the Akizuki-Hopkins-Levitzki Theorem (see [LamO1,
Thm.4.15 on p. 55]) we have that M Noetherian < M Artinian. This establishes (i) < (ii) < (iii).
Finally, (i) = (iv) = (i),(ii),(iii) is clear. O

Remark: Some might say that FdMod is the differential geometer’s definition, whereas FgMod is the
algebraist’s definition. O

Since £4(M) < oo for M € FdMod(A), it follows from the Krull-Schmidt-Remak-Azumaya Theorem
([Lam01, Thm.19.21 and Cor.19.22 on p.288]) that M admits a complete decomposition s M =
@i, AMj, where m is uniquely determined and so are the isomorphism types [4My], 1 < k < m,
up to permutation. This decomposition is actually strong: since £4(—) is additive on SESes, we have
lA(My) < o0 too, hence by Fitting’s Lemma each 4Mj, is also strongly indecomposable, 1 < k < m.
That is, End 4(Mjy) is a local (non-commutative) K-algebra with nil maximal ideal J(End4(My))
which is in fact nilpotent with J(End4(My))AMk) = 0, 1 < k < m, see [Lam01, Rem.19.18 on
p.286]. Moreover, we have dimg End (M) < dimg Endg (M) < oo, hence End 4(My) is itself a
non-commutative local Artinian K-algebra, 1 < k < m. If pp: A — Endg(My), 1 < k < m, denote

the corresponding representations, then p™°" o (pim

def

fact factorizes as pr: A — pr(A) = By — End4(My) — Endg(My), hence By is necessarily itself

oo, P As A is commutative, each pg in

local (for example by Lemma 0.1.57 and the fact that End 4(M}) cannot contain any non-trivial
idempotents as 4 M}, is indecomposable), 1 < k < m. It follows that the convenient corestriction of

p has the form

P A — BE T (B, wg, Ar) (0.1.113)
k=1
and p factorizes as
o A H By, e, i) < HEndA My) < HEndK My) <<% Endge (M) (0.1.114)
k=1 k=1 k=1

with the local factors of B € FdCAlg, matching precisely the direct product of the diagonal en-
domorphism K-algebras. This is more advantageous than working with p™: A — p(A) instead.
In principle, this allows everywhere to consider the representation setting as a special case of the
morphism setting.
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Corollary 0.1.83 (Standard Factorizations): Let A = [[7_;(A;j, mj, x;) € FdCAlg.
(1) Representation Setting: if M € FdMod(.A) via p: A — Endg (M), then there exist a unique
complete (strong) decomposition M = @, M}, in FdMod(A) and an index parametrization
T = T7,: [m] = [n], k — 7(k), depending on said decomposition and p, such that p can be

written as
A—L 17, Endg (My) <> Endg (M)
npl 7 (0.1.115)
-7 3y pcor
H;cnzl 'AT(k)
where:
o 1I, := II(;,) is a projection selection morphism, in a standard form, associated to the

representation p;
o p%r = xJ | py, for some representations py: A, ) — Endg (My) such that pj, = ﬁkoprf(k),
1 < k <m, where p°" = (p1,...,pm) as usual.
Moreover:

N Ker(pg), if j € 7([m])
Ker(p) = { ker=1(5) (0.1.116)

Aj, otherwise.

(2) Morphism Setting: if A %, B in FdCAIg K, then there exists an isomorphism (block decompo-
sition) B = [}~ (Bg, ng, Ag) in FdCAlgy and an index parametrization 7 := 7,: [m] — [n],
k +— 7(k), depending on said isomorphism and ¢, such that
A ——— B=T[L, By e, Ar)
nvl 7 (0.1.117)

H?:l Af(k)

where:
e II, == Il is a projection selection morphism, in a standard form, associated to the
morphism ;
® © = xjL, ¢y for some morphisms @, : (Ar k), Mr(k)s Kr(k)) — (Br, M, Ar) in FACAlg - such
that o = @ o prf(k), 1 <k <m, with (¢1,...,¢mn) being the “components” of ¢ with
respect to the block decomposition of B.
Moreover:
M Ker(gg), if j € 7([m])
Ker(p) = ¢ ker=1() (0.1.118)
Aj, otherwise.

Finally, both factorizations are compatible with each other in the sense that I,mor = I, and I rep = I;.

Proof: To (1): Here are all the various ways to make the conclusion:
(i) Since M is finitely decomposable in Mod(.A), the claim follows from Lemma 0.1.30.

(ii) Since A is commutative and M is finitely decomposable in Mod(.A), the claim also follows from
Corollary 0.1.45 (1) (based on Corollary 0.1.29).

(iii) Since A is commutative and End 4(My) (or By), 1 < k < m, are local (hence blocks), the claim
also follows from Eq. (0.1.114) and Lemma 0.1.27, where observe that an (external) isomorphic
rearrangement of [ [, End 4(Mj) simply corresponds to an internal rearrangement of 4M =
@D, aMj. This is the same as deducing (1) from (2).
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It is clear that argument (i) is the most general among the three as it uses the least amount of
assumptions and theory.

To (2): By Lemma 0.1.57, B admits a block decomposition into a product of local Artinian R-algebras.
Thus the claim follows from Corollary 0.1.45 (based on Lemma 0.1.27). O

Remark: The condition in Corollary 0.1.24 of 48 being indecomposable does not hold in general even

in LocArt, and so one still cannot deduce (2) from (1) by way of Corollary 0.1.31. Indeed, consider

A = K[t]/(t?), B = K|[z,y]/(z,y)?, and define ¢: A < B, { + Z. Putting M; = spang {1z, %}

and My = spang{y}, we clearly have B = M; @k Ms. Since tM; L FM, C My as 72 = 0 and
def

tMy = My C My as Ty = 0, we have that M; and My are in fact A-submodules of 48, hence
B = My ® 4 My as well. O

Now, by Definition 0.1.32 by way of Lemma-Definition 0.1.26 and in accordance with Corollary 0.1.83
p and ¢ give rise to the distinguished indexing subsets I, C [n] and I, C [n], respectively. Further-
more, while p and ¢ give rise to relative notions as defined in Section 0.1.6, I, and I, in turn give
rise to corresponding product notions as per Section 0.1.7. In the setup of Section 0.1.10 we have
established a canonical correspondence between the “core” product notions and the “core” spectral
notions, more precisely in Lemma 0.1.47. This correspondence also allows us to consistently associate
I, and I, to some further spectral notions as introduced in Section 0.1.9 and available only in spectral
context, most importantly spectral closures and spectral complements. We are now going to show
that the relative notions induced by p and ¢ converge with the product/spectral notions
induced by I, and I,. This will also settle our final working definitions henceforth.

Lemma-Definition 0.1.84: Let A = [[_,(A;, mj,x;) € FdCAlgg, M € FdMod(A) given by
p: A— Endg (M), and X C A.
(1) p-Closure (p-Saturation):
X? € X + Ker(p). (0.1.119)

(2) Projection closure with respect to p:

X;,ifjel,

X=X,=X1,= { (0.1.120)

Aj, otherwise.
(3) Character space associated to p:

Xy(A) = Xy (A) = {1 j € L} (0.1.121)
(4) Multi-Character with respect to p:

Xp = X1,: A~ H K
icl (0.1.122)
(a1,...,a,) — (a; mod mj)jer,.
(5) Uniform spectral closure of X with respect to p:
X =X, =X, & X, (0.1.123)
(6) Uniform spectral complement of X with respect to p:
X=X,=X1, % (x,(X)) £ (X)°. (0.1.124)
(7) Point-wise spectral closure of X with respect to p:

X=X f[ Cxmy, if g € 1 (0.1.125)
=1 .A], otherwise.
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(8) Point-wise spectral complement of X with respect to p:

X=X, = :ﬁ Joxmg, it j € L, (0.1.126)
jaie .AJ, otherwise.

Analogously for A % B in FdCAlgy and I,.
Proof: Tmmediate from the original definitions. O

Lemma 0.1.85 (Preimages of index-relative U(—) and nil(=)): Let K be a field and A 2 B a
morphism in FdCAlg, with accompanying block decompositions A = H?Zl(Aj,mj,ﬁj) and B =
[Tiey (Bi, i, Ak) p-adapted. Then for & # J C [m] we have:
—1RX ) — g%
(W e (5Gy) = A,
(2) 7 (nil(5)(B)) = nil(z, 1)) (A).
def

Proof: By Lemma-Definition 0.1.26 and Corollary 0.1.83, we can write ¢ = (X1 ,¢x) o Il =
(XJ10k) © (Xjerlj) opry for 7= 7,0 [m] = [n], 1 = I, £ 7o([m]) (see Definition 0.1.32), and
Gk Ay = By, 1 <k < m. By locality of the K-algebras and nility of the corresponding maximal
ideals, we have @, '(ng) = m.(;) and @, (BY) = ‘A;(k)’ 1 <k < m. We only prove (1) since (2)
follows completely analogously. To this end, we have

i AX JifkedJ
(<paen) (B = [ 7™ .
ket | Ar(x), otherwise.

Furthermore, for any p;, q; € Ng with m; = p; 4+ ¢; we have
X s ]
ATH((AX)P x AY) = Ajs ifpy 2 1
! ’ ! Aj;, otherwise.
But p; = |J N771(j)|, in particular p; > 1 < j € 7(J), j € I. Thus

{Aj, if j € 7(J)

A;, otherwise.

(xjer )~ (<)~ (B5) = [ 1

Jjel

_ _ Af ifjer(J - Jifjer()) q
v (B) =pr7 <H { ) 11 {A = ALy
7j=1 J

el A;, otherwise , otherwise.

Therefore

as claimed. 0

Lemma-Definition 0.1.86: Let K be a field, A = [[i_,(A;j, mj, x;) € FdCAlgy, M € FdMod(A)
given by p: A — Endg(M), and Z € A.
(1) Units with respect to p:

no(A el cifjel
A =AY ‘EH{AJ R :{mﬂ S e (0.1.127)

i=1 (Aj, otherwise Aj;, otherwise jel,

(2) Singular cone with respect to p:

Sing,,(A) = Sing; (A) = | ] M, (0.1.128)
Jel,
(3) Nil radical with respect to p:
. . € € a m" lf j G I ~
nil,(A) = nil( ) (A) = m, =m) =[] { ! = J(1,)(A) (0.1.129)
=1 Aj, otherwise
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(4) Singular “class” of Z with respect to p:
def .
[Z]p = [Z](]p) =7+ Slng([p)(A). (01130)
(5) Unital “class” of Z with respect to p:

S+ AN ifjel
iz =125, =137 7 (0.1.131)
77 55 Ay, otherwise,
where z; d:efXj(Z) €rj, 1 <j<n.

Analogously for A % B and I,.

Proof: By Corollary 0.1.83 we can write p = icor 0 p° with peor & (P15 pm) = polly =
(X3 1pk) o (XjerAj) opry for 7:=7,: [m] = [n], [ =1, « 7,([m]), where py: A;gy — Endg (My)
satisfy p = pi o pl“f(k), 1<k <m. Now let p™*: A — B= [T, (Bk, nk, Ak) be the corresponding
convenient corestriction.

To (1): By Lemma 0.1.40 and Lemma 0.1.41 we have that B is unitally closed in Endgr (M), hence
Ay & p 1 (GLg(M)) = p~1(BX) & (pmor)_l(B(X[m])), and the claim follows by taking J := [m] in
Lemma 0.1.85 since I, = [,mor.

To (2): immediate from (1).
To (3): We have Va = (a1,...,an) € AVE € N: p(a)* = (p1(a;@)), .., pm(arm))¥) € B. Tt follows
that

il () ™ i (Bndse () =~ (T B (31 ) =~ (T B ) * (7)o 5)
k=1

k=1
The claim now follows from Lemma 0.1.85 with J = [m] since I, = I mor.

To (4): immediate from (2).

To (5): The first equality is immediate from (1). The second equality follows from Lemma 0.1.47 (6)
andAj:mj@njmj,lgjgn. ]
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0.2. The Group of Units of A

For any A € FdCAlgy, its group of units A* is an affine abelian algebraic group. If K = K, then
A* is also a Lie group, open and dense in 4 (with respect to the analytic topology). Since we
are only interested in the commutative case, we can take an ad hoc approach in determining A*.
For A € FdCAlgy we have by Lemma 0.1.57 that A = [7_,(Aj, m;, 5;), hence A* = 7, A%
Therefore the problem reduces to the local case A = (A, m, k). We will only consider the case when
char(K) = 0 and « is a coefficient field for A, in particular we have A = k @, m (see Section 0.1.11
for more details).

Proposition 0.2.1: Let (A, m, k) € LocArt,. Then we have an isomorphism of algebraic groups

~

Dp: A = K X (m,+)

26 X — <z,10g (1@5))

Uy k% % (m,+) = AX
(w,Y) = wexp(Y) = w® (w(exp(Y) — 1)).

(0.2.1)

with an inverse given by

(0.2.2)

Proof: Since A = k ®, m, every unit in A can be uniquely written as 2 @ X = z (1 @ %) for some
z€ k\ {0} =r* and X € m. As char(k) = 0, we have the formal power series

oo k X 1\k+1
exp(Z) &€ % € k[[Z]] and log(1+ Z) =) (1122% e x[[Z]],
k=0 k=1

which are formally inverse to each other in the sense of Lemma 0.1.79. More precisely, we have that
VX € m: log(l® X) € m and exp(X) € 1 ® m, giving well-defined polynomial maps since X is
nilpotent. We thus get homomorphisms of abelian algebraic groups

log: (16 m, x4) = (m, +)

exp: (m, +) — (16 m, x4)
that are inverse to each other since VX € m: exp(log(l1® X)) = 1 @& X and VY € m: log(l @
(exp(Y) —1)) =Y. That is, (1 & m, x) = (m,+). From here it is immediate to verify that the so
defined maps ® 4 and ¥ 4 are group homomorphisms inverse to each other. Finally, these maps are
clearly regular. O

Remark: Alternatively, observe that the character y4: A — A/m = k induces a SES

1o lome A XMy 0 51,

in Ab, which is right-splitted (possibly non-canonically in general) by the spectral inclusion ¢ =
ta|k* — A* hence indeed A* = k> x (1 @ m, X 4) in Ab, from where one proceeds again as in the
proof above. O

Corollary-Definition 0.2.2: Let « be an algebraically closed field of char(x) = 0 and A € FdCAlg,.
Then A* = G, x GI', where n = # Spec A = # Spm A = #X(A) and m = dim, A — n. In this case
A* is called for short of type (n,m).

Proof: We have A = H?Zl(Aj,mj,/@j) with (Aj, mj;,k;) € LocArt,, i.e. kj = K, since k;/k is finite
and k is algebraically closed, 1 < j < n. Hence

n n n
a = T4y = 106 mgot) = 0 o
j:l :

Jj=1
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where dim,, [[7_; (m;, +) = >°7_, (dimy; A; — 1) = dim, A — n as desired. O

Example (due to Julian Rosen?%): Conversely, any (n, m)-type occurs as the group of units of some
A € FdCAlgj, namely:

A=EK" % Klz1,...,¢m]/(x1,. .., Zm).

Proposition 0.2.3: Let A € FdCAlgr. Then the following are equivalent:
(i) mo(AX) =1;
(ii) A carries an (almost) complex structure;
(iii) X'(A) consists only of honestly complex?” characters.

Proof: Since C is the only non-trivial finite extension of R we have by Proposition 0.2.1 that A* &
[[= A = TT- (KS x (my, +)), where K; € {R,C} and these isomorphisms are clearly also as
topological groups. Thus mo(A*) = [[}_; mo(K}), whence mo(A*) =1 & V1 <j<n:K; =C
V1<j<n:x;=xao0 p1r3~4 € X(A) is honestly C-valued. O
Remarks:
(1) A different proof of the equivalence “(i) < (ii)” in Proposition 0.2.3 using principal bundles
is given in [GM96]. Incidentally, for some reason the authors stop short of stating / proving
the explicit algebraic structure of A*.
(2) The converse “(ii) = (i)” remains true even if we drop commutativity of A because always
codimc Sing(A) > 1.
(3) Recall that in Lemma 0.1.62 we give a list of all possible (almost) complex structures on A.

265ee [MOO1]

27. A . .
"i.e. their images are not contained in R;
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0.3. Normed Algebras & Some Matrix Analysis

All norms on finite-dimensional vector
spaces are equivalent, but some norms are
more equivalent than others.

By a wvector norm on M, (K) or, more generally, on any A € FdAlgi we shall mean a norm ||-|| that
turns the underlying K-vector space structure of A into a normed space, hence automatically into
a K-Banach space by finite-dimensionality of A. By a matriz norm on M, (K) or, more generally,

an algebra norm on A we shall mean a vector norm ||-|| on A that is also submultiplicative, i.e.
VA Be A: ||AB| < ||A|l||B||- Accordingly, such a norm turns A into a (finite-dimensional) Banach
K-algebra. Furthermore, a vector norm ||-|| on A € FdAlgk is called normalized (or unital) iff

II14]| = 1. Note that in general we only have ||1 4| > 1, though.

While K € {R, C} itself comes equipped with a canonical (Archimedean) absolute value (in particular,
multiplicative), this is manifestly not the case for a generic A € FdCAlgk. In trying to generalize
complex analysis of a single variable to the broader setting of A € FdCAIlgy, this is for the most part
just a cosmetic issue. But every so often it also breaks some of the standard proofs, in which case
it can present certain technical challenges that require a completely different line of argument. As is
usually the case, this a feature, not a bug. Hence this section’s goal is — among other things — to gauge
one’s expectations as to what is actually feasible in terms of norm properties in this more general
context. To begin with, we remark that generally one cannot expect better than submultiplicativity,
as the next two propositions amply show:

Proposition 0.3.1 (Gelfand-Mazur): Let A be a normed division C-algebra. Then A = C isomet-
rically. O

Corollary 0.3.2 (“Most C-algebra norms are only submultiplicative”): Let (A, ||-|| 4) € BanAlgc
such that ||-[| 4 is multiplicative. Then A = C isometrically.

Proof: This is standard, so we only sketch the proof. One shows that, if Vo € A*: |27 < lz) 2,
then A* is closed in A\ {0}. But A* is also open in A\ {0}. However, since A is complex, A\ {0}
is connected. Thus A% = A\ {0}, i.e. A is a division algebra, and Proposition 0.3.1 now implies the
claim. O

Then there is also a real version of Proposition 0.3.1:

Proposition 0.3.3 (A “Frobenius Theorem” for normed algebras): Let (A, [|-|| ) be a normed divi-
sion R-algebra. Then A = R, C, or H isometrically. O

However, the proof of Corollary 0.3.2 does not extend to (A, [|-]| 4) € BanAlgg, since A\ {0} need
no longer be connected, and so we cannot conclude that A € {R,C,H}. Indeed, there exist infinite-
dimensional Banach R-algebras with multiplicative norms (i.e. absolute values) [see UW60]. Nev-

ertheless, a full list of all finite-dimensional real unital associative algebras admitting an absolute
value is given by {R, C,H} as shown in [Alb47].

To reiterate, finite-dimensional (commutative) associative K-algebras naturally fall into the category
of (commutative) Banach algebras. But while Banach spaces and Banach algebras appear to be
the most convenient setting that lends itself to our kind of analysis by virtue of their normedness
and completeness, it is perhaps not the most natural one. This is because the Banach property
is somewhat at odds with algebraic niceness: it is well-known that every commutative Noetherian
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Banach algebra is in fact finite-dimensional. This even holds for the non-commutative case as
well, see [ST74]. So, in a sense, the finite-dimensional setting is really forced upon us.

Suffices to say, norm theory on finite-dimensional K-algebras can be easily considered a subject in its
own right, especially when seen in the broader picture of structured Matrix Analysis. It should then
come as no surprise that our main reference for this section will be [HJ13]. That said, we haven’t
actually established existence of algebra norms beyond absolute values yet. Let us quickly remedy
that:

Lemma-Definition 0.3.4 ({;-norm): For A € M,,(K)

Al =) lai]

ij=1
defines an algebra norm on M, (K). O

In fact, a generic A € FdAlgg usually admits uncountably many (automatically equivalent) algebra
norms, for instance as inherited from M, (K) along some faithful representation p: A — M, (K)
(e.g. the regular representation p4: A — M, (K) after fixing some K-basis). We are suddenly spoilt
for choice?®. This necessitates the question as to what constitutes a good norm for some given
application. While we can offer no general wisdom on the matter, we will try to gradually motivate

our way through a few examples below.
A norm that is particularly close to geometric intuition is given by:

Lemma-Definition 0.3.5 (Frobenius?® Norm): For A € M,,(K) the expression

) ;
JAly = ( 3 |a,.j|2>

ij=1

defines a matriz norm on M, (K). O

It arises from the Frobenius inner product (A, B)r = tr(A*B) and obviously coincides with the
Euclidean norm on the vector space M,,(K) (with respect to the standard basis). Observe, however,
that there is in general no a priori reason to expect that it would restrict to the Euclidean norm on
some vector subspace A = K", e.g.

)

for A == K[t]/(t?) < My(K). This example illustrates the following interesting problem that appears
intimately related to the possibility of a finer structure theory for A € LocArtk:

2
2 2 2 2
= 22" + [w]” # [2]" 4w
F

Problem 3: Understand metric properties of A LA M,,(K) induced by some standard metrics and
norms on M, (K). O

Moreover, even though ||-|| is indeed submultiplicative, it is unfortunately not unital, since ||, || =
v/n. This can be somewhat rectified — at the expense of a positive constant — via the following
procedure:

Lemma 0.3.6 (Algebra norms out of vector norms): Let A € FdAlgg and let ||-|| be a vector norm

on A.

28die Qual der Wahl;
29also called fo-norm, or a Schur norm, or a Hilbert-Schmidt norm;
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(1) The rescaled vector norm « ||-|| is an algebra norm if and only if o > «g, where
ag = max{||AB| : A,B € A with [|A]| = |B| =1}.

(2) If ||-]|" is an algebra norm and the equivalence between ||-||" and ||-|| is expressed via c||-||" <
|-l < C|-||" for some C,c > 0, then « ||-|| is also an algebra norm for o := C/c2.

Proof: This is [HJ13, Thm. 5.7.11], where it is stated for M,,(C), but the proof there carries through
for any A € FdAlggk since the unit ||-|-sphere is always compact in the finite-dimensional setting.
O

Corollary 0.3.7:If |||, is the Euclidean norm on the vector space A = K", then there exists a
constant ¢ = ¢4 > 0, depending solely on A, such that VA, B € A: ||AB||, < c||A]l, [|B]l5- O

In the same spirit:

Lemma-Definition 0.3.8 ({s-norm): Let A € M,,(K), then
14l = max las]
defines only a vector norm on M, (K). Nevertheless, the rescaled £..-norm
[A]l = n [|All

is submultiplicative. O

Notice that like with |[-||p neither of these two algebra norms is unital. This suggests the following
(extremely vague) intuition:

Meta-Lemma 3: Geometric algebra norms are not normalized and normalized algebra norms are
perhaps not very intuitively geometric (with the judgement on that yet to pass). O

So, let us now turn to unital algebra norms. There is a completely standard way to produce
such:

Lemma-Definition 0.3.9 (Induced Norm):
(1) Let (V,||lly), (W, ||-lly) € NrmVeckg and ® € Homg(V,W). Then

[P)llw aer
12]]op, = 1@[ly;yy = sup -~ = sup [[(v)[ly,
vev vl o]l =1

will be called the induced norm or the operator norm on Homg (V, W).

(2) Tt (V. ]|} € NrmVecg, then the operator norm [-lgpg = gy = IHlop = Il s
normalized algebra norm.

(3) Let p,q € [1,00] and (V ||-[|,), (W,]-]|,) € FdVeck be equipped with the p- and g-norm (with
respect to some predefined bases), respectively. Then we put

' awr 2@,
V® € Homg (V,W): [[®[,, = [[®[lyw = sup ———
veV ||/UHp

for short. O

Remarks:
(1) One can show that the notation of Lemma-Definition 0.3.9 is consistent with Lemma-Definition 0.3.4
and Lemma-Definition 0.3.8 in the sense that one indeed has VA € M, (K): [[Af; = [|A];,
and [[A|,, = [|Al o oo Despite this, in all other cases one should not confuse the induced p-
norm ||-||,, , with the vector p-norm on M, (K), even though the shorter notation ||-||, = [|-[|,,
is also quite widespread in the literature. We will not be using the latter notation so as to
avoid potential confusion. In particular, [||lyo # [|[|¢-
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(2) Not all normalized algebra norms arise as induced norms. For example, one can show that the
normalized algebra norm defined by
| Al == max{||A]|; , max-row-sum-norm(A)}

on M, (K) is not induced by any vector norm on K". For the time being we are only interested
in the existence of normalized norms, for which the above lemma suffices completely. ]

Lemma-Definition 0.3.10 (Spectral Norm): The operator norm

lsp = [1ll2,2
we be called spectral norm on M, (K). We have

where smax(A) denotes the largest singular value3® of A. O]

Remark: More abstractly, specifying a (Hermitian) inner product on V € FdVeck gives rise to
V = V*, which in turn induces an involution (—)* on Endg(V) = V ®g V*. Then V& €
Endg(V): [|®[g, = v/ Amax(®P*) L Smax(®), where Apax denotes the largest eigenvalue. In other
words, [|-[|g, (equivalently, smax) actually depends on the choice of an inner product structure on V
rather than a K-basis. O

Lemma 0.3.11 (Standard Algebra Norm Relations): Let A, B € M,,(K) be arbitrary. We have the
following inequality relations between algebra norms:

() 1Al < [[Alle < VAl
(2) [[AB|[g < [[Alls, [|Bllp (stronger submultiplicativity of the Frobenius norm);
(3) 1A, < 114111 Al oo i

The abundance of necessarily equivalent algebra norms on A € FdCAlgg can be leveraged as follows.

Since many analytic statements are essentially independent of the choice of an equivalent norm,

or rather, are valid for all (equivalent) norms simultaneously, this suggests — aided by the next

proposition — that in many situations a more appropriate notion to consider instead is that of the

spectral radius, even though it is itself not a norm.

Definition 0.3.12 (Spectral Radius): Let A € M,,(K) and let o(A) denote its spectrum. Then
0(A) == max{|z| : z € 0(A)}

is called the spectral radius of A. Given A — M, (K), we will also denote g4 = g| .

Proposition 0.3.13: We have:

(1) YA € M,,(C)V matrix norm ||-|| : ||A|| > o(A);

(2) VA € GL,(C)V matrix norm [|-|| : ||A7Y| > o(A)7Y;

(3) VA € M,(C) Ve > 0 3 matrix norm ||-]| : 0(A) < ||A]| < o(A) +¢;

(4) VA € Mp(C): o(A) = inf{[|A]| : ||| matrix norm} = inf{[| A, : |||, operator norm}.
Proof: These are [HJ13, Thm. 5.6.9] and [HJ13, Lemma 5.6.10] . O
Remark: Notice that the algebra norm |-|| in (3) depends not only on € but also on A.

The following is an easy but very useful consequence of Proposition 0.3.13 (3), that allows us to move
back and forth between spectral radius and algebra norms:

3%the more standard notation for this is omax(A) instead, but we will not be using it due to notational overload from
o(A) denoting the spectrum of A or o € Autg(A) denoting a K-algebra automorphism of A;
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Corollary 0.3.14 (Principle of spectral comparison): Let A, B € M,,(C).
(1) If ¥V matriz norm ||-|| - ||Al| < ||B]|, then o(A) < o(B).
(2) Conversely, if o(A) < o(B), then 3 matriz norm ||-|| : || 4] < || B

Proof: To (1): take inf). on both sides and apply Proposition 0.3.13 (4).

To (2): Let ¢ > 0 such that o(A) + ¢ < p(B). Then by Proposition 0.3.13 there exists an algebra
norm ||-|| on M, (K), depending on both A and ¢, such that ||A|| < o(A) +¢e < o(B) < ||B|. O

Furthermore, we have:

Proposition 0.3.15 (Gelfand): Let A € M,,(C) and let ||-|| be an arbitrary matrix norm. Then:
(1) Jim AF = 0 if and only if p(A) < 1;
—00

1
(2) 0o(A) = lim HAkH’C
k—ro00
Proof: This is [HJ13, Thim. 5.6.12] and [HJ13, Cor. 5.6.14]. O

Lemma 0.3.16: We have:
(1) 0> 0;
) o(ln) =1;

(2
(3 | ;
(4) V[A,B] = 0 Q(A B) < o(A) + o(B);
(5) V[A,B] =0: o(AB) < o(A)o(B);
(

Proof: (4) is a standard exercise, and (5) follows for example from Proposition 0.3.15 (2). O
Remarks:

(1) The property [A, B] =0 for A, B € M,,(K) is crucial for (4) and (5) to hold.

(2) o(A) = 0 need not imply A =0, e.g. take A== (§}). O

Lemma 0.3.17 (Spectral radius in FdCAlgy): Let A € FdCAlgy and let ||-|| ; be an arbitrary algebra
norm on A.
(1) The spectral radius o4 is a normalized algebra seminorm on A, that is:
(i) 04 >0;
(i) oa(la) = 11
(ili) V2 e KV A € A: 9a(zA) = |2]| 0(A);
(iv) VA, B € A: 04(A+ B) < 04(A) + 04(B);
(v) YA, B € A: 04(AB) < o4(A)oa(B);
(2) If A = [[7_; (A5, my,Ky), K; € {R,C}, then writing Z = (21 @ X1,...,2, ® Xp) € A for
zj € Kj and X; € m;, 1 < 5 < n, we have:

VZ e A: pa(Z) = max |zj]. (0.3.2)

1<j<n
Hence VZ € A:
1214 > as 121,
B . (0.3.3)
12742 (1%\@\)
(3) If A= (A, m, K), then:
(i) VZ € A: oa(Z) > 0;
(i) oa(la) =1;
(i) VA€ KV Z e A: 0a(A\) = || o(2);
(iv) YZ1,Z2 € A: o4(Z1 + Z2) < 04(Z1) + 04(Z2);
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(V) 0a =[]0 xa, hence V21,7 € A: 0a(Z122) = 04(Z1)04(Z2);
(vijm={ZeA:04(Z)=0}and A" ={Z € A: 04(A) > 0};
(vii) VZ e A*: ||Z7H] , = 1/ ].

It follows that in the special case of a local A, g4 is in fact a “semi”™!

absolute value on A.
Conversely, if o4 is multiplicative, then A must be local.

Proof: To (1): immediate from Lemma 0.3.16.

To (2): immediate from the triangular representation of A (see also Corollary 0.1.73) and Proposi-
tion 0.3.13.

To (3): follows from (2). O

Due to the only-submultiplicativity property of algebra norms it is generally difficult to tightly
estimate inverses from above. We collect next some results that can help with that.

Lemma 0.3.18: Let ||-|| be a unital matrix norm on M, (C) and let A € M,,(C) with ||A|| < 1. Then:
1 1 H 1
< <
LA [JA = 11 = A~ 1= [lA]

(0.3.4)

Proof: Standard exercise. O
But when A = (A, m,K), we can do in fact better:

Lemma 0.3.19 (Standard Upper Bound of the Inverse in (A, m, K)): Let A = (A, m, K) be equipped
with an unital algebra norm ||-|| ;. Write Z = 2@ X € A* for z € C* and X € m, and let
vi=v(X):=min{k € N: X¥ = 0}. Then:

=X %/ 121

-1 k i
1z <1”Z(HXHA) ) TR R # XL (03.5)
- V | 3
EPAER A it [2] = X 4.

In particular, if || X|| , < |2, then we obtain the crude but independent of || X|| ; estimate:
v

1270 < (0.3.6)

More generally:

n+k—1\ X%
— 0.3.7
cY) 037)

v—1
_ 1
vnefo: |27, < e Y ( -

k=0

Proof: Since X € m = nil(A) with X" = 0, we have the finite geometric series

1 1 1= Xk
2@ X z2(1-(-X/2)) ZkZO( ) 2k’
which implies the first inequality. The second inequality is then just a special case of the first one.
The third inequality follows similarly from the above geometric series. O
Remarks:

(1) Note that ¥ € N can be instead chosen uniformly for the whole m as m itself is nilpotent. This
is of course less optimal than picking v for an individual X.

(2) Indeed, the estimate in Eq. (0.3.5) is not only valid for || X|| 4 > |z| unlike Eq. (0.3.4), but
it is also sharper than Eq. (0.3.4) for the case || X||, < |z|: since || X[, < |z|, we have

31for a lack of a better term:;
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1 —([[X|l 4/ |2])” < 1, hence
VI
2] = [ X ] 4 2] = 1X 1 4
Proposition 0.3.20 (Yun—Gu-Piazza—Politi-Giingor): Let A = (A, m, K) with dimg .A = n. Then:

12710 =

_ n—1 n—1
~ 1 1 |zt n \ 2z [IZ]
. 1 _ F Sp
VZe A |27, = - ESTCE S L Sl FE (0.3.8)

where spin(Z) denotes the smallest singular value of Z.

Proof: Since dimg A = n, there exists by Section 0.1.12 a lower-triangular faithful representation
p: A= M, (K), in particular det(Z) = 2" for Z € A. The statement then follows from an inequality
obtained by [YG97] and later independently by [PP02] with correction by [Giinl0] (see also the
accounts in [Zoul2] and [LX21]). O

Example: Let A = K[t]/(t?) = K[e] for € # 0, €2 = 0. Then

A%{Z:(Z 0>:z,w€K},
w oz
whence one can calculate

VAl + wf® + ||
1214 = 7] = smax(Z) = - , (039)
which is smooth away from A \ K. Beyond that, since v = n = 2 and spax(X) = |w|, Eq. (0.3.5)
yields the estimate

>

W!) 2] + |wl

2]

_ 1
270, < o1+

|z

whereas Eq. (0.3.8) gives

2 2 2 2
1z < YEVARL ol il VARP 4Rl 4 bl o] 4
® = P 2 V2P 2

away from 0. O

Remark: Even though the above example shows that Eq. (0.3.8) generically yields a looser bound
than Eq. (0.3.5), it relates HZ_lHSp to [[Z]ly, in a rather nice closed-form expression. This has
potential interpretation advantages.

Problem 4 (Structured Smoothness of ||-[|,): It is well-known that |||, generally fails to be dif-
ferentiable away from 0 at points (= matrices) that have eigenvalues of multiplicity > 1. On the
other hand, observe that Z € A = (A, m,K) has exactly one eigenvalue z, but of maximal multi-
plicity n = dimg(.A). Despite that, low-dimensional examples as the above suggest the surprising
behavior that |[-[|s, is differentiable (really, real-analytic) away from K < A. Prove or disprove this
observation. O

Lemma 0.3.21: Let V € FdVeck and vi,v2 € V. Then vy = Avy for some |A] = 1 if and only if

V= loally = flozly-

Proof: If vy and v are collinear, this is clear. Suppose that they are not collinear and define W :=
spang {vi,v2} € V a 2-dimensional K-vector subspace. Further define ||z1v1 + zoval|yy, = \/:E% + oza:%
for some o > 0, a # 1. It is standard that |||, is indeed a norm on W C V' and that it can be
extended to a norm on V' (e.g. utilize a direct complement). But |jvi||,,; = 1, |lv2]lyy = @ # 1, a
contradiction. O
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Definition 0.3.22: Let (V,||-||\/) € NrmVeck, v € V, and S C V. We put:
(1) Distance of v from S with respect to ||-||y: disty (v, S) == infS lv —w|ly;
we

(2) Diameter of S with respect to ||-||;: diamy(S) = sup |lv —w]|y -

v,WES

Lemma 0.3.23 (Quotient Norm): Let (A, ||-|| ;) € NrmAlgy and I <1 A closed. Then

_ . def ..
[l = inf flaf 4 & dist a(a, 1)

defines again an algebra norm on A/I. If [|-[| 4 is unital, then so is [|-[| 4 ;.

Proof: 1t is standard that [-|| 4/, is a well-defined vector norm on A/I. For the submultiplicativity
we have Vai,as € A:

S o o
a1y gzl ajr = infllar = @alla laz = ol g = inf_fl(@ = 21)(az = @) Lo

def

= inf — — > inf —z|| = =
oot laraz — a1xo — asxy + 22| 4 > inf laraz — || = [[araz| 4/,
= [laraz|l 4,

since a1x9 + agxy — x122 € I < A. Finally, if [|-|| 4 is unital, then
HlA/IHA/I = dista(1a, 1) < dista(1a,04) = ||1af 4 =1,
hence HlA/IHA/[ = 1 since we have in any case HlA/IHA/] > 1 by submultiplicativity. O
Recall that given (A, ||| 1) € NrmAlgy, we have by definition (A7, ||-||;,) € NrmLMod(A) if M €
LMod(A) and the following compatability relation between the norms holds:
Vac AVr e M: |la-x|,; <llall 4|2 -

Analogously for NrmRMod(.A) and NrmBMod(.A). In the same vein, given now (A, ||-|| ) € NrmCAlgy,
we have (B, ||||5) € NrmAlg(A) if B € Alg(A) and

Vae AVbeB: |la-blg < |al4blls-

Lemma 0.3.24 (Tautological Norm Compatibility): Let (A, ||-|| 4) € NrmAlgy with [-|| 4 being unital
and (M, ||-||,;) € LMod(.A) via some (continuous) p: A — Endg (M).

def

(1) ||p||0p = HPHA,EndK(M) =1 (M, |-[[5;) € NrmLMod(A).
(2) If (M, |-l5;) € NrmLMod(A), then (Endg (M), [ Enag (1) o H||MM) € NrmBMod(A).
(3) 1 (M, |- 57) € NrmLMod(A), then only [l (a1 by < 1Ly cerp ¥ias p(A) = A/ Ker p.

Proof: To (1): “<”: We have:
def def def def
1Pllop = 112l 4 Endeary = sUP [[2(a)|gnaary = sup  sup [[p(a)zlly, = sup  sup [la- x|, <
llall 4=1 llall a=1 llzllpr=1 lall 4=1 Izl p,=1

< sup sup |[laf| 4 [zl = 1.
llall =1 llz]l pr=1
On the other hand, since both ||-[[g,q, (ar) and [|-[| 4 are unital, we get
def
oMl op y sup_ () lenay (ary = [1P(LA) [ Enay (ar) = 1-
all 4=

It follows that ||pl|,, = 1.

“=": We have indeed Va € AVx € M:

def
la -zl = llp(a)zy < Hp(a)HEndK(M) ][5 < HP”A,EndK(M) lall g 1zl ar = llall 4 2]l

as claimed.
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To (2): For the NrmLMod(A)-part we have Va € AV ® € Endg(M):
o Bllmmanan = 190l 2 b [(p(@)B)allyy 2 sup [la- (@) <
[l =1 lll =1
ef
< sup [|a]l g [|®2]ly, = llal 4 sup [|®2] yr = llalla 19 g ar) -
|| =1 Izl =1

For the NrmRMod(A)-part we have Va € AV ® € Endg(M):

1 - allgaaeany < sup [[(@p(a)z ]y < sup [20(a) lgaagary Illar = 1€2() gaa (ar) <

llzll =1 2l p=1

)
< N @llgnag ary 1P() Ienage(ary < 1@ Bndse(ary [1llop lalla = 1@l gnd ar) lall o

as desired.

To (3): We have indeed Va € AVz € Kerp: ||p(a)llpuaean = 2@+ 2)gnagary < lla+ 24 by

def

(1), hence Va € A: ||p(a)|gna, () < ;I:EiII(lgrp la+ ]| 4 = @]l 4/ ker, s claimed. O

Remark: Observe that, unlike the NrmLMod(.A)-case, the proof for the NrmRMod(.A)-case in (2)
relies on (1) because despite commutativity of A the representation p need not map the latter into
Z(Endg(M)). O

Lemma-Definition 0.3.25 (Norms for Finite (Co)Products):
(1) Finite Products in NrmAlgy: if (A;, H'HAj)lgjgn C NrmAlgg, then

I<irasll, = max llajl,, (0.3.10)

defines a submultiplicative norm on A = H;LZI Aj;. If additionally H'HAjv 1 < j < n, are unital,
then so is [|-|| 4 = ||[|«-
(2) Finite Coproducts in NrmLMod(A): Let (A, |-l ;) € NrmAlgg and let (Mg, |||l 37, )1<k<m C
NrmLMod(A). If ||-||gm is any monotonic norm on R™, then
@iy @rllar = [[(lz1llag, - lmllan, ) llgm

defines an A-module norm on M = ;" ; M. In particular, we set
V(1. zm) € M | @lyzkll = |zl - lzmllag) |, -

Proof: To (1): This is immediate from the fact that ||-||  is itself a unital algebra norm on R™.

To (2): Write x = ®]" 2. Since ||:[|[gm is monotonic, we have
def
Vae AVe e M: |la- x|, = ‘(Ha'leMl ,...,||a'xm”Mm)H]Rm <
< |[Ulall g lz1llag, »- - lall g l#mllag, )l gm =
def
= llalla [(Nillag, - lowmllag,) g = lall g el
as desired. O

Remark: It is well-known that a norm in R"™ is monotonic iff it is absolute, that is, depends only on
the absolute values of the vector coordinates (see [BSW61] for the original treatment or the account
in [JN91]). O

To summarize, we will have to deal with the following norm package:
o A € FdCAlgk equipped with some (hopefully unital) algebra norm ||-[| 4

def
= [l

e Endg(A) naturally equipped with [|-||g,q, 4) AN
def

e pai A Ende(A) equipped with |palloy “ 110] 4 gy ()
and more generally:
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M € FdMod(.A) equipped with some vector norm |||,

def

Endy (M) naturally equipped with [||[g,q, () = Il az,ar5
def
AEndg (M) A [, 1) = [l Endw (ar) 1o();

HSOHA,B vs. P = Py = pgoyp: A — Endg(B) equipped

p: A — Endg (M) equipped itself with ||p[|,, = ||p|

def

¢: A — B equipped with |¢l|,, =

. def
with [[0"Pl|o, = 19"l 4 B (5);

p™" s A — B — Endg(M) equipped with ||p™||
tions p'™, pr.

def

op = 1P || 4 5 as well as the other corestric-

This begs the question as to whether one can make some quality-of-life arrangements so that all

these

norms play nice together. To this end, the following lemma falls into the verify-once-and-forget

category:

Lemma 0.3.26 (Consistent Choice of Norms): Let A, B € FdCAlgx and M € FdMod 4 via p: A —
Endy (M).

(1)

(6)

If ||-|| 4 is any unital algebra norm on A, then
I lendse ) loacay = [I-lLa
where |[-[|gpa, (4 =N A.4- That is, the inherited along the regular representation p 4 induced

norm agrees with the original algebra norm. In other words, the identification A = p4(A) is
norm-consistent.

Given [|-||;, there exists a unital algebra norm ||-|| 4, (depending on ||-|| ), with respect to which
[[lp; is an A-module norm. In particular, if we choose ||-|[5; = ||-[l5, then [|-[gna, () = Illsp
and hence | = IHp

Given |[|-|| 4, there exists a compatible .A-module norm ||-||;, (depending on ||-|| 4). In particular,
picking [|-|| 4 = |-, via A L4 Endg (A) for some choice of an inner product on the underlying
K-vector space A, we can find a compatible [|-||,,.

If M = Bin (2) and A %5 B, then there exist submultiplicative unital norms ||-|| 4 and |||
such that

Vae AVbeB: [la-blz <llall 4[|l

and
T def
[ellop = 16" Pllop = ool 4 Enae @) = 1-
As a continuation of (2), let (Mg, |||, = [I-lls)1<k<m C NrmFdMod(A), M = @}, My, and
consider [~ Endg (M) — Endg (M), where accordingly H'”EndK(Mk) = [, 1 £k <m.
Then
def
F-llaz = 1-ll2 = [l

(with respect to the concatenated basis), hence

g ar = [lllsp

and we have

def
I llsp 1y Endie () = I = -l codom peor) -

In other words, the module norm |||, is consistent with respect to direct sums and the algebra
norm |[[-[|g, is consistent with respect to the corresponding products of corner rings.
Continuing (5), we have

H'HCodom(pmor) = HHsp ’Codom(pmor)-
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Moreover:

imH mor” corH 1
)

10" |op = 10" llop = 10" lop = llpllo, =

where the operator norms are taken with respect to the corresponding codomains as defined
in Section 0.1.4.
(7) “Functoriality”: if A % B Y Cin FdCAlgy, then there exist ||| 4, ||| 3, and ||-||, such that

||<P||A,B = ||7/’||B7c = [[¢po SOHA,C =L
Proof: To (1): Indeed, identifying A = p4(A), we have Va € A:

def
lall4 = lla- Lall4 < llallgna, ) [1Talla = lallgna ) = Sup lla -zl 4 < sup |lall 4 2] 4 = llall 4,

]l 4=1 el =1
that is, Va € A: [lallg,q, a) = llall 4 as desired.
To (2): Let ||-|'4 be any submultiplicative unital norm on A and fix some ||-||,, (e.g. |||y = |||l for
some choice of K-basis for M), which in turn induces some |[-[|g,q, (a7)- Put ||||£)p = H-||£47EndK(M) for

the corresponding operator norm with respect to ||||’4 and | lendg (ar)- Now define Va € A: |af| 4 =
max{||al’, [p(a)[|gnay (ary}- Then [|-]| 4 is a unital submultiplicative norm on A equivalent to (Bl
(regardless of finite-dimensionality). Indeed, unitality, absolute homogeneity, and positive definite-
ness of [|-|| 4 are clear, while subadditivity and submultiplicativity are immediate from |[|-||,, being an
algebra norm on R x R. As for the norm equivalence, we have Va € A:

def
lall’y < llall 4 = max{[lall’y . [lp(a)lpna,ar) b < max{llally . ol lallla} = max{L, llpllg,} llall -

Next put [|l,, = [Il 4 Endag(ary With respect to [|-[| 4 and |-[[gnq,(ar)- By Lemma 0.3.24 it is
enough to show that |p||,, = 1. To this end, decompose B!'”A(O) = XUY with X = {a €
A ally < 10(@) lmagan = 1} and ¥ = {a € A ¢ [p(@lgayar) < lally = 1} Then

def
ollop = max{ sup [|p(a) | gnay (ar) > SUP [12(a) lgna (an) } We clearly have sup |[p(a)|lgpa, ) = 1,
acX acY acX

provided X # @, and sup [|p(a)|| gy, () < lal’y = 1, so it suffices to show that X # @. But this is
acY

also clear because X 3 14.

To (3): Let ||-||}; be an arbitrary norm on M. Then define
Ve e M: ||z|l, = sup |la-z|y-
llall 4=1

Observe that Vo € M: ||z|,;, < oo by (automatic) continuity of the action®?. Taking u =

14/ 114l 4, in particular ||ul| 4 = 1, we have

[l
Vo eM: |y > llu- 2l = i i,
Alla
hence |[|-||,; > 0 and |[z||,;, = 0 & = = 0. Moreover, |-||;; is clearly absolutely homogeneous.

Furthermore:

Va,y e M: llz+yly = sup fla-(@+y)ly < sup (Ja-zlly + la-ylly) <
Jall4=1 lal4=1

def
< sup fla-alfy + sup lla-yly = Izl + 1yl

llall 4=1 llall 4=1
i.e. |||, is subadditive. Next we show that
VeeM: sup |a-z|)y,= sup [la-z|)-
llall 4<1 llall 4=1

32more generally, the construction works for topological A-modules M, which is automatic in the finite-dimensional
case;
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It suffices to show that Va € M: supy, < la- z|y < Sup|jq)| =1 lla - ||y Indeed we have

/ /

VzeM: sup |la-z|), = sup HaHA‘

-z < — = sup Hb$H/M
lall 4<1 lall 4 <1 lallaMlar = eyt Hlella Ml =1
a#0 a#0
as desired. Finally, we obtain Va € A\ {0} Vo € M:
c /
def
la-all4= sup [[b-a-zly, < sup e zfy =llall,  sup Tl =
ol 4=1 llell 4<llall 4 llell 4<llall 4 A M
def
<llall4 sup [|[d-z| =llall 4 sup [|d-z[ = ||l 4[|z,
lld]l <1 dl| 4=1

by the preceding equality and the fact that for ¢ := ba we have ||c|| , = ||ba| 4 < ||b]| 4 llall 4 = lla]| 4.
Clearly, the construction puts no restrictions on ||| 4.

To (4): Pick any unital submultiplicative norms |-||’; and ||-[|5. We have Va € A: 196(0) I pnag (5) o

1p5(#(a) lgna ) = ll#(@)ll by (1). Thus the same procedure ||al| 4 = max{[|all’y, [l¢(a)llz} =
max{||all’y s [10(0) || guay s} @ € A, as in (2) yields [¢ll,, = ppll,, = 1 and Va € AVD €
B: [la-bllg < [lal 4 [[b]-

To (5): Write A = x}* Ay € [[;-, Endg (M) — Endg (M) and z = @7 x, € M = @), M.
Then V1 <k <m:

def def def
[Allg, = sup [|Azlly = sup 7L Apzelly, > sup [[©FL Agzelly = sup [[Apzell = [[Allg, »
llzll,=1 [[zll,=1 zkll,=1 llkll,=1
def
hence || 4|y, > 1r§r}€a§Xm [ Akllsp = [[All- On the other hand,
m
2 def 2 def 2
1Al sup  [|@g, Aparlly sup Y || gl < ZHAkHsp k]l =
S llekll3=1 St llzl3=1 k=1 2k 1szllrlk 1
m m
— 2. _ . _ 2 def
= sup { S tellAplZ > te=1and VI <k <m:t,> 0} = max. A2, = [|A]% .
k=1 k=1
It follows that ||Ally, = [|All, as desired.
To (6): Following (5), write 4M = PyL; oMy with [|-[|,; = [|-[|, and corresponding representations
pr: A — Endg(My), 1 < k < m. By Lemma-Definition 0.1.15 we have pmor & (pim  pim). A4
H}gnzl Bk‘a where Bk = pk‘("4> with H HBk = H HEndK (Mg) ’Bk - H'Hsp‘BIw 1 <k < m. Hence Vb =
Xeabr € [Tty B
def def def
Pt e # Dl e, e, g, o)
def def
= max [lbklly, = 161l & 2 Bllap Iz, B (a) = 0l 100l £y ary -
Or more succinctly:
def def
||'||m":13k (Il HEndK (Mg) |Bk)><k 1 ||'||H;":1EndK(Mk) |1‘[;”:15’k = |Ill« |1‘[Z;IB;€ = ”’Hsp ‘Hk’":lBkv

which proves the first claim. In particular, in choosing the spectral norm as a default one, product
norms commute with corner norm restrictions. Finally, since [|-[| , 4y, |l cogom(pmerys a0d ||| coqom peer)

are restrictions of ||-[|gnq, (ar) = the second claim follows from (2).

lsps

To (7): Let |||y, ||]l;g> and [|-||o be any unital submultiplicative norms on A, B, and C, respectively.
As in (4) define successively Vb € B: ||b]| 5 :== max{||b||;3, ||¢()||o} and

def

Va € A: |a] 4 = max{|lally . [lp(a)llg} = max{llals . [ ¢(a) 5 [¥(e(a))llc}-
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By (4) we have |||l 4 s = [[¥llgc = 1. Finally, as in (2), put

X = {a e A max{llally, le(@)5} < le(e(@)le =1} B4 (0)

and

Y =B 14(0)\ X £ {a € A: [i(p(a)]c < max{[|a]y, llp(a)]s} = 1}.
Then proceed as in (2). O
Remarks:

(1)

(2)

Observe that in (3) we could have equivalently taken the in retrospect technically simpler
definition ||z, = supy,) <1 lla- x|y, in place of the stricter SUp||qf =1 lla- x|y, Moreover,
one can show that |||, ~ |||}, regardless of finite-dimensionality.

Clearly, (5) and consequently (6) works for any ||-||p7p in place of p = 2, but among them

[[lsp «f [[Il.2 is special. Other convenient (p, p)-operator norms include |[|-||; and [|-[| ,, though.
The A-module norm compatibility condition is often given in the literature as

JC>0Vac AVz e M: |a-x|,; < Clal 4 ||zl ,,

instead. By Lemma 0.3.24 we have that C' = 1 is equivalent to ||p||,, = 1 (in fact, we can
clearly take C = |[p[|,,). But by Lemma 0.3.26, starting with either [|-|| 4 or [|-||,;, we can
always arrange for an equivalent norm so that p becomes weakly contractive. Getting rid of
C > 0 is not only more aesthetically pleasing, but it also behaves more naturally with respect
to change of scalars.

Clearly, (7) can be extended by induction to any finite chain of morphisms in FdCAlgy so that
any intermediate compositions are also normalized.

Working with p and ¢™P is thus more flexible than working with ¢ and p™°" due to the
norm consistency of the regular representation, whereas the latter would require something

like fixing ||| gyq : i.e. ||-|la; = II-lly in order for the (convenient) corestrictions of p to

= H'Hsp7
be consistent with |-]|,. O

Definition 0.3.27 (Spectral Balls): Let A € BanAlgg, Zy € A, and R > 0. Then

B} (Zo, R) = {Z € A: 04(Z — Z) < R}

BX (%0, R) = {Z € A: 0a(Z — Z) < R}

will denote the open and the closed spectral R-balls of A, respectively.

Remark: If 4 = (A, m,K) € LocArtk, then by Corollary 0.1.73 we have explicitly:

and

s (—R,R) xm, if K=R
BA(O7R) =
Dr(0) xm, if K=C
[-R, R xm, if K=R

BY(0,R) =14 _
A0 B) {]DR(O)xm,ifK:C

Hence for finite-dimensional commutative local K-algebras the spectral balls are just infinite bozes

or infinite cylinders, depending on K, rather than actual balls.

Definition 0.3.28 (Spectral Polyballs/Polycylinders): Let A = []7_,(A;,m;,C) and let Zo € A.
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Let r:= (ri,...,m,) € [0,00]" and R := (R1,...,Ry) € [0,00]". Then we define:

B} (Zo. R) = [ [ B (br,(Z). Ry)
j=1

and
n
B} (Zo, R) = [ [ B, (br;(Z0), Rj)
j=1
Remarks:
(1) Definition 0.3.27 and Definition 0.3.28 agree only when R} = --- = R, = R.

(2) Unlike Definition 0.3.27, however, Definition 0.3.28 generally would have depended on the
choice of product decomposition for A among all isomorphic ones if we didn’t internalize.

Definition 0.3.29 (Scalar Disks): Let A € FdCAlgc and denote by t4: C — A the canonical
inclusion of scalars. Furthermore, let R > 0 and Zy € A. Then

]D)R(Zo) = ]D)A(Zo, R) = Zy+ LA(]D)R(O))
and
Dr(Zo) = Da(Zo, R) = Zoy + ta(Dr(0))

will be called respectively the open3? and the closed scalar discs of radius R around Zj.

33obviously not an open subset of A, but only in the relative topology of the accordingly shifted complex plane in A;
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1. Differentiation over A

In Section 1.1 we introduce our main working definitions. To this end, given A € FdCAlgk for
K € {R, C}, it will be convenient to make a superficial distinction between the equivalent notions of
a (finite-dimensional) representation p: A — Endg (M) as a special kind of an algebra morphism (rep-
resentation POV) and the object 4M € FdMod(.A) as a (finite-dimensional) K-vector space equipped
with an 4-action (module POV). Given the first type of data, we will speak of p-differentiability,
whereas given the second type of data, we will speak of A-differentiability, but the reader should
not feel confounded as they will mean one and the same. Of special interest will be representations
that arise from morphisms A % Bin FdCAlgk since these then enable “functorial” behavior on the

analytic side. Now, given such a representation p, we will associate to it three different types of
tg‘str

P )
A-equivariance of the derivative as a linear map) and that represent three main classes of basic regu-

sheaves, .7, and .#,, that encode compatibility of the derivative with the A-structure (i.e.
larity for p-differentiability. One should note, though, that in all three cases, given a p-differentiable
function f: U — 4 M, the (p-)derivative f’ is again a function f': U — M. This is the first similarity
to single-variable complex analysis. The first type, .2, is an adaptation of the classical definition
of differentiability via a limit of a difference quotient (hence the notation). The third one is just
Frechét differentiability with an A-equivariant condition on the differential. The middle one .#5% is
an auxiliary notion, a stricter version of .% that imposes an additional condition on the o-behavior of
the remainder term. The reader should rightly wonder why all the fuss with three distinct definitions
(and we haven’t even included the Gateaux version of A-equivariant differentiability yet!). Regard-
less of which definition one deems to be the conceptually right one, one of the main objectives of
Section 1.1 is to study A-differentiability in its natural, categorical setting. That is to say, to study
the interplay between the analysis definition on the one hand and the elementary categorical prop-
erties, objects, constructions in both FdCAlgg and Mod(.A) such as monomorphisms, epimorphisms,
products etc. on the other. The regularity class .}, behaves well in that regard, but unfortunately it
has just one “minor” drawback: it is the conceptually wrong definition in the Banach setting as it is
limited to the finite-dimensional setting since infinite-dimensional commutative Banach K-algebras
need not have dense groups of units, which renders said definition completely unviable in that situ-
ation. On the other hand, .%, is the natural definition in the Banach setting, but it does not appear
to behave well enough with respect to some essential categorical constructions, and it turns out
that .75 is the correct choice for this key categorical behavior. Even though we are going to show
that the distinction between the three definitions disappears quickly once one imposes continuous
differentiability, it is instructive to understand how far one can take the theory without such an
assumption — recall namely that requiring continuity of the derivative for holomorphic functions is
a completely superfluous assumption. As the reader would have probably already guessed at this
point, with some additional care much of the theory in this section carries through more generally
for A € CBanAlgg and E € BanMod(A) instead (this will be a subject of different work though),
which we decided to reflect in parts of the proof language on purpose.

As a first order of business after introducing the main definitions in Section 1.1 we revisit some
key results of [Wat92a]. In our notation Waterhouse shows that £, C 4 by first showing that
2 s-differentiable functions decompose in accordance with the decomposition of A as a product of
local Artin algebras and then he invokes the explicit algebraic structure of local A = (A, m,K) to
show that then £4 C %4, thus concluding its validity for all A. We give a straightfoward, purely
topological proof of the more general inclusion .Z, C 9’;‘“ C #,, dispensing with any algebraic
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reasoning altogether. Since our argument relies on A* being dense in A, the reader might still
argue that it is algebraic in nature — however, we also show that any dense set of invertible elements
does the job, which is what enables the definition of .Z to begin with! This also turns out to be
crucial for the “functorial” behavior of .. Later we show the aforementioned decomposition as a
very special case of the interplay between . and .#5% on the one hand and algebra epimorphisms
(including projections out of products) on the other. We also give a substantial strenghtening in the
one-A-variable case of an important foundational theorem in [GM96]: they show that a function is
A-analytic if and only if it is analytic and infinitely Z4-differentiable, whereas we show that once-
£ s-differentiable actually suffices. We then move on to show miscellaneous p-differentiation rules,
including a “mixed” Leibniz rule for the product of a ¢-differentiable function with a p-differentiable
function, given certain compatibility between the morphism ¢ and the representation p, as well
as various chain rules that exhibit the previously mentioned “functorial” behavior with respect to
composition of morphisms in FdCAlgx. We remark that not all of them behave as straightforward
as one would expect.

In Section 1.2 we study the interaction between the three regularity classes ., .Z5", and .# and some
elementary categorical constructions. As previously alluded, we show in particular that if p factorizes
through an epimorphism 7, then so does any f of class .Z or .Z#5. This is the basis for two types
of results: various automatic p-differentiable extensions and naturality with respect to internal and
external products, which in turn eventually leads to the full factorization of p-differentiable functions
in accordance with the standard factorization of p and the reduction to the case of indecomposable
faithful modules over local A = (A, m, K).

In Section 1.3 we will state the generalized Cauchy—Riemann(—Scheffers) equations associated to p-
differentiable functions. We also derive corresponding generalized Wirtinger operators in two different
ways: one that later on shows them to be precisely the “coefficients” of dw, where w := p(dZ)f(Z)
is the canonical 4M-valued 1-form associated to the function f: U — 4M, U C A open, (see below)
and a second one as a result of a convenient (co)frame change in “Artinified” (co)tangent space that
is universal for all A.

def

In Section 1.4 we study the canonical differential 1-form w := p(dZ)f(Z) = dZ - f(Z) € QY (U, 4M)
associated to a (possibly p-differentiable) function f: U — M. A key property is that w is d-closed
if and only if f(Z) is p-differentiable. Closely related to that is the question of p-integrability and
p-primitives, i.e. the existence of a p-differentiable function F': U — 4M such that F’ = f. To that
end, we prove a p-analogue of Cauchy-Goursat’s Integral Theorem (after Pringsheim), which then
implies infinite integrability of p-differentiable functions f(Z) on sufficiently nice domains. In other
words, this class of functions shares the infinite “reverse regularity” property of usual holomorphic
functions. Observe that we don’t assume f(Z) to be continuously p-differentiable or for A to carry
a complex structure.

A final remark on notation. Even though for the most part we will not need to assume an underlying
complex structure (except at the few places stated otherwise), we will use the notation Z € A and
Z = z @ X as a remainder that our end-goal is the complex case and that we are actually working
over K € {R,C} in all cases, not merely over R, even though of course C is an R-algebra. This is
stronger.

1.1. Differentiability with respect to a representation

Even though we are mostly interested in the complex case, it is instructive to try and develop the
basic theory more generally over K € {R,C}. Instead of working within a fixed object A € FdCAlgy,
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our starting point will rather be a non-trivial finite-dimensional representation p: A — Endg (M)
for some M € FdVeck (equivalently, M € FgMod(.A)). Observe that in the special case dimg M =
dimg A and p faithful this is the same as a choice of an A-structure on M € FdVeckg. Moreover,
following Grothendieck’s relative point of view, a special case of interest will be those representations
arising from morphisms A % Bin FdCAlgg, where recall p, o P £ pB © . For much of the
theory, the representation case subsumes the morphism case, however the morphism case ultimately
gives rise to qualitatively different theory, so at times we will need to treat them in parallel. We
remark that there is an abundance of such morphisms:

Example: Let A == K[X,Y]/(X%2 4+ Y3 XY?2 Y%). Then A is a local K-algebra of dimg A = 6,
and the quotient map 7: A — _A/(??’) & ]K[X’,Y]/()(%‘X'Y27 Y3) =: B, dimg B = 5, is a non-trivial
(necessarily local) morphism. O

Recall that A & p=1(GL(M)) is an open dense monoid in A as Ay O AX. Likewise for AZ.

Definition 1.1.1 (Classical p/¢-Differentiability): Let U C A be open.
(1) Classical p/e-differentiability at a point: let Zy € U.
(i) Representation Setting: a function f: U — 4M is called classically or “limit-wise”
p-differentiable at Zjy if the limit of the following difference quotient limit exists:
F'(Zo) = Jim. p(H)™ (f(Z0 + H) ~ f(Z0). (1.1.1)
HeAN(U-Zo)

(ii) Morphism Setting: a function f: U — B is called classically or “limit-wise” p-differentiable

at Zy if the limit of the following difference quotient limit exists:

F(Z0) = 1im LG+ H) = (%)

H—0 H
HeAé:(U—Zo) P (H)

(1.1.2)

(2) fis called classically p/o-differentiable if it is classically p/p-differentiable everywhere in U.
(3) Spaces of classically p/p-differentiable functions on U:
ZLy(U) = LaAU, aM) :={f: U = M | f is classically p-differentiable}

def

ZL,(U) = ZLA(U, 4B) = {f: U — B| f is classically ¢-differentiable}
La(U) = L, (U) Z LU, A).
(4) Spaces of k-times classically p/-differentiable functions: for £ € NU {oo} we also put
ka(U) = LRU, 4M) = {f: U — M | f is k-times classically p-differentiable}
.L”Jf(U) = LX(U, 4B) L f: U — B| fis k-times classically o-differentiable}.

Given v € M, it defines an A-linear map 9: 44 — AM, a — a-v = p(a)(v), which gives rise to
the “regular module representation” Y := T;: M = Hom 4 (A, M) — Homg(A, M), v — 0, with
the inverse being given by A = Ay = Y3} Homa(A, M) — M, ® > v = ®(14). Completely
analagously, B € B induces a tautologically A-linear map B: A — B, A — »(A)B.

Definition 1.1.2 (Strict Fréchet p/p-Differentiability): Let U C A be open.
(1) Strict Fréchet p/p-differentiability at a point: let Zy € U.
(i) Representation Setting: a function f: U — 4 M is called Fréchet strictly p-differentiable
at Zy if there exists v € M such that

def def

f(Zo+H) = f(Zo) + H-v+r(H)= f(Zo) +p(H)v+r(H) =

def (1.1.3)
= [(Zo) + 0(H) +r(H),
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where ||r(H)|,; = o(||p(H )H Enq) @ H — 0. In this case f'(Zy) = v, canonically
identified as f'(Zy) = € Homy (A, M) C Homg (A, M), is called the p-derivative of f
at Z().

(ii) Morphism Setting: a function f: U — B is called Fréchet strictly @-differentiable at Zy
if there exists B € B such that
f(Zo+H) = f(Zo) + H-B+r(H)= f(Zo) + Bp(H) +r(H) =

def

= f(Zo) + B(H) + r(H),
where ||7(H)||z = o(|l¢(H)||3) as H — 0. In this case f'(Zy) := B, canonically identified
as f'(Zy) = B € Homy(A, B) C Homg(A, B), is called the ¢-derivative of f at Zj.
(2) f is called Fréchet strictly p/e-differentiable if it is Fréchet strictly p/p-differentiable every-
where in U.

(1.1.4)

(3) Spaces of Fréchet strictly p/¢-differentiable functions:

ﬁ;tr(U) FE(U, 4M) = {f: U — M | f is Fréchet strictly p-differentiable}

ﬁ;tr(U) = FS(U, AB) = {f: U — B f is Fréchet strictly o-differentiable}
FA(U) = F5 (U) = FZ{"(U, A).

ida
(4) Spaces of k-times Fréchet strictly p/p-differentiable functions: for k£ € NU {oo} we also put

ﬁ;tr’k(U) ﬁm MU, AM) = {f: U — M| f is k-times Fréchet strictly p-differentiable}
ﬁ;tr’k(U ) =T, SR (U, AB) € {f: U — B| f is k-times Fréchet strictly o-differentiable}.

Definition 1.1.3 (Fréchet p-Differentiability): Let U C A be open.
(1) Fréchet p/p-differentiability at a point: let Zy € U.
(i) Representation Setting: a function f: U — 4M is called Fréchet p-differentiable at Zy
if there exists v € M such that
f(Zo+ H) = f(Zo) + H -v+r(H) = f(Zo) + p(H)v +r(H) =
= f(ZO) + @(H) + T(H)7
where ||r(H)|,, = o(|H|| 4) as H — 0. In this case f'(Zy) = v, canonically identified
as f'(Zy) =0 € Hom (A, M) C Homg (A, M), is called the p-derivative of f at Zj.
(ii) Morphism Setting: a function f: U — B is called Fréchet @-differentiable at Zj if there
exists B € B such that
f(Zo+ H) = f(Zo) + H-B+r(H) = f(Z) + Bo(H) +r(H) =
= f(Zo) + B(H) + r(H),
where ||r(H)||z = o(||H|| 4) as H — 0. In this case f'(Zy) == B, canonically identified
as f'(Zo) = B € Hom4(A, B) C Homg (A, B), is called the ¢-derivative of f at Z.
(2) f is called Fréchet p/p-differentiable if it is Fréchet p/e-differentiable everywhere in U.
(3) Spaces of Fréchet p/p-differentiable functions:
Fp(U) = FAU, aAM) :={f: U — M| f is Fréchet p-differentiable}

def

Fo(U) =FaU, aB) = {f: U — B f is Fréchet p-differentiable}
FaU) = Fia,(U) € Fa(U, A).
(4) Spaces of k-times Fréchet p/p-differentiable functions: for £ € NU {oco} we also put
FHU) = FEU, AM) = {f: U — M | f is k-times Fréchet p-differentiable}

ﬂfj(U) = FK(U, 4B) L {f: U — B| fis k-times Fréchet p-differentiable}.

(1.1.5)

(1.1.6)
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Remarks:

(1)

& stands for the limit-wise definition, % stands for Fréchet, 4 will stand for Gateauz, and %,f

(and similar) will stand for (k-times) continuous differentiability. Also, note that Zpl o 2,
ystr,l def ygtr’

a differential form w is of (regularity) class .Zpk, fstr’k, F f,

observe in the definitions that k-times p/p-differentiability is not assumed to be continuous,

and 9; o Z, (and likewise for ). We will also say that a function f or

or g/f, respectively. Moreover,

unlike the standard definition for €%, k € N. This is on purpose: recall that continuity of the
derivative of a function complex-differentiable in a neighbourhood turns out to be a superfluous
assumption (cf. the Cauchy—Goursat Integral Theorem). Finally, to be completely rigorous,
we have

Z2W) = (W)

keN

and likewise for .75 (U), F°(U), and a morphism A 4 B.
Both notations .Z,(U) and Z4(U, 4M) have its advantages and disadvantages depending on
context, so we will continue using them interchangeably. For example, for two different A-
modules 4M and 4N it is more clear to give them explicitly, i.e. Z4(U, AM) and L4 (U, 4N),
whereas it’s entirely possible to have two different representations pi, p2: A — Endg (M) (for
example, differing by o € Autg(A)), i.e. two different A-module structures on M, in which
case the notation .Z4(U, 4 M) would be ambiguous. Likewise for .# and .Z5". In any case, the
second notations are meant to suggest that instead of p-differentiability one could also simply
speak of A-differentiability since in essence these are differentiability conditions that respect
the A-structure on the level of modules, i.e. representation point of view (as a map) vs. module
point of view. However, for such usage it is crucial to specify the A-module (structure) (see
also (15) below), much more so than in the case of K-vector spaces. Nevertheless, when the
module and the p-regularity class are understood, speaking plainly of A-differentiability should
not cause any confusion.
Since Ker(p) may in general be non-trivial, the condition ||r(H)|,; = o(||p(H)||gnq) @8 H — 0
in Eq. (1.1.3) should be understood as Ve > 030 = 6(e) > OV|[H| 4 < §: ||[r(H)| ) <
ellp(H)|lgnq- Likewise for Eq. (1.1.4).
The only difference between Definition 1.1.2 and Definition 1.1.3 is in the o-condition for the
remainder term 7(H), namely ||7(H)||,; = o([|p(H)lgnq) in F3™ vs. [[r(H)|l 5 = o(|[H|| ) in
Z, (as H — 0). Note that Z5* & Z4. The condition 7, can be briefly summarized as
A-equivariant (total or Fréchet) differentiability, in particular we clearly have the implication
f e Z,(U) = f Fréchet (or totally) differentiable in the standard sense. Some authors
describe .% 4 in a rather clumsy way as A-differentiability in the sense of Lorch (in reference
to [Lor43]), but Lorch’s definition is just Fréchet differentiability with the derivative being A-
linear. .. On the other hand, ﬁstr is more of an auxiliary definition, motivated by the analytic
setting > 3%, Brp(Z2)F, but is also more in alignment with Definition 1.1.1. Even though
the distinction between % jtr and .#, will eventually disappear once we impose € '-regularity,
without it 33;“ actually satisfies some convenient properties that .%#, does not. In fact, we
have

FU) € Z,(U)

in any case since VH € A: [[p(H)|gnq < llpllop [1H |4 = |1H|| 4, Which only justifies the term
further. We remark that similarly classical p-differentiability will turn out to be a special case
of Fréchet p-differentiability (as it should), see Proposition 1.1.11 below.
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(5)

Continuing the previous point, observe that the expression in Eq. (1.1.1) makes sense because
A* C A is dense. However, if dimg A = oo, then A* need no longer remain dense in A
(see for instance [DF03]), which precludes something like Definition 1.1.1, and in that case
something like Eq. (1.1.5) is generically the only sensible definition (also used in [Lor43] for
the case K= C and p =id4).

More generally, given A € FdCAlgg, M, N € FdMod(A), U C M open, and k € NU {oo},
one can define .Z%(U, 4M) to be the A-module of k-times Fréchet (=totally) differentiable
maps f: U — M with A-linear differential, i.e. VZ € U: (Df)(Z) € Homy(4M, 4N) C
Hompg (M, N). In that sense, if U C A open, then

FEU,M) = {f: U— M| fis k-times totally K-differentiable}. (1.1.7)

Observe that again Vk € N: FE(U, M) G €*(U, M). This will be occasionally useful notation.
(p, A)-Differentiability: one can combine Definition 1.1.2 and Definition 1.1.3 as follows. Let
A: A — 9B is a morphism into a not necessarily commutative normed K-algebra B. A function
f:U — M will be called (p, \)-differentiable in U, written f € %, \(U) if for every Zy € U
there exists f/(Zp) € M such that

f(Zo+ H) = f(Zo) + p(H) ['(Z0) + r(H),

where ||r(H)||5; = o([A\(H)|l3) as H — 0. Then we recover F3" = %, , and F, = Fpid,-
The abstract operator ® € Homg (A, M), H — ®(H), that should express the first-order linear
approximation of f in Definition 1.1.2 and Definition 1.1.3, is represented by some v € M as
an inner! linear map ®(H) = 6(H) := p(H)v £ H - v, and the differential Df = ® is then
A-linear with respect to the A-module structure on M. Conversely, since A is unital, any A-
linear ® € Homg (A, M) is inner because VH € A: ®(H) = H-®(14) = p(H)v for v := ®(14).
In other words, we have an equivalence between A-linearity and inner representability of D f
for unital A. Furthermore, due to unitality we have not only uniqueness of ® (from Fréchet
differentiability) but also uniqueness of its inner representative: if ®(H) = p(H)v = p(H)w,
then taking any H € A%, e.g. any H € K* C A*, implies v = w. We remark that uniqueness
of the inner representative of ® may fail if A were non-unital, for example if A = 9N were a
nilpotent finite-dimensional commutative associative K-algebra: in that case M may admit a
non-trivial submodule M D M’ # 0 such that 91 - M’ = 0, i.e. the homomorphism Y,;: M —
Homg (M, M), v — 0, may happen to have a non-trivial kernel. For instance, if we were to
define Fréchet M-differentiability in the same manner, then f/(Zy) would be well-defined only
up to (mod MY~ 1), where v is the order of nilpotence of 1.

Higher (continuous) p/¢-differentiability: observe that for all three differentiability classes,
%, ff;tr, and .#,, the p-derivative is naturally again a function with the same domain and
codomain f': U — 4M (or f': U — B, respectively). It thus makes indeed sense to speak
of higher (continuous) p/e-differentiability and higher p/¢-derivatives. On the other hand,
writing A" := Hompg(A,R) for the real dual of A and My := M, My, = Homg (A, M) =
M @ (AV)2FE+HD L e Ny, we have that {M}; }ken, are naturally A-modules via the action of
A on the M-“factor”, or equivalently, recursively via

VAe A V(I)]H_l S HOHIR(.A, Mk) VaceA: (A . <I>k+1)(a) =A- (<I)k+1(a)).
Suppose now that f € €™(U, M) only. Then generically we only have DFf: U — M, =
M ®g (AY)®* as a real-differentiable function, 1 < k < n. If additionally (D*f)(Z) is A-

linear, Z € U, then in fact D*f: U — Homy(A, aAMy_1) = My_, < My, since clearly
Hom4 (A, 4Mj_1) € Homg(A, My_1), hence actually D**1f: U — Hompg(A, Mj_;), 1 <

Lthe term is loosely borrowed from group theory, cf. inner vs. outer automorphisms;
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(10)

(11)

(12)

(13)

k < n. If moreover (D*f)(Z), Z € U, is A-linear for all 1 < k < n, then by replacing all
Homg (A, M) by Hom 4(A, M},) in this procedure it follows inductively that in fact V1 < k <
n: DFf: U — M, with the (AY)®*-factors being killed off. Thus, as expected, both pictures
are consistent with each other. To make this even more explicit, we can extend the natural
isomorphism A: Hom 4 (A, 4 M) =N AM of A-modules from earlier to

Ap: LA (A, AM) S M
Pp > Pp(la,...,14)
~—_———
k times
Th= At aM S LA, 4M)
V= (f}k: (Zl,...,Zk) l—>Z1---Zk-U)
In particular, we have the following correspondence between the higher real total derivatives
and the higher p-derivatives: if f € Z(U), then

Vi<k<nvVZeU: f®(Z)=(D")(2)1a,...,14) (1.1.8)
—_—
k times
We will revisit this in Proposition 1.1.16.
Continuing the previous point, unlike the case .Z5""*(U) C .Z ¥(U), where in particular Fréchet
differentiability of f implies continuity of f, we haven’t established (yet) the implication
f e %,(U) = f continuous. This will happen in Proposition 1.1.9.

We could have defined more succinctly? Ly, = %, and F, = F,, since these are tauto-
def

logically true by the current definitions anyway. Moreover, ||p,(H)||g,q = llP8(0(H))|gng =
|o(H)|lz by Lemma 0.3.24. Tt follows that we also have Z5" o F5. On the other hand,
observe however that a p-differentiable function f is M-valued, whereas a ¢,-differentiable
function is B-valued with B only acting on M (cf. Lemma-Definition 0.1.15). In other words,
L, # ZLpmor, ﬁ;tr # ﬁ;ﬁfor, and ¥, # Fmor by definition. Likewise for the higher p-
derivatives. In summary, we only have

LY = L, TE = TN, T = Tl (1.1.9)

for all K € NU {oo} (and also for k = w after Definition 1.1.15).

Independence of o-conditions from the choice of equivalent norms: let X € Top, (V,||),
W, I'llw) € NrmVeck, and f: X — V and g: X — W be functions with || f(z)],, =
o(|lg(x)|ly). Let |||y, and ||| be some further norms on V and W, respectively, and let
Cy,ew > 0 be such that [|-|;; < Cy ||“|ly; and ew |||l < |Ill3- Now let & > 0 be arbi-
trary. If Ve > 03N: 5 pVa € No: [[f(2)lly < ellg(2)lly, then taking e = Fre’, we have
Vo € Nt [F@)ly < Oy IF@)ly < Cvellg@lly < Cvellg(@)lliy = & llg@)lly as re-
quired. This actually shows that only a weaker (one-sided) relation than norm equivalence is
needed for o-conditions to be independent of the choice of norms.

In Eq. (1.1.1) the usage of p(H)™! instead of p(H™') allows for H € Agng = A\ A%
with H — 0, for which we still get p(H) € GL(M) with p(H) — 0. In combination with
Lemma 1.1.10 below this allows for a certain amount of flexibility in proving certain “functorial-
like” statements later.

In the present work we take a firm stand that in principle one should distinguish between
holomorphy (complex- or other differentiability in a neighbourhood of a point) and analyticity
(convergent power series expansions) and in particular that it is a theorem (rather than a
definition) of Complex Analysis that these two notions agree in the complex setting. Distin-

2but we didn’t!

100



CHAPTER 1. DIFFERENTIATION OVER A

(16)

guishing between both notions even in the setting of standard complex analysis is a matter
of good taste! However, it is debatable to what extent the term holomorphy is justified in
the absence of a complex structure. On the one hand, A-linearity of Df imposes a general-
ized Cauchy-Riemann PDE system condition on f (see Section 1.3) regardless of the ground
field (for example, this point of view on holomorphy is taken in [Sal23] as indicated by its
title). Such PDE conditions in turn only accentuate further the need to distinguish between
p-differentiability at a point and p-differentiability in a neighbourhood of said point. On the
other hand, in the absence of a complex structure, these generalized Cauchy-Riemann PDEs
do not lead in general to analyticity (see for example [GM96]), so they are not as strong a con-
dition as the original. To avoid terminological ambiguity we propose that one should instead
speak of real holomorphy. This is somewhat justified by the fact that under certain mild
assumptions p-differentiability implies slightly higher automatic regularity (though in general
not as strong as analyticity as in the complex case) even without an almost complex structure
and also shares some other regularity properties of holomorphy such as infinite integrability
(see Proposition 1.4.12).

Equation (1.1.1) naturally suggests to try and extend classical p-differentiability to other limit
points in A in the following sense: if Wy € A, then we can consider the expression

fiwe)(Z0) = Hli)ﬂ‘}VOP(H)fl(f(Zo + H) — f(Zo)).
HeA;N(U-Zo)

If Wy € A%, then by continuity of f (Proposition 1.1.9) this is just f(IWO)(ZO) = p(Wo) H(f(Zo+
Wo)— f(Zy)), so the concept is more interesting for Wy € A\ A*. For example, if W € nil(A),
it will turn out that such limits exist when K = C and f is p-holomorphic at Zy and moreover
can be used to give an alternative proof® of the generalized homological version of Cauchy’s
Integral Formula (Theorem 2.3.6).

Comparison with other notions of differentiability: somewhat differently than the usual notions
of differentiability, p/¢-differentiability of f is entwined in both the domain and the codomain
of f for it depends on a choice of a representation p. Moreover, observe that M need not be a
free A-module. For example, this relationship becomes apparent once we state the generalized
Cauchy-Riemann equations for a morphism ¢: A — B (see Proposition 1.3.1). In contrast, the
Cauchy-Riemann equations for holomorphic functions taking values in, say, any V € FdVecc,
f: C —V, are always the same.

In essence, the definition of (-differentiability appears to be using only the fact that B is a
normed A-module. So, how does the algebra structure of B come into play? An important
feature of the p/p-definition is that if f: U — M is a p-holomorphic function, then the
derivative f’ is again a function U — M and likewise for o-differentiable f: U — B. This is
in stark contrast to the situation when A and B are considered only as K-vector spaces. One
might thus suggest that a better analogy would be to take holomorphic functions f: C — V,
V € FdVecc, as above since their derivatives retain the same domain and codomain f': C — V.
Unfortunately, in general these cannot be composed with each other without further ado,
unlike in the morphism setting (it should come as no surprise that if f is ¢-differentiable
and g is y-differentiable, then g o f will be 9 o p-differentiable, provided compatible domains
and codomains). One can overcome this defi(ni)ciency by introducing holomorphic functions
between vector spaces f: Vi — Vs, which then can be composed as V; — Vo — V3, but their
derivatives have again codomains different than the original ones, e.g. f': Vi — Homg(FE1, Es)
etc. We have come a full circle.

3

a modification of Dixon’s proof for the .A-setting;
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(18) Tt is a natural question to what extent building a representation p or a morphism ¢ into Defi-
nition 1.1.3 might be trivial. There are some possibilities for this: for example .Z (U, 4 M) =
FA(U)®4 M, or for A 2y B perhaps a p-differentiable function f: U — B is always given as
a composition ¢ o g for some g € O4(U). The answer to the latter is in the negative: clearly,
f(Z) = ¢(Z)b with b ¢ Im(p) cannot be written in this manner. Another possibility is per-
haps that f: U — B lifts to a B-differentiable function g: V- — B, V 2 ¢(U), i.e. f = go .
Notice that unless ¢ is surjective, which requires dimg B < dimg .4 in any case, ¢(U) won’t
be open (in B).

Example: Let Z = 21 + ez € Kle], €2 = 0, and define f(Z) = f(21,22) == fi1(21, 22) + efa(z1, 20),
where f1(21, 22) = 2§ —23+1 and fao(21, 20) = 223 +323 20+ 27 —22129+3. Then f is K[e]-differentiable
because f(Z) = (14+2€)Z3+(—1+€)Z?+(1+3¢) € K[e][Z] with f/(Z) = (3+6€)Z?+(—2+2¢)Z. [

For categorical purposes and interactions it is important to establish that Definition 1.1.1 admits
certain amount of flexibility when it comes to the choice of a dense neighbourhood A7 of 0 and that
it can be replaced by other similar subsets, for example by A* itself, but also not only by it, since
A* itself does not behave categorically in the desired way: it does not respect preimages since in
general we only have ¢~ 1(B*) D A*. While it is technically possible to indeed fix A* everywhere,
this would require non-stop reference to the algebraic product structure of A and the corresponding
idempotents, thus invoking algebraic arguments where purely topological ones suffice, as we shall
see. We will shortly give a first example of that.

Definition 1.1.4: Let X € Top and 29 € X. Then D C X is called a dense(ly defined) neighbourhood
of 2o if D is a neighbourhood of zy. Note that we do not require D 3 xq.

Definition 1.1.5: Let (X, dx) and (Y, dy) be two metric spaces, zp € X a point, and f: X - Y a
map. Then f is called densely (sequentially) continuous at z if there exists a dense neighbourhood
D of g such that

lim f(x) = /(o).

T—rT0
zeD

In that case, f will be called (sequentially) densely continuous at ¢ with respect to D or (sequentially)
D-continuous at xq for short.

Definition 1.1.6 (D-Restricted Classical p-Differentiability ): Let U C A be open, f: U — 4 M a
map, Zg € U a point, and fix a dense neighbourhood D C .A; of 0.
(1) f is called classically D-p-differentiable at Zy if the limit of the following difference quotient
exists:

F(Zo) = lim p(H) ™ (f(Z + H) ~ f(Z0)). (1.1.10)
HeDN(U—-Zo)
(2) fis called classically D-p-differentiable if it is classically D-p-differentiable everywhere in U.
(3) Spaces of classically D-p-differentiable functions:
Lpp(U) =Lp AU, aAM) :={f: U— M| f is classically D-p-differentiable}.

Lemma 1.1.7 (Densely Sequential Continuity at a Point): Let U C A be open, f: U — M a map,
Zy € U a point, and D C A} a dense neighbourhood of 0. If f is Zp ,-differentiable at Zp, then f
is also sequentially D-continuous at Zj.

Proof: Put D(Zp) == DN (U — Zy). As D C A}, we get indeed

lim (f(Zo+ H) — [(Z0)) = lim p(H) lim p(H)™'(f(Zo + H) ~ f(Z0)) = 0+ f(Z0) =0
He[?(Zo) He[?(zo) He[?(Zo)
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since p is (automatically) continuous and hence both limits exist. O

As an organic part of this section we are now going to revisit several results of [Wat92a]. We
remark that Waterhouse calls A-differentiable (p. 185) what we here call classically A-differentiable
or of class £, for short. In Section 2 of that paper he proves an important “separation theorem”
(decomposition of f with respect to the product decomposition of A) for the class £, which we will
prove a little later anyway as a consequence of the interplay between the A-linearity of the derivative
and elementary categorical considerations in FdCAlgy (see Proposition 1.2.9 (2) and onwards). He
writes on p. 185 in the proof of the theorem that “Our writing of A as a product would have made
this theorem almost obvious if we knew that f is differentiable as a function of its real variable.” In
Section 5 of said paper he then proves that if A is local, i.e. A = (A, m,K), and f is of class £y, then
it is of class .Z 4 (hence totally differentiable), by invoking the basic algebraic structure of A = Kdgm.
After that, Waterhouse continues on p.189: “Observe that some such proof is needed even to show
that f is continuous”. We are now going to show that none of this is needed. More precisely, we are
going to show that both continuity and total differentiability of classically A-differentiable functions
in fact follow for purely topological reasons instead of algebraic ones (as they should!), circumuventing
the structure theory of local A-s altogether. To begin with, being “densely” sequentially continuous
everywhere indeed suffices to establish full continuity everywhere*:

Lemma 1.1.8: Let (X, dx) and (Y, dy) be two metric spaces, S C X a dense subset, and f: X - Y
a map such that Vo € X: lim f(s) = f(z). Then f is continuous.
ses

Proof: By hypothesis, we have that Vo € X Ve > 03§ = d(x,e) > 0Vs € S:dx(s,x) < § =
dy (f(s), f(x)) < e. Now let (x,)nen C X be an arbitrary sequence with z,, — z and put ¢, =
d(zn, %), n € N. Since S C X is dense, we have that Vn € N 3s, € S: dx(sp,zn) < min{én,%}.
In particular, s, — z since dx(sn,2) < dx(sp,xn) + dx (s, ) < %—i— dx(x,z,) — 0 as n — oo,
hence nhl& f(sn) = f(z). Furthermore, by construction dy (f(sn), f(zn)) < £ since dx (sn, Tn) < &y,

n € N. Thus, dy (f(z), f(zn)) < dy(f(z), f(sn)) +dy (f(sn), f(xn)) — 0 as n — o0, as desired. [

Proposition 1.1.9 (Continuity of #p ,-Differentiable Functions): Let U C A be open and D C A
a densely defined neighbourhood of 0. Then Zp (U, aM) C (U, 4M).

Proof: By Lemma 1.1.7 we have V Zj € U:g{imof(Zo—i—H) = f(Zo). Taking S := UNUyz cy(Zo+ D)
—

HeD(Zy)
gives a dense subset of U, and the claim now follows from Lemma 1.1.8. O

Lemma 1.1.10 (Dense Replacement Principle): Let U C A be open and D C .A; an arbitrary
densely defined neighbourhood of 0. Then .Z,(U) = £p ,(U) and V f € Z,(U): f' = fp.

Proof: Clearly, Z,(U) € Zp,(U). We need to show that Zp ,(U) € Z,(U). To this end, let
fe%p,U), fix Zy € U, and define the function rz,: N — AM, ryz (H) = f(Zo + H) — f(Zo) —
p(H)fp(Zy), on some sufficiently small open neighbourhood A" 5 0 such that Zop + N C U. We
consider the function Rz,: (M NAS)U{0} — 4M defined by

H) Yry (H),if He N NAX
ma = {00, 2 0

It suffices to show that Rz, (H) is (sequentially) continuous. Since f is .Zp ,-differentiable at Zy, we
have by definition that Rz, (H) is sequentially D-continuous at 0. Moreover, f is £p ,-differentiable
at every Zg + H, hence f is sequentially D-continuous at every Zy + H by Lemma 1.1.7. Since p is

this is clearly false if we replace everywhere by a single point;
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(automatically) continuous, it now follows that Rz, (H) is also sequentially D-continuous everywhere
on ' N A;. That is, Ryz,(H) is everywhere D-continuous, hence by Lemma 1.1.8 it is everywhere
continuous by taking S := N N AN Unennax (H + D). O

Remarks:

(1) Observe that it has been essential so far to use neighbourhood conditions in order to establish
properties at a point. Notably, fp— “holomorphy” of f at Zy, i.e. fp—diﬁerentiability of fin a
neighbourhood of Zj, is required in order to establish continuity at Z, (hence at every point)
as we needed an everywhere dense subset S of said neighbourhood.

(2) Note that Lemma 1.1.10 is not just about calculating flliino by using a different dense neigh-
bourhood, provided the limit exists, but rather about guaranteeing that said limit exists inde-
pendently of the choice of a dense neighbourhood.

(3) Lemma 1.1.10 will be the basis of the “functorial” behavior of .Z,, respectively .Z,, with
respect to various pre- and post-compositions as these will inadvertently change the dense
neighbourhood, over which the limit is taken. O

Proposition 1.1.11: Let U C A open and k € NU {oc}. Then .ZF(U) C .Z, Uy ¢ FRU) C
Fr(U, M). Moreover, if p is faithful, then in fact fpstr’k(U) = 9§(U).

Proof: 1t suffices to consider only the case k = 1.

“ZL,(U) C F3"(U)” Fix Zo € U € Aand put 7(H) = f(Zo+H)— f(Zo) —p(H) f'(Zo) taking values
in 4M. Since f € Z,(U), we have by definition that Ve > 035 = d(e) > 0VH € AJ: [|H| 4 <

5= ||p(H)™! H)HM <e. Hence VH € A}

1H| 4 < 8= llr(H)llar = [o(H)p(H) " r(H)||yy < o) lgoq [|oE) ™ r(H)||, < e llp(H) g -
Now let K € A be arbitrary with [[K|| 4 < d(¢). Since AY C A is dense, there exists now a
sequence (Hp)nen C Ay with Vn € N: [[Hyll 4 < 6(¢) such that H, — K asn — o0. As f €
Z,(U), f is in particular also .Z),-differentiable at Zy + K, hence f(Zy + K) = nh_)rrolo f(Zy + Hy)
by Lemma 1.1.7. It follows that r(K) = nh_)rglo r(Hy) as p is (automatically) continuous. Thus,
(K|l = nh—>Holo lr(Hp) |l < nh_)rglog | p(Hn)llgng = € lP(K)||gpq. again by continuity of p. In other
words, [|7(H)|l; = o(|[p(H)||gnq) for all H with H — 0, which proves that f € Z3"(U).

") © FpU) I f € Fy(U), then Ve > 0V[[HI 4 < 6(e): [Ir(H)ly < ellp(H)llgna <
ellpllop 1H1[ 4 = € [|HI| 4 We thus have [[r(H)|[,; = o[ H|| 4) as H = 0.

Finally, if p is faithful, then p is also bounded from below as it automatically has a closed range in
the finite-dimensional case. Thus, we also have ||H|| 4 < ¢, ||p(H)||gyq for some ¢, > 0, implying the
claim. O

Problem 5: Prove or disprove .£,(U) & Z3%"(U) & .7,(U). Observe that to show a hypothetical
F,(U) C Z,(U) is by the dense replacement pm’nciple the same as showing

Jim [ ()], =0,
HeA*

where we are given that Ve > 036 =d(e) > 0V ||H| 4, <e: ||r(H)|; < | H| 4. However, a naive
estimation only gives

[ | Ly < [ H (S 1L = 0 [ | I E L > 0| | =6

1
|
So, if Z,(U) C Z,(U) is in fact true, then an additional, less trivial argument would be needed. O

H)|[y <

But one can do only so much without higher regularity and a more precise form of the remainder
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term r(H) = rz,(H) = f(Zo + H) = f(Zo) — p(H) f'(Z).

Lemma 1.1.12 (Integral MVT): Let U C A be open, Zy € U, and f € Z,(U) N €YU, M). If
[Z0, Zo + H] C U, then:

1 1
f(Zo+H)—f(ZO):p(H)/O f'(Zo + tH)dt d:efH./O f'(Zo + tH)dt. (1.1.11)
Consequently,
! def !
r(H):p(H)/O (f’(ZothH)—f’(Zo))dt:H-/o (f'(Zo +tH) — f'(Zo))dt. (1.1.12)

Proof: Consider g: [0,1] — M, g(t) = f(Zo + tH). Since f € Z,(U) N€ (U, M), we have g €
€1([0,1], M) and ¢'(t) = (Df)(Zo +tH)(H) = H - f'(Zy + tH). Moreover,

g € €([0,1], Homg (Endg (M), M))
via the identification with T o ¢’. The claim now follows from [Lan93, Thm.4.2, p. 341]. O

Corollary 1.1.13 (Infinitesimal Conservation of Ideals): Let U C A be open, Zy € U, and f €
F,(U)NEY (U, M). If H € a << A such that [Z, Zo + H] C U, then f(Zo+ H) — f(Zo) € p(a)M. In
particular, if f € .Z4(U)N€' (U, A), we have more succinctly AZ € a = Af € a.

Proof: Immediate from Lemma 1.1.12. O

Proposition 1.1.14: Let U C A be open. Then Vk € N:
k k str,k k k
L, U)Ne (U, M) = d\t U)yne*(U,M) = (U)ﬂ‘ﬁ(UM)

Proof: 1t is enough to show the case k = 1. To this end, by Proposition 1.1.11 it suffices to show that
F,(U)NEH U, M) C Z,(U)NE (U, M). Thus let f € .Z,(U) N € (U, M). Since A is in particular
locally convex, we have by Lemma 1.1.12 that
1
lim p(H) "' (f(Zo+ H) — f(Zo)) = hm / f'(Zo+tH)dt = / lim f'(Zo+ tH)dt = f'(Zo)
H—0 o H—=0
HeA) HeAX HeA[

since f'(Zy + tH) H=0, 1'(Zy) uniformly in ¢ by continuity of f’ and compactness of [0,1]. Tt

follows that f € Z,(U), with the .#,- and .Z),-derivatives agreeing with each other, in particular the
Z,-derivative also being continuous. O

Remark: Observe that Lemma 1.1.12 allows to drop the faithfulness assumption on p due to the
additional regularity. O

Thus, for continuous p/e-differentiability the distinction between the three regularity classes dis-
appears in the finite-dimensional setting and we can use them interchangeably. We now fix some
working definitions accordingly:

Definition 1.1.15: Let A € FdCAlgy, p: A — Endg (M) a representation, A %> B a morphism, and
U C A open.
(1) For K=R and k € NU {oo} we put:

Gy (U) = C4h(U, 4M) == L} (U)NE* (U, M) = Z3FU) neH(U, M) = 75 (U) n6*(U, M)
CEU) = CR(U, aB) = LEU)ne*(U,B) = mm( )N (U, B) = FL(U)N€"(U,B)
ChU) = Ck (U) E LEU) NEH U A) = Z{HU)neh(U, A) = ZEU) MU, A).

If f is an element of some of these spaces, then f will be called k-times continuously p/¢/.A-
differentiable, respectively.
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(2) A-Analyticity:
(i) Representation Setting: a function f: U — M is called p-analytic or A-analytic® (on U)
if every Zy € U admits a neighbourhood N 3 Zj, for which there exist {vg}ren, C M
such that f[xr is given by a formal power series

o0

FIn(Z) = (Z = Zo)F - vk € aM([Z — Zo]] (1.1.13)
k=0

that is point-wise convergent with respect to ||-||,, for all Z € N. We will denote by
AMA{Z} the subset of 4M[[Z]] of all power series that are point-wise convergent in some
neighbourhood of 0 € A

(i) Morphism Setting: a function f: U — B is called @-analytic or A-analyticS (on U) if
every Zy € U admits a neighbourhood N' 3 Zp, for which there exist {Bj}ren, C B
such that f[xr is given by a formal power series

FIn(Z2) = Bup(Z — Zo)F (1.1.14)
k=0

that is point-wise convergent with respect to ||-||z for all Z € N. We will denote
by Bo{Z} = B{p(Z)} the subset of B,[[Z]] = B[¢(Z)]] of all power series that are
point-wise convergent in some neighbourhood of 0 4.
(iii) Spaces of A-analytic functions:
€ (U) =CA(U, AM) = {f: U — aM | f is p-analytic}
G (U) = C3(U, aB) = {f : U — 4B| f is p-analytic}
CEU) =%q,U)
(3) In the special case K = C we also put

Op(U) = O4(U, aM) = Z,(U) = F5*(U) = Z,(U)
O (U) = O, (U, AM) = Z,(U) = FE(U) = F,(U)

OAU) = O, (U) E Za(U) = FH(U) = Za(U).
If f is an element of these spaces, then f will be called p/@/A-holomorphic, respectively.

Examples:

(1) If 0 € Autg(C) is the complex conjugation, then O, is precisely the sheaf of anti-holomorphic
functions on C.

(2) If A € FdCAIgc, then O, , is the sheaf of C-holomorphic functions with values in the (finite-
dimensional) commutative Banach algebra A.

(3) If A= (A,m,C), then O, , is the sheaf of all A-holomorphic functions with values in C that
are translation-invariant under m, i.e. trivial lifts of C-holomorphic functions to A.

(4) Given CY = Homg (C,R) (spanned by % and J), give a nice interpretation of Oc(U,CY) :-) O

Proposition 1.1.16: Let U C A be open and n € NU {oo,w}.
(1) We have:
FAU, aAM) = FA(U, aAM)N FR (U, M). (1.1.15)
Hence in particular:

G U, AM) = Fu(U, 4AM) NE™ (U, M). (1.1.16)

Swhen 4 M is specified instead of p;
Swhen B € FdCAlg(A) is specified instead of ¢;
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(2) Taylor Expansion: let n < oc.
(i) Peano Remainder: if f € #(U), then V[Z,Z + H] CU:

o P9
f(Z+H)—kZOH o+ ra(H), 1L17)

ro(H) = ro(Z; H) = o([|p(H)"[|gnq) as H — 0
(ii) Integral Remainder: if f € €,'(U), then V[Z,Z + H| C U:

n—1 n
[(Z+H)y=) H* 1) +Ru(H) =) H"- 1) +rp(H),

2 A 2 il
Ru(H) == Ro(Z: H) = (n}i)' - /01 £ (Z 1 tH)(1— )", (1.1.18)
ra(H) “ 1(Z3 H) = Ry (Z: H) — H" - fm;f ).

(3) TK = C, then O,(U) = €4(U). '
Proof: To (1): Since FA(U, 4M) C Fr(U, M), we have ﬁj‘( ,AM) FAU, AM) = FA(U, 4AM)N

F2(U, M), so we can assume without loss of generality that n > 2. Now let f € F4(U, AM) N
Fp(U, M). Writing Dz = D for the total derivative in Z € U and Z1,. .., Zj, for vector A-variables,
we have by total R-differentiability that

V1<k<nVZeU: ((Dyf)(2))(Z,...,2k) € LE(A, M),
(as a function in Z1, ..., Z;) and moreover

(D) (2., Zi, Zja) = Dz ((DLFNZ)(Zns -, Z0)) (Zira).
We need to show that the condition (Df)(Z) € Homa(A, 4M), Z € U, implies that in fact V1 <
k<nVZeU: ((DLf)(2Z))(2,...,2Zk) € L5 (A, M). For 1 < k < n—1it follows for example from
Schwarz’s theorem that (D*f)(Z) € Symk(A, M). For k = n it follows from [HH15, Thm.3.3.8,
p.732] that VZ € U: (D%f)(Z) € Symi(A, M): total differentiability of (D% 'f)(Z) implies that
the partial derivatives of (D% ?f)(Z) are themselves totally differentiable, which suffices for the
second partial derivatives of (D% ?f)(Z) to commute and replaces the usual requirement of Schwarz’s
Theorem for the second partial derivatives to be continuous. The claim now follows by induction on
k and the symmetric multilinearity. Indeed, for k£ = 2 we get
VA1, Az € Ax (DZf)(Z2)(A1Z1, AsZ) = Dz ((Dzf)(2)(A121))(A222) =

= Dz(A(Dzf)(Z)(Z1))(A2Z2) = A\Dz((Dzf)(2)(Z1))(A2Z2) =

= AUDL)N(Z)(Z1, AsZ2) = A(DLf)(Z)(A2Z2, Z1) =

= MDz((Dzf)(Z)(A222))(Z1) = A1As Dz ((Dzf)(2)(22))(Z1) =

= A Ay (D) (Z)(Z2, Z1) = A1 A2(DR f)(2)(Z1, Z2)
since (Dzf)(Z)(Z1) is A-linear and (D% f)(Z)(Z1,Z2) is symmetric in Z; and Zs. The induction
step follows completely analogously by swapping the Z; and Z;41 vectors.

To (2): If @) € L% (A, AM), then by definitionVZ € A: ®(Z,...,2Z) = ZF-®(14,...,14) = ZF vy,
which proves the special shape of the Taylor expansion. The characterizations of the remainder terms
R,, and r, follow immediately from [Lan93, Ch. 13, §6] and the identity

((D™f)(Zo + tH))(H,...,H) = H"- f")(Zy + tH)
times

by Eq. (1.1.8). (For #} the symmetry of D" f follows as in (1).)
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To (3): It suffices to prove that f is p-analytic at 0. If f € .%#,(U), then f is by definition totally
differentiable with D f being .A-linear, hence in particular C-linear, everywhere on U. It is standard
that this already implies that f is analytic in several complex variables, hence in particular real-
analytic. Thus we can write

F(2)=f0)+>

k=1

| —

(DEAO0)Z,- -, Z) = f(0)+ Y k(Z,..., Z)
! N—— P N——

k-times

o

k-times
(convergent in some neighbourhood of 0), where ®;, € Sym* (A, 4M) by (1). That the series has the
shape as in Eq. (1.1.13) is immediate as in (2). O

Remarks:

(1) For K = C we will give in Proposition 2.3.17 an intrinsic proof that O, = €7, that is, without
relying on C-linearity of D f, Cauchy’s Integral Formula in one complex variable, or Hartog’s
theorem that separately holomorphic functions are (totally) holomorphic.

(2) Even if A has no C-structure, it makes sense to introduce the notation O 4 := €4 in that case
as well.

(3) In Proposition 1.1.16 the morphism case is clearly subsumed by the representation case since
the statements are entirely “additive”.

(4) A similar result is shown in [GM96] for the case ¢ = id4 and n A-variables instead of a
single A-variable, i.e. the domain of definition is the free A-module A™ rather than A itself.
The authors start from Zj N €*-type” of regularity, where, like Waterhouse, in the case
n = 1 they call A-differentiable what we call here classically A-differentiable and for the case
n > 1 they call A-differentiable what we would call here partially (or separately) classically
A-differentiable, that is, .Z4-differentiability in each A-variable separately. In our notation,
their Theorem I states that, given U C A" open, €4(U, uA) = Z3°(U, 4A) N €% (U, A)
(with the understanding that £3° means .#3°-differentiability in each .A-variable separately).
Restricting attention to the case n = 1, a combination of the following two facts

o LU, JA)NEH U, A) = FAU, 4A) NE1 (U, A) (Proposition 1.1.14) and
o Vk e NU{oo,w}: €5(U, 4A) = F4(U, 4A) NE*(U, A) (Proposition 1.1.16 (1))
immediately yields V& € NU {oo,w}:
LU, 4A) NEH (U, A) = ZLa(U, aA) NE (U, AN EHU, A) =
= FAU, A#A) NECH U, A) NEH U, A) = FA(U, 4A) NE* (U, A) = €5 (U, 4A)
which is stronger than their result in the single-A-variable case since it drops the higher Z4-

differentiability condition altogether. We also find our line of argument neater. O

Problem 6: Does partial A-differentiability in several A-variables imply total A-differentiability
(like for SCVs) when A does not possess a complex structure? This problem is best suited for the
treatment of the more general setting, in which the domain of definition is given by an (open subset
of a) (not necessarily) free finite-dimensional .A-module. O

Corollary 1.1.17: Let A € FdCAlgy, p: A — Endg (M) a representation, and A %, B a morphism.
(1) £ =.F3"® = F° = ¢
p p P
t b
(2) L2 = FE° = F2 = 6.

Proof: We only prove (1) since (2) follows from it by taking p = p,. Let U C A be open. By

"strictly speaking, they start from “fﬁ + continuous derivatives” type of regularity without actually showing that
a Za-differentiable functions are continuous, but since they cite [Wat92a], who, as already discussed, had shown that
implication, it is safe to assume that they were aware of that and that their condition is just meant to say continuity
of the k-th Za-derivative;
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Proposition 1.1.11 we have .£,(U) € .Z,(U) € Fr(U,M) C €°(U, M), hence Z}(U) € Z;(U) C
€YU, M). Thus

ZXU) = () LHU)=Z,0) () L) U) ((£FHU)ne* (U, M)) =
k=1 k=1
= (Z,(U)NE (U, M) (\(LF(U) ne*(U, M)) ﬂ CEU) = €°(U)
k=2
by Proposition 1.1.14. It follows analogously that #°(U) = ¢7°(U), Wthh completes the proof.

O]

Lemma 1.1.18 (Compatible Linear Maps): Let (V. [-[|y/), (W1, ||l ) (Wa, [|:|lyy,) € NrmFdVeck
and let ®; € Homg (V, W;), i = 1,2. The following are equivalent:

() 3C>05ve Vs [1(0)y, < C[Ba(0)],

(ii) Ker(®P2) C Ker(®q).

Proof: “(i) = (ii)”: Without loss of generality suppose that Ker(®2) # 0. Let v € Ker(®2), v # 0,
and let € > 0 be arbitrary. Then for any ¢ € K with |t| < d(¢)/ ||v]|;, > 0 we have tv € Ker(®2) and
[tv|ly < é(e), hence ||@1(tv)|lyy, < el|P2(tv)|lyy, = 0= tv € Ker(®1) = v € Ker(®).

“(ii) = (1)”: Since Ker(®2) C Ker(®;), we get a commutative diagram

VLwl

7
Py 7
T

Im(@g)

where U(®3(v)) == @1(v) is well-defined. Therefore, taking C' == ||¥[|,, (automatically bounded), we
have Vo € Vi [|@1(0) [y, = [[¥(P2(0)lw, < [¥op [P2(0)llyy, = C[|P2(v) ]y, as desired. ]

Consider again a representation p: A — Endg(M) and a function f: U — M. Then in particular
tautologically also M € NrmLMod(End 4(M)). This clearly induces an action on functions given by
V& € Endy(M)VZ € U: (2f)(Z) == ®(f(Z)) and commuting with the A-action. Furthermore,
recall that A %> B induces a restriction-of-scalars functor ¢*: FdMod(B) — FdMod(A), gM ~— 4 M,
via a pull-back of the representation A of B to a representation of A, that is, ¢*\ o po: A—>B—
Endy (M).

Proposition 1.1.19: Let A = B be a morphism in FdCAlgg and p: A — Endg(M) a finite-
dimensional representation.
(1) Constants: tautologically, ¢ € Z,(A) C .75 (A) C F,(A) with ¢': A = B, Z — 1.
(2) £, Z;', F, are sheaves of left End 4(M)-modules on |.A|. More precisely:
(i) Left End4(M)-Action: if ® € End 4(M), then
o Vfec LU AM): Of € LA(U, aAM)
o Vfe Z(U AM): ©f € Z5(U, 4M)
o Vfe ZAU AM): f € FA(U, 4M)
with (®f)" = ®f in all three cases.
(ii) Additivity:
e Vfi,foeZU): fi+ fae Z,U)
o Vfi,foe Z(U): fi+ fo e F3"(U)
e Vi, foe Zy(U): fi+ foe F,(U)
with (f1 + f2)' = f1 + f} in all three cases.
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(3) Mixed Leibniz Rule: if A\: B — Endg (M) such that p = ¢*A & X o ¢, that is
A —2> Endg (M)

then
o Z,cMod(Z,), e Vfe L, (U)Vge Z,(U): f-ge€Z,(U);
o T3 e Mod(F3"),ie.V fe F3(U)Vge F3"U): f-gc F3"(U), provided Ker(p) =
Ker(y);
o 7,cMod(F,), e VfeF,(U)Vge F,U): f-gec F,(U);
with (fg)' = f'g+ f¢’ in all three cases.
(4) ZL,, F3", F, are sheaves of B-algebras on |A|. More precisely:
(i) B-Action: if b € B, then
o Vfc L, WU):bf e Z,U)
o Ve FZMU): bf € F3(U)
o Ve F,(U):bfeF,U)
with (bf)" = bf’ in all three cases.
(ii) Leibniz Rule:
o Vfi,foe Z,(U): fifo € Z,(U)
o Vfi,foc€ ﬁ;tr(U)l fifo € g;tr(U)
o Vfi,fa € Z,(U): fifa € Zy,(U)
with (fife) = fife+ fif} in all three cases.

(5) If k € N, then:

(i) =7, sk ZF, and €} are a sheaves of left End 4(M)-modules on |Al;
(i) %, ok Zk, and € are a sheaves of B-algebras on | A.

(6) €;° and €, are sheaves of left End4(M)-modules on |A| with a distinguished “derivation”
(here only a distinguished End 4 (M)-linear map) 9: f +— f’.

(7) €2° and 6 are sheaves of differential B-algebras on | A| with a distinguished derivation given
by 9: f — f'.

(8) If p = ¢*X as in (3), then Vk € NU {oo,w}: ‘ff € Mod(%ﬁf). For k € {oo,w} it also has a
distinguished derivation J: f + f’ in the sense of (3). In other words, (47°,0) and (%, 0) are
sheaves of differential modules over the sheaves of differential B-algebras (¢°,0) and (¢, 0),
respectively, or just differential (4.2°, 0)-, respectively (¢, 0)-modules for short on [A|.

Proof: To (1): immediate from Definition 1.1.1 and Proposition 1.1.11.

To (2): To (i): These are special cases of Proposition 1.1.23 (2), so we reserve the proofs for there.
The reader is free to verify that no circular reasoning arises that way.

To (ii): To (.Z,): this is immediate from Definition 1.1.1.

To (;"): This is routine. Indeed write fi(Zo + H) = fi(Zo) + p(H)f{(Zo) + ri(H), where Ve >
036; = 0i(e) >0V H| 4, < die): |lmi(H)|lpy < ellp(H)||gpa> ¢ = 1,2. It follows that fi(Zo + H) +
FoZo+ H) = Fi(Z0) + foZo) + p(H)(F1(Z0) + f3(Z0)) + R(H), where R(H) i=ry (H) + ro(H). Let
€ > 0 and define §(¢) = min{d1(g/2),d2(/2)}. Then V||H| 4 < 6(e): [|R(H)|py < llri(H)|pr +
Ira(E) g < & 10(H)llpna + £ 10(H) lng = = [19(CH) | a5 desired.

ystr

To (#,): Completely analogous to the (%,

condition by “||r;(H)||,; < e ||H| 4"

)-case by replacing the “|[ri(H)l|; < &|lp(H)llgnq”
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To (3): To (£): Put Dy = AZ N (U — Zp) and D, = A N (U — Zp) for short and notice that
D, > D,. We have
lim p(H) ™} (f(Zo + H) - g(Zo + H) = f(Z0) - 9(Z0)) =

H—0
HeD,

i Mp(H)™ (M (Zo + H))a(Zo + H) — MF(Z0))o(Z0) =
HeD,

= lim Me(H))™ (Mf(Zo + H)) = Mf(Z0)))9(Zo + H)+

H—0
HeD,

+ lim A(p(H)) 7'M (Z0)) (9(Z0 + H) = 9(Z0)) =
HeD,

= éggo Mp(H) ™) (A(F(Zo + H)) = M(f(Z0))) éieg;o 9(Zo + H)+

+ A(f(Z0)) }}LHO p(H) (g(Zo+ H) — 9(Zy)) =
HeD,

= Jim A(o(H) 7 (£(Z0 + H) = £(Z0)) ) 9(Z0) + M (Zo)) (Z0) =

HeD,

= Mf'(Z0))9(Zo) + M f(Z0))d' (Z0) & f/(Z0) - 9(Zo) + f(Z0) - ' (Zo),

where we have tacitly used Lemma 1.1.10 for replacing D, by D, (for proving the existence of the
limit rather than just calculating it) and the (automatic) continuity of A.

To (F5): Write

f(Zo+ H) = f(Z)
9(Zo + H) = g(Zo)

+ p(H) f'(Zo) +r5(H)
+ p(H)g'(Zo) +14(H),
where:
e Ve>03;=0s(c) >0VH€B4(0,0r(c)): llrp(H)llg < elle(H) g
o Ve >0385 =04(c) >0VH €B4(0,04(c)): [Irg(H)l s < ellp(H)lgna-

Furthermore,
[(Zo+H) - g(Zo+ H) SN[ (Z0+ H))g(Zo+ H) =
= (A(f(Z0)) + Me(H)A(f'(Z0)) + A(ry(H))) (g(Zo H)g'(Zo) +rg(H)) =
9(Zo) + ) "(Zo) +14(H)) =

= (A(f(Z0)) + p(H)Mf'(Zo)) + A(ry(H))) (
= [(Z0)9(Zo) + (f(Z0)d'(Z0) + ['(Z0)9(Z0))p(H) + ( );
where R(H) = E?Zl R;(H)with R;j(H),1 < j <6, listed below. Now let ¢ > 0 be arbitrary For each
R;j(H) we will construct a neighbourhood Nj. 5 0 such that VH € Nj.: ||R;j(H)l|,, < § lo(H) | gnas
1 < j <£6. Namely:
(1) Ru(H) = p(H)’Mf'(Z0))d'(Zo):
[ B3 (ED < Nl (H) o |1/ (Z0) |5 ll9' (Zo0) 5 -

If f'(Zy) = 0 or ¢(Zy) = 0, then the desired inequality is trivially satisfied. Thus we can
further assume that f'(Zp) # 0 and ¢'(Zy) # 0. Since p is (automatically) bounded, we can
take N1 ¢ == p~  (Bgnay () (0,€1)), where e1 == ¢/(6 || //(Z0)l15 Il9'(Zo) || »r)- Indeed one verifies:

VH €N [Bi(H)lg < llp(E) g [|F'(Z0)]|5 [l (Z0)] | P () l[na <

< a1 | #2019’ (Z0)| | IPCE) ma = ¢ (D g -
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(II) Ra2(H) = A(f(Zo))re(H):
IR2(H) |3 < Nf(Zo)l g llrg(H)II s -

If f(Zy) = 0, then the desired inequality is trivially satisfied, so we can further assume that
f(Zy) #0. Put e2 :=¢/(6/f(Zo)|5) and take Na. =B 4(0,d4(e2)). Indeed one verifies:

VH € Noc: [[Ro(H)llyy < 1F(Z0)lIg Irg(H) Iy < 1F(Z0)l g €2 lp(H) [ gna = % [lo(H) | gnq -
() R3(H) = A(ry(H))g(Zo):
[1B3(H) |y < 7 (H)ll 5 19(Z0) | ar

If g(Zp) = 0, the desired inequality is trivially satisfied, so without loss of generality as-
sume ¢g(Zp) # 0. Since Ker(p) C Ker(y), we have from Lemma 1.1.18 that 3C > 0V H €
A: lo(H)||g < Cllp(H)||gnq- Now put e3 :=¢/(6C ||g(Zo)||,,) and take N3 =B 4(0,d¢(e3)).
Indeed one verifies:

VH € Nz [Rs(H)llyy < llrp(HDl 5 l9(Z0)llar < €3l ()l l9(Zo)ll s <
< &30 |[p(H)lgna l9(Z0)ll s = % lo(H) | g -

We remark that this is the only step in the proof where the condition Ker(p) C Ker(yp) is
needed.
(IV) Ra(H) := p(H)A(f'(Z0))rg(H):

1Ra(H) ||y < ()l gna [1.f(Z0) | g CED s -

If f'(Zy) = 0, then the desired inequality is trivially satisfied, so we can assume further that
1'(Zy) # 0. Since p is (automatically) continuous, now define Ny, = p_l(IBSEndK(M)(O,54)) N
B4(0,04(c4)), where £4 == (/(6 || f'(Zo)|l5))*/%. Indeed one verifies:

VH € Nic: [|Ra(H) |y < o0H)lna || /(Z0)|| 5 Irg (DIl <
< lp(H)llgna | (Z0)]| 5 24 o (H) [ gna <
< 1oCH) a1 (Z0) | 525 =  oCH) 5 -
(V) Rs(H) = p(H)A(r;(H))g'(Z0):
1R (E) s < [lo(H) llgna Ir s (DL g |19 (Z0) |5 -

If ¢'(Zy) = 0, then the desired inequality is trivially satisfied, so without loss of general-
ity assume ¢'(Zy) # 0. Now define N5, = ¢ 1(Bg(0,e5)) N BA(0,5¢(e5)), where g5 =
(¢/(61lg"(Z0)||34))"/?. Indeed one verifies:

VH € Noc: || Bs(H)ll g < llp(H) a7 (Bl |19/ (Z0) |5 <
< llp(H)llgna &5 ()l 19" (Zo)|, <
< () lna 6 6/ (Z0) 3y = I1PCED) g
(VD) Re(H) = A(ry(H))rq(H):
[ Be ()l 2y < llry (H)|g [l7g (H) [ 5 -

Since ¢ is (automatically) continuous, take ¢ == (£/6)'/3 and Ng ¢ == B.4(0, 5 (g6))NB.4(0, 54(g6))N
¢ 1(Bp(0,6)). Indeed one verifies:

VH € Noe: | Rs(H)llp < [lrp(H)llg llrg (HDIl < €6 l0(H) | 26 |p(H) |gpa <

€
< 5% Hp(H)HEnd = 6 Hp(H)HEnd'
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Finally, putting NV := ﬂ?zl N30, we get

6 6
VH € Nt [|R(H) |y < Y IR(EDIlyy <D = llp(H)llgaa = £ 1p(H) g
j=1 j=1

as desired.

To (#): Write again
f(Zo+ H) = f(Zo) + ¢(H) f'(Zo) + ry(H)
9(Zo + H) = g(Zo) + p(H)g'(Zo) + r4(H),
where this time:
e Ve>036;=067(c) >0VH €B4(0,07(c)): |lrp(H)gz <ellH|l
o Ve > 030, =04(c) >0VH €Bu(0,04(¢)): |lrg(H)|, < ellH| 4

As in the previous case, we have

def

f(Zo+H)-g(Zo+ H) = Mf(Zo+ H))g(Zo+ H) =
= [(20)9(Zo) + (f(Z0)g'(Zo) + f'(Z0)9(Z0))p(H) + R(H),
where R(H) = 2]6-:1 R;(H)with Rj(H),1 < j <6, listed below. Now let € > 0 be arbitrary. For each
R;(H) we will construct again a neighbourhood Nj. > O such that VH € Nj.: |R;j(H)|,, < & [1H| 4
1 < j <£6. Namely:
(1) Ru(H) = p(H)’Mf'(Z0))d'(Zo):
IRy (H) 5 < 1HNZ N (Zo) |5 N9 (Z0) s -
If f'(Zy) = 0 or ¢'(Zy) = 0, then the desired inequality is trivially satisfied. Thus we can
further assume that f'(Zp) # 0 and ¢'(Zy) # 0. Now take Ni. := B4(0,e1), where ¢; =
e/ (6 f'(Zo)llg lg'(Zo)||s)- Indeed one verifies:

VH € Nies 1Rl < IHIL|1F(Z0) | |19/ (Z0)]| o 114 <
< a1 [[£ (20| |19/ 2| g 1H 14 = = 1]
(1) Ro(H) = A(f(Zo))ry (H):
|Ra(H) g < 1£(Zo) s g CH)

If f(Zy) = 0, then the desired inequality is trivially satisfied, so we can further assume that
[(Zy) #0. Put g2 :==¢/(6/f(Z0)||g) and take N =B 4(0,d4(¢2)). Indeed one verifies:

VH e Noe: [[Ro(H)lla < N (Z0)llg llrg(H)llpy < 11F(Z0)ll 22 1 HIl4 = % 1 4-
(L) R3(H) := A(ry(H))g(Zo):
13 (E) 2 < Nl (H)ll 19(Z0) s

If g(Zp) = 0, the desired inequality is trivially satisfied, so without loss of generality assume
9(Zy) # 0. Now put e3 :=¢/(6 ||g(Zo)||5,) and take N3 :=B4(0,07(c3)). Indeed one verifies:

VH € Nse: | Rs(H)lpr < llrp(H)lig[19(Z0)lar < €3 [1H1 4 19(Z0)lIas = % [H ] 4 -
(IV) Ra(H) = p(H)A(f'(Z0))rg(H):
| RaCH)lla < WL [1F(Zo) | g lirg (Bl -

If f'(Zy) = 0, then the desired inequality is trivially satisfied, so we can assume further that
[ (Zo) # 0. Since p is (automatically) continuous, now define Ny = B4(0,£4) NB4(0, dq4(c4)),
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where &4 == (¢/(6 || f'(Z0)||5))"/%. Indeed one verifies:
VH € Nt |Ra(H)|lpy < 1H| 4 || £/ (Z0) | 5 Irg (FDIlyy <
< H| 4 || f/(Z0)|| g eallH I 4 <
< L (Z0) 525 = G 1L
(V) Rs(H) := p(H)\(rs(H))g'(Zo):
1Rs(H)l oy < 1H| 4 lIr s (EDlg || 9 (Zo)] | -

If ¢'(Zy) = 0, then the desired inequality is trivially satisfied, so without loss of generality as-
sume ¢'(Zp) # 0. Now define N . == B4(0,5)NB4(0,5¢(e5)), where e = (£/(6]lg'(Zo) || 1s)) ">
Indeed one verifies:

VH € Nt [ Rs(H)lay < I1H]La s (D) g |9/ (Z0)] oy <
<[ Hl qe5 1Hl 4 llg'(Z0)|[y <
< H 42 ll9'(Z0) 5 = 5 114
(VI) Re(H) = A(ry(H))rg(H):
[1Re(H) | pp < llrp (H)l g llrg (H) -
Take 6 := (£/6)'/% and Ng . == BA(0,07(g6)) NBA(0,34(c6)) NB.4(0,e6). Indeed one verifies:
VH € Nee: |Re(H)llpy < llrg(H)llg llrg(H)llpy < €6 1H | 426 1 H| 4 <
< e llH 4= g I1H 4.

Finally, putting A, := ﬂ?, N30, we get

VH eN:: |R(H HM<ZHR HM<Z lp(H) lgna = € lo(H) | gaa

as desired.

To (4): To (i): Completely analogous to (2)(i) for all three @-differentiability classes since B =
Endp(B) canonically.

To (ii): All three cases .%,, Z, Str, and 7, follow from (3) since &, = £, Fg" = F3,
F, = Fy,, respectively, for Ao = Mg oo = p*Ag and Ker(\,) = Ker(y) by falthfulness of )\3.

To (5): follows from (2) and (4), respectively.

To (6): follows from (2).

To (7): follows from (4).

To

(
(
(
(8):

)
)
)
): follows from (3). 0

Remarks:

(1) Given p = X o ¢, we always have Ker(p) C Ker(p), so the non-trivial part of the condition
Ker(p) = Ker(¢p) is the reverse inclusion Ker(p) C Ker(y). This is clearly equivalent to Aliy ()
being injective. In other words, it suffices for A to be bounded from below when restricted to
Im(¢p) rather than being bounded below everywhere.

(2) Observe that the “mixed” Leibniz rule does not apply to the “middle” regularity class .75
without some further “commensurability” hypothesis needed in (III) such as the above one.

(3) Since every M € FdMod(A) admits a complete (=indecomposable) decomposition 4M =
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D, aMj, by Section 0.1.4 we have a canonical factorization p = X o p™*

, where p™°" =
(P™)1<k<m: A = B o [[ie, By for pr: A — Endg(Mj) and By e pe(A), 1 < k < m.
Therefore, (¢,°(U),0) is canonically a differential module over the differential B-algebra
(Cmer (U),0). Likewise, (¢7°(U),d) is canonically a differential module over the differential
B-algebra (€ e (U),d). Thus we can just speak of the differential (left) End4(M)-modules
(€5°(U),0) and (¢,;(U),0) (since there is automatically an underlying differential algebra
of our type anyway), or simply left (End4(M),d)-modules (or similar). Note, however, that
the End 4(M)-action need not commute with the B-action in general (due to presence of off-

diagonal elements if the decomposition of M is not Hom 4-orthogonal). O

Definition 1.1.20: Let A € Algk and let (4 M, ®ps) and (4N, P ) be two pairs of M, N € LMod(A)
equipped with distinguished endomorphisms ® s € End 4(M) and @5 € End 4(N). Then a morphism
U: (M, ®p) — (N, ®p) is just ¥ € Hom4(4M, 4N) such that

AM —Ys 4N

S

AM —Y s 4N

is a commutative diagram. a

3

For us the role of the distinguished module endomorphisms will be played of course by the “module

derivation” 9: f — f’.
Lemma 1.1.21: Let a,b > 0. Then the map F: (0,00)? — (0,00), (z,y) — ax-+by-+xy, is surjective.

Proof: Consider ax + by + zy = z for some fixed z > 0. If a = b = 0, then clearly there exist x,y > 0

with 2y = z. Without loss of generality suppose now that b # 0. We have z = = ;byy, well-defined

and positive for all y € (0, 7). O

Recall that we now have €} (U) = Z,(U)N¢ (U, M) = Z35(U)NEH U, M) = Z,(U)NE (U, M) C

Z,(U) C.75"(U) € #,(U). This can be used to establish “mixed” chain rules as follows:

Proposition 1.1.22 (Chain Rule with Functions): Let A % B Y Cand M € FdMod(B). Let
UCAand V C B be open and f: U — B such that f(U) C V. We have:
(1) If g € ZF"(V,5M) and f € €4(U,B), then go f € F5(U, 4M) and VZ € U: (go f)(Z) =

p(f'(2))g'(f(2)).

(2) In particular, if g € Z3"(V) and f € €3(U), then go f € 952r¢(U) andVZ eU: (gof)(Z) =
U(f1(2))g'(£(2)).

(3) If g € Fp(V,gM) and f € F4(U,B), then go f € F4(U, aM) andVZ € U: (go f)(Z) =
p(f'(2))g'(F(2)).

(4) In particular, if g € %y (V) and f € Z,(U), then go f € Fyo,(U) andVZ € U: (go f)(2Z) =
V(f1(2)g' (f(2))-

Proof: We begin by setting up some general notations used in the proofs of both (1) and (3). Let
p: B — Endg (M) denote the corresponding representation for M € FdMod(B). Put Wy = f(Z) €
B, B = f'(Zy) € B, v:= g (Wy) € M for short, and r; and r, for the remainder terms of f and g at
Zo and Wy, respectively. Set Ky == p(H)B+r;(H) — 0as H — 0and R(H) = p(r¢(H))v+ry(Kp).
Then

9(f(Zo + H)) = g(Wo + Kr) = gWo) + p(Kr)v +rg(Ki) = g(Wo) + p(e(H))p(B)v + R(H).
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Moreover:
¢ ¢ (automatically) bounded, hence VH € A: ||p(H)| gz < | H|| 4;
e p (automatically) bounded, hence VK € B: [[p(K)l|,, < | K|s;
(cf. Lemma 0.3.24). We now proceed with the proofs.

To (1): For a “model” of €4(U, 4B) it is probably most convenient to use .Z1(U) N €' (U, B). Wi
need to show that ||R(H)||,, = o(|lp(¢(H))||gnq) as H — 0. But first we need to fix some further
notations:

o feF,(U), hence Veg > 0304 =0ualeg) >0V H| 4 <ba: |lry(H)llg <esllH| 4

e [/ €% (U,B) and A is locally convex, hence

Ve > 0307 = 84(ep) VIH| 4 <84: ||f'(Zo+H)— f'(Zo)| 3 <eB
with [Zo, Zo + H] C U;

e gc ﬂ‘Str(V), hence Vepr > 0 305 = 0(enmr) > 0 V|| K|z < 05: Hrg(K)HM <em||lp(EK)|lgnq-
Now define

. 53(51\4) 1
§:=6(ep, e, M ::mm{,éA €g),04(e >0
(eB.ep, €M) |B|g + B (eB),04(eB)

and
e =c(ep,ep,em) =cl(ep,em) = ||vl|geg + | Bllgem + egenr > 0.

We are going to show that V| H|| 4 < §: ||[R(H)| < ellp(e(H))|gng- Since e: (0,00)% — (0, 00) is
surjective by Lemma 1.1.21, this would complete the proof. Firstly, we have

def

VIH 4 <0: [Knllsg = llp(H)B +ri(H)lg < |Bllg llo(H)lls + [l (H)llz <
< Bl lo(E)lls + s |1 Hll 4 < (1Bl + 5) [1Hl| 4 < d5(em)-

Secondly, if ||[H|| 4, < 64(ep), then also Vt € [0,1]: [[tH| 4, = t||H| 4 < |H|| 4 < 0'4(e). Hence by
Lemma 1.1.12

1
VIHIL <8 (s (E)g = o E0No ([ (720 + 210 - £zo)ae)

<
End

1
< 1ol [ 1720 +t10) ~ ' (Z0) e <

1
< (o)) e /0 it = i |0(o(H)) lgna

Thus, we obtain

VIH| 4 <6 [RE)ap = ot (H))o + rg(Km)llay < o (H))lgaq 10llar + g (Kl <
< Nollas o0 (E))lggq + ens o) g =

= ollar 100 (H) lgng +nt lp(e(H))p(B) + plrs(H))llgyq <

< wllar loCr s (H)gnq + €z lp(o(E)) |gna 1Bl + e 1o0rs ()l goa =

= em [IBlis [lp(e(H))lgna + (1vllar +en) (s (H)lgaq <

(
< e | Bligllp(e(H))llgna + (10llas + ex)ess llo(o(H))llgna =

def

= (em | Bl + 1ol ar e + emei) lp(p(H )l gna = € llo(e(H)) lgng
as desired.

To (2): special case of (1).

To (3): We need to show that ||R(H)|,, = o(||H]| ) as H — 0. The proof is similar to that of (1).
This time we have:
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o f€F,(U), hence Ve > 0354 =0u4(eg) >0V | H| 4 <da: |rf(H)llzg <es|lH|l
o g€ .7,(V), hence Vepr >0 30 = dp(em) > 0V || K|z < dp: [rg(K)|,, < em [ K] g
Now define
: oB(em)
d = d(ep,epr) = min {,5A(65) >0
1Blls + 5

and
e =c¢(ep,em) =g ||vlly +em || Bllg + esem-

We are going to show that V||H|| 4 < d: ||R(H)|[,; < e||H| 4. Asin (1) this would imply the claim
since €: (0,00)% — (0, 00) is surjective by Lemma 1.1.21. Again as in (1), we have:

def

VIH| 4 <6: [Kullg = lle(H)B+ri(H)lz < (IBlls+e) [H| 4 < dplem).
We thus obtain:
VIH| 4 <8 [[RUH) |y = o0 (H))o +ro(Kp)lly, < 100 (H)) lgaq 101 + Irg(Ka)ly <

def

< rs(EDllg vllar +enm [ Knlls =

def

= llrp(E)llgllvllar +enr llo(H)B +rp(H)| 5 <
<ep|Hll4llvllar +enm [ HI 4 1Bl +emesl|Hl 4 =
= (es|[vllas +eml[Blig +esem) [|1H| 4 = |[Hl 4

To (4): special case of (3). O

Remarks:

(1) In other words, the composition of representation- and morphism-differentiable functions be-
haves reasonably functorially. However, unconditional functoriality in that sense requires a
certain minimum amount of regularity.

(2) Despite Proposition 1.1.14, we have picked Z4N %" and Z,NE" as “models” for ‘5}1 and %;
in order to emphasize the most convenient proof approach.

(3) By restricting to pre- and post-compositions with homomorphisms only, we get composition
closedness for tighter regularity classes (details follow). O

Proposition 1.1.23 (Chain Rule with Homomorphisms): Let A 2, B be a morphism and let U C A,
V C B be open.
(1) Pre-composition with a morphism A % B: given ¢(U) C V and M € FdMod(B), we have:
(i) If g € LB(V,sM), then go p € LA(U, aAM) and VZ € U: (go p)(Z) = ¢ (p(2)).
(ii) If g € ZF*(V, M), then go p € FF(U, AM) and VZ € U: (go ¢)(Z) = ¢'(¢(Z)).
(iii) If g € F(V,5M), then go g € FA(U, 4AM) and ¥V Z € U: (g o )(Z) = ¢'(p(2)).
(2) Post-composition with a module homomorphism ® € Hom4(4 M, 4N):
(i) If f € Ly(U, 4M), then ®o f € Ly(U,4N) andVZ € U: (®o f)(Z) = ®(f'(2)).
(ii) If fe Z3 (U, 4M) and Anng(N) C Anng(M), then P o f € F5(U, 4N) and VZ €
U (@0 f)(Z) = B(f'(2)).
(iii) If f € F4(U, aAM), then ®o f € F4(U,aN) andVZ € U: (®o f) (Z) = D(f(Z)).
(3) Post-composition with an algebra morphism B N2
(i) If fe Z,(U),then o fe Lyop(U)andVZ € U: (Yo f)(Z) =4(f(2)).
(i) If f € Z3"(U) and 9|, is injective, then ¢ o f € ﬁ;fv( Jand VZ € U: (¢ o
)(2) =4(f'(2)).
(ili) If f € #,(U), then o f € Fyoo(U) and VZ € U: (v o f)(Z2) = (f'(2)).

Proof: To (1): To (i): Denote the corresponding representation by p: B — Endg(M) and put
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D = A%

oo V(U = Zp) and E == By N (V — ¢(Zp)) for short. Since p(D) C E, and g € €,(V), we

have

lim p(p(H) ™" (90 0)(Zo + H) = (90 ¢)(Z0)) =
HeD

=lim p(p(H)) ™ (9((Z0) + ¢(H)) — 9(0(Z0))) =
HeD

- I]{iinop(K)_l (9(e(Z0) + K) = g(p(Z0))) = ¢'(#(Z0)),
KeFE

where K := p(H) € E and K — 0 as H — 0 by automatic continuity of .

To (ii): special case of Proposition 1.1.22 (2) since tautologically ¢ € ﬁé(U).

(
To (iii): special case of Proposition 1.1.22 (4) since tautologically ¢ € .Z,(U).
To (2): Let ppr: A — Endg(M) and pn: A — Endg(N) denote the corresponding representations.

To (i): Put D == A; N (U — Zp) and E := A* N (U — Zp) for short and observe that F' C D. Using
Lemma 1.1.10 we have

lim pn(H)7H(® 0 f)(Zo+ H) = (Do f)(Z0)) = lim pn(H) " ®(f(Zo + H) = f(Z0)) =
HeD HeFE

= lim H™' - 0(f(Zo+ H) — f(20)) = lim ®(H™"- (f(Zo+ H) — f(20)) ) = ®(f'(Z)).
HEE HeFE

since ® € Hom 4(4M, 4N) is (automatically) continuous and f € .%,,,(U).

To (ii): Let € > 0 be arbitrary. Since ® € Hom 4(M, N), we have
(f(Zo + H)) = @(f(Z)) + H - ©(f'(Z)) + @(r(H)),

where 30 = d0(e) > 0 V|| H| 4, < 0: [[r(H)l[pr < €llpnvs(H)llgnay ary- Since Anna(N) © Anna (M),
i.e. Ker(pn) C Ker(par), we have that 3C > 0VH € A: |lpy(H)llgpag ) < C llon (H)|lgnay (v)-

Without loss of generality ® # 0 and define d;(g) = d( ﬁ) Then
op

€
VIH[ 4 < 01(e): | 2(r(H))lln < [[@llop ImEDps < 9] el lon (H)lgna < € llon (H) llgna
op

since @ is (automatically) bounded.

To (iii): Similarly to (ii), let again ¢ > 0 be arbitrary and consider ®(r(H)), where this time
30 =0(e) > 0 V[ H| 4 < 0: |[r(H)l[yy < ellH 4 We have V|[H| 4 < 6/ [[®llop): [(r(H))ly <

1@llop I (EDlar < 1@ llop - 114 = € 1H| 4 as desired.

To (3): To (i): Put D = Agwﬂ (U—2p) and E == A7 N (U — Zy) for short and observe that £ C D.

Using Lemma 1.1.10, we obtain

(Yo f)(Zo+H)— (Yo f)(Zo) Y(f(Zo+ H) — f(Zo))

i ) TAN T o)
o (e ) )Y
= i (PR < viriz)

since ¢(H) € B* now, ¢ (automatically) continuous, and f € £, (U).

To (ii): Write f(Zo + H) = f(Zo) + ¢(H)f'(Zo) + 7(H), where Ve > 036 = d(e) > 0 V[ H| 4, <
5: |Ir(H)llg < elle(H)|g. We need to show that [[¢(r(H))llc = o([l(¥op)(H)) as H — 0.
Since rm(,) is injective, we have Ker(¢ o ) C Ker(p), hence by Lemma 1.1.18 3C > 0V H €
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A: le(H)|g < C (W op)(H)|e- Let € > 0 arbitrary. We get
VIIH 4 < 0(e/C): [9(r(H))lle < Ir(H)llp < e lle(H)ls < ell(¥o@)(H)lle

as required.
To (iii): special case of Proposition 1.1.22 (4) since tautologically ¢ € %, (B). O

Remark: Once again the “middle” regularity class .Z5% requires an additional compatibility condi-
tion in order to satisfy the desirable properties the other two classes do. O

We now establish the connection between the coordinate-free p-derivative f/(Z) and the Jacobian ma-
trix (Jx f)(Z). Fixing K-bases A = K" and M = K™, the regular representation p4: A — Endg(A),
A~ (A:a— A-a), becomes a map pa: A < M, (K) and the A-module “regular representation”
YTrr: M — Homg(A, M), v+ (0: a— a-v), becomes a map Yps: M — Homg (K", K™) = K"™*".
In the special case 4M = 4B = K™ given by a morphism A % Bin FdCAlgk, the
representation” Yp: B «— Homg (A, B) =2 K™*" is given by b — pg(b) o ¢ (not to be confused with

‘ regular module
Py & pB o ) with ¢: K" — K™ understood.

Lemma 1.1.24 (p-Derivative vs. Jacobian of f): With the above notations let Zy € A.
(1) Representation Setting: if f: A — 4M is p-differentiable at Zj, then

Tm(f'(Z0) = (Jrf)(Z) € K™, (1.1.19)
(2) Relative Setting: if f: A — B is p-differentiable at Zj, then
T5(f'(Z0)) = ps(f'(Z0)) o v = (Jxf)(Zo) € K™ (1.1.20)
(3) Absolute Setting: if f: A — A is A-differentiable at Zj, then
pa(f'(20)) = (Jxf)(Zo) € My (K). (1.1.21)

Proof: We will only prove (1) since (2) follows from (1) and (3) is a special case of (2). Let {a1,...,an}
be a K-basis for A and {v1,...,v,} be a K-basis for 4M. Accordingly, write Z = z'a; + - - - + 2"a,
and f = flvg + -+ + f™u,, for the respective coordinates. We have

- 0
Ztokvk:(vl,...,Um)-—,

aZ'y Zo

fl
, of O 0 .
VlS]Sntaj'f'(zo)d:fafjj(zt)):@ ;

Thus, putting them all together, we obtain Yas(f'(Zo))(a1,...,an) = (v1,...,0m) - (Jrf)(Z0), ie.
(Jx f)(Zo) is the representing matrix of Y (f'(Zp)). O

Examples (Commutative Associative Structures on R?):
(1) Complex Numbers: The regular representation of C & R[X]/(X?2 + 1) with respect to the
standard basis is given by

pc: € < Ma(R), a + ib s (Z _b> .
a

Hence, if f = f(x,y) = u(z,y) + iv(z,y) is complex-differentiable at zg € C, then
S(20) $%(20) a —b

Ji z20) = Oz Yy = / 2 — ,
( Rf)( 0) <gz (Zo) gZ (Zo) P(C(f ( 0)) b a

which in turn immediately implies the Cauchy—Riemann equations at zg € C.
def

(2) Hyperbolic Numbers: The regular representation of B := Br = R[X]/(X? — 1) with respect
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to the standard basis is given by

pp: B < May(R), a+ jb s (‘Z b).
a

Hence, if f = f(z,y) = u(x,y) + ju(x,y) is B-differentiable at zp € B, then
du Ou
() (20) = (23;(“’) 2 W) = pa(f/(e0)) = ( b) ,

s (20) 5, (20) b a
which in turn immediately implies the following Cauchy—Riemann(—Scheffers) PDE system at
zo € B for f:
Gl = g G, Gt = 5o o).
(3) (Real) Dual Numbers: The regular representation of D := D = DR := R[X]/(X?) = R[],
€ # 0, €2 = 0, with respect to the standard basis is given by

pp: D < Ma(R), a +ib — <Z 0).
a

Hence, if f = f(x,y) = u(z,y) + iv(x,y) is D-differentiable at zy € D, then

duyy o, .
(Jaef)(z0) = (gzj( o) oy 0>> — oo/ (20)) = ( 0) ,

&(ZO) @(ZO) b a
which in turn immediately implies the following Cauchy—Riemann(—Scheffers) PDE system at
zo € B for f:
Stan) = S aa), 52 (z0) = 0
In summary, the regular representation of A provides an easy way to obtain the corresponding
generalized Cauchy-Riemann(—Scheffers) equaltions. This will be continued in some more detail in
some more detail in Section 1.3. O

We finish the section with the useful observation that .A-holomorphic maps behave nicely in the
algebraic category as well:

Corollary 1.1.25 (Jacobian Problem for A-holomorphic regular maps): Let A = ijzl(Aj,mj,K)
and identify A = K" as vector spaces. Then the Jacobian Conjecture holds for .A-holomorphic
regular maps: if P: K" — K", P(z1,...,2,) = (P1(21,.--,2n),- -+, Pn(21,...,2n)), is regular and
A-holomorphic with det Jx P = const # 0, then P is biregular.

Proof: Since Aj/m; = K for all 1 < j < N, we can identify A with its regular lower-triangular
representation: a change of basis for A translates into a composition of P with invertible linear maps;
in fact, even the value of the constant det Jx P itself does not change. Now, P'(Z) = (JxP)(Z) by
Lemma 1.1.24, hence det P'(Z) = det(JxP)(Z). Write P(Z) = (Q1(Z1),...,Qn(ZN)) with respect
to the decomposition of A. Then also P'(Z) = (Q}(Z1),...,Qv(Zn)), hence

N
det P'(Z) = [[ det Q}(Z;) e K* =Klz1, ..., 2]
j=1

Therefore it suffices to assume that A4 = (A, m,K). Thus,

P, P; P,
g !=0and V1<i<n: g z:b’
0z 0z 0z

ie.V1<i<n:P = Plz,...,%) is a polynomial depending only on the first 7 variables. Further-

Vi<i<j<n:
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more,
oP OP\"
0 # const = det(JgP)(Z) = det P'(Z) = det —(Z) = 1) =P =an+p
8z1 821
for some « € K* and 8 € K, and more generally, P, = az; + pi(z1,...,2i—1) for some p; €
K[z1,...,2i—1]. Setting w; := P;, one can now write the inverse map recursively as
1 1 .
z] = &(wl —B), zi= a(wz‘ —pi(z1,.-.,2i-1)), 2<i<n
This completes the proof. O
Remarks:

(1) The proof can be easily modified to accomodate the “mixed residue field” case K; := A;/m; €
R.C}1<j<N.
(2) This is a special instance of the well-known case of triangular Jx P.
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1.2. Canonical Factorizations & Extensions
Recall Definition 0.1.33.

Proposition 1.2.1 (Factorization through epimorphisms): Let p: A — Endg(M) be a representa-
tion, ¢: A — B a morphism in FdCAlgk, U C A open, and k € N.
(1) If p = pox for some epimorphism 7: A — A in FdCAlgg, then V f € ﬁpm’k(U) A f €
str,k
fﬁ
of commutative diagrams:

(7(U)): f = fom, and in that case f’' = f' o 7. In other words, we have an implication

A %> Endg (M) U1 M v m
ﬁi / - 7@ ///1f — TQ /f'
A m(U) m(U)

It follows that every f € ﬂgtr’k(U ) admits a canonical ﬂgtr’k—differentiable extension f™ to

U™ & U + Ker(r), and we have canonical isomorphisms of left End 4(M)-modules:

FIRU) = F8E(R(U) = FeEUT)
fofo fT=m ()= for.
(2) Under the hypothesis of (1), if additionally f € .i”pk(U), then in fact f € fﬁk(ﬂ(U)). It follows

def

that every f € gpk(U ) admits a canonical Zpk—differentiable extension f7 to U™ = U +Ker(n),
and we have canonical isomorphisms of left End 4(M )-modules:
k = ok = ok
LH0) 5 2 (0)) S 24 07)

[ fe fT=r(f).
(3) If ¢ = @ o7 for some epimorphism 7: A — A in FdCAlgg, then V f € f;tr’k(U) 3 f €
ﬂgtr’k(ﬂ(U)): f=forandVf € ff(U) Jfe zg(ﬁ(U)): f = for. Inthat case f' = f'on.

In other words, we have an implication of commutative diagrams:

(1.2.1)

(1.2.2)

A% B U%B v-.n
- % — 7 EET e "y /f
A m(U) m(U)

It follows that every f € .Z5""(U) or ZF(U) admits a canonical Tk or respectively Zh-
differentiable extension f™ to U™ & U + Ker(7), and we have canonical isomorphisms of
B-algebras:

LrrU)) S LHum) (1.2.3)
[ fe fT=a(f).
(4) If p: A — Bitself epic, thenV f € L%itr’k(U) or ff U)3 f e ﬁ’gtr’k(gp(U)) or ZE(p(U)): f=

f o, and in that cae f' = f' o p. Moreover, f admits a canonical .Z, Str’k—, respectively .Zk-
¥ 12 P ®
def

differentiable extension f¥ to U¥ = U + Ker(y), and we have canonical isomorphisms of
B-algebras:
str = str,k o~ str,
FEHU) = FF(e(U) = FIFU?)
LU = LEeU) > ZLEU) (1.2.4)
fe e f2=9(f)
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Proof: 1t suffices to prove the claims for k = 1.

To (1): Ifp: A D5 A LN Endg (M) is such a decomposition, then A = A/a, where a := Ker m C Ker p.
It is illuminating to first consider the stronger regularity class ‘5[} =7 Str N&E! for f.

Fix Zy € U to be an arbitrary point. Since A is automatically locally convex, there exists dy > 0
such that V||H|| 4 < do: [Zo, Zo + H] € U. Thus, if f € 4} (U), then by Corollary 1.1.13 we have
that VH € B4(0,00) Na: f(Zo+ H) = f(Zy) as a C Ker p. Since f is Sa”pl everywhere on U, it follows
by successive translations by sufficiently small H € a that VH € (U — Zp) Na: f(Zo+ H) = f(Zp).
In other words, if Z =W (mod a) for some Z,W € U, then also f(Z) = f(W). Therefore f induces
a well-defined function f: 7(U) — M, f(Z) :== f(Z), where observe that 7(U) itself is open since
is an open map by virtue of being a projection.

In fact, to show the existence of f we don’t need to argue by way of integration and don’t need
fe ‘Kpl(U), but only f € figtr(U). Indeed, since f is p-differentiable at Zy, we have f(Zy + H) =
f(Zo) + p(H)f'(Zo) + r(H), where r € €(U — Zy, M) (since f and p are continuous) such that
Ve >036=26(e) >0V |H| 4 < d(e): [[r(H)a < €llp(H)||png- Fixing some g9 > 0 and taking
do = 0(e0), we therefore have VH € B4(0,00) Na: ||[r(H)|; < €ollp(H)|lgng = 0, hence again
VH € BA(0,00) Na: f(Zo+ H) = f(Zo) + p(H)f'(Zo) +r(H) = f(Zo)-

Either way, we still need to prove f € Z5"(n(U)), though. To this end we show first that 7: 7(U —

Zy) =7w(U)—Zy — M, H — r(H), is a well-defined function. Indeed, if we fix Hy € U — Zp, then as

before 36y > 0V K € B4(0,80) Na: Hy+ K € U — Zy and r(Hy + K) < f(Zo+ Ho + K) — f(Zo) —
p(Ho + K)f'(Zo) = f(Zo + Ho) — f(Zo) — p(Ho)f'(Zo) & r(Hy), hence 7 is well-defined. Thus:

(H.
VH €U~ Zy: f(Zo+ H) = f(Zo+ H) = f(Z) + p(H) f'(Zo) +r(H) =

- ) (1.2.5)
(Zo) + p(H) f'(Zo) + 7(H)

' f
=
Now let ¢ > 0 be arbitrary. Since 7(B4(0,6(g))) > 0 is open, there exists § = d(g) > 0 such that
m(B4(0,0(¢))) 2 B 4(0,5(¢)). In particular, every class H € A with HHHA < 6(e) is represented by
H e A with |[H|| 4 < (). The claim now follows by the a-periodicity of r(H) and p(H). More
precisely:
A <8 [FE)] 5y = N EDlyy < € llpE) gna = € |7 g -

ie. HF(FI)HM = o(||p(H HEnd as H — 0, which proves that f € F(n(U)), and Eq. (1.2.5)

shows that f'(Zo) = f(Zo). We can summarize this schematically via the following implication of

commutative diagrams:

A 2> Endg(M) U1 m v m
7
T ,/;7 — 7 S — 7 ~
! Y |
A m(U) m(U)

By surjectivity of 7, f is indeed the unique function with this property, and we obtain a homomor-
phism of left End 4 (M )-modules

. tr tr
o: FN(U) — %‘\g (m(U))
f= .

Conversely, by Proposition 1.1.23 we have a well-defined homomorphism of left End 4(M)-modules

. str tr
Vi F(r(U)) — T (U)
g gomly.

Clearly, U(®(f)) = f, and ®(¥(g)) = ¢ follows from the uniqueness property / surjectivity of m,
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hence 5" (U) = 75 (r(U)). Redefining ¥ as

P
. str str us
U F(n(U)) — F3H(UT)

g—gom,
we obtain similarly .Z5"(U™) = Z3%(x(U)). In particular, every f € Z5"(U) has a unique .Z;"'-

differentiable extension to UT.

To (2): Since .Z,(U) € Z;*(U), it follows from (1) that there indeed exists a unique f € Z5" (7 (U))
such that f = fom. We want to show that f € Z;(n(U)). To this end, fix Zy € n(U) and let
(Hp)nen C fl; be arbitrary with H,, — 01asn — oo, i.e. HH”HA — 0. We claim that (H,)nen lifts to

def

Hyl 1= Hléllfln |H|| 4 = dista(Hy,04)

a sequence (Hy)nen C .A; with H, — 04 as n — oo. Indeed,

with H, € H,+aC A being a closed subset of the finite-dimensional K-vector space A, hence the
infimum is attained by some H,, € H,, and | Hpll 4 = HHHHA — 0, i.e. H, — 0 as n — oco. It remains
to show that H,, € AX. But this is immediate from A5 = 77!(A). Keeping the notations from the
proof of (1), we now have

. T \=l=r17 \ _ 71: -1 _

Jim p(Hy)™ 7(Hp) = Tim p(Hp) ™ r(Hy) =0
since [ is .Z,-differentiable at Zyg € U. As (Hp)nen C A; was arbitrary, this shows that f is
Z;-differentiable at 2.
To (3): follows from (1) and (2) since 75" = ff;g and £, = Z,,.
To (4): special case of (3) with 7 := ¢ and ¢ = idg. O
Corollary 1.2.2: Let p: A — Endg (M) be a representation, ¢: A — B a morphism in FdCAlgy,
U C A open, and k € NU {oo,w}.

(1) If p = pon for some epimorphism 7: A — A in FdCAlgg, then Vf € %f(U) 3, f €
ng(w(U)): f = fom, in which case f' = f' on, and we have canonical isomorphisms of
left End 4(M )-modules:

k = ok = ok

¢, (U) = €5 (n(U)) — €, (U")
frofo fT=a"(f)E form
For k € {oo,w} these are isomorphisms of differential left End 4 (M )-modules.

(2) If ¢ = @ o for some epimorphism 7: A — A in FdCAlgy, then Vf € ‘K;f(U) 3, f €
‘Kg(w(U )): f = fom, in which case f’ = f’ on, and we have canonical isomorphisms of

(1.2.6)

B-algebras:
k = ok = ok prm
0o (U) = a(n(U)) = €(UT)
[ fe fT=a(f).
For k € {oo,w} these are isomorphisms of differential B-algebras.
(3) If p: A — Bitself epic, thenV f € <éﬁf(U) 3 f € €E(p(U)): f = fop,in which case f = fop,
and we have canonical isomorphisms of B-algebras:
Cp(U) = C5(o(U)) = €5 (U?)
[ fe f2=9"(f).

For k € {oo,w} these are isomorphisms of differential B-algebras. O

(1.2.7)

(1.2.8)

Remarks:
(1) Factorization property does not appear to hold for the top regularity class .%,, though. Even
though % ;tr previously behaved worse than its counter-parts, it is clear from the proof that
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it is the conceptually “correct” choice for Proposition 1.2.1.

(2) In the proof of (2) it was convenient that we had allowed for the more general dense subset
A C Ain Definition 1.1.1 as 7 1(AX) can be bigger than A*.

(3) In the case of epic A 2» B (hence dimg B < dimg A) Proposition 1.2.1 thus gives an affirmative
answer to the lifting question stated previously.

(4) Canonical reduction to faithful representations: we have

A —"5 Endg(M) U— M
-7 7
im e . e
P i Y % -
p(A) p(U)

where ) is the canonical faithful representation (inclusion) of the image p(A) and f € Z5% (p(U)).
Up to isomorphism, this is of course the same as:

A —L 5 Endg(M) U—{ s m
ﬂl /’/7 - 7@ //_7,
-7 A S f
A/ Ann (M) m(U)

It follows from Proposition 1.2.1 that f extends (classically or strictly) p-differentiably to
fPiUP - M, (1.2.9)
def

where U? < p=1(p(U)) &£ U + Ker(p). Finally, observe that since X is faithful, we have
F¥ = Fy by Proposition 1.1.11.

(5) A non-trivial p: A — Endg(M) won’t be epic in general due to the non-commutativity of
Endg (M), whereas replacing p by the naturally surjective corestriction p™: A — p(A) (or
any other commutative corestriction) does not recover the representation definition, as already
observed. Instead, the better approach would be to treat .%#, as a module over a sheaf .7, of
algebras for an appropriate (and a practical) choice of ¢, e.g. ¢ = p™°". O

Consider now the local case A = (A, m,K). Then in particular its canonical character x 4: A - K,
which is of course a morphism in FdCAlgg, turns the residue field K into an .A-module 4K in the
usual way.

Definition 1.2.3 (Spectral Component): Let (A, m,K), (B,n,K) € LocArtg, U C A open, and
f: U — B some function. Then

fP=xgof:U—K
will be called the spectral component of f.

Remark: If we take a K-basis {b1 = 1p,b2,...,bn} of B = (B,n,K) and write f = > ", fibk
accordingly, then clearly fi = foP. O

Corollary 1.2.4: Let A = (A, m,K) € LocArtg and U C A open. If f € Z4(U), then there exists
a unique f € % (U, K) such that f* = foxu, (fP) = f oxa, and fP € Z4(U, 4K) extends

~

Z-differentiably uniquely to f5? € Z4(U, 4K). Moreover, we have a canonical isomorphisms
La(U, 4K) = L (U, K) = La(U, 4K)

o (1.2.10)
fefe foxa

of differential K-algebras.

Proof: Since f € L4(U), it follows from Proposition 1.1.23 that f* € £, ,(U) & 24(U, 4K). Since
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XA is epic, it further follows from Proposition 1.2.1 that f* = f o x4 for a unique f € Z(U*®,K)

with f*P extending .Z, ,-differentiably uniquely from U to UXA EU+ Ker(x4) =U +m ' and

~

that we have a canonical isomorphism Z4(U, 4K) = % (U®P,K) of differential K-algebras. O

Lemma-Definition 1.2.5 (7-Topology of A): Let A Z% B be an epimorphism in FdCAlgy and
denote by 73" the analytic topology on A. Then
T = TR = T = (U (w(U) £ U 4 Ken(m) - U € TR} € T3

will be called the 7-saturation topology, or m-analytic topology, or the Ker(m)-topology, or simply the
w-topology on A.

Proof: We need to show that 77 is indeed a topology. Clearly, @, A € T7. Moreover, if {U] }ie1 € T]
is an arbitrary family, then

Uur=sUr =) =" < U W(Ui)) =71 <W<U U)> e (U Ui> €Tx.
iel iel iel iel iel
Finally, let UT,UJ € T} and consider W := 7(Uy) N w(Usz) C B. Since Uy, Uz, and 7 are open, so
is W, hence so is V = 7~ 1(W) C A (by (automatic) continuity of 7), and by surjectivity of 7 we
have ©(V) € 7(7~1(W)) = W. Thus UT NUF = 7~ Y (U1)) N7~ Y (n(Uz)) = 7~ Y(n(Ur) N7(Ua)) =
o (W) =n"1=(V)) e T}. O
Definition 1.2.6: Let p: A — Endg (M) be a representation. Then
Th = TR =T =T S0P o (p(U)) £ U + Ker(p) : U € T3"}

will be called the p-saturation topology, or the p-analytic topology, or the Ker(p)-topology, or the
annihilator topology (module point of view referencing Ann4(M)), or simply the p-topology on A.

Lemma 1.2.7: Let p: A — Endg(M) be a representation. For every epimorphism 7: A — A
compatible with p in the sense of Proposition 1.2.1 we have U™ C U”. That is, given a (classically or
strictly) p-differentiable function f: U — M, the extension f* is maximal among all the extensions
f™ as w varies through compatible epimorphisms.

Proof: As before, we can write A = A/a for some a < A with a C Ker(p) & Anng(M). Thus we
have a commutative diagram

A & Endg (M)

roe

P Ala \
A/ AnﬁA(M)
Hence
UP = p~ (p(U) = (™) (0™ (V) = (om) (o om)(U)) =7 (o (o(x(U)))) =
= 7w (0)%) 27 (x () U
since m(U)? 2 w(U). O

Lemma 1.2.8 (Little-o respects products): Let (X, p), (X1,p1),...,(Xn,pn) € Top,, let
Vi -l (Vs [l )s (W [l )5 - -0 (Was [-llwy, ) € NrmVeck, and put V= T[;Z; Vi and W=
[Tz Wi
(1) Internal Products: Let f;: X — V;, g;: X — Wj;, be functions, 1 < i < n, and put f =
(fi,fn): X = Vand g = (91, -, 9n): X = W IEVE <i <n: [|fi(z)lly, = o(llgi(@)lw,)
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as  — p, then also | f(z)[ly, = o(llg(2)|ly) as x — p.

(2) External Products: Let f;: X; — V;, ¢i: X; — W;, be functions such that HfZ(xz)Hm =
o(llgi(wi)lly,) as x; — pi, 1 < <. If (X,p) = [[[2,(X4,pi) and f = x}_ fi: X — V and
gi= xygit X — W, then also [|f(z)]ly = o(llg(x) ) as & — p.

Proof: We will denote by N 3 p various neighbourhoods. Since the o-conditions are independent of
the choice of norms, we are free to equip V' and W with the respective product norms (= maz-norms)
(see also Lemma-Definition 0.3.25).

To (1): Let & > 0 be arbitrary. By assumption we have that V1 < ¢ < n3IN;. > pVz €
Nig: lfs@lly, < ellgi(@)lly, Put Ne == 2y Nie > p. Then Vo € Ne V1 <@ < n: [|fi(2)lly, <

¢ 19:(@)l, henee Vo € AZ: max |fi(a)y, < & max [lg;(z) |y, as required.

To (2): This immediately follows from (1) since once again external products can be written as
internal ones. More precisely, if pr;: (X,p) — (Xj, p;) denotes the corresponding projection, define
fii=fiopr;: X = V; and ¢* == g;opr;: X — W;, 1 < i < n, to be the corresponding coordinate
functions of f and g, respectively. Since x — p implies x; — p;, we have Hfl(m)HVZ o HfZ(%)HVZ =

(ng(xz)HW d—efO Hg HWZ) asz —p, 1 <i<n. O

Proposition 1.2.9 (Naturality with respect to products): Let n € N.
(1) Internal Direct Products (Differentiability of the Components): Let U C A be open.
(i) Representation Setting: Let 4M = @}, AMjy, in Mod(A) and f = (f1,..., fm): U —

M for the respective components. Then:
o (VI<k<m: fr € LU, aMy)) & f € LE(U, aM);
o (VI<k<m: fy € FY"(U,AMy)) = f € FL""(U, AM);
e V1<k<m: freF (U,AMk))<:>fE (U,AM).

In all three cases we have:

(Bre1fr(2)) = &R f1(2). (1.2.11)
It follows that we have equalies
B L ait) = 25~ D )
i i (1.2.12)
P Zi(—, aMy) 9ﬁ<—, @AMk)
k=1 k=1
of sheaves of left End 4(M )-modules, but only an inclusion
D 7" (. aMi) = 0‘“”( @AMk) (1.2.13)
k=1 k=1

of sheaves of [[;* End(Mj)-modules.
(i) Morphism Setting: Let B = [[;-, By in FdCAlgg and write ¢ = (¢1,...,¢0m): A — B
and f = (f1,..., fm): U — B for the respective components. Then:
e Vi<k<m: fre £} (U)) & feLlU)
e (V1<k<m: fre Zo™(U) = feF"0U);
o VI<k<m: fre 7, (U)) & feFiU).
In all three cases we have:

(f1(2),. - fm(2)) = (f1(2), ... fru(2))- (1.2.14)
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It follows that we have equalities

m m
125 =2 and [] 72 = 72, (1.2.15)
k=1 k=1
but only an inclusion
m
Iz — Z5ivn (1.2.16)
k=1

of sheaves B-algebras.
(iii) Diagonal embeddings: In particular, if A: A < A™ is the obvious diagonal morphism
and f = (f1,..., fm): U — A™, we have:
o V1<k<m: fre Z}(U)) & fec LX),
o (V1<k<m: fre ZY""(U)) & f e FX"(U);
o V1<k<m: fre Z3(U)) & fe FRU).
(2) External Direct Products: Let {Aj}1<k<m C FdCAlgg be a family, Uy C Ag, 1 < k < m, be
open, and put A =[], Ay and U =[]}~ , U C A.
(i) Representation Setting: let p: Ar — Endg (M), 1 < k < m, be a corresponding family
of representations and put M := X?Zl A, Mj.. Then:
° (Vl <k<m: fk S gﬁk(UmAkMk)) - f S fﬁ(U,AM);
o (VI<k<m: fr € Fy " (Up, 4, M) = f €. F3" (U, AM);
o (VI<k<m: fy € F} (Up, o, My)) = f € FZU, aAM).
In all three cases we have:

(<ie1fe(Z1)) = <P fo(Z).- (1.2.17)
In other words, we have an equality
11 2k, Uk, 4, M) = i’ﬁ( [10e X AkMk:), (1.2.18)
k=1 k=1 k=1

but only inclusions

e

m m
t b t b
gj\;n(Ukv.AkMk) — <9:S;lrn( H Uk7 >< .AkMk>
k=1 k=1

Bl

s "

m . (1.2.19)
yj}lk(Uk?AkMk) — 9;{ H Uk: X AkMk)
k=1 k=1 k=1
of left [[,~ End 4, (My)-modules.
(i) Morphism Setting: Let ¢r: Ax — Bi, 1 < k < m, be a corresponding family of
morphisms in FdCAlgg and put B =[], Bi. Then:
e V1<k<m: fr€ fgk(Uk)) & fe Z,(U);
e (V1<k<m: fr€ FZo™(Uy) = f e Z3U);
o (VI<k<m: fre F} (Uy) = feFiU).
In all three cases we have:

/N

(i1 fi(Zr) = X3y f1(Zi)- (1.2.20)
In other words, we have equalities
IO f?;n:1¢k<]_[ Uk), (1.2.21)
k=1 k=1
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but only inclusions

m m m

[[ 7w = 750, ( H ) and [[ 72 (Uy) = ( H Uk) (1.2.22)

k=1 k=1 k=1

of B-algebras.

(3) Canonical Extension for External Products: Let {A}i<ip<m C FdCAlgg be a family, put
A = T[j Ag, and let U C A be open and U ﬁ([m]) o Ul its projection closure (with
respect to the given product).

(i) Representation Setting: If M) € FdMod(Ag), 1 < k < m, is a corresponding family
of modules and M = le:lAlem then every f € Z4(U, AM) admits a unique .Z-
differentiable extension f: U — 4M. Moreover, we have a canonical isomorphism

LU, M) = LU, AM). (1.2.23)
of left [[;- End 4, (My)-modules.
(ii) Morphism Setting: If Ay ks B, 1 < k < m, is a corresponding family of morphisms

in FdCAlgg, B == [[;-, Bk, and ¢ = X}" ¢, then every f € £,(U) admits a unique
Z,-differentiable extension f: U— B. Moreover, we have a canonical isomorphism

Z3(U) =2 LU ) (1.2.24)
of B-algebras.

Proof: 1t suffices to prove the claims for n = 1.

To (1): To (i): Observe that the action of End (M) is indeed well-defined by Eq. (0.1.16) and
Proposition 1.1.23. In the same vein, in the .#5"-case we only have an action of the “diagonal”
product [}, End 4(Mjy).

“<": Apply Proposition 1.1.23 (2) to prM: M — My, 1 <k <m.

“=": As we are dealing with different images of H rather than a single H, the proof perhaps involves
slightly more details than one would normally expect in this situation. Write p = (p1,...,pm): A —
[T Endg (M) — Endg (M) for the respective “components” of p. Put ry,: U—Zy — My, ri(H) =
fe(Zo + H) — fe(Zo) — pe(H) f1,(Z0), 1 < k < m, set f'(Zy) = (fi(Z0),-- -, fin(Z0)), and define
r:U—Zy— M by r(H) = (ri(H),...,rm(H) ¥ f(Zo+H) — f(Zo) — p(H) f'(Zo). We are going to
show that r(H) satisfies the corresponding vanishing condition for each p- differentiability class .Z,
FH and .7, respectively. For the class £, observe that D == AXN(U—Zo) = (L, A5 )NU—Zp) =
Niey (AS, N (U = Zo)) (see Lemma 0.1.40 (3)) is still a densely defined nelghbourhood at 0 for each
e, 1 < k < m, separately. Hence, invoking Lemma 1.1.10, we have

lim p(H) " (H) = i (py () ra(H), .. o)~ rn(H)) = 0,

HeD Heh
as required. For the p-differentiability class .75 we have by definition that || (H) 2z, = oUlpe(H) |l gna)
as H — 0,1 < k < m. It now follows from Lemma 1.2.8 (1) that ||7(H)||,, = o(||p(H)||g,q) as H — 0.
Similarly for the class 7, it follows from Lemma 1.2.8 (1) that |7(H)|;; = o(|[(H,..., H)| gm) =

o(||H|| 4) as H — 0.

To (ii): “«<”: Apply Proposition 1.1.23 (3) to prk B— B, 1 <k<m.
“=": We get

m
str __ str mstr str str def  ~~str
H ﬂ@ H ﬂ op LcorO(sol P omt) y(wh Ppm )P T y(wh om) yso
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by Eq. (1.1.9) and Lemma 0.1.20, where we have explicitly included the identification tcoy to be
completely rigorous (but otherwise usually omit) in the representation notation to match the module
notation (cf. Section 0.1.4). Analogously for the differentiability classes . and .# with the inclusion
replaced by equality by (i).

To (iii): The £ and .7 cases follow immediately from (ii) since A et (ida,...,id4). The “="-
direction of the . also follows from (ii). Conversely, since A is injective, we also have F{" = Fa

by Proposition 1.1.11 (and Z%" = Z4).

To (2): We put for short p: A — Endg(M) for the corresponding representation (see also Sec-
tion 0.1.3)

To (i): “= / C”: For fi in the respective py-differentiability class over Uy write ry: Uy — Z — My,
Tk(Hk) = fk(Zk + Hk) — fk(Zk) — pk(Hk>f]/€(Zk), 1 <k <m. Now put Z = (Zl,.. .,Zm) and
H = (Hy,...,Hp,), and for Z € U define f(Z) = X7, fx(Zk), f(Z) = x72, f.(Zk), and r(H) =
X re(Hy). That is, r: [[(Uy — Zy) =U —Z — AM, r(H) = f(Z+ H) — f(Z) — p(H) f'(Z).
Moreover, for the .Z-class observe that A} = [[;L; Ay, , hence putting D = AJ N (U — Z) and
g = A;:Pk N (Ux — Zy,) for short, we have D = [[;; Dy. Thus

: —1 1 m —1 . .m : —1 _

N p(H)™ r(H) = lim <Gy (pr(Hy) ™ re(Hy)) = <52y i pre(Hy) ™ ri(Hye) = 0

HeD Helli, Dy HieDy,

as required. For the classes 7*" and .7 we have ||y (Hg)ll,;, = o(llpx(Hi)llgaq) and [17x(H)lly, =
o([[Hgll 4, ), respectively, 1 < k < m. It now follows from Lemma 1.2.8 (2) that [[r(H)||,, =

o(llp(H)llgna) for F* and [jr(H)| 5, = o(||H|| 1) for #

“e= /D" Let f € Z,(U) = ZLa(U, aM) and let f* == prM of € L4(U, AMy) d:ef.i”pk(U), 1<k<m,
be the corresponding components of f (cf. Proposition 1.1.23), where

m
ph: A LA HEndK(Mg) @» Endg (M), 1 <k <m,
(=1
denote the respective components of p. Since, by definition, p¥ = p; o prk for the epimorphism
prﬁ: A — Ay, it follows from Proposition 1.2.1 that 3 fi € 2, (Uy) o LA, (Ug, 4, My): fF =
fro prjj, 1 < k <m. Schematically:

pk fk
A—> EndK(Mk) U— Mk
A = A 7
P kl % prki 7 31 S
.Ak Uk

By construction it is immediate that X}, fy = fon U = Uy X -+ X Up,.

To (ii): Similarly to (1)(ii), we get

ijk Uy) = HJ rep(Uk) ‘gefxm (HUk) :y(x?_lgok)reP<ﬁUk> d‘xm 1<pk<HUk>
k=1

by Eq. (1.1.9) and Lemma 0.1.20 (where this time we have omitted tcor) and likewise for 5.
Analogously for the differentiability class .Z with the inclusion replaced by equality by (i).

To (3): To (i): One completes the same construction as in (2)(i), but with an arbitrary U in place
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of a basic open product set. Schematically, we have

AL E LN L
—— Endg (M) U My U M
7 /’7
P P A 12:2)
Pk T e Yo S =X Sk
Ak Uk U

The uniqueness of f follows from the construction procedure since any .Za-differentiable extension

admits the same pre-projection and post-projection properties. Finally, L4(U, 4M) = ZLs(U, 4 M)
is given by f — f with inverse L4(U, aAM) — ZL4(U, 4M), g — glu.

To (ii): follows from (i) the usual way. O

Remarks:

(1) Observe again the symmetric asymmetry between .5 and .#, which traces back to Proposi-
tion 1.1.23 and Proposition 1.2.1: post-composition with projections doesn’t apply (uncondi-
tionally) to .Z5, whereas pre-compositional factorization with respect to projections doesn’t
apply to # (naively at least, as far as we know). However, . behaves well in both cases. Of
course, all of that disappears once one passes to continuous p-differentiability.

(2) Given A € FdCAlgg and 4M = @], 4M;, in FdMod(A) with corresponding representations
p: A— Endg(M) and pi: A — Endg(My), 1 < k < m, we have by Lemma-Definition 0.1.15
a commutative diagram

A —2— Endg (M)

mor
p \L
tmor

B

def

where B = T[7, By, with By < pp(A), 1 < k < m. Since Ker(p) = Ker(p™") (that
is, the representation (/™°": B — Endg(B) is faithful), it follows from Proposition 1.1.19
that %, € Mod(ZLpmer), F5" € Mod(F ki), and F, € Mod(Fpmor) (and moreover the

o
mixed Leibniz rule applies). On the other hand, p™* = (P™)1<k<m (as morphisms), so

Proposition 1.2.9 giveinus in turn Mzd(fpmor) = Mod([[;~, .Zp}cm) =~ [T, Mod(.fp}cm) and
MOd(thpmor) = MOd(szl ﬁpkm) = k=1 MOd(ﬁP}Cm)
(3) Continuing (2), by Eq. (0.1.15) we also have a commutative diagram

A —2 Endg (M)

AJ: /
Ai=tlcoro X Z’:lpk

Am

hence .Z, € Mod(Za) = Mod(Z;™) = Mod(Z4)™ and %, € Mod(#a) = Mod(F ;™) =
Mod(.Z4)™ by Proposition 1.2.9 (1)(iii). O
Corollary 1.2.10: Let n € NU {oo,w}.
(1) Internal Products: Let A € FdCAlg.
(i) Representation Setting: if { 4Mj}1<k<m C Mod(.A), then
%;{(—, @AMk> — B Ch(—, aMy) (1.2.26)
k=1 k=1

as sheaves of left [];"; End 4(Mj)-modules. For n € {oco,w} this is an equality of
sheaves of left (][], End4(Mj), d)-modules.
(ii) Morphism Setting: if A By, 1<k <m,isa family of morphisms in FdCAlgk and
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B = 1[;-, Bk, then

€4 (=TT a8e) = [T €4(— 4B, (1.2.27)
k=1 k=1

as sheaves of B-algebras. For n € {oo,w} this is an equality of sheaves of differential
B-algebras.
(2) External Products: Let A := [];-; A in FdCAlgg and Uy C Ay open, 1 <k < m.
(i) Representation Setting: if { 4, Mk }i1<k<m C FdMod, then

m m m
Cgﬁzb:1 A ( H Uk, >< AkMk) = H Cgﬁk(Ulm AkMk) (1228)
k=1 k=1 k=1

as left [[;-; Endg, (My)-modules. For n € {oo,w} this is an equality of left
(ITiz, End 4, (My), )-modules. Moreover, if M = X', 4, My and U C A is an arbi-
trary open subset, then we have a canonical isomorphism

CR(U, AM) =2 E (U, AM) (1.2.29)

of left [[;~, End 4, (My)-modules. For n € {oo,w} this is also an isomorphism of left
(ITi2, End 4, (My,), 9)-modules.
(ii) Morphism Setting: If Aj, 2% By, and B := [Ti2 Bk, then

. (IHUk) - H%gk(Uk) (1.2.30)

as B-algebras. For n € {oo,w} this is an equality of differential B-algebras. Moreover,
if U C A is an arbitrary open subset, then we have a canonical isomorphism

E1(U, 4B) = €U, 4B) (1.2.31)

of B-algebras. For n € {oo,w} this is also an isomorphism of differential B-algebras. [

Corollary 1.2.11: Let A = H?Zl A; in FdCAlgg, U; C Aj open, 1 < j < n, and k € NU {oo,w}.
Then we have equalities

Zh(TTw) = T1 24,y ana €51 vs) = T1 44, @) (1.2.32)
J=1 J=1 Jj=1 Jj=1

of A-algebras. For k € {oo,w} these are equalities of differential A-algebras. Moreover, if U C A is
open and f € Z5(U) or f € €5(U), then f admits a unique .Z%-, respectively ¢’;-regular extension
f : U — A, and we have canonical isomorphisms

ZKU) = L5U) and €5(U) = €5(U) (1.2.33)

of A-algebras. For k € {oo,w} these are isomorphisms of differential A-algebras. O

Example: Consider the so called bi-real®/bi-complex numbers? B := Bk := BK := K[X]/(X? - 1) =
K[j], j2 = 1, for K € {R,C}. We have a well-known isomorphism

0B KxK

21+ 225 — (21 + 29,21 — ZQ)

8in the case K = R the algebra BR is also called split-complex numbers, or hyperbolic numbers, or double numbers,
or paracomplex numbers in the literature, which is why we’ve decided to unify all these names by adding yet another
name to the list, namely “bi-real” — it somehow sounds more appropriate;

9a bi-complex variable is sometimes also called a motor variable in the literature;
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of K-algebras with the inverse given by
ol KxK—B
wp + w2 W] — W2,
2 2
For U C B open and f € Zg(U) consider g := po fop™': p(U) — K x K. By Proposition 1.1.23 we
have that g € Zxxx(¢(U)), hence

(wl, ’LUQ) —>

—

g:o(U) - KxK
g(wr,wz) = (91(w1), g2(w2))
with g;: ¢(U); — K being K-differentiable, i« = 1,2. Thus f extends to f: 4,0_1((;(\0{)) — B and
flzr,22) = (¢ o gop)(ar,22) = (97 0 g)(a1 + 22,21 — 22) =

= ¢ Hg1(21 + 22), 92(21 — 22)) = (1.2.34)
Gzt 22) g2z —22) | Lg1(21 + 22) — ga(z1 — 22)
- 2 T 2

In other words, up to isomorphic change of variables, the function theory of .#g-differentiable func-
tions is just an external product of two copies of the theory of ordinary K-differentiable functions.
Despite that, as is well-known, both BR and BC manage to offer rich theories (both geometrically!”
and operator-theoretically), so one should not underestimate the power of linear changes of variables.
(We remark though that Autg(B) & S,, generated by idg and the transposition 7: K x K — K x K|
(w1, w2) — (wa,wr), or equivalently the “conjugation” 7: z; + jzo — 21 — jzo, as both factors are
isomorphic to each other and trivial over the ground field.) Indeed, we give now a very short proof
of the hyperbolic Euler’s formula e/* = cosh(t) + jsinh(¢) without appealing to analyticity'! and
manipulations of power series. Consider the K x K-differentiable component-wise exponential

expryr: KX K—=KxK
(w1, we) — (e, e"?).

Then simply

. . ) _ eF1tae | o= ‘631+z2 — eF1T22
11772 expy (21 + j22) = (¢ 0 expyyk 09) (21, 22) = 5 +J 5 :
hence in particular taking z; := 0 and 2z =t yields
, t ot t_ ot
it = © te +j6 € cosh(t) + jsinh(t)

2 2
as desired. B is obviously the simplest non-trivial example for Corollary 1.2.11 and, more generally,
the subsequent Proposition 1.2.12 below. For the benefit of the interested reader we have included
some further useful references on B — that hopefully demonstrate its richness — in the bibliography
at the end (see for example [MR98] and [GGMO02] for BR and [CRS12], [Alp+13] and [Lun+15] for
BC). O]

Given f € Z,(U), following the above train of thought and the standard factorization of p, we are
going to establish a general corresponding standard factorization for f, which in turn leads to a
natural p-differentiable extension of f. To this end, suppose that A =[[7_; A; = [, (A4;, m;, K;)
in FdCAIgg (block decomposition by locality of the factors), K; € {R,C}, 1 < j < n, and that

10ypon endowing B with an additional, metric structure; in view of Problem 3 we propose that one should thus speak
of a category of metric algebras;

Hgtrictly speaking, this would still need some kind of finite-dimensional operator calculus over B for B-valued functions
in order to rigorously well-define the extension of expy to B — for our purposes here it suffices to take more of an ad
hoc view, that is, we assume that one has already defined what expy should mean, which, regardless of one’s approach,
unsurprisingly coincides with the obvious choice;
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AM = @}, AMj, in FdMod(A), with corresponding representations p: A — Endg (M) and p: A —
Endg (M), 1 < k < m, is also a complete decomposition. Then by Corollary 0.1.83 there exist a
fiber-grouping index mapping j := j, == 7,: [m] = [n| and an external morphism product p = x}*, py,
of representations py: Aj(x) — Endg(My) induced by pi: A — End(Mg), 1 <k < m, via

A $ EndK(Mk)

A //7
Py, i -
) 77 I p

Ajk)

such that p = teor © p o II,, where 1I, S (prﬁl), e ,prﬁm)). Analogously for a morphism ¢: A =
]_[?Zl(Aj,mj,Kj) — B = H?:l(BkankaLk) with Ly € {R,C}, 1 < k < m. Now, if Uj(k:) - Aj(k:) is
any open subset and fj, € £, (Uj(x)) is any such function, 1 < k < m, then it follows from Proposi-
tion 1.1.23 and Proposition 1.2.9 that f := (X}, fx) oll, defines a .Z,-differentiable!? function

m — f m
Nke1 pr; }q)(Uj(k)) —— AM =T[;L, aMy
I

j(
U

where we have put U = [}, Ujiky € A=TIY, Ajx) (open) for short. Conversely, we will show
below that all .Z),-differentiable functions arise this way. Moreover, this naturally gives rise to our
closure operations from Lemma-Definition 0.1.84:

— 7\ def A — — def 77 def 77
I, H(0) = (Pfj<k>>1<1k<m<H Uj(k)) = (Ve Uim) £ U0, = U (1.2.35)
k=1 k=1
and similarly,
75 def 73 def —1 1 s
00, (N xh(@w) == (TTUR)- (1.2.36)
k=1 k=1

Likewise for the morphism setting .Z,.

Proposition 1.2.12 (Standard Factorization): With the above notations let U C A be open.
(1) Representation Setting: If f € .Z,(U), then there exists a unique f = x7, fi € Z5(U) so
that we have the following implication of commutative diagrams:

A "5 Endg (M) v m 2Ly
7 a
I 7 — 1 S ==
pl_ RN ,,l AT ,,l /fv
A U U
That is, f € Z,(U) extends .Z),-differentiably uniquely to a fe .,Efp(ﬁ ). It follows that
2,(U) = 2,(0) (1.2.37)

as left (End 4 (M), d)-modules.
(2) Morphism Setting: If f € £,(U), then there exists a unique f = x, fr, € Z5(U) so that we
have the following implication of commutative diagrams:

A8 v-.n8 g3l B
71 7
Vit > i >
H%i // e Hﬂﬂl // 57 le /f
A U U

12this direction also works for the regularity classes F3" and Fp;

134



CHAPTER 1. DIFFERENTIATION OVER A

That is, f € Z,(U) extends Z,-differentiably uniquely to a fe .;2{0([7 ). It follows that
Z,(U) = Z,(U) (1.2.38)
as differential B-algebras.

Proof: We only prove (1) since (2) follows from (1) in the usual way. The proof is only a slight
modification of the proof of Proposition 1.2.9 (3). Write f = (f1,..., fm) with fi: U — My, 1 <
k < m. Since f € Z,(U), we have V1 < k <m: f, € £, (U) & 24(U, AMjy) by Proposition 1.2.9
(1)(i). Since py factors through the epimorphism prﬁk): A = Ajp) as pp = p 0 prﬁk), we have by
Proposition 1.2.1 that f, = f o prﬁk) for some unique f; € %5, Ujry) o fAj(k)(Uj(k),AM)Mk),
1 <k <m. Nowput f = xP fr: U - M. Then in fact f € Z;(U) o ZLiU, 1M) by
Proposition 1.2.9 (2). Thus, schematically, we obtain the following implications of commutative

diagrams
A 5 Endg(My) U g, v L 7 3Ly
7 R A
Prﬁk)l e — pr?‘“i RN — le A - le /f
Ajry Uik U U

where the third diagram is assembled together from the second one as k € [m]. Indeed:

F(Z) = (D) h<rem = ((Fr o P70 (D)) 1cpam = (XErfi) 0 ) (Z) = (f o T1,)(2).
The fourth diagram follows from the third one by the preceeding discussion, hence f o II, extends
naturally to U , and taking f to be this extension therefore produces an extension of f itself to
U. Since f € %5(U) and tautologically II, € GZHP(&), it follows from Proposition 1.1.23 (1) that
f=foll, € Zspon,(U)=2,(U),ie. fisindeed a Z,-differentiable extension. Moreover, it is easy
to see that it is unique with that property by uniqueness of fi, 1 < k < m. Finally, £,(U) — fp(ﬁ ),
f— f, and fp(ﬁ) — Z,(U), g — glu, give the desired isomorphism .Z,(U) = fp(ﬁ). O
Remark: Since we can write p = tcor0poll, = (LcoroﬁoAIP)oprIp = )\oprIp with A: A7, — Endg (M),
it follows from Proposition 1.2.1 that f € .Z,(U) also factorizes as f = gopr 1, for some g € £ and
extends to f*%e: UP"» — M. By Lemma 0.1.46 we only have UP'%» C U. Furthermore, II, need not
be surjective. Therefore, Proposition 1.2.12 gives altogether a stronger a result than Proposition 1.2.1
on both fronts, however it is restricted to the regularity class .Z,. O

Theorem 1.2.13 (Automatic Extension): Let A = []i_,(A;j, m;,K;) and U C A open.
(1) Representation Setting: if p: A — Endg (M) is a finite-dimensional representation and f €
Z,(U), then f extends .Z),-differentiably uniquely to f = fr: U — M (abuse of notation),
and we have an isomorphism

Z,(U) = Z,(Ur) (1.2.39)

of (End4 (M), d)-modules.
(2) Morphism Setting: if ¢: A — B is a morphism in FdCAlgy and f € £, (U), then f extends .Z,-
differentiably uniquely to f := f¥: U¥ — M (abuse of notation), and we have an isomorphism

L,(U) = ZL,(U?) (1.2.40)
of differential B-algebras.

Proof: This is immediate from Proposition 1.2.1 and Proposition 1.2.12. ]

Remarks:
(1) By Lemma 0.1.46 we have UP = (U)P?, so it does not matter in what order we perform the
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extension procedure.

(2) It follows from Lemma 0.1.46 that among the automatic extensions implied by various combi-
nations of the preceeding propositions U is maximal without a spectral argument. Of course,
it is conceivable that concrete functions could be p-differentiably extended beyond U?. Such is
the case when A carries a complex structure: when K = C, we will show later that f € O,(U)
extends p-holomorphically further to U in a natural way, and in fact U ﬁp will turn out to
be the domains of p-holomorphy. Of course, one can also deduce this directly from Proposi-

tion 1.1.16 (3). O

Lemma-Definition 1.2.14: Let p: A — Endg(M).
(1) Kernel-Projection topology on A (with respect to p): ij is the topology generated by the
base

B = {0, = (U),: U € TE"}.

We will denote AP := (A, ij) for short.
(2) Spectral (polycylindrical) topology on A (with respect to p): T, is the topology generated
by the base

def 73

BY ={U, = Uy, : U e TP

We will denote AP := (A, T,") for short.
(3) We also put A := (A, T4") for A equipped with the usual analytic topology.

Proof: Since Cartesian product commutes with intersections, both %’ip and 933{) are indeed well-
defined topological bases. O

Remarks:
(1) Amusingly, if |I,| = 1, then in fact TXP = e%’jp and T,” = £, but otherwise not.
(2) As already alluded, 7,” will tacitly appear for the case K = C in Section 2.3 and onwards,
more specifically see for example Theorem 2.3.5. O

Lemma 1.2.15 (Comparison of Extension Topologies): We have T, C ij T

Proof: Clearly, if U € T2, then U € T3 too. Moreover, by Lemma 0.1.46 we have U= (U (ic.
of the desired form), hence in fact %ﬁp 2> Ay O

Remarks:

(1) Proposition 1.2.12 shows in particular that — like p — a function f € Z,(U) is up to a projection
selection homomorphism II itself an external direct product of functions of the same regularity
class between indecomposable objects.

(2) Successive application of Proposition 1.2.12 and Proposition 1.2.1 reduces study of .Z)-differentiable
functions to faithful modules over local algebras, i.e. representations p: (A, m,K) < Endg (M),
where 4M is indecomposable. Similarly, the same combination reduces the study of .Z-
differentiable functions to inclusions of local algebras ¢: (A, m,K) — (B,n,L), L € {R,C}.
In other words, this suggests that the only morphisms of essence for our to-be-constructed
category FdCFkth are inclusions of local algebras'3.

(3) The question of whether a p-differentiable function f: U — B is of the form f = go¢ for some
B-differentiable function g thus amounts to whether f is always a dimension-lowering restric-
tion of such g and, relatedly, whether every A-differentiable function A admits an extension to
a B-differentiable function g along an inclusion A C B of K-algebras. This becomes clear once

13the eerie similarity in that regard with the category of field extensions is not lost on the author;
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we establish (again) analyticity in ¢ (see Proposition 2.3.17). In other words, we will have the
following commutative diagram:

AU -LsB

wlig % //;19605(‘/)
<~V

Even though A can be a subspace of B of positive codimension, the ¢-holomorphic function of
several complex variables f extends locally in a unique fashion to a B-holomorphic function g
of several complex variables. Put differently, the presence of the additional algebra structures
A and B provides extra rigidity for f to extend uniquely throughout dimensions.

As previously mentioned, a version of the decomposition of an .Z4-differentiable function f
into Z4;-differentiable components f;, 1 < j <n, where A = [[_, (A4;, m;,K;), K; € {R,C},
is given in [Wat92a], but we believe the proof presented there to be incomplete. The author
proves this first in the case of products of copies of R and C by using the multiplicativity of
the absolute value on K in what seems to us an essential way, and then later claims that the
same proof extends to the case of products of local K-algebras. However, algebra norms are
in general only submultiplicative, which appears to break his original argument.

The reduction of the general case to (local) inclusions A C B by means of Proposition 1.2.12
and Proposition 1.2.1 raises the question as to why one should still bother with morphisms of
K-algebras at all (as opposed to, say, functional restriction). We believe we can provide here
some conceptual reasons in favour of doing so:

(i) Even the case when ¢ is just an isomorphism of K-algebras, say interpreted as a K-
automorphism of an isomorphism type [A], is already interesting. Not only it encom-
passes ordinary anti-holomorphy (unless we want to remove anti-holomorphy from the
mathematical dictionary altogether), but Autg(A) is usually quite non-trivial. For
the simplest example, one readily checks that Autg(D) = K*, where D = Dk =
DK = K[X]/(X?) = K[e] for € # 0, €2 = 0. More generally, Morgacaig, (A, —) and
Morggcalg, (—, B) are themselves highly non-trivial and interesting.

(ii) Continuing the previous point, much like complex conjugation itself is anti-holomorphic,
it is natural to think of ¢: A — B as it too being some kind of holomorphic. Indeed,
somewhat tautologically, without acknowledging some form of compatibility between do-
main and codomain, we cannot speak of ¢, let alone of some f, as being A-holomorphic
with values in B — even though it does intuitively seem so for ¢ — despite the fact that,
ironically, ¢ is precisely the link providing said compatibility. This chicken-and-egg
issue remains hidden when B = A since A already acts on itself in the obvious way.

(iii) By extension, a composition of a B-holomorphic map f with a morphism ¢ should also
be seen as “holomorphy-like” due to its niceness. After all, in general one cannot expect
(and rightly so) that a holomorphic map when precomposed with some arbitrary map
should still remain equally well-behaved.

(iv) Since we have already moved on from canon-law K and into FdCAlgk anyway, it’s only
natural to take it one more step further and replace FdCAlgy by its fully relative version
FdCAlg 4. Moreover, building ¢ into the definition allows at a later point to glue sheaves
of A-differentiable functions for varying A € FdCAlgg.

(v) Finally, a rather mundane argument is that there is no reason not to do it, since all
the theory automatically works for ¢-holomorphic functions in place of A-holomorphic
ones. O
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1.3. The Homogeneous Cauchy—Riemann—Scheffers Equations

Recall that we have an inclusion of p-differentiability classes .Z, C .7, Str C Z,. That is, all three
are in particular Fréchet (i.e. totally) differentiable with a A-equivariant differential. Unsurprisingly,
this imposes a type of a generalized Cauchy—Riemann PDE condition on the partial derivatives.
Moreover, even though the complex setting is obviously a special case of the real setting, it’s more
practical to treat both cases simultaneously and on an equal footing. To this end, we will need at
first to make a superficial distinction between K = R and K = C. This is most easily resolved by

d,if K=R
dg =14 (1.3.1)
0,ift K=C

introducing the “mixed” operator

In reality, this is rather harmless since for K = C we have df = 0f anyway (however, part of the
general theme of the present work is that we want to avoid relying conceptually on SCVs when unnec-
essary). Now let A € FdCAlgy and M € FdMod(.A) via a representation p: A — Endg(M). Further-
more, let {a1,...,a,} C A and {v1,...,v,} C M be respective choices of bases and (Oé?e)lgj’k’g,gn
be the corresponding structure tensor of A and (’Yfg)lgjgn,lgk,egm the corresponding structure ten-
sor of the action A ~ M. For a general variable Z € A we will write Z = z'a; + - - + 2"a,
(alluding to the case K = C). Observe that dxZ = dZ is an A-valued differential form acting on
AM-valued functions (see also Section 1.4 for more details). Recall from Lemma A.1.3 that we also
write 1 4 =: €1a1 + - - - + €nay, for the coordinates of the identity.

Proposition 1.3.1 (Generalized Cauchy-Riemann-Scheffers'* Equations): Fix Zy € A and let
f: A — M be a function with f = flvy + --- + f™wv,, for some coordinate functions f*: U — K,
1<k<m.
(1) General form of p-differentiability: f is p-differentiable at Zy if and only if f is totally K-
differentiable at Zy and there exists an M-valued function g := glv; + - - - + v™b,, defined at
Zp such that

. afk - k s
Wg;gnvmkgm:azj:z_;yjsg (1.3.2)

at Zy. In this case, f'(Zo) = 9(Zp)."
(2) Generalized Unital Cauchy—Riemann Equations: f is p-differentiable at Zj if and only if f is
totally K-differentiable at Zy and

V1<j<nV1<k:<m.87fk:§n Emey’?afs (1.3.3)
- - a a ‘ az‘y r=1s=1 ' Jsazr -
at Zp. In this case:
"(Zy) = r=——(Z, 1.34
' (Z) ;16 9o ¢ 0) (1.3.4)

(3) Generalized Cauchy—Riemann Equations with Unit: Assuming a; = 14, f is p-differentiable
at Zy if and only if f is totally K-differentiable at Zy and

. afk m L Of°
VQSJSnVISkSm.g_S 1%@

(1.3.5)

Tn honour of Georg Scheffers (1893), who was the first to generalize the usual Cauchy-Riemann equations to
finite-dimensional unital commutative associative C-algebras (see [Sch93a));

1511 other words, g¥, 1 < k < m, are the coordinate functions of the to-be-derivative g = f’ when it exists, not to be
confused with the derivatives of the coordinate functions f?, 1 < i < n.

138



CHAPTER 1. DIFFERENTIATION OVER A

in Zy. In this case:

of
"(Z, 7 1.3.6
F(%0) = 55(Z0) (1.3.6)
In particular, if p = p4, then
V2<j<nV1i<k<n (92] (92'1 g ]rf (1.3.7)

at Zo.
(4) Generalized Cauchy—Riemann—Scheffers Equations: f is p-differentiable at Zj if and only if f
is totally K-differentiable at Zy and

Vlgi,jgnV1§k§m:(

) LS a) o

in Z().
(5) Cauchy—Riemann—Scheffers Equations: in the special case p = py4, f is A-differentiable at Z
if and only if f is totally K-differentiable at Zy and

5 >f'“ aj<zawf> (1.3.9)

V1<i,jk<n: (
iHZO.

Proof: To (1): Recasted in differential form, Eq. (1.1.6) is equivalent to
dxf =dxZ - g(Z) = dZ - g(Z)

(at Zy) for some M-valued function ¢g(Z) defined at Zj, and then we have f'(Zy) = g(Zy) by
definition. We calculate:

dxf = szdKfS = ZZ - L sz

s=1r=1
On the other hand:

(z RENHO I B D) WTRAIEES 3D BV SEATEE
t=1

dz -g(Z

t=1 r=1 t=1 r=1 s=1
n m

) (zvﬁtgt)vsdzr

s=1r=1 t=1

A direct comparison of the coefficients now yields the claim.

To (2): By definition, we have

V1<i<n: 940 =a; f'(Z)
Using Eq. (A.1.4), we get:
n a n .
o =3 e £1(2) = 1(2) 2 4(2).
r=1 r=1

Therefore taking the k-th component gives

1<k<m:d¢"2) = S
V1<k<m:g"(Z2) T:leazr

Now substituting this in Eq. (1.3.2) proves both directions.

To (3): Special case of (2). Notice that for j = 1 the system is vacuous since 7%, = 6.
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To (4): “=": Using Eq. (1.3.2) and Eq. (A.3.4), we get:

D s =D 0n D e =) 0" el =) 0" > v =D v ) ' =
r=1 r=1 t=1 t=1 r=1 t=1 s=1 s=1 t=1
m

_ Nk O

“<”: Since A is unital, we can use Eq. (A.1.5) to obtain:

n m 8f5 n 9 m . n n : 9 n ) 9 8fk
ZZet’yZ@ :Zet% <SZ:;’)/stf ) :Z€t (;aztw) fk = (Z(SZ 6ZT> fk = 921

t=1 s=1 t=1

t=1 r=1

which implies the claim by (2).

To (5): Special case of (4) with p = pa. O

Remarks:

(1)

(2)

For the case A 2 B morphism in FdCAlgg (hence p = py) Eq. (1.3.3) and Eq. (1.3.8) are
also stated in [Shu99, p.32]. One can obtain the version of the PDE system in terms of the
representation matrix of ¢ stated there by using Section A.2 (e.g. Lemma A.2.4).

Regardless of K, total K-differentiability implies existence of the partial K-derivatives, which
is in any case sufficient. Depending on K, however, the assumption of total differentiability
can be weakened appropriately. If K = C, then by a standard theorem of Hartogs in SCVs
partial (or separate) holomorphy implies total holomorphy. Writing 2/ = 27 4 i3/, one can

of

further impose weaker conditions on 5~ and %j a la Loomen-Menchoff to ensure (partial)

holomorphy. For a nice overview of such weaker conditions the interested reader may consult
[GMTS].

In the case K = C, the (generalized) CRS-equations are PDEs of holomorphic functions
in several complex variables with complex coefficients — unlike the classical CR-equations
which have strictly real coefficients. Thus, implicitly, f additionally satisfies the classical
CR-equations for each of its complex variables.

More generally, any morphism A % Bin FdCAlgk induces an A-module structure 48 which
need not be free. For instance, the (generalized) CRS-equations stated above correspond to
kB (i.e. B as a K-vector space). Thus, in a sense, A 2 B also gives rise to generalized CRS-
equations in several, not necessarily free A-variables. This will be treated in a different work
as part of the more general setting F4(4M, o4N).

A short comparison between the different forms of the generalized Cauchy—Riemann equations
is in order. The PDE system in Eq. (1.3.5) gives an explicit expression for each partial
derivative of each component as a linear combination of the “free parameters”, played by the
%—derivatives, and thus consists of only (n—1)m equations, which is optimal. In comparison,
the generalization of Scheffers’ PDE system (Eq. (1.3.8)) consists of n?m equations, an order
of magnitude more than Eq. (1.3.5), and thus inevitably contains some “garbage”. Of course,
this also applies to the special case of Scheffers’ original PDE system (Eq. (1.3.9)), consisting
of n? equations as opposed to (n — 1)n equations. This difference can be easily illustrated
already in the case K = R, n = 2, A = C. Indeed, for the structure tensor of the extension
C/R one has

1 2 1 1 2 2 1 2
app =1a7 =0,ap =a3; =0,07;, = a5 = 1, a3 = —1,a5, =0.
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Then the PDE system (1.3.5) gives only two equations

oft _ i oft |y of* _ af 9t _ 5 0ft | 5 9f* _of
907 Mgt T O%20,1 T a1 927 T Mot a0l T Bl

which, unsurprisingly, are exactly the classical Cauchy-Riemann equations for f, while PDE

system (1.3.8) additionally yields several vacuous or repeated equations:
e 1=147j=1k=1:0=0;
oi=1j=1k=2 2 — 0.

Ox2 ox2)
oi=1,j=2k=1 9,9
oi=1,j=2k=2 -2 - 9.
oi=2j=1k=1 9 =9

i=2,j=1,k=2:0=0;

. . 2 1
e 1 =2j=2k=1: %:%;
o i=2j=2k=2 -9 =

© 9zt T 0z2)
(6) The PDE system (1.3.5) can also be written in the form
f! f
9 | . 9 [ . .
igal|l | Taag | |2sism (1.3.10)
" "

where T; = ('nge)lék,fﬁm = pla;) € Mj(K) = Endg(M), 1 < j < n. In particular, if
p=pua, thenl'; = A, 4 pala;) = (Oé;?g)lgk,zgn € M,,(K), 1 < j <mn. Thus, if for instance A =
(A, m, K) is equipped with a choice of basis {a1, ..., a,} such that a; = 14 and aq, ..., a, € m,
then necessarily V2 < j <n: det(A4;) = 0, so there is no a priori reason to expect the matrices

I';, 2 < j < n, to be invertible, either. It follows that for some “natural” basis choices like

the above it is generically not possible to express f'(Z) = % via the remaining paartial

derivatives g%;, 2 < j < n (see also examples below). Nevertheless, it might be possible to

paste together different parts of the PDE systems for varying 2 < j < n to obtain a full rank

linear system for the vector %. In any case, this is dependent on the choice of basis for A.
(7) Continuing the previous point, since A* is open, it is always possible to pick a basis of units.

If a,...,a, € AX, then Ay,..., A, € GL,(K) and hence

of 4, 0f
V2<j<n: fl(Z)= % =A1 1.
sj=n:fi(Z) 0zt NOEY,
Constructively, if A = (A, m, K) and we start with a K-basis a; := 14 and ag, ..., a, € m, then
we can obtain a new basis aj = 14,4a5,...,a, with the property that 32 < j < n: a} € A~
as follows: let eg,...,€, € {0,1}, not all of which are 0, and set
al 1 00 0\ (a1
a/2 €9 1 0 a
asy | = | e 1 0f[as (1.3.11)
an, e, 00 ... 1 Gn

This is clearly again a basis for A since the transition matrix has det = 1, and ag- e A~ for all
2 < j < n with ¢; = 1. Observe that even though taking the tranposed version of the above
matrix produces a valid new choice of K-basis, it doesn’t resolve the issue. O

Problem 7: All of the PDE systems in Proposition 1.3.1 can be written down ad hoc (as opposed to
deduced) for arbitrary structure tensors (a;?g) and ('yjl?g), but the different versions of the equations will

no longer remain equivalent. It is an interesting question if these equations still enjoy a meaningful
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interpretation in the setting of finite-dimensional non-commutative and /or non-associative K-algebras
and their finite-dimensional representations. O

Examples:
(1) If A := Cle], €2 = 0, (dual numbers), then ai; =1, a}; =0, aly = ad; =0, af, = a3, =1,
oy = a3, = 0, hence

Of _ a2 08
022 022 0zl
In particular, we have no expressmn for . On the other hand, if we choose the basis a1 = 14
and ag = 1+¢, then a}; =1, a}; =0, a12 =ad =0,02 =ad =1, aly = —1, a3, = 2, thus
OF _ O g O _ 08 ,01° oI o
022 021 022 02! 0z1 021 0227
hence
0 af?  oft 1 of!
pizy= 2L (9L 9L 1Hed]
0z1 022 022 2 022
(2) If A= (C[ i1, 52 (bi complex numbers), then o}y = 1, of; =0, aly = ad; =0, o3, =

oft _op o of
022 92! an 022 0z

O]

Definition 1.3.2 (Generalized Wirtinger Operators): Let A € FdCAlgg, M € FdMod(A),and U C A
open. For {ai,...,a,} C A a K-basis and f: U — M partially K-differentiable with respect to it at
Zy € U, we define the linear differential operators

of of .
(dzjf)(Zo) =a; - Q(ZQ) —Qj - @, 1 < 1,7 <n. (1.3.12)
Furthermore, if a1 = 14, we also put
def 8f af .
(dj)(Z0) = (d1;f)(%0) = 575 (%) —aj - 575 (%), 2=j<n. (1.3.13)
Remarks:
(1) Antisymmetry: clearly, V1 <4,j <n:d;; = —dji. '
(2) Basis change suppose that (af,...,al) = (a; an) - (u})1<i,j<n is a change of basis for A

and let Z & 21 a4 -+ 2"a, = wt al +- —l—w”a be the components of Z in this new basis.
If we define

0 0
dig = aj ow’ % owk’
then one immediately checks that

n
V1<k L <n:dy =Y ujud. (1.3.14)
i,j=1
In particular, even though d;; themselves depend on the choice of K-basis for A, their kernels
Ker(d;;) do not, 1 <i,j < n.

Proposition 1.3.3: Let A € FdCAlgg, let {a1, ..., a,} be any K-basis for A, M € FdMod(A),U C A
open, and f: U — M totally K-differentiable. Then
feZ,U) e fe () Kerdy. (1.3.15)

1<i<j<n
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If additionally a; = 14, then
f € Z,U) & fe()Kerd, (1.3.16)

2<j<n

Proof: “=": Writing Z = z'a; + - - + 2"a,, we have V1 < i,j < n:

() L a3 F(2) a5 o 12 L i (g (2)) g s (7)) = (ai; — ajai) £ (2) = 0.

by definition of Fréchet p-differentiability and commutativity of A.

“<”: We show that f satisfies Eq. (1.3.5). Let {vi,...,vn} be a K-basis for M and write f =
flor + -+ f™v,,. We have:

Of ae ofs N Of*
o o3 G =3 G n = S e =3 (.55 )
s=1 r=1

r=1
Since f € [Ny« ;<, Kerdy, it follows that

6f Of &< , 0f

Taking the r-th component on both sides yields

Y,
7= 2 g

as desired. ]

Here is a direct way to derive the operators in Eq. (1.3.13). They are a simple consequence of a

“change of variables” (more precisely, change of (co)frames). Let {a1,...,a,} be a K-basis for A and
put Z1 =2 ©2lag + -+ + 2"a,. Our goal is to find “complementary” (or “conjugated”) variables
Zo, ..., Zy and corresponding derivations aizj’ 1 < j <n, such that
. 0Z;
V1<i,j<n: 8—Z;:5ij. (1.3.17)
Define
Z 1 az az ... Qp Zl 1
Zy 0 1 0 01]]=2* 2
Zs| =10 0 1 0ol =v]? (1.3.18)
Zn, O 0 ... 0 1 2" 2"
in A", where clearly U € GL,(A). In I'(T* A®k A) = T'(T"*A) ®k A this immediately yields
dZ 1 as as3 ... ap dz!
dZ, 01 0 ... 0 dz?
dZ3 =0 0 1 ... 0 d3 | . (1.3.19)
dz, o 0 ... 0 1 dz"
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InT(TA®k A) 2T (TA) ®k A we thus get:

a% 2 1 0 0 ... 0\ /[
oy 22 —az 1 0 ... 0|]|5%
aizg = (UHT % —|—-a3 0 1 ... 0 % (1.3.20)
o) o) o)
That is,
8 a . 8 8 8 a a def
— =—and V2<j<n: —=—-ai—+—=— —a;j— = d;. 1.3.21
8z a1 " =J=n 0Z; 451 + 921 02 gt J ( )

Then p-differentiability of f at a point Zy € U is simply equivalent to
of
V2<j<n: —(Zy) =0.,
<jsng Zj( 0)
which gives another proof of Eq. (1.3.16) (assuming total K-differentiability of f at Zp).
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1.4. The Associated 1-Form & Integrability

This section naturally bridges the current Chapter 1 with the next Chapter 2. Given (A, |-|| 4) €
NrmFdCAlgy, U C A open, (M,|-||;;) € NrmFdMod(A) via p: A — Endg(M), where Endg (M) is
equipped with [|"[g,q = |"llgnay () = Illar,ar as usual (cf. Section 0.3), and f € Fa(U, aM), we
discuss here the basic properties of the associated differential 1-form

w:=dZ- f(Z) < p(d2)f(Z) € Q' (U, M).

Moreover, observe that since A is commutative, M is naturally an A-bimodule with both actions
coinciding, hence we can also write our differential form in the more standard way

w=f(Z)-dZ

with - also standing for the right A-action. This notation has the advantage of lending itself rather
well to exterior products & derivatives. Nevertheless, by convention older than mathematics itself,
Endg (M) acts on M from the left, hence in the cases when we need to mention p explicitly, p(dZ)
will too act on f(Z) only from the left. This also encompasses the morphism case A 2 B for
B € NrmFdCAIg(A) by passing to p, = ¢"P, which is the more natural approach for this section
than treating the representation setting as a special case of the morphism setting via p™°" since we
won’t be making any use of the algebra structure of 5. We remark that this part of the theory
too does not really rely on the presence of a complex structure in any essential way. Furthermore,
while continuous functions can in general be integrated over rectifiable paths, in the following we
will impose the somewhat stronger regularity assumption of ‘Kr}w—differentiability of the integration
paths for the sake of the occasional technical convenience:

Definition 1.4.1: Let U C A. We put for short:
(1) Piece-wise Differentiable Path Space: PU = %,,((0,1],U);
(2) Piece-wise Differentiable Free Loop Space: LU = ‘gplw(Sl, U).

This is mostly to fix more convenient notations as we won’t have any need to endow PU and LU with
any further topological structure (as is usually done). Moreover, if A % B or p: A — Endg (M),
then we have induced maps px = P(p): PA = PB, pu = L(p): LA = LB, v — ¢ o, and
p# = P(p): PA = PEndx(M), py = L(p): LA — LEndg(M), v — po~y. Analogously for
topological subspaces U C A. It is clear that P(—) and £(—) behave functorially.

Lemma-Definition 1.4.2: Let v € PA.
(1) L,(y) == Lgna(pgy) = fol lo(¥' ()|l gnq At will denote the relative (in the case p = ¢™P) or
represented length of ~.
(2) We also put for short L, := Lygrer and L4 = Liq ,.
(3) If v is a scalar curve, then L,(v) = Lk(y).

Proof: To (1): Since p is automatically continuous and always R-linear, we have (p(v(t)))" = p(7/(t)).

To (3): Since v is a curve in K — A and p is K-linear, we have [|p(v'(t))ll,, = |7 (O)] lp(14) g =
|7/ (t)] since ||-||gyq 1S unital. O

Definition 1.4.3: If I :== "), myy, € Z1(U,Z), then L,(I") := Y, |mye| L,(v,) will be called the
total relative or represented length of I'. We also put L, = Lrep.

Remarks:
(1) L,(T") should not be confused with the (relative / represented) length of the support of T".

def

(2) As remarked previously, we have L,(I') = L, (') = Lg(poxI).
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(3) We have

1 1
L(y) = /0 oG (1) g & < /0 lollop (17 (®)]] 4 & = L),

so L,() yields sharper upper estimates.

(4) Since we are working with paths in Endg (M), equipping it with the non-unital norm ||-||g
would have given the Euclidean length of pxv. On the other hand, when ~ is a scalar curve,
the proof shows that it is more practical to choose a unital norm. ]

Let U C R™ be open, V1, Vs € FdVecg, and ® € Homg(V3, V2). Then & induces an obvious map of
vector-valued differential 1-forms (also denoted by) ®: QY(U, V1) — QY(U, Vz), w + ®(w). Moreover,
since ® is automatically continuous, we also have

/ch(w) :<I)</w). (1.4.1)

.
In particular, if U C A is open, we get maps p: Q' (U, A) — QY(U,Endg(M)) and ¢: QY (U, A) —
QYU, B).

Remark: Even if f € ¢%(U), then w = p(dZ)f(Z) € QL (U, B) is not necessarily of the form ¢(n)
for some n € Q'(U, A), since f need not be of the form ¢ o g for g € €4 (U) (see Section 1.1).

Definition 1.4.4: Let U C A be open, f: U — M a function, and k¥ € NU {oo}.
(1) f is called .Z,-integrable (on U) if 3F € £,(U): F' = f. In this case F will be called a
Z,-primitive or -anti-derivative of f (on U). Then

prl(U) ={f:U— M| fis Z,-integrable}

will denote the space of .Z,-integrable functions on U. More generally, we put

.,Sfp*k(U) ={f: U — M| fis k-times .Z,-integrable}.

(2) f is called F5"-integrable (on U) if 3F € F"(U): F' = f. In this case F will be called a
ﬁgtr—pm’mitive or -anti-derivative of f on U. Then

ﬁ;tr’_l(U) ={f:U—>M|fis ﬁ;tr-integrable}
will denote the space of F ;tr—integrable functions on U. More generally, we put

tr,—k — . : . tr .
7, (U) ={f:U— M| fis k-times F;"-integrable}

(3) f is called .Z,-integrable (on U) if 3F € #,(U): F' = f. In this case F will be called a
ZFp-primitive of f (on U). Then

ﬂp_l(U) ={f:U— M| fis Z,integrable}

will denote the space of .% -integrable functions on U. More generally, we put

F7HU) ={f: U— M| fis k-times .%,-integrable}.

(4) f is called €} -integrable (on U) if 3F € €,(U): F' = f. In this case F will be called a
4, -primitive of f (on U). Then
Cgp_l(U) = {f € €°(U, M) | f is p-integrable}
will denote the space of Cfpl—integrable functions on U. More generally, we put

—k L 0 . . .
€, "(U)={f e (UM)| fis k-times p-integrable}.
Analogously for a morphism A %5 B, or equivalently, for the special case p = P O

Remarks:
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(1) When the regularity class is understood, we will just speak of p-integrable, p-primitive or p-
anti-derivative like we already do occasionally for p-differentiable. Similarly, we will use the
terms A-integrable, A-primitive or A-anti-derivative synonymously to their p-counterparts (i.e.
module POV vs. representation POV) like we already do for A-differentiability. Analogously
for a morphism A % B in place of a representation p: A — Endg (M), or equivalently, in the
special case p = p,.

(2) Recall that by Proposition 1.1.14 we have Z,(U)N€! (U, M) = Z5"(U)N€ (U, M) = Z,(U)N
¢ (U, M) S CK/}(U ). Hence, if we replace f: U — M by the additional requirement f €
€°(U, M), then for the p-primitive we would have automatically F € Cﬁpl(U ) as well as V& €
NU {oo}: fp*k(U) = ystr’_k(U) = ﬁ;k(U). In this case we can speak of p-integrability and
p-primitives without any ambiguity left.

(3) To be completely rigorous, we have £>°(U) « MNien ,i”p_k(U ) and likewise for .Z5" and

Fp. O
Lemma 1.4.5: Let U C A be open, f € €°(U, M) p-integrable, and y € LU. Then

# o4z f(2) 0.

Proof: Let F € €}(U, 4M) be a p-primitive of f. Then

frazs@ = foanr@ = [ s oF o= [ awes) = Pa) - Fao) -0
where we have used that dF' is A-linear (and possible subdivision of 7 pieces). O
Lemma 1.4.6: Let v € LA and f € €°(y, M). Then:

f p(dZ)f(Z)H <N latn Lo(1) < 1 Fllass Lar):
Y M

Proof: We have

| / w22 -
<sw /() [ o0 O g 4 1 fllag ()

M
as desired. O

1 1
/ p('v’(t))f('v(t))dtH < [ 1o/ @) g 1520yt <
0 M 0

Lemma 1.4.7 (Pre-Morera: p-integrability of continuous functions):
(1) Let U C A be open with my(U) =1 and let f € €°(U, M) be such that

Vv e LU: %p(dZ)f(Z) =0.

Then f is (globally) p-integrable.
(2) Let % C A be open and star-convex with center * € ¥t and let f € €°(5%, M) be such that
for any triangle A C % with vertex at

¢ wazsz-o
[sJAN

Then f is p-integrable in ¢ with a p-primitive given by

Z
F(2)= [ olaw)w)
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In particular, it follows that

Vye Lik: fp(dZ)f(Z) = 0.

Y

Proof: To (1): Fix x € U. By assumption, the function

Z
F(2)= [ ptaw) ),

1

where the integral is taken over an arbitrary simple ¢} -path from * to Z, is well-defined as it is

independent of the choice of the integration path. We are going to show that F' is a p-primitive of
f. For a fixed Z we have:

dor Z+H Z+H Z+H
FZ+1)-F@) ™ [ paw)fw) = 12) [ paw)+ [ pawigw) =
Z+H

— p(H)[(Z) + / P(dW)g(WW),

Z

where g(W) = f(W)— f(2) W=7, by continuity of f. Since A is automatically locally convex, we

have for all sufficiently small H that U D [Z, Z + H], which we now also take to be our integration
path. Using Lemma 1.4.6, we estimate the last term as

Z+H
/ p(dw>g<w>H <Ngllas 2.z B[22 + H]),
Z M

where [|9llar7, 2411 20,0 because g(W) W=2,0. Since p is in any case R-linear,

Ly([Z, Z + H]) = Lena(p([Z, Z + H))) = Luna([p(2), p(Z) + p(H)]) = [|p(H) |[gq -
Therefore F(Z + H) — F(Z) = p(H) f(Z) + o([|lp(H)|lgnq) (as H = 0), ie. F € Z5(U).

To (2): For H small enough we have y% D A defined by 0A = [«,Z + H, Z,%| = [«,Z + H| + [Z +
H,Z)+ [Z,]. Since §,, f(W)p(dW) =0, we get F(Z+ H) — F(Z) = f[ijJrH] F(W)p(dW), from
where one proceeds as in (1). O

Remarks:
(1) In (1) and its proof Cfgw—regularity of v can be replaced by rectifiability without adjustment.
(2) In the proof of (1) we estimated the remaining expression in terms of the sharper L, instead
of L 4, which in turn produced strict p-differentiability (o(||p(H)|g,q)) for F' instead of plain
p-differentiability (o(||H]|| 4)). Of course, since f is assumed continuous, both are equivalent,
as previously remarked. O

The following observation for the case ¢ = id 4 is contained in [Wat92b, Thm. 2.2], but we remark
that it must have been well-known already much earlier to the Kazan school of A-geometry, though
we haven’t been able to pinpoint a precise reference for this. Waterhouse does not offer an explicit
proof, but instead defers to a (somewhat tedious) computation via the generalized Cauchy—Riemann
equations (see for instance Proposition 1.3.1). For these reasons we include here a short and sweet
coordinate-free'® proof. We follow the notations introduced in Section 1.3.

Proposition 1.4.8 (Closedness of w): Let U C A be open, f: U — M a function, and w = f(Z)-dZ.
Then:

feFAU, aM) < fe Fx(U M) and dgw = 0.

e are a little baffled by the fact that even in most books on Riemann Surfaces the verification of this key observation
is done by means of the Cauchy-Riemann equations;
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Proof: To (1): First observe that, since p commutes with dg, we have
dgw = dg(f(2) - dZ) = (dx f) A (AZ) + f(Z) - d°Z = (dx f) A (d2). (1.4.2)

in any case.

=7 If f € Fu(U, 4M), then f € Fx(U, M), hence w is K-differentiable!”, and dg f & p(dZ "z ) e
f(Z)-dZ. Since p respects A, it follows from Eq. (1.4.2) that dgw = (f(Z) - dZ) A dZ
f(Z)-(dZndZ) = 0.

“<”: Since f € Fr(U, M) by hypothesis, w is K-differentiable. Let {a1,...,a,} be an K-basis for

A and write Z = zla; 4+ -+ - + 2"a,,. Using dz* A dzd = —d2? A d2?, we can rewrite dgw in terms of
the operators d;;, 1 <7 < j < n, from Definition 1.3.2 as follows:

de:zn:af dZ:zn;gjidzi/\<zn:ajdzj): i <§£-aj)dziAdzj:
_ i= 7j=1

i,j=1

= Z <8f-‘aj_aazfj‘ai>dzi/\dzjz Z (dijf)dzi/\dzj,

— 0z —
1<i<yj<n 1<i<j<n

The claim now follows from Proposition 1.3.3 (in fact, both directions do so now, but whatever).
O

Lemma 1.4.9: Let m be a finite-dimensional commutative associative nilpotent K-algebra of height
v. ThenV1<k<v-—1:

d(X*) = kXF1dX € Q' (m,m). (1.4.3)
In particular, the 1-forms X¥dX € Q'(m,m), 1 <k < v — 2, are d-closed.
Proof: Let eq,...,e, be a K-basis of m and write X = x1e1 + -+ + xpe,. Since 8%% is a derivation,
it is easy to see by induction that V1 <k <rv—-1V1 <i < n:
o(x*
LX) _ xhte,,
8$i

Hence V1 <k <v-—1:

Xk - Z 8(65Ez dﬂfz Z ka_leidxi = ka_l Z@zdl’z = kiXk_ldX

as claimed. 0

Remarks:

(1) The identity dw = (df) A (dZ) from Eq. (1.4.2) for f: U — A is actually the starting point of
Habetha’s highly insightful observation ([Hab76]) that most of the associative function theories
at the time (incl. Quaternionic Analysis and Clifford Analysis) arise from the single condition
(df)yAQ=0o0r QA (df) =0, where € is some continuously differentiable closed p-form. In
fact, a similar unifying attempt appears a few years earlier in [DR73].

(2) The direction “” in Proposition 1.4.8 can also be characterized as a “differential” version
Morera’s theorem.

(3) We will give a topological, basis-free proof of Lemma 1.4.9 in Section 2.2.

(4) Even though m-differentiability is well-defined only (mod m”~!), Lemma 1.4.9 shows that
every f(X) € m[X] is at least morally m-differentiable. Moreover, we remark that showing
d-closedness of X*~1dX without having to guess a primitive is equally straightforward as it

basically rests on the same inductive observation.

Thas K-differentiable coefficients;
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(5) Much of what follows hinges upon the fact that w = p(dZ) f(Z) is d-closed. Another byproduct
of the proof is the interpretation of d;; f as the coordinate functions of d(p(dZ)f(Z2)).

(6) Recall that if w is a d-closed 1-form, then it is locally exact by Poincaré’s lemma. This is
one way to show that p-differentiable functions admit local p-primitives. We will give another
proof of this based on a generalized Cauchy—Goursat theorem below.

(7) The existence of local p-primitives in turn enables the integration of w along continuous paths,
see for instance [BG91, Ch. 1, §7]. For the same reason, homotopy arguments about [ w work
in the continuous category, so technically we don’t have to always take extra care of path
regularity. Consequently, the Proposition 1.4.11 (4) can be stated for continuous paths, but for
the purpose of obtaining another proof of the existence of local p-primitives without appealing
to Poincare’s lemma one should assume the paths to be rectifiable or Cfl}w—regular instead.

Lemma 1.4.10 (Triangles in Normed Spaces): Let (V, ||-||;) € NrmVeck and let A C V be a (non-
degenerate) solid triangle with (oriented) boundary given by A = [v1,v2,v3,v1]. Furthermore, let
w1, we,ws € A be the middle points of [v1, va], [va, v3], and [vs, v1], respectively, and let A’ be any
of the four solid triangles obtained by additionally connecting wy, we, and w3 together. Then:

(1) diamy (&) = max { o1, vallly  lfe, 5]l - [os, o1]lly s

(2) diamy(A) < $Ly(0A);

(3) Ly (04") = Ly (0.

~— —

Proof: To (1): Put D := max { ||[v1,va]||y, [|[v2, vs]l|y , |[[vs,v1]|ly, }- Then clearly diamy(A) > D
(as attained by one of the sides of A). Thus we only need to show that diamy (A) < D. Let z,y € A
be arbitrary. Since A is a triangle, x lies on a line segment between one of the vertices and the
opposite side, i.e. without loss of generality Jw € [vg,v3] It € [0,1]: z = (1 — t)v; + tw. Hence
Iz = ylly = [[(1 =) (v1 =) + t(w = y)lly <A =) [lor = ylly +E[w —ylly <
< max { [lor = ylly, w —ylly }.

Since w € [vg, v3], we have that s € [0,1]: w = (1 — s)va + svs, hence similarly

lw=ylly, = (1 =38)(va—y) + s(vs — y)|ly < max { [lva —ylly,lvs —ylly }-
It follows that

lz = ylly < max { lvr = ylly . o2 = ylly, llvs = ylly }-

Applying this inequality to the special cases of the inside norms with the roles of z and y reversed
(by symmetry), we get

V1 <3 <3: ”vz - y”v = ||y - viHV < 11’252{3 ||U] _ UiHv,
J#i
hence
I = ylly < max {fleo = wally , llos = wally , llor = vl } 2 D,

i.e. diamy (A) E sup ||z —ylly < D as desired.
[RTISYAN

To (2): Using (1), suppose without loss of generality that diamy (A) = ||[[v1,v2]||y,. By the triangle
inequality we have

diamy (A) = [lva — v1]ly = [lva — v3 +v3 — villy < s — vally + o1 — v3lly =

def
= |I[v2, vsllly + [l[vs, vallly -
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It follows that
Ly (0A) = ||[vr, vallly + [z, vs]lly + [I[vs, va]lly = diamy (A) + [|[va, va]lly + [|[vs, vi]lly =
> diamy (A) + diamy (A) = 2diamy (A),

which implies the claim.
To (3): We prove the claim only for A’ with 9A" = [wq, we, w3, w1]. We have:

Ly (0A") = [[ws = wily, + [lws — wally + [[wr — ws]ly, <

def [|V2 +V3 U1+ V2 v3twvr U2+ U3 v +v2 U3+ U1

2 2 v 2 2 v 2 2 v
V3 — U1 V1 — V3 Vg — U3 1 def
= = 5 llvs —villy + llvr —v2lly + [z —wslly) =
2 v 2 v 2 2
aet Ly (OA)
2
as desired. The proofs for the remaining three triangles are completely analogous. O

Proposition 1.4.11 (Cauchy Integral Theorem over A): Let U C A be open with mo(U) = 1 and
let f € €U, M).
(1) Cauchy—Goursat over A minus a point: if f € Z4(U \ pt, 4M), then:

YACU: fm p(dZ)f(Z) = 0. (1.4.4)

(2) Cauchy—Goursat over A minus a finite number of points: if f € Z4(U \ {p1,...,pk}, aM),
then:

VACU: fém p(dZ)f(Z) = 0. (1.4.5)

(3) Homological Cauchy Integral Theorem over A: if f € €} (U, 4M) and ' € Z;(U,Z) is a 1-cycle
with [I'] =0 in H,(U,Z), then

/F p(dZ)f(Z) = 0. (1.4.6)
(4) Homotopical Cauchy Integral Theorem over A: in particular, if f € € (U, a4M) and 71 (U) = 1,
then:
Vv e LU: fp(dZ)f(Z):O. (1.4.7)
g

Proof: To (1): We adapt Pringsheim’s approach following Rudin’s exposition, which is applicable to
K without the need to impose additional ¢!-regularity on w. First suppose that p := pt ¢ A and let
OA =a,b,c,a]. Let a’,b',c be the mid points on the opposite sides and let A”, 1 < j < 4, be the
respective newly formed triangles by connecting a’, ', ¢’ with each other. Then

4
J::y{ sz% w
on = Jony,

y{wH §47{ w
oA iy ON,

Repeating the same procedure for A;- in place of A\, we get a nested sequence of triangles A D A1 D
Ng D ... with La(0A) = 27*L4(0A) by Lemma 1.4.10 (3) and

jqé w
YN

and therefore

def

I1<j<4: |y =

M

1711y < 4%

‘ M

151



1.4. THE ASSOCIATED 1-FORM & INTEGRABILITY

for all k € N. It follows from Cantor’s Intersection Theorem that there exists Zg € [,y Ok € A,
and observe that f is p-differentiable at Zy by assumption. Therefore,

Ve > 035> 0VZ - Zolly < 8t ||£(2) = F(Z0) = p(Z = Z0)f'(20) ||y < €112 = Zoll 4.

Furthermore, there exists k& € N such that VZ € Ay: [|Z — Zy|| 4 < 6. Moreover, by Lemma 1.4.10
(2) we also have VZ € Ayt [|Z — Zo|| 4, < diama Ay < 3L A(00g) = 2= *FDL 4(0A). On the other

hand,
$ wansa = § az)iz-o
ANy 1o7aN3

as well as

[ | ADZ ~ 20)1'Z0) = [ (2= 20)42) 1 (Z) = p( [ N

since (Z — Zp) has the obvious A-primitive 3(Z — Zp)?. It follows that
$w= dAD(I2) - 120 - 02 - 20)f (Z0)
O N,
whence using Lemma 1.4.6 in combination with the above estimates we obtain
§ D12~ $(20) - (2 - 201 ()| <
O M
< 4" sup ||f(Z) = [(Z0) = p(Z = Z0) f'(Z0)|| py La(0D8) <

ZeoN

<4k sup €| Z — Zo|| 4 La(dLy) < 4F2= VL 4 (0A)27FL4(00) =
ZedNy

(Z - Zo)dZ> f'(Zo) =0

1 < 4F

= %LA@A)2
for all € > 0. It follows that J = 0.

Now suppose without loss of generality that p = a is a vertex of A. If a, b, ¢ are colinear, then the
claim is trivial. If not, choose x € [a,b] and y € [a, c] both close to p = a. Then

Dot s s )
(ZAN [a,z,y,a] [z,b,y,7] (bse,y,0]
the last two being 0, since they do not contain p = a. Therefore,

foes (Lo o))

Since f is bounded on A, letting x,y — p = a we get the desired result. Finally, if p € A arbitrary,
then apply the above to the triangles [a, b, p, a], [b, ¢, p,b] and [c, a,p, ].

To (2): follows from (1) (or its proof).

To (3): Apply Stokes’ theorem to w = p(dZ)f(Z): since I' € B1(U,Z), there exists ¥ € Zy(U,Z)
such that I = 0%. But w is closed by Proposition 1.4.8, therefore

/w:/ w:/dwzo.
I ox b

To (4): Since m1(U) = 1, any v € LU is homotopical to a point, hence null-homologous in particular.
Alternatively, use homotopy-invariance of closed 1-forms. O

Thus, Proposition 1.4.11 in conjunction with Lemma 1.4.7 establishes (global) p-integrability of p-
differentiable functions of different regularity on various types of domains.
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Remarks:

(1) fU C Ais open and f € F4(U\ {p1,...,ps}, AM), then also VO C U: $,1p(dZ)f(Z) =0
since 00 = OA + 0V, where 00 denotes an (oriented) simple 4-gon in U.

(2) If f € €4(U, aAM), then w = p(dZ)f(Z) € Q(U, M) is in particular of regularity ¢! and
d-closed by Proposition 1.4.8. Thus, if mo(U) = m1(U) = 1 (e.g. B™ \ pt, or more generally,
Y \{p1,...,pk} € R™ for n > 3), then the existence of a p-primitive of f(Z), i.e. F(Z)
such that dF = w, is also guaranteed by the simply-connected version'® of Poincaré’s Lemma
(rather than the usual, contractible version of the lemma). Nevertheless, the wombo combo
Proposition 1.4.11 (3) & Lemma 1.4.7 is still more general than that since (co)homological
1-connectedness need not imply homotopical 1-connectedness (for instance consider the com-
plement of Alexander’s Horned Sphere). Finally, unlike Poincaré’s lemma, Proposition 1.4.11
(1) & (2) only require .Z 4-regularity. The latter is perhaps a little surprising when A lacks
a compatible complex structure since in that case .% 4-regularity does not seem to imply €'-
regularity (see also Section 1.1 and Section 1.3).

(3) Continuing (2), despite all the similarities to single-variable complex analysis so far, p-integrability
in higher dimensions (dimg.A > 3) is in stark contrast to the complex plane, where removing
even a single point breaks global integrability (e.g. 1/z on C\ {0}). When A carries a compat-
ible complex structure, this is of course completely expected from Hartog’s extension theorem.
But more suprisingly, it otherwise suggests the existence of a real Hartog’s phenomenon for A-
differentiable functions even in the non-real-analytic setting, including the lower-dimensional
case of A =R[t]/(t?).

(4) As is well-known, Goursat’s version of Cauchy’s Integral Theorem (CIT) removes the -
condition from CIT by only requiring f(z) to be holomorphic (i.e. complex-differentiable in
a neighbourhood) with no continuity assumption on f/(z). Observe that under continuity of
f'(z), CIT is of course just a simple corollary of Stokes’ Theorem and therefore holds not just
for loops (as often stated in the literature), but more generally for (continuous) 1-boundaries
since w = f(z)dz is then not only d-closed, but also ¢’*-regular (obviously, this is the approach
we took in Proposition 1.4.11 (3)). Of course, continuity of f’(z) turns out to be automatic as
it follows from the (complex) analyticity of f(z), which in turn is a consequence of Cauchy’s
reproducing kernel (Cauchy’s Integral Formula, or CIF for short) and thus actually comes
after CIT. Therefore, it is conceptually very desirable to find an integral-free proof of the
¢-regularity of holomorphic functions — as pointed out by Ahlfors in the 15¢ edition of his
book from 1953 — and/or find an indez-free proof of Cauchy—Goursat Integral Theorem for
1-chains. The former was addressed by the development of Topological Analysis (see also
the discussion in [MOO7]), whereas a Cauchy-Goursat Theorem for 1-chains (that is, CIT for
1-chains, but without continuity of f/(z)) is indeed realized by the roundabout way of Artin’s
theorem on the correspondence between homology and the analytic index (winding numbers)
in the plane (hence the desire for an indez-free proof of that). For the latter we also refer

f19 without invoking

the reader to the discussion in [MOO05] for a more direct topological proo
winding numbers. In brief, it was realized by S. Stoilow in the ’30s that holomorphic functions
in the complex plane are completely characterized by two core topological properties, namely
openness (as we know it today) and lightness (=totally disconnected fibers) (cf. [Sto37]). This
then allowed for the basic theory of single-variable complex analysis to be carried out in a
completely integral-free manner by appealing to the integral-free formulation of topological

degree (analytic index, winding number) in the plane. A concise treatment of Topological

8we have Hig(U) = H*(U,R) = H,(U,R)* = 0 with the last equality following from the Hurewicz theorem;
9due to Sam Nead;
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Analysis is given in Whyburn’s book [Why64], but we also recommend the interested reader
to check out the lovely papers [EU52], [TY52], [Plub9], [PC61], [Con61], [Rea61], [Why62b],
[Con65], [MWG67] (in that order) for a more direct exposure (or the short survey [Why62a]
for the state of the subject up to 1962). Howewver, in view of the present work we arque that
Topological Analysis doesn’t provide a completely satisfactory answer, either, at least not in
that form, since A-holomorphic functions enjoy for the most part a completely analogous theory
to that of the functions of a single complex variable, yet they are manifestly neither open (being
SCV functions), nor necessarily light. Circling back to the Cauchy—Goursat theorem, given
that it also holds without the %'-condition over A-s without complex structure, we speculate
that continuity of the derivative is in fact a red herring (see also the discussion in [MOO06])
and that therefore there must exist a version of Stokes’ Theorem for 1-chains that replaces
¢1-regularity of w by continuity of dw.

Problem 8: Does there exist a version of Stokes’ Theorem for continuous (1-)boundaries that re-
places ¢!-regularity of w by .Fg-regularity (=mere differentiability) of w in combination with €°-
regularity of dw? A version of Stokes’ Theorem for integrands of this regularity is indeed stated
in [Nev73, p.131], but for domains of integration that are closed simplices (=closed convex hulls of
finitely many points)?°, which are inherently piece-wise smooth (in fact PL). In other words, one
replaces the total function derivative in the ¢'-condition (for the form coefficients) by the exterior
derivative of the form itself. This seems rather natural because we are not merely differentiating the
coefficients of w as separate unrelated entities, but we are actually differentiating w itself. Note that
generalizations of (the generalized) Stokes’ theorem are typically a balancing act between regularity
of the integrand and regularity of the domains of integration, trading higher regularity of the former
for lower regularity of the latter or vice versa, which is somewhat orthogonal to what we propose

here. O

Proposition 1.4.12 (Infinite Integrability): Let A € FdCAlgg, p: A — Endg (M) a representation.
(1) If 5% C Ais open and star-convex, then 7, (%) = 7 ,°°(¥).

(2) If U C A is open and homologically 1-connected, then €, (U) = €, > (U).

Proof: To (1): This is immediate from Proposition 1.4.11 (1) & Lemma 1.4.7 (2) by simple induction
on fp_k, ke N.

To (2): Since U is a manifold, we have that HL,(U,Z) = Hy..(U,Z) (with the self-explanatory
notation), hence the claim follows from Proposition 1.4.11 (3) & Lemma 1.4.7 (1) by induction on
€% kel O

Remarks:

(1) By using standard arguments of polygonal approximations of rectifiable 1-chains, Proposi-
tion 1.4.11 (1), Lemma 1.4.7 (1), and H_,(U,Z) = Hy...(U,Z) as in the proof of (2), one can
relax the hypothesis of (1) from star-convex domains to homologically 1-connected domains as
well. We will omit this proof here.

(2) We conjecture that (2) (and (1)) hold under the much weaker topological hypothesis of being
spectrally homologically 1-connected, see the later Definition 2.1.6.

(3) Even though A-differentiability in a neighbourhood of a point does not imply A-analyticity if
A has no complex structure, it is similar to holomorphic functions in the plane in that it still
implies “reverse analyticity” (=infinite integrability) on appropriate domains. O

Ending on this note, we can now seamlessly transition to the next chapter.

29n0t to be confused with singular simplices, which are only continuous images of closed simplices;
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In Section 2.1 we give a careful treatment of the sets of points and singular 1-cycles that are admis-
sible for our to-be-defined generalized Cauchy integration kernel (associated to a finite-dimensional
representation p: A — Endg(M)) so that the corresponding integral is well-defined. Such a dis-
cussion is merited by the fact that the relative singular locus, Singp(A), of A is somewhat more
complicated than that of C (the origin), which in turn then translates into a singularity for the corre-
sponding differential form. These sets are intimately related to the closure and complement notions
introduced in Section 0.1.7 and Section 0.1.9 (or see Section 0.1.13 for summary). As an organic
part of this discussion, Section 2.1 also serves as a preparation for our spectral homotopy argument
later on, which not only enables the explicit calculation of the generalized (relative) index of a loop
as done in Section 2.2 but also allows for the strongest form of a generalized homological Cauchy’s
Integral Formula presented in Section 2.3. In this vein, at the end of Section 2.1 we also introduce
the elementary algebro-topological invariants that govern the corresponding topology.

In Section 2.2 we introduce the generalized Cauchy integration kernel in the disguise of the gener-
alized analytic index Ind, (v, Zo) of a loop v relative to a point Zy € A and the finite-dimensional
representation p. We give a complete characterization of the generalized index by reducing it to
the analytic index (winding number) in the complex plane, in particular showing that Ind, (v, Zo) is
valued in a canonical lattice in Endc(M).

In Section 2.3 we prove various versions of the generalized Cauchy’s Integral Formula, including
a homotopical and a homological version as well as a Cauchy transform, and then study various
consequences thereof. These include the automatic p-holomorphic extension of p-holomorphic func-
tions to spectral polycylinders, the canonical global form of p-holomorphic functions (separation of
spectral and nilpotent variable), generalized Cauchy’s inequality and generalized Liouville theorem,
and generalized Weierstrafl Convergence Theorems. A self-contained exposition for the special case
A = (A,m,C) up to the generalized homological version of Cauchy’s Integral Formula without the
additional load of representations or other local factors is given in our paper [Gen26].

In Section 2.4 we prove a generalized Cauchy—Pompeiu integral formula over sufficiently regular
orientable surfaces ¥ C A in a general position relative to the radical, yielding uncountably in-
finitely many low-dimensional Bochner—Martinelli formulas for C-holomorphic mappings, but with
holomorphic kernels and at the expense of a non-vanishing surface integral term.

2.1. Admissible Points & 1-Cycles

We have reached the point where the real and complex theory start to diverge from each other.
The main reason for this is that we will need A* to stay path-connected. By Proposition 0.2.3
this is the case if and only if A carries a complex structure extending the underlying R-algebra
structure. Here we follow closely the notations and conventions in Section 0.1.13. We thus fix
A € FdCAlgc and a complete decomposition A = [[7_;(A;, m;, C) as well as M € FgMod(A) given
by p: A — Endc (M) with a complete decomposition 4M = @}~ 4Mj, in FdMod(A). In particular,
p determines unique subsets I, C [n] of “relevant” indices and X,(A) = {x; : j € I,} of “relevant”
characters. Using the non-unital embeddings A; SN A (hence A being an Aj-algebra), 1 < j < n,
every Z € A can be uniquely written as Z = (Z1,...,Z,) = Z?:l ejZ; with Z; = pr;(Z) € Aj;,
where e; = €;(14,) = ¢j(1c), 1 < j < n, are the corresponding idempotents, and further Z; = z;© X
with z; = x;(Z) € Cand X; e m;, 1 < j <n.
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1. ADMISSIBLE PoOINTS & 1-CYCLES

Now let U C A be open and connected, hence also mo(U) = 1. Then so are Uj o pr;(U) C Aj,
def def def =5 = .

UP = xi(U) € C U = [le,, Uf” € As, = [ljes, Ajy and U 2 U 2 U, since pr; and y; are

continuous and open by virtue of being projections, 1 < j < n. To fix notations, for j € I, we have

topological retraction diagrams

U pr; Uj . i [7 U Xj U;p b [7
\ iprj and \ lm (2.1.1)
id id
U; UsP

where note that in general neither €;|y;, nor ¢j[ys maps into U, but rather into Uand U D U,
J
respectively. In turn, these functorially induce various push-forwards such as

cu P% s e cu 2% gy 5 o
h i(prj)# and h l(xy)#
LU; /JU;p

def def . .
where we also put v; = (pr;)4(y) = prjoy and 7" == (x;)#(7) = xj 07, 1 < j < n. Taking
homotopy classes, we obtain corresponding retraction diagrams in Grp

e (x)- oy e
) P25 ) S (@) m(U) =25 m(UP) =2 m (D)

\ ¢ pry). and g im)*

m(U;) m(U;")

where in particular (pr;)«[7] L [y and (x;)«[y] = [v;°, 1 < j < n. Similarly, if G € Ab and
I':= le gy’ € Z1(U,G) is a (singular) 1-cycle!, we get corresponding retraction diagrams in Ab
of push-forwards of 1-cycles

_ s W ., 5
2,6 2% 7,6 S 2(0,6) AWUG) P Z(UP,6) <P 24(T,6)
k &(pr]-)# and R i(xy)#

Z1(U;,G) Z(U3?, G)

def

where we put likewise I'; := (pr;)4(I') = >_,_; gm] and I = (xj)p() = o D 1a(y ) Accord-

ingly, we get a second set of retraction diagrams in Ab in homology

( )* S (L')* =5
mw,e) % mw, e 2 m(@,q) mw,e) X5 mwr,e) S 5 (0,0
k é(prj)* and k\ L(Xj)*
Hl(Uj,G) Hl(U;paG)

def

where (pr;)«[I] = [[] and (x;):[[] = [[3°], 1 < j < n. More generally, the individual topological
retractions neatly consolidate into the topological retractions

pr ~

v U, —— U U-—XsU» s U
r and 2.1.2
P DN (2.1.2)

U, Usp

p

lwe will be using upper indices for the components of singular 1-cycles in order to avoid notational overload with
the previous conventions;
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. def def def def
respectively, where we have put pr := pr, = DIy, €=¢Ep = €I, L= lp = LI, and x = x, = xi, for
short. As before, these in turn induce the following four sets of respective retractions:

LU = LU, s LU LU X puse < rp
v, and
k lp# o k %#
LUy, LU
m(U) = m(U,) — m(0) m(U) = m(UP) —— m(U)
T d *
k @) - o k %
7T1(U]p) Wl(U;p)
Z(U,G) =+ 7,(Us,,G) —*— 7,(U,G) Z(U.G) "> 2,(UP,G) —"— Z(U,G)
, d
T e T e
70 (U, G) Z1(UP, G)
Hi(U,G) 2> Hi(Up,G) —=— Hy(U,G) H\(U,G) X H(U®,G) —=—> H\(U,G)
T d *
N ip ) o kx $X
Hy(Uy,, G) Hi(U}", G)

Definition 2.1.1: Let G € Ab and I" € Z; (U, G). We put I''P := (vo x)xI" € Z(U, Q).

~

Observe that it follows from the definition of U that m1(U) = [Lier, m(U;?) = m(U). Similarly,
it follows from Lemma-Definition 0.1.86 that mo(A)) = 1 and mi(A;) = 7T1(H]€[ C*) = zlel,
Upon identifying UP = (U*P) we now not only have a retraction U — U but actually a strong
deformation retraction U ~ USP given explicitly by the homotopy H: [0,1] x U — U H(t,—) =
(1 —t)x ot +tidy. Hence, in particular, the isomorphism 7r1(U) = 71 (U®P) can also be given by a
loop homotopy EU Sy~ ’ySp € LU®P, and furthermore Hl(U G) = Hi(U®,G) with T’ ~ TP in (7,
that is, [[] = [[*P] in Hy(U,G). In fact, we also have:

Lemma 2.1.2: H)(U,Z) = H, (U, Z) = Djer, H\(U?, 7).

Proof: We prove the statement in the case |I,| = 2, without loss of generality, say, I, = {1,2}. Since
Z is a PID, we have by Kiinneth’s theorem the SES

0— @ Hy (U, Z) @z Hy(U5P,Z) — H1(U® x UL, Z) — @Tor%(Hk(Ulsp,Z),Hg(UQSp,Z)) — 0.

k+t=1 k=t

Moreover, HO(U;p,Z) = 7Z as mo(U) = 1 and HZQ(U;p,Z) = 0 by [Hat02, Prop.3.29]. Since U;p
is a non-compact connected surface, it follows from [Joh31] that H1(U;p,Z) is free (and countably
generated)?. Therefore, all the Tor?-terms vanish, and we obtain H;(U® x UyP,Z) = H,(U®,Z) @
Hy(U3P,Z). The general claim follows similarly by induction. O

Recall that Sing,(A) AN Ay = mp = Uje;, My is the singular cone of A with respect to p,
where Spm(A) = {My,--- , My} and M = Ay X -+ x Ajg xmy X Ajpg X - X Ay, 1 <5 <n.

%see also Andy Putman’s answer in [MOO04]
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1. ADMISSIBLE PoOINTS & 1-CYCLES

Tautologically, Sing ,(A) is by definition the singularity of the p(.A)-valued holomorphic 1-form
_ p(AZ) s p7(AZ) e p™(dZ)

p(z) — p™r(Z)  p™(Z)

where B = [}, By, := Codom(p™°"). Observe that passing to the corestrictions p™ or p™O* allows us
to detach ourselves from the inherently non-commutative object Endg (M) and thus to only consider

commutatively valued 1-forms. Since mo(Sing,(.A)¢) = mo(A)) = 1, certain [, w can be interpreted

as integrating w around Sing,(A). More generally, for fixed Zy € A we will consider integrals of the
form

€ Qlllol(Agvp(A)) - 911101(“4;78) - Qiol(A;7EndC(M))v

pdZ) ar  p"(dZ)
p(Z —2Zo) — pmor(Z — Zo)
Thus, given some I' € Z1(U,Z), our first order of business is to characterize the set of all Zy € A
such that the above [, w is well-defined.

€ MallZo];, B).

Definition 2.1.3 (Admissible Points): Fix I C [n].
(1) I-forbidden zone of points for a loop: if v € LU, then:
S(v) =3F1(y) = U Xj_l('y;p) o {ZeA|Jjel:z € ’yj Pl
jel
(2) I-admissible zone of points for a loop: if v € LU, then
Adm(y) == Adm;(7) = F(7)° &5 < supp( )= {ZeA|Vjel: zj & ’yjp} o

dchﬁ (C\~P) xmy,if j el
i=1 (Aj,otherwise.

(3) I-forbidden zone of points for a singular 1-cycle: if I' := >0 | g/v* € Z1(U, G), then
P def
(@) = F(D) = U i) E{ZecAlFjel: z eTT}.
(4) I-admissible zone of points for a singular 1-cycle: if I':= >"}_, gt € Z,(U,G), then

Adm(T) == Adm;(T) == F;(I)° LT & supp ﬂ Admy(y

iﬁ{C\rSp ij,lijI_eﬁ{(C\U ((OF) xmyifj el

Aj, otherwise Aj, otherwise

(5) A subset S C A is called [-admissible for I' € Z;(U,G) iff S C Adm;(I"), and [-forbidden
otherwise. Symmetrically, given a subset S C A, a 1-cycle I' € Z1(U, G) is called I-admissible
(I-forbidden) for S iff S is an I-admissible (/-forbidden) set for T'.

Remarks:

(1) Dependence on the ambient space: the definitions of §(I') and Adm(I") are independent of
the topological subspace A O U D I', but depend implicitly on the algebra structure A on
the underlying ambient vector space, more precisely on the ensemble of “spectral” planes
{Ce;j : j € I} (for fixed isomorphism type [A] € FdCAlgc).

(2) In other words, F(T) is the double complement (I')¢ (see also Lemma 0.1.43 (7)).

(3) Relation between admissible zones and Spectral closures: in the special case when A4 =
(A,m,C) (ie. n = 1), we have () = I and Adm(T ) = ()¢ C T°. In general, if A is
not local, we only have §(I") D T, ie. only Adm(T") C ( )¢ (cf. Lemma 0.1.43 (6)).

(4) Inclusion reversal: if I C J C [n], then clearly F;(I") C §;(I'), or equivalently, Adm;(T") D
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Adm;(T) (cf. Lemma 0.1.43 (5)).
(5) Individual winding numbers and A}: we can unpack Definition 2.1.4 further as follows. First
notice that if A = (A, m,C) (i.e. n = 1), we can characterize Adm(I") in two different ways:

< ind(I'®P, zg) well-defined in C
sT'—Zy C A%
Thus, slightly more generally, if A = H?Zl(Aj, m;,C) and I C [n] is any subset, then:

Zy € Adm(f‘) = 20 ¢ Isp {

o Viel: ndI™, z;) well-defined in C
Z € Admy(T) & Vj e I: Z; € Adm(T;) J €I+ ind(I'7, 2j) well-defined in
eVjel:Tj—Z; CAS

In other words:
Zy € Adm](r) ST -7y C A(XI) (2.1.3)

In particular, Zy € Adm,(I) & T'— Zo C A7 LS

(6) Existence of admissible points: §7(I') C A is a closed subset for any I C [n] as it is a finite
union of continuous preimages of closed sets, hence Adm(I") is open in A. If I' consists of
sufficiently nice loops such that each C\ 'yf’Sp is dense in C for all j € [ and all 1 < ¢ < p,
then each Admj(y%), 1 < ¢ < p, is a finite product of dense open subsets, hence Admy(T)
too, being their intersection, is dense open in A . Thus, if U C A is open and T is not too
pathological in the above sense, then U N Adm;(I") # @.

(7) Invariance under translations by the “indexed” radical: we have §;(I') + nil(p(A) = §1(T)
and, equivalently, Adm;(T") + nil;)(A) = Adm; (L) for any I C [n]. This follows immediately
from the fact that VI C [n]: .AX +nil(y(A) = A

(-
(8) We have Admy,(T') = & Admy (T ) and

Ad eﬁ Admy, (), if j €1 4 ﬁ Adm¢(T )ij71fj€f
m[ = =
J, otherwise =1 ], othervvlse

Moreover, VI C [n] Vj [n]: Admy((ej)405") = Admy((g;)4L;) = Admg; (T).

Definition 2.1.4 (Admissiblity induced by p and ¢): Let T' € Z1(U, G), let p: A — Endg(M) be a
representation and A % Ba morphism. We put:
(1) () = §,(I) = F,(I') or FT) = Fp(I') = F1,(I') will denote respectively the set of
p-forbidden or ¢-forbidden points for I'.
(2) Adm(I") :== Adm,(T') :== Admy,(T") or Adm(T") := Admy(T") := Admy_(T") will denote respec-
tively the set of p-admissible or p-admissible points for I'.
(3) S4(l) = Fia,(I') and Admy(T") == Admiq , (T').
Remark (Spaces of admissible loops & 1-cycles): Conversely, if I C [n] and Zy € U, then the sets
of I-admissible loops and 1-cycles for Zy are simply given by L(U \ [Zo]r)) L Lwn [Zo](xl)) and
Z1(U\[Zo] (1), G) = < ZUN [ZO]( 1) , G), respectively. Accordingly, if I = I, or I = I, then the sets of
p-admissible or p-admissible loops and 1-cycles for Zy are given by L(U \ [Zy],) = L Lwn [Zo];) and

Z1(U\[Zo),, G) = Z1(UN[Zo] X, G), respectively, or L(U\[Zo],) = L(UN[Z0]%) and Z1(U\[Zo]y, G) =
Z1(U N [Zo]g, G), respectively. O

Remarks:
1) Given representations p; # po of A, we have Adm =Adm,, (') < 1, =1,,.
p1 P2 p1 P2
(2) If A= (A,m,C), then trivially Adm,(T") = Adm4(T )
(3) If I C [n], then Adm;(T") < Admy,, (') (cf. Section 0.1.5).
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(4) If ¢ is injective or p faithful, then Adm,(I") = Adm,(I") = Adm4(T").

(5) We have Adm,, (T") o Admg;(T") and more generally Adm,,(I') = Adm,(T").

(6) By inclusion reversal Adm,(I") o Admy, (') 2 Admy, (T") & Admy ().

(7) If ¢: B — C is a further non-zero morphism in FdCAlgc, then Admy.,(I") 2 Adm,(T).

It remains to see that Definition 2.1.4 is indeed the right one. Observe that p, by way of p™°", induces
pp s Z1(U, G) = Z1(p™"(U), G), where pm°"(U) C B := Codom(p™°"). Now combining Eq. (2.1.3)
and Lemma-Definition 0.1.86, one obtains
p(Zo) € Admp(pyl) < ppl' — p(Zo) CB* & T - Zy CA) = .AIXP < Zy € Adm,(T),

In other words, we have precisely p~!(Admp(pxI')) = Adm,(I).
Definition 2.1.5 (“Spectral” Homotopy): Let U C A with mo(U) = 1.

(1) Spectral Homotopy Equivalence: ,0 € LU are called spectrally homotopic, written vy ~, 0,

ifVj €l v =08 in LUP.
(2) “Spectral” Fundamental Group:
7P (U) = m(U)/ () Ker (m(U) L), m(U)) = LU/ e (2.1.4)
jel,

Remark: If 7o(U) # 1, one can instead repeat the above construction for (U, Z € U) € Top, and
the corresponding based loop space QU as follows:

(U, 2) = m(U, 2)/ () Ker (ma(U, 2) (e 5)) = QU/ = (2.1.5)
jel,
Definition 2.1.6 (“Spectral” Homology): Let G € Ab.
(1) “Spectral” 1-Boundaries:

BY(U,G) = (] ()3 (Bu(US", G)) < Bi(U, G).
jel,
(2) 1% “Spectral” Homology Group:
HP(U,G) = Z4(U, G) [ BY (U, G).
(3) If I'1,I'y € Z1(U, G) are spectrally homologous, we will denote this by I'1 =, I's.

Remark: Hi(U,G) is a quotient of H;"(U, G) by the subgroup B;(U, G)/B*(U,G). O
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2.2. The Generalized Index

In this section we will be using the representation and the morphism perspectives interchangeably

since the full characterization of the generalized index is treated almost better in the morphism

setting. We will be occasionally using the notation ¢, o P and py, £ prepP

Definition 2.2.1 (Relative Index): Let I' = >°7_, gi7* € Z1(U, Z).

(1) Given a finite-dimensional representation p: A — EndC( ) and Zp € Adm,(I"), we define
1 ) & def
Ind(T', Zp) := Ind,(I', Zp) = Ind; (I, Z
(T Z0) = Tndy (I Z0) = a0 20) = g [ B2 Z i bor
P

def

= gnd, (7", Z),
(=1
where Ind% signifies that I" has coefficients in Z € Ab.

(2) Given a morphism A % B in FdCAlge and Zy € Adm,(T), we define:

1 P(dZ) s
Ind,, (T, Zy) == Ind%(T, Zo) '_2/F<pz 7 ; 27”7{ e

p
def

=Y " giInd, (7", Zo)
/=1

(3) We also put Indy4 := Indiq, for short.

Remarks:

(1) As in Section 2.1, we have indeed IndZ IndZmor

(2) For example, if v € LC and zy ¢ v, then Ind%(y,z) & ind(y,2) € Z is the usual index
(winding number, topological degree) in the complex plane.

(3) Generically, Ind4(T', Zy) € A, Indy,(I', Zy) € B, and Ind,(I', Zy) € Endc(M). In particular
Ind, (T, Zp) acts on gM.

(4) We will shortly see that IndG(F7 Zp) also makes sense for any G € Ab and I" € Z1(U, G).

(5) Since f(Z) = p(Z — Zo)~' = p,(Z — Zy) " is p,-holomorphic with f/(Z) = —p,(Z — Zy) 2 =
—p(Z — Zy)~2, the associated holomorphic 1-form

p(dZ) 4  @p(dZ) y
TANZ-20) o7 7o) © Qhor([Z0]}; P(A))

is d-closed by Proposition 1.4.8. Thus, at least in Definition 2.2.1 it is not necessary to assume

any stronger regularity of I' than continuity (see [BG91, Ch. 1.7]).

(6) Since Ay O A* only (see also Lemma 0.1.85), the integral kernel p(p Z(CiZZ) may be well-defined

0)
even if ,0( dZZO) is not. More precisely, the former is well-defined for all Zy € Adm,(T'),

whereas the latter is well-defined only for Zy € Admy(I") € Adm,(T").

Lemma 2.2.2 (Homotopy Invariance of Indy): Fix Zp € A and let I'1,I'2 € Z1([Zo];,Z) with
Fl ~ FQ. Then Indp(f‘l, Zo) = Indp(l—‘z, Zo)

Proof: As pointed out above, the 1-form

p(dZ) pp(d2) | y
= = € Ol (1Zo)%, B) € Qb ([2Z0]%, End
,O(Z _ ZO) QOp(Z _ ZO) h 1([ O]p ) h 1([ 0] (C( ))
is d-closed since f(Z) = m € Oy, ([Z0];)- Hence [w is invariant under ~ within [Z]y. O

Now let V; € A;, 1 < j < n, be open. Recall that the embedding ¢;: A; — A also induces maps
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Ql(v;, A;) — QY(V;, A) and o QYU A) — Ql(aj_l(U),A), 1 < j < n. Likewise, prj: A —
A; also induces maps pr;: Q'(U, A) — QY(U, A;) and prj: Q1(V}, A;) — QM pr; (V) Aj), 1 <
j=1€j © prj, we have id’ = Z prj &7] We now give a complete
characterization of Ind,, building our way successively, almost axiomatic-like, to the most general

Jj < n. Finally, since idgq = Y.

case.

Lemma 2.2.3 (Properties of Ind): Let I' € Z,(U,Z) be %, -regular and let B % C be a further
morphism.
(1) Compositional index as an index of a pushed-forward cycle:

V' Zy € Admyoy(I'): Indyoy(I', Zo) = Indy (@4, 0(20)). (2.2.1)
In particular:
V Zy € Admy () : Indy (T, Zo) = Indg(p4I, ¢(Z0)). (2.2.2)
(2) Compositional index as a pushed-forward index:
V Zy € Admy (') : Indyoey (I, Zo) = ¢ (Indy (T, Zp)). (2.2.3)
In particular:
VZy € Adm(T): Ind, (T, Zo) = ¢(Ind 4(T', Zo)). (2.2.4)

In particular, if A: A < A™ denotes the obvious diagonal embedding, then
Y Zo € Adma(T): Inda(T, Zo) = Ind4(T, Zo)*™ € A™, (2.2.5)

(3) Index with respect to external products of morphisms: if ¢ = x7_,¢; with ¢;: A; — By,
1 <j <n, then

VZe HAdm% i) Indy (T, 2) =Y " eFInd,, (T}, 25) € [[ B; = B, (2.2.6)
j=1

j=1 j=1
where {5, ..., eB} is the corresponding complete system of idempotents.
(4) Index with respect to projections: if @ # I C [n], then
¥Z € Addmy(): Indp, (1, 2) = Y eftInd g, (T, Z;) € [[A; < A, (2.2.7)
jel Jel

where {6“14, e eﬁ} is the corresponding complete system of idempotents.
(5) Periods of Cauchy’s Reproducing Kernel over a local algebra: if A = (A, m,C), then

V Zy € Adm,(I'): Indy (I, Zp) = ind(I"™P, 20) € Z. (2.2.8)
In particular:
VZy € Admy(T"): Ind (T, Zp) = ind(T*P, z9) € Z. (2.2.9)
(6) Local Target: if B= (B,n,C), then
V Zy € Admy,(T): Ind,(T, Zg) € Z C C < B. (2.2.10)
(7) General Products:
V7 € Admy(I): Ind, (1, 2) = 3 ef Indy, (T, Z ())ezmccméﬂskd“
k=1 k=1
(2.2.11)
where {e£,... €5} is the corresponding system of idempotents.
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(8) Periods of Cauchy’s Reproducing Kernel for a general morphism:

¥ Z € Admy(I): Indy( Zek ind(I*F, , z;4) € Z7 C C™ <% H By B, (2.2.12)
k=1

where {ef,... €5} is the corresponding system of idempotents.
Proof: By Z-linearity of Ind,(—, Zy) it suffices to verify the claims for a single v € LU.

To (1): Let v, € ¢1([0,1],U), 1 < £ < g, denote the smooth pieces of v, i.e. v = 71 - y2- 7,
(composition of paths), and observe that poy = (po~v1)-(pory2)---(poy). Since ¢ and ¢ are in
particular R-linear, we have

ar 1 o (Wop)(dZ) _ ))dt _
Indwow(% Zy) = 2 ;[M (o) (Z — ZO ~ omi Z/O P(p (ZO))
30 o w ( M _
~ omi Z/ »(p "~ 2mi ; voye V(W —(Zy)) a
1 w(dW)

= i U gz~ 0]

as desired.
To (2): Since Zy € Admy () and 1 is C-linear and continuous, it follows that
or 1 (¥ 0 p)(dZ) 1 p(dZ) p(dZ)
Indye (7, Zo) & f :,7§ _pld2) j{:
vee (1, 20) = 50 o) (Z—2Z0)  2mi f/’ o(Z — Zo) 2mw - o(Z — Z)
= ¢(Indy (v, Zo))-

Finally, since A < (id4)1<k<m (internal product) and Adma (I') = Adm 4(T"), we have Inda (T, Zo) =
A(Ind (T, Zo)) = Ind (T, Zo)*™ = (Ind 4(T, Zo))1<k<m-

To (3): This is obvious by component-wise integration, but we give two explicit proofs to illustrate
the role of the algebra structure more closely. First we prove the special case ¢ = X’_; id 4, cleanly,
by explicitly using the previously discussed maps induced by pr; and ¢;, 1 < j < n. Then we prove
the general case by using the aforementioned identifications implicitly.

In the first case observe that

e’ aw dw; 1<j<n
I\w=z w,—z;) ==

ez = 29 () - Z( 7) - %o (w2))

J

Hence

since the induced maps €; and pr~ commute, 1 < j < n. Therefore,

i 0 S () -5 e (1)

" 17{ dw; ) " <1 dw; ) -
— I - gil — 5 | = E(IHdA(’Y,Z))

since (dpr;)(¥'(t)) = d(pr; oy)|: and €; is clearly C-linear and continuous, 1 < j < n, which settles

i1 JW and Z =377 1e]Z with W;, Z; € Aj,

1 < j <n, where {e{l, . ,eﬁ} is the corresponding complete system of distinct mutually orthogonal

the special case. For the general case write W = >
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idempotents of A = [[7_; A;j. Then:

7{ o(dW) :1}'{ P(d(X)y e W) :174 Sr_ plefdy)
2mi Jy o (W = 2) ~ 2mi Jy o(S ef Wy = 27)) — 2mi Jy S5y (e Wy = Z)))
iy Ty Aol g I, By (W)

S S (e (W — 25) — 2mi [ S B (Wi — 2))

of 1
Ind,(v, Z) i

_ 17{i:eg pidW)) 1%65 pi(dW;)
271 7= J ng(Wj — Zj) = 21 ~ J @j(Wj — Zj)
~ 1 B pi(dW;) —~ 5 1 7{ iAW) dW B

—_ — e- — ey — (& Ind "}’ 5 )
; 2mi J,, 7 i (W5 — Zj) ; P2mi ) i (W; Z !

To (4): Since Z € Adm;(I') & pr;(2) € Adm 4, ((pry)xI"), we have
(2.2:2) (2.2.6)
Indpr, (7, Z) Indy,iay, ((Pr)4Dpr,(2)) 7= et Inda, (T, Z)) € A C A
Jjel
via the “consolidated” embedding ¢;.

To (5): We first prove this for ¢ = id4 and Zyp = 0 € Admy(7y). Since v >~ +*? in A*, we have by
Lemma 2.2.2

1 dz ger .
Ind 4(,0) = Ind4(7*?,0) = o f{ 72 < ind(y*P, 0).
5P

Next, substituting W := Z — Z and ¢ := v — Zy (shifted curve), we get similarly
det 1 7{ dz 1 aw

I Z — — Sp i P 0) = ind(~+°P .
nd.A(’Yv 0) 27i fyZ_ZU 2711 lnd((s 0) ll’ld(’}’ 20, ) m (7 720)

Finally, since Zp € Adm,(y) = Adm (), we have Ind (7, Zo) @24 e(Ind 4(y, Zo)) = @(ind(7*P, z0)) =

ind (P, zp).
To (6): We have V Zy € Adm (I, Zy):

2.2.1 2.2.8), s s L
Ind, (T, Zo) “2" Indp (4T, 0(Z0)) “2 inde (04T, (9(20)) € Z <5 B.

def

To (7): We have Z € Adm, (') = Admy,, (T) < Vj € I: Z; € Admy,(Ty) © V1 <k <m: Zjg) €
Admy, (k>( J(k)) C Admg, (T jk )) Thus:

(2.2.3) (2.2:6)

Ind, (T, Z) (poAr)(Indy,, (I, Z))

2((xjer ) (Ind, (15, Z))er) ) =
= @((Aj(lndAj (T';, Zj)))jel> (2.2.5) @((IndAj (I, Zj)@mj)jel> def
(2.2.4)

= (e 1<Pk)((1ndAj<k> (Fj(k)’Zj(k)))lngm) = (%(IndAj(k)(Fj(k)’Zj(k)))) =

1<k<m
(22.10)
Indg, (Tjk): Zjtk))1<pen € 2™ C B

To (8): This follows immediately from (7) and (5). O

(2.2.4)
= (

Remarks:
(1) Since f’f(d ZZ)) and 9% are both d-closed, Lemma 2.2.3 should technically be valid even for con-
tinuous I' in place of %I}W—regularity. Alternatively, Ind, can also be defined ad hoc entirely

topologically for merely continuous I'" by a combination of Eq. (2.2.12) with the fact that the
analytic index in the complex plane corresponds to the topological degree.
(2) Even though in the local case Ind,(I', Zy) is Z-valued, the precise proofs of Eq. (2.2.6),
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Eq. (2.2.7), and Eq. (2.2.12) suggest that Ind,(I', Z) is more accurately seen as B-valued
(rather than just valued in the obvious lattice Z™ C B) since the definition of Ind, actively
involves division in the algebra. This perspective is more pronounced if we consider 1-cycles
with general coefficients G that can interact with B or Endc (M) in more interesting ways, for
example homology with Artinian coefficients.

(3) It follows from Eq. (2.2.12) that Ind,(T', Z) = 0 if and only if Vj € I,: ind(I'}",2;) = 0.
Similarly, Ind,(I", Z) € B* if and only if Vj € I,: imd(F;p7 zj) # 0.

(4) Let A == (Aj,my, C) x(Az, mg, C) with my, mg # 0, in particular nil(A) = m; xmg # 0, and put
Zy =0, hence [Zo]({1,2) = nil(A). We consider Ind4(—,nil(A)): LA — Z*, v — Ind4(7,0).
Then this produces only a “one-way” homotopy invariant in A*. Indeed, if v, € LA* with
v~ ¢ in A, then 4*P ~ ¢°P in C* and hence Ind 4(y,0) = Ind 4(9,0). But clearly the converse
need not hold.

(5) Let V' be a C-vector space and let A = (A, m,C) be a choice of a local C-algebra structure
on V. Then Eq. (2.2.9) shows that, unsurprisingly, Ind 4(I", Zy) depends on this choice as it is
determined by the one-dimensional complex subspace of V' spanned by 14 (or equivalently, on
the choice of a functional xy 4 € V* as the unique character / spectral projection of A). On the
bright side, Ind 4 is at least invariant under algebra endomorphisms by Corollary 2.2.6 below.

(6) Some partial examples of Ind4 have been calculated in [Ede76b] and [Shpl5], but no full
description or calculation has been obtained by these authors. The crux of the matter is that
this is not doable by elementary algebraic manipulations, but eventually one needs to invoke a
homotopy argument one way or another (see also Corollary 2.2.4 below), for which one needs

to know first that Zd_ZW is a closed.

We can now derive the conclusion of Lemma 1.4.9 directly from Proposition 1.4.8 without the tedious
d-calculation via a topological argument as follows.

Corollary 2.2.4 (Homotopy proof of d-closedness of X*¥dX): The 1-form X*dX € Qf ;(m,m) is
d-closed for all 1 < k <v —2.

Proof: Let v € LA* be arbitrary and write Z = 2z ® X and v = ~** @ 4™ accordingly. Using
Lemma 2.2.3, we obtain:

. 1 dz 1 dzeodX 1
i P 0) =1 - == — X
ind (v, 0) = Ind4(7,0) 27”.75 - m;{ Tox " om 75 < @Z kﬂ) (dz ® dX) =
1 [dz — 1 dz = (-DF 1
=(—=9¢— —1)FxF — — ¢ X*dX ) =
<2m'£ 2 > @ <Z( ) 2mi ), 2R +Z Zk+1 27rij£ >
k=1 k=0 v
v—1 v— 1
1 dz kok 1 j{ ?{ &
= — — -1)*X XX | =
(27Ti j{sp z > ® <kz( ) 20 Joep ZRH1 +Z Zk;+1 2mi
=1 k=0
=0 as k>1
v—1
. (=% 1 k
—_ Sp
= ind(vy ,0)@(2 poes me dX |,
k=0
hence in particular V1 < k < v —2: fv“‘ XkdX =0 by linear independence of 1/2”“17 1<k<v-—1.
But ™ C m was arbitrary (smooth suffices). This implies the claim O
Remarks:

(1) Observe that the above proof is (m-)basis-free.
(2) The above calculation also shows that Eq. (2.2.9) is in fact equivalent to all X*dX being
d-closed, 1 <k <wv-—2.
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Lemma-Definition 2.2.5: Let G € Aband I' = Y0_, g,/ € Z1(U,G). Then

V Zy € Admy,(I'): Ind (T, Zy) : Zgg IndZ (v, Zo) € G™ (2.2.13)
{=1
is well-defined.

Proof: By Eq. (2.2.12) we have V1 < ¢ < p: Ind,(v*, Zy) € Z™ C B. Since G is a Z-module, the
quantity gy Ind@(’yE,Zo), 1 < ¢ < p, is a well-defined element of G™. The claim now follows by
linearity. O

Corollary 2.2.6 (Invariance Properties of Ind): Let G € Ab and T € Z,(U, G).
(1) Invariance under nilpotent translations: if Zy € Adm,(I') and X € nil,(A), then Indg(F, Zo+
Xp) = Indg(Zo). Hence we have a well-defined map
Indg(f‘, —): Adm,(T")/nil,(A) = G™
(Zo) = IndS (T, [Zo]),
where Admy(I")/ nil,(A) simply denotes the image of Adm,(I') under the quotient map A —
A/ nil,(A) and can also be identified with a subset of C//sl C C™. In particular, if 0 € Adm,,(T),
then TndG (T, Xo) = Ind(T, 0).
(2) Bi-invariance under local morphisms: if ¢, 9: (A4, m,C) — (B,n,C) are two morphisms, then

Y Zy € Adm(T): Ind§ (04T, 1(Zo)) = ndG(T, Zo) = indE (TP, z).

(2.2.14)

In particular, Ind§(—, —) is bi-invariant under Endag. (A).

def def

Proof: To (1): Since nil,(A) = m, = my,, the claim follows from Eq. (2.2.12).

To (2): Let vy € LU. Since ygop = x4 for any (A,m,C) 2 (B,n,C), we have VI € Z1(U,G): ¢(Zy) €
def

Admp(pxl) € x8(¥(20)) = xa(Z0) ¢ xBap4l = (xpo @)l = xa4T & Zy € Admu(T). Thus,
similarly, V Zy € Adm(7):
2.2.9) . s s
mdZ(py7, 6(Z0)) P27 ind((@47)P, ¥(Z0)P) 2 ind (xs. 4047 X8(0(Z0))) =
= ind((x5 © )7, (x5 ©¥)(Zo)) = ind(x 447 xa(Z0)) =
 ind (v, z0) “2Y md4 (T, Zo).

The full claim now follows from G € Mod(Z) by Z-linearity. O

Definition 2.2.7 (Simple Loops in A): Let v € LA and Zy € A. Then 7 is called simple with
respect to p and Zp, really with respect to [Z], = Z +Sing,(A), if Zop € Adm,(y) and Ind,(v, Zo) =
Ind, (v, [Zo],) = 1 = idys € Endc(M).
Lemma 2.2.8 (Index is locally constant): Let I' € Z; (U, G). Then the map

Indf(I‘, —): Adm,(I") = G

@p(dW)
Zr /F ‘Pp(W - 27)

is locally constant. In particular, I' divides Adm,(I") in two types of components: points with zero

and non-zero Indf.

Proof: We first prove the statement for I' := v € LU. This is a parameter integral with an integrand
that is continuously ¢,-differentiable on the open subset Adm,(y) C A. Therefore,

d [ d 1 B ep(dW)
e B ) R v
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since ,(Z — W)~ is a global ¢,-primitive in the variable W of the last integrand. Thus
Ind}(y,—) = Ind5 (v,—): Adm,(T) = Z
is a locally constant function. Finally, if ' = ]5:1 gey! for some g € G and 4 € LU, then

Indg(F7 .- > 19 Ind%('ye, —) is a linear combination with constant coefficients of locally con-
stant maps, hence a locally constant itself. ]

Remark: The zero or non-zero component of IndpG (T', —) is at least in principle allowed to be empty.

Definition 2.2.9 (Unital Component): Let I' € Z;(U,Z). We put
C,(I') ={Z € Adm,(T") : Ind, (", Z) € GL(M)}
or
¢, (T) == {Z € Adm,(T") : Ind,, (T, Z) € B*},
respectively.

Corollary 2.2.10 (Components of I for G = Z): Let I € Z1(U,Z) and Z € Adm,(I").
(1) Components of Ind,(I", —): each component of I is of the form

ﬁ Cijj,iijIp
i=1 Aj, otherwise,

where C; C C is a component of the locally constant function ind(Fj-p, —-),j €1,
(2) Unital Component of Ind,(I", —): we have Ind,(I', Z) € GL(M) if and only if for all j € I, the
component of Fj-p containing z; is bounded in C. In other words, we have

" Ci(y) xm;,ifj el
e,(r) = [T/ el
i=1 LAj, otherwise
where Cj(y) = {z; € C\ Fj-p : ind(Fjp,zj) #0},1<j<n.

(3) €,(I') is open, not necessarily connected, and spectrally closed, i.e. (’:/p(?) =¢,(I).
Proof: To (1): If G = Z, this is immediate from Eq. (2.2.12) and standard complex analysis.

To (2): Again by Eq. (2.2.12), we have that Ind,(T', Z) € GL(M) < Vj € I,: ind(I'", 2;) # 0 <
the component of I‘j-p in C containing z; is not the unbounded one (by standard complex analysis).

To (3): €,(I") is open, as a continuous preimage of GL(M ), in Adm,(I"), which is itself open. Spectral
closedness is obvious from the characterization in (2). O

Lemma 2.2.11: Let Z € A and v,6 € L(A\ [Z],).
(1) y=d in m([Z])) = Ind,(v,Z) = Ind,(4, Z).
(2) v~ 0 in TP([Z]}) © Ind,(v, Z) = Ind, (9, Z).

Proof: For j € I, the character x;: A — C induces a homomorphism (x;)«: m1(A\ [Z],) = m1(C\
{z}), ] = ["]. We thus have: v =~ din A\ [Z], = Vj € [,: ;" ~ 6" in C\ {2} & Vj €
I,: ind(73", 2j) = ind(33", 2) < Indp(v, Z) = Ind,(9, Z) by Eq. (2.2.12). This proves both (1) and
(2). O

Lemma 2.2.12 (Invariance of Ind, under ~g,): Let I', A € Z1(U,Z). Then I' =4, A if and only if
VZeU: Ind,(T, Z) = Ind,(A, Z).

Proof: Tt suffices to show that [['] = 0 in H;P(U,Z) & VZ € U: Ind,(T", Z) = 0. Indeed, by
Eq. (2.2.12) this is equivalent to Vj € I, ¥V 2; € (U;")°: ind(I'}", 25) =0 Vj € [,: T3 € Bi(U;", Z)
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(by standard complex analysis). O

Remark: Recall that if A = (A, m,C), then U= ((7)C C (/J\C, but if A is not local, then in general
only U C (ﬁ )¢ C Ue (cf. Lemma 0.1.43 (6)). Naively, one would have expected at least that [I'] =0
in HP(U,Z) would imply ¥V Z € (U)¢: Ind,(T, Z) = 0, but alas this is not the case when A is not
local. This goes to show once again that the complement of the spectral closure is not the right notion
and should be replaced by that of the spectral complement as defined in Section 0.1.9.
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2.3. The Generalized Cauchy Integral Formula with Index

We now move on to establish a few versions of Cauchy’s Integral Formula for A-holomorphic functions
in gradational order. The first issue to be mindful of is variation of the admissible loops (or 1-cycles)
for a predefined point vs. variation of the admissible points for a predefined loop (or 1-cycle). To
address this we will heavily rely on homotopy and d-closedness instead of other less conceptual, less
powerful, and subsequently more cumbersome approaches.

Proposition 2.3.1 (Centered Local Cauchy Integral Formula over A): Let Zy € A be a point, r > 0,
A=A (Zp), and f € O,(A) = O4(A, 4M). Then we have:
1 p(dZ)
v L(AN\ [Zy],): Ind Z Z —f(2). 2.3.1

Y€ LN [)): Indyo, 20)(20) = 55 f ~H 52 (23.1)
Proof: 1t suffices to prove the claim for Zy = 0, otherwise simply consider f (Z) = f(Z + Zp) and
3(t) = ~(t) — Zo, t € [0,1].% In particular A\ [Zo], = AX := AN.AY. Moreover, note that in general
f takes values in M € Mod(.A) and Ind, takes values in Endg (M ).

We first consider the special case A = (A, m,C). Putting d := dim¢m, we have Ay LA
AN (C* x C%) =D:(0) x D,(0)4. Therefore, A* has the same 1-homotopy structure as A*, namely
7o(AX) = 1 and [S!, AX] 2 [S',D%(0)] x [S!, D, (0)]¢ =2 [S', D#(0)] = Z, where explicitly vy ~ 7P ~ ~P
with 42°: [0,1] — DX(0) x {0}, t = ce?™ 1t for some arbitrary fixed 0 < ¢ < 7 and some winding
number u € Z. We thus have
p(32°(1))
p(7" (1))
Since f(Z) € 0,(A), it follows from Proposition 1.1.19 that g(Z2) = p(Z)"Y(f(Z) — f(0)) =
eo(2)"1(F(Z) - £(0)) € O,(A%), hence
p(dZ) .
= m(f(z) — £(0) £ p(dZ)g(Z) € Qi (A, M)
is d-closed by Proposition 1.4.8, and therefore [ w is invariant under loop homotopy inside A*. Thus,

E= f (2 =1m0,0,000)| ¥ | | = | 2 f

= 2mip = 2miind(7P, 0) 28 9rind p(7,0).

def

‘M

2mi Jy p(2) M v
_ PP _
o [ S e - o] -

1
Ind,(vy,0) /0 (fF(EP (1) — f(0))at

Next suppose that p: A — Endc (M) is of the form

' <|p|llf— f(O )||M%pii0_> 0 as desired.
M

p= X?:lpj: A= H(A]7mjvc) - HEndC(MJ)’

j=1 j=1
where M = PJ_; M;. Since in that case A = [[}_; A; = A, we have by Proposition 1.2.9 that
f(2) = [(Z1,...,2Zn) = &)1 fj(Z;) for some f; € Op;(Aj), 1 <j < n. Using Eq. (2.2.6) and the

first part of the proof, we now have

Indp(’% 0) ! f(()) = X] 1 Indp] ’Yjv OA]) j= lfj (OAJ) ;'1:1 Indpj (7_77 O.AJ)fj (OAJ‘) =
pi dZ 1 [ p(d2)
®j= 1271'@74 5 Zj) = 27 7{ o(Z) 1(2),

30f course, replacing f(Z) by f(Z) = f(Z + Zo) — f(Zo) instead, one could without loss of generality further take
f to be centered, i.e. f(Zo) = f(0) =

0, but unfortunately that would inadvertently obscure parts of the proof.
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where the last part of the equality follows in a way similar to the proof of Eq. (2.2.6).

Finally, if p: A — Endc(M) is a general finite-dimensional representation with A = []i_, (A;, m;,C)
and p = poll as in Corollary 0.1.83, then, following the notations of Proposition 1.2.12 and its proof,
f can be written as

A-Lom

Hl /f (2.3.2)

A

where A = T}, Ajy and f € Op(A) is of the form f = xJ", fr, with fi € Op, (Aj)), 1 < k <m,
and p = X} p. Define 4 := I,y and note that d¥ L A(Ilon) = (o) (t)dt = (ITo~)(t)dt as II
is R-linear. We now have

1o fed2) o0 1 [T (®) _ L 1o ®) 5, _
(M) 5 IR -
- 27 0 ﬁ(’_}/(t)) (’Y(t))dt = i g P Z) f(Z) =1 dp('Y)O)f(O) =

= Ind,(v,0)f(0)
by the previous case, where f(0) = f(0) by Eq. (2.3.2) and

2.2.1
Ind,(7,0) = Inderr(v, 0) “2" Ind5(ILe, T1(0)) = Ind, (3, 0)

as desired. O

Remarks:

(1) A byproduct of the argument used in the proof of Proposition 2.3.1 is that every point Z € A
admits an open neighbourhood containing an admissible loop of an arbitrary integral index
Ind, (v, Zo) € Z™ = m(B>).

(2) Putting Z, := Ind,(v, —), it follows from Proposition 2.3.1 that f|, determines f in all com-
ponents of the set Adm,(y) NZ; L((z\ {0})™), which actually contains stuff outside of A. In
particular, this set is always unbounded as it contains a copy of nil(A). One thus obtains a
p-holomorphic continuation of f to an unbounded subset of A. Details follow.

The local Cauchy Integral Formula can be extended to very general domains in A under a simple
topological assumption on the integration contour via the following simple topological construc-
tion:

Definition 2.3.2 (Subspace-Restricted Homotopy): Let (X, A) € Top, and 79,71 € L£X. Then
Yo and 77 are called homotopic through A, written ~y ~4 71, if there exists a homotopy family
(7Vs)sefo,1] € £X such that Vs € (0,1): vs € LA.

Remarks:
(1) We couldn’t find any standard terminology for Definition 2.3.2, but apparently the concept
occasionally appears in the literature, see [MSE03].
(2) A lot can be said about subspace-restricted homotopy, but we will focus here only on the
minimum needed to establish the various generalized Cauchy Integral Formulas. O

Lemma 2.3.3: Let (X, A) € Top, and vg € LX with 79 ~4v1. Then for every open neighbourhood
N D v there exists sy € (0,1) such that Vsy < s <1:vs € LN NA).

Proof: Let H: [0,1] x [0,1] — X, 7s(t) := H(s,t), be the corresponding homotopy. Since 7, are
loops, we actually have (by a small abuse of notation) H: [0,1] x S! — X continuous. Let A be an
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open neighbourhood of 41 and put U := H~'(N), hence U is an open neighbourhood of {1} x S!.
In particular, if p € S! is an arbitrary point, then & > (1,p), hence U contains a basic open product
neighbourhood (s, 1] x V,,, where 0 < s, < 1 and St o Vp, 2 p is an open neighbourhood. By
compactness of S! there exist finitely many p1,...,pr € S' such that {Vor,-..,Vp, } is an open cover
of St. Now define sy :== max{sp,,...,sp, }. It follows that (syr,1] x S C U by construction. Finally
observe that by hypothesis H((0,1) x S!) C A, hence in particular H((spr,1) x S!) € A, which
completes the proof. O

We can now extend Proposition 2.3.1 to more general domains than A by a reduction to a local
neighbourhood that is a direct product, via a subspace-restricted homotopy for a choice of a subspace
that avoids the singularity.

Proposition 2.3.4 (Naive Null-Homotopical Cauchy Integral Formula over A):
(1) Pointed Naive Null-Homotopical Cauchy Integral Formula over A for General Domains: let
UC Abeopen, Z € U apoint, f € O,(U), and v € LU\ [Z],). If Z' € {A/Z} is arbitrary and
T Xz Z', then

1 p(dW)
I NfZ)=— ¢ ——— . 2.3.
w0 2)S(2) = 5z § i (W) (233
(2) Local Cauchy Integral Formula over A: let A C A be a polydisc and f € O,(A). Then:
| L[ )
Vye LAVZ e ANAdm,(y): Ind, (v, 2Z)f(Z) = 57 j{ oW = Z)f(W). (2.3.4)

(3) (Nil)Radical Cauchy Integral Formula over A: let

Ve H 0) x m; for some r; >0, if j € I,
V C .A arbitrary open, otherwise

be a polycylindrical (Wlth respect to p) neighbourhood of nil,(A) and let f € O,(V). If
v € LV is a simple loop with respect to 0 (hence with respect to nil,(.A)), then

: 1 p(dZ)

VX € nil f(X)=— ¢ ————f(2). 2.3.5

wil (4): () = 5 f s (2) (235)

Proof: To (1): As already alluded, this will follow from Proposition 2.3.1 essentially for topological
reasons. More precisely, note first that by definition {Z} C [Z], and

def . .
bz d:efﬁ{Ujﬂ[Zj]X =Ujn(Z; + A7), it j € I,

=1 Aj, otherwise.

Following the notations in the proof of Proposition 2.3.1, we can assume as before without loss of
generality that Z = 0 and accordingly put U pX =UnN A;. Since «; is trivially null-homotopic in A;,
€ [n]\ 1, the condition ~ g Z' for some Z' € @J} just means that Vj € I,: v, ~px 0.4;, where
[{].X = U; NAJ. As_in_Propogitiori 1.2.12 write A := Hgl:l(Aj(k),mj(k), C) for the codomain of II,
U=1[21Ujw C A, U_X =UNA*, and 7 := H*'Z € LU~ (a§ v E L’[_JpX by assumption). We have
that p = poIl with p: A — [[}L, Endc(Mg), f = foIl with f € O5(U), and fvw = fﬁ @, where

p(Z)
is d-closed by Proposition 1.4.8. On the other hand, we now have 4 ~7x0 4, hence by Lemma 2.3.3
there exists § € LA such that 4 ~ ¢ in LU*, where as usual by now A := A,(0) C A denotes a
polydisk in A around 0 4 for some sufficiently small » > 0 and A* := AN .A*. In particular, S is
admissible for 0 ;7. Thus, fvw = y%w = ¢sw and Ind,(7,04) = Ind5(7,04) = Ind;(6,04), and the

F(Z) € Qo (U*, M)

171



2.3. THE GENERALIZED CAUCHY INTEGRAL FORMULA WITH INDEX

claim now follows from Proposition 2.3.1 applied to the triple (p, f,4).

To (2): For notational simplicity we can again assume without loss of generality that A = A,.(0)
for some r > 0. Fix v € LA and recall that A N Adm,(vy) # @ (and open) since Adm,(v) is open
dense in A. Now fix Z € AN Adm,(y) arbitrary. Note first that by definition v € L(A N [Z]}).
We are going to show that ~ ~anizi 4 and invoke (1). To this end write A; := pr;(A) C Aj, i.e.
A; £ D, (0) x Dp(0)%, where d; = dimgcm;, 1 < j < n, and note that A o [[j-1 ;. Forjel,
consider A; \ [Z;] = (D-(0) \ {2;}) x D,-(0)%. We thus have m(A; \ [Z;]) = 1 and [S!, A \ [Z;]] =
[S1,D,(0) \ {2;}] = Z, where explicitly we have a smooth homotopy v; ~ (ea;) 7] = (La;) 403" for
6;10 € L(D,(0) \ {z;}) of the form 5;p(t) = zj + g™t t € [0,1], for some (any) 0 < &; < r — |2]
and some winding number p; € Z. If j € [n]\ I,, we have some smooth null-homotopy 7v; ~ Z; in
Aj as mo(Aj) = m1(A;) = 1. Now define §(t) := (61(¢),...,n(t)), t € [0, 1], where

5. (LAj)#(éjp), ifjel,
! Zj, otherwise.

By construction, v ~ ¢ in L(A N [Z]}), and we clearly have § ~Aniz) Z, hence vy ~Aniz) Z. The

claim now follows from (1).

def

To (3): We have the equivalences: v € LV is simple with respect to 0 & Ind,(7,0) = Ind, (v, [0],) =
Ind,(v,nil,(A)) = 1 € Endec(M) & Vj € I,: ind(fyjs.p,()) = 1. Explicitly, for j € I, we have
vj ~ (LAj)#fyjs.p ~ X; +ee?™ t €[0,1], in L(Dy,(0) x m;) for some (any) 0 < & < min{r; : j € [,}.
Thus, v ~¢ A,?X similarly as before, and the claim follows from (1). O]

Remarks:

(1) Observe in Proposition 2.3.4 (1) that even though only f € O,(U), it suffices that 2% zZ'
for Z' € {Z}, which is a much weaker hypothesis than just -y ~Unz]; Z. Of course, this traces
back to the fact that O,(U) = O,(U).

(2) In the same vein, the condition ~ simply expresses that one only needs to check what happens
for j € I, since j € [n] \ I, have no influence.

(3) The point of a formulation like Proposition 2.3.4 (1) is that it shifts the topological burden
from the domain U to the integration contour + and its relative “topological position” with
respect to the point Z € U. ]

Theorem 2.3.5 (Automatic Analytic Continuation to Spectral Polycylinders):
(1) Local Automatic Analytic Continuation: if A C Ais a polydisc and f € O,(A), then f admits
a unique p-holomorphic continuation to A given by:
Vye LAVZ e ANC,(y) VX €nil,(A):

=~ o 1 p(dW) (2.3.6)
NZ+X) = 2mi Ind, (v, Z) f{, p(W — Z — X)f(W)'

(2) Global Automatic Analytic Continuation: we have a natural isomorphism of A-modules
0,(U) = 0,(U)
f=1

whose inverse is given by restriction g +— g|y. For a morphism A % B in FdCAlgc, the

(2.3.7)

isomorphism O, (U) = Ow(fj ) is one of B-algebras instead.

Proof: To (1): To simplify notations we can again assume without loss of generality that A =
A, (0) for some r > 0. Fix v € LA and recall that by definition €,(y) € Adm,(y) and VZ €
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C,(y): Ind,(y, Z) € GL(M). First, we need to show that ANC€,(y) # @ (it’s clearly open). Indeed,
since ¥ C A, we have that 75" C x;(A) = D,(0) and Cj(y) = {z; € C\»}" : ind(7}", 2;) # 0} € D1(0)
is the bounded component?® of fy;p, J € I, hence explicitly

2 [Ci(y) x D (0),if jeT
Ane,(v) =]’ b _ g
;=1 (D (0)%T, otherwise,

where as before d; := dimcm; > 0, 1 < j < n. Next notice that for X = 0 the RHS agrees with f
on AN&,(y) € AnAdmy(y) by Eq. (2.3.4). Furthermore, since X € nil,(A) and Z € Adm,(y),
we have Z + X € Adm,(v) and Ind,(vy,Z + X) = Ind, (v, Z) # 0, so the RHS remains well-defined.
More precisely, if Z; + X1 = Zy + X, for some 71, Z; € A and X, Xo € nil,(A), i.e. Zo = Z; + X for
X = X1 — X €nil,(A), then Z; € Adm,(y) & Z € Adm,(v) and Ind, (v, Z1 + X1) = Ind,(v, Z1) =
Ind, (v, Z2 — X) = Ind, (7, Z2) = Ind, (7, Z2 + X3), hence

iy def 1 dW
YE € ANC, () +uil(A): fB) ¥ gopr s f p(pV(V 4 ):)f(W).
)= ¥ =

is itself is well-defined (also observe that ANE,()+nil,(A) is open). It follows from Proposition 1.1.19
that the so defined function is p-holomorphic since Ind,(v, Z) is locally constant by Lemma 2.2.8
and one can ,-differentiate under the integral. Since A N €,(y) # @ and each of the connected
components of €,(y) clearly contains a corresponding connected (open) component of A N &,(7),
it follows now that Eq. (2.3.6) defines a unique p-holomorphic continuation of f on each connected
component of €,(7).

Next we need to show that this procedure is independent of v € LA. Let § € LA be another loop and
consider €,(8). If €,(y) N€,(6) = @, there is nothing to show. Suppose now that €,(v) N<€,(J) # @.
It follows that AN&,(y)N<,(d) # @ and again each connected component of €,(y) N€,(5) contains
a connected (open) component of AN &,(y) N &,(5). Thus, if f, and fs denote the corresponding
analytic continuations of f to €,(v) and €,(d), respectively, then by the identity principle f, and
f5 agree on each connected component of €,(v) N €,() as they do so inside A. Finally, each
Z € A admits a “local” v € LA with v;(t) = Z; + ™, t € [0,1], for j € I, and some (any)
0 <e <r—max{|z|:j € [,} so A can be “exhausted” by such €,(v), that is, ,csn €o(7) = A.

To (2): More generally, the last arguments show that U = U, ecv €o(7) and that f € Oy(U) admits

a unique p-holomorphic continuation f € Op(ﬁ ). Thus we get an isomorphism O,(U) = Op(ﬁ ),
f = f, of A-modules (or B-algebras) with inverse g — g|y. O

Remark: It follows from Lemma 0.1.46 that (CAT)" =U=0U , hence applying Theorem 1.2.13 does
not extend f further. It follows from Corollary 2.3.9 that U are in fact domains of p-holomorphy.
Likewise for a morphism ¢. O

Theorem 2.3.6 (Spectrally Null-Homological Generalized Cauchy Integral Formula): Let U C A be
open with mo(U) =1, f € O,(U), and I' € Z,(U,Z). If [I'] = 0 in H®(U,Z), then
1 p(dW)
Z Adm,(T"): Ind,(T, 2)f(Z2) = — | ——— . 2.3.
¥Z €U N Admy(1): Ind, (0. 2)1(2) = 5 | B ow) (233)

In particular,
/F o(dW) F(W) = 0. (2.3.9)

Proof: As before, we can assume without loss of generality that Z = 0 and accordingly I' € Z1 (U, Z).

4itself possibly consisting of several connected components for each non-zero integer value of ind;
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As in the proof of Proposition 2.3.1, we have by Proposition 1.2.12 that p = po Il with p = X}, px
and f = foll WiEh f= inzlfk,_where Pk : (.ft](k),m](k),(C) — End(c(Mk) and fk € Oﬁk(Uj(k))7
1 <k <m. Write I :=TI4I" € Z,(U, Z), where U := [T}, Ujxy € A= [T, Aj)- Define

f’f(k Lzt € QU \ (03, M)

=1,1 <k <m. By Theorem 2.3.5

dZi\ -
W = Pk (7:>fk(zk> € Q%lol(Uﬁk), M) and WZ

where U (k) £y Uj(k) N (Aj(k));k o Uj(k) N .AX and WQ(U( ))
we can replace fi, € O, (U; (k) by fr € Opk(Uj(k)) (slight abuse of notation), where recall U, (k) =

U;‘Fk) X Mg in A, (k) hence actually wy € Qhol(U( k) , M), 1 <k <m. We now have

1 1 1 1 1
_ — m —. _ m —. _ m Sp _
omi )oY T o YT o / Wk =50 Tk / ok = Ph=1g / kT
r r Tjk) (5008 5) Ttk

= @ty ind(I7,), 0).fe(0) = (xiLy ind(T5,,0)) - 4L fu(0) "= "Ind,(T,0) - £(0) =
= Ind, (T, 0) - f(U)
by applying the classical Homological Cauchy Integral Formula in C since V1 < k < m:
o Tjiy 2 (1)) 0 U0 = (USF \{O}) % mygp);
. F;I()k) € Bl(U;’(pk),Z) by hypothesis;
e (. is d-closed by Proposition 1.4.8.
Finally, Eq. (2.3.9) follows by applying Eq. (2.3.8) to p(W — Z) f(W). O

def

Remarks:

(1) We remark that Theorem 2.3.6 (and its corollaries) are the only generalized version of Cauchy’s
Integral Formula which we have proved in the present work by reduction to its counter-part
in the complex plane. One reason is of course to give a clean demonstration of the role
of the spectral POV and its importance in the function theory of A-holomorphic functions.
Another reason is that a completely “intrinsic” approach would have been unjustifiably long
(for instance, recall Artin’s theorem and its proof on the correspondence between homology
and the analytic index in the complex plane). Having said that, we would like to point out
that Dixon’s proof® can be adapted to the A-setting by introducing yet another generalized
limit derivative

fwny (Zo) = Jim p(H)™'(f(Zo + H) = f(Z0)).
HeAFN(U-Zo)
for Wy € nil,(A) or even Wy € Sing,(A). This is of course still assuming that one has
established the relation between 1-homology and the index.

(2) A slight variation of the above proof would be to only demonstrate the local case A = (A, m, C).
Then the external product case is almost automatic, and one finishes off the proof by pulling
back by II. A self-contained exposition for the local case with 4M = A is given in our recent
paper [Gen26].

(3) A similar result has been obtained by G.B. Rizza in [Riz52a], followed by [Riz52b] (see also
the overview in [Rizb4a]). Namely, in our language his main statement reads as follows: if
A= (AmC), U C Ais adomain, f € O4q(U), and ' € Z1(U,Z) with [I'] =0 in H,(U,Z),
then

dw.

IN eNVZeUnAdm(T): f(Z)QmN_/ g/(W)Z
LW

In comparison, we only require [I*P] = 0 in H;(U®P,Z). This is a substantially weaker topolog-

Psee for instance [Rud87, p. 217-220);
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ical requirement on I since generically null-homology of a cycle cannot be deduced merely from
null-homology of (some or even all of) its coordinate projections, even though the converse
implication is clearly true.

(4) Having Theorem 2.3.6 at our disposal it is immediate now how to derive a Laurent Series
Expansion and Residue Theorems over A under our topologically weak “spectral” assumptions.
In particular, this gives stronger forms of both theorems than the ones stated in [Ket28a] in
the case 4M = A. The Laurent Series Expansion and Residue Theorems (and related results)
under the topological hypothesis of [Riz52a; Riz52b] are stated for the case 4M = A in
[Riz54b]. Under our topological hypothesis, we will, however, state them elsewhere as they
belong more organically to the A-meromorphic theory, which is a very long topic on its own.

(5) Operator Calculus Interpretation: a byproduct of Theorem 2.3.6 and its proof is a holomor-
phic A-operator calculus for A-valued (or even more generally A-module-valued) holomorphic
functions:

F(Z) ind (T, 2) = 2% [ (_“’)Zdw, (2.3.10)

where Z € A and z := xy4(Z). This is a very natural idea in the infinite-dimensional setting
as well, but as far as we know no (systematic) investigation of it exists.

Corollary 2.3.7 (Spectrally Null-Homotopical Cauchy Integral Formula): Let U C A be open with
mo(U) =1, f € O,(U), v € LU such that [y] =1 in 7{?(U). Then:
1 p(dW)
VZ eUnNAd cInd, (v, 2)f(Z) = — ¢ —<f(W). 2.3.11
mp(0): Indy (0, 2)1(7) = s S SO0 (2311)
Proof: This is a special case of Theorem 2.3.6: it follows from the definitions that if ~ is spectrally
null-homotopic in U C A, then it is also spectrally null-homologous in U. ]

Proposition 2.3.8 (Spectrally Null-Homological Cauchy Differentiation Formula over A): Let U C
A be open with mo(U) =1, f € O,(U), and I' € Z,(U, Z).
(1) We have O,(U) =£¢:°(U).
(2) If [[] =0 in H?(U,Z), then:
k! p(dW)
keNyVZ Ad F:IdFZ(k)Z:/ . (2312
Vh e N ¥Z € UnAdm,(1): nd (1 2)79(2) = 5 [ 0w, 23a2)
Proof: To (1): This follows from Eq. (2.3.4). More precisely, let Z € U be an arbitrary point. Then
Z admits a small local loop v € LU such that Vj € I,: v;(t) = Z; + ee*™, ¢t € [0,1], for some
sufficiently small e > 0. If 0 < r < ¢, then A,(Z) C Adm,(y) and VW € A.(Z): Ind,(y, W) = idas.
It follows that

T omi =E-W)
hence f € €7°(Ar(Z)) by ¢,-differentiability of the reproducing kernel.

VW € AL(Z): FW) = - fp(ﬁ(dE)ﬂE),

To (2): Put Z(Z) := Ind,(I', Z) and recall that U N Adm,(I") # @ is open. By Lemma 2.2.8, the
map Z: U N Adm,(I') — Endc(M) is locally constant, and by Proposition 2.3.8 we have

1 p(dW)
VZeUNAdm,(I'): Z(2)f(Z) = — | —————F=f(W).
€ U N Ady(D): T(2)f(2) = - [ B v)
Since now f € €,°(U) by (1) and T is in particular ¢,-differentiable, ,-differentiating both sides
and using the mized product rule from Proposition 1.1.19 gives:

(N2 + T2 =TDF2) = o [ -8 )
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The formula for the higher derivatives f*)(Z), k € N, follows in the same way by induction. O

Corollary 2.3.9 (Canonical Form): Let A = (A, m,C), U C A be open, and f € O,(U). Then:
(1) Nilpotent Expansion:

R v—1 (X)k
VZeUVXem: f(Z+X):Zpk| F®(z2) (2.3.13)
k=0 '

(2) Canonical Form (separation of spectral and nilpotent part)

VzeUPYXem: f(2)= fzaX)= F®(2), (2.3.14)

where observe that f*) o 14 € Oc(U®, M).
Proof To (1): By Theorem 2.3.5, f € O,(U) admits a unique p-holomorphic continuation fA‘ to
U< U x m and by Proposition 2.3.8 its higher p-derivatives exist. More precisely, if v € LU is a
def

local simple loop for a sufficiently small polydisc A C U & ysp x m, then using the geometric series
we obtain VZ € AVX € m:

~ (2.3.6) 1 dw — dw (2.3.12)
Bz x)02 Qm.j{p(W_Z_X) o f o (v gy ) F07*2

k=0
v—1 k)
(2.3.12) Z i I (Z)
= p(X) )
k=0 :

k
where the RHS is clearly independent of v and globally defined for (Z, X) € U x m.
To (2): This is a special case of (1) since by definition U C U via 14: C < A. O

Corollary 2.3.10 (Cauchy’s Inequality over A): Let U C A be open with mo(U) = 1, Zy € U, and
fe0,U).
(1) Global Cauchy Inequality over A: if I' € Bi’(U, Z) such that €,(T") 3 Z, then

k! 1
VkeN:H *®)(Z H il | 1) | L . (2.3.15
0 f ( 0) 9= 91 Indp(F, ZO) o P( ) p(Z— Z[))k+1 T HfHZ,F ( )
where we have equipped M with the Euclidean norm ||| == [|-|,.
(2) Centered Cauchy Inequality over A: if v,.(t) := Zo + 7™, t € [0,1], for r > 0 sufficiently

small, then:

vkeNo: /9@ < X sy, (23.16)

M

Proof: To (1): Write I' :== -7 my~* as before. Since €,(T') 3 Z, using Eq. (2.3.12) and Section 0.3
we obtain:

(k) k! 1 - Y )
lro@), < 5 | mar Sp;’””’/o 57 =z |0 O] ae <
g o ; el 209 =g LTE
< % m sp(;lme,Lﬂ(7€)> lfélfgip p(Z—IZO)kH 1<e< X [ fll2e =
S Spr<r>HW Ml
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To (2): This also follows from Eq. (2.3.12), by direct evaluation at the earliest stage:

2mit
® ) = |2 § —d2) i / pQmire™) _
Hf H ‘27”j£ (Z Zo)k“f( ) 12w Jo p(r e2mt)k+1f(77"( ))dt I
k-l
,rk 627rzkt H ||f||M,’Yr
as Ind, (v, Zp) = idas. -

Corollary 2.3.11 (Liouville over A): Let U C A be open with mo(U) = 1 and let f € O,(U).
Suppose that there exists a subset V' C U such that:

(i) flv is bounded;

(ii) for every Zy € U, V contains a collection of Zy-admissible simple loops {7, }nen such that

1
sup 'n € N}
{te[o,l] p(m(t)) — p(Zo) |l
is unbounded with
1 n—00
Ly(vn) sup 0.
Plm) b | o) = oZo) |,

Then f = const. In particular, if 4 = (A, m,C), U O C, and f‘(c is bounded, then f = const.
Proof: By Corollary 2.3.10 we have for k =1

1
!
1 (Zo)|, < o 12, LP(’Yn)tEEFH

1
p(m(t)) = p(Zo) ||

as n — oo since || f H2nn is bounded by assumption. Thus f is locally constant and hence constant by

—0

path-connectedness of U. For the last statement it clearly suffices to take (scalar) loops in C. O

Remark: The formulation of Liouville’s theorem over A is possibly not the most elegant one, but
at least it is very general.

Corollary 2.3.12 (Naive Scalar Maximum Modulus Principle over A): Let U C A be open, f €
0,(U), Zp € U, and let D,(Zy) C U for some sufficiently small » > 0. Then f’ﬁr(ZO) takes maximum

norm on 9D, (Zp).
Proof: This follows directly from Eq. (2.3.16) with k& = 0 since dD,(Zp) = ;. O

Corollary 2.3.13 (The Natural Bilinear Pairing): Let U C A be open.
(1) Representation Setting: we get a well-defined Z-A-bilinear pairing

B Hip(U, Z) X OP(U) — AM
(2.3.17)
I f) o / p(d2)f(2).

(2) Morphism Setting: We get a well-defined Z-B-bilinear pairing
B: HP(U,Z) x O, (U) —

2.3.18
H/f ( )
O

Proposition 2.3.14 (Weierstrafl Convergence Theorems over A): Let U C A be open with 7o(U) = 1
and (fn)nen C O,(U).
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(1) If fo — f locally uniformly®, then f € O,(U) and f), — f locally uniformly.
(2) If Y3, fr — f locally normally”, then f € O,(U) and Y p_; fi. — f' also locally normally.

Proof: To (1): follows completely analogously to the case of A being the complex plane itself.

To (2): Fix a “base point” Zy € U and v € €,,,(S',U) a Zp-admissible loop with Ind,(y, Zo) = ida;.
By translation with —Zy we can assume without loss of generality that Zy = 0, which will allow
us to pick v to be a (sufficiently small) scalar curve. Note, however, that for an arbitrary Zy the
“Ind, (7, Zo) = idas”-condition may prevent us in general from choosing v to be a scalar curve as A
need not be local. Thus take (t) := re?™1 4, t € [0,1], for r > 0 sufficiently small, in particular
Ly(y) = 2nr, and fix 0 < € < r. As before, there exists a neighbourhood V' > Zy = 0 of ~-
admissible points such that VZ € V': Ind,(v, Z) = idy and |[p(Z)
Lemma 0.3.18, we get

lsp < € by continuity of p. Using

1 def 1 1 1
VZeV: H = . < <
p(Y®) = P(D)llgp || re2mit (idar — 22)) ‘ r=lp2lly r—¢
Thus by Corollary 2.3.10 we obtain
L,(7) 1 r
VZeV:|f(2)], <=2 fn sup H < fullan
1 = =™ Wl S0 5@y — oz, = 7 Ml
which implies the claim. O

Definition 2.3.15 (Banach-space-valued measures): Let (.9, X) be a measurable space and £ € Bank.
An E-valued measure on (5,%) is a map pu: ¥ — E such that

() u(2) =0

(i) p(Upen Xi) = D _pen #(Xy) for any countable disjoint family (X )reny € 2.

Remarks:

(1) The only difference to the usual notion of a measure is the lack of non-negativity, which per
se does not make sense in an arbitrary Banach space E. Moreover, it is implied that the order
of summation does not matter since the order of set-theoretic union does not.

(2) If E= M € FdMod(A) and {vy,...,vn} is a C-basis for M, then a measure u: ¥ — M can be
uniquely written as g = > " | vgfig, where p: ¥ — C, 1 < k < m, are C-valued measures. [

We also have Cauchy’s producing kernel. We only state here the version for LocArtc.

Proposition 2.3.16 (Cauchy-Transform over A): Let A = (A, m,C) € LocArtc, M € FdMod(A) via
p: A— Endc(M), and write as usual Z = 2@ X for Z € A. Furthermore, let (S, X) be a measurable
space, i: S — M a finite measure, v := g ® G: S — A a measurable function with g: S — C and
G: S — m, respectively, and U C A open such that

VZ ecU: ;gfg (lg(s) — 2| — Hp(G(s) — X)HEnd) >0 (2.3.19)
Then f: U — M defined by

1(2) = /S ((s) — 7)™ - du(s) & /S p(1(s) - 2) " du(s)

Srecall that, since A is locally compact, locally uniform convergence not only implies compact convergence, but is
also equivalent to it;

Tfor the same reason, locally normal convergence not only implies compactly normal convergence, but is equivalent
to it;
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is p-analytic on U with derivatives
fM(2)
k!

- / ((s) — 2"+ - dpu(s), k € No.
S

Proof: First of all, observe that since A = (A, m,C), we have A) = A*, which is why we can drop
p from the integral kernel as we did above. Moreover, by hypothesis we have in particular that
VZ e U: infeeg|g(s) — z| > 0, hence indeed v(S) — U C A* (as xa(y(S) —U) $0). Fix Zy € U,
write Zg = zg ® Xo with zg € C and Xy € m, and set

= ;22 (lg(s) = 2ol = [|p(G(s) — Xo) HEnd) > 0.

By (automatic) continuity of p choose r > 0 small enough such that B 4(Zo, ) C U and p(Ba(Zo, 7)) C
Binac(amr)(p(Zo), R). By hypothesis we have

VseS: p(G(S) — XO) _ HP(G(S) B XO)HEnd < 17
g(s) =20 |, 19(s) =2l
hence Vs € S:
1019 = 20 g = | ((016) = 200+ 0(606) = 0)) | =
End
_ 1 (X0~ G()\ ! O L CORP O] I
9(5) — 20 ‘(1 ) OEE] (1 9(5) 2 End) -

= (19(5) ~ 2o~ o(8) ~ X)) =

where we have used Lemma 0.3.18 for the estimate in the middle row. ThusVZ € B(Zy,7) Vs € S

pZ — Zo 1 P(Z = Zo)|lgn
E=20 | <12 - Zo)lgna | < 1E= ol
p(1(s) = Z0) llgna p(7($) = Z0) llgna
Hence for all Z € B 4(Zy, r) the geometric series

11 pZ-Z) N1 (e Z=2Z)
p(y(s) = Z)  p(y(s) — Zo) (1 p(y(s) - Zo)) ~ p(v(s) = Zo) kzo (p(v(S) - Zo))

converges uniformly in s € S. Therefore, since u is finite, we can interchange summation and

< 1.

-

integration to obtain

def s) — 7)1 ) — > p(Z — ZO)k ) —
122 [[otato) =27 Maute) = [ (3 S HE= T i) =
IR ([ )= 204 auts) )
for all Z € B 4(Zy,r), which proves the claim. O

Remarks:
(1) To state and prove a more general version for any A € FdCAlgc one could for example use
Proposition 1.2.12 and Lemma-Definition 0.3.25
(2) Using Lemma 0.3.19 one can relax the condition in Eq. (2.3.19) somewhat to only require

VZeUVseS: |g(s)—z > ||p(G(s) — X) and irelfq]g(s) —z| > 0.

HEnd

Indeed, if we fix Zy € U and choose R > 0 small enough such that |g(s) — z9| > VR, where
v € N is the smallest integer with the property that Vs € S: p(G(s) — X()),, = 0, then by
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Lemma 0.3.19 we obtain
EOE O §(Gs) ~ Xo) |

where we have used that p(A) € LocArtc as well, and one proceeds from there analogously as

v 1
< <
End ~ |g(s) — 20| ~ R

def

End

in the proof above.
(3) Of course, we also have Hp(G(s) - X) HEnd
duced a less general statement despite ||p||,, = 1 since [g(s) — z| — [|G(s) — X||4 > O then

< ||G(s) — X]|| 4, but dropping p would have pro-

implies [g(s) — z| — ||p(G(s) — X) HEnd > 0, but not vice versa, while the latter one completely
suffices.

(4) It is an interesting question whether one can improve the condition in Eq. (2.3.19) by using
other estimates of the inverse (cf. Section 0.3). O

Proposition 2.3.17 (Analyticity): Let U C A be open and f € O,(U). Then f is p-analytic in U.

Proof: Without loss of generality we can assume Zy = 0 and let A C U be a polydisc centered at Zj.
Following the argument in the the proof of Proposition 2.3.4 (2) we know constructively that there
exists a sufficiently small smooth v € L(A\ [Zy],) such that Ind, (v, Zy) = idas. Denote by C' 3 Z
the connected open component of Zy, on which Ind, (v, —) stays = ids (cf. Corollary 2.2.10). Then
by Eq. (2.3.4) we have that

1

YZ e ANAdm,(y)NC: f(Z) = ?{ pldW)
.

T 2mi

def

One immediately checks that S = I = [0,1], v(s), and du(s) = p(7'(s))f(v(s))ds satisfy the
3

hypothesis of Proposition 2.3.16. In particular, the condition in Eq. (2.3.19) presents no problem

because S is compact and 7 is continuous. O

Proposition 2.3.18 (Morera over A): Let U C A open with mo(U) = 1 and let f € €°(U, M).
(1) If

Ve LU 7{ p(dZ)(Z) =0,
then f € O,(U).
(2) T
VACU: }éA pldZ)f(2) =0,
then f € O,(U).

Proof: To (1): By Lemma 1.4.7 (1), f has a primitive F', which is analytic by Proposition 2.3.17,
hence so is f.

To (2): Since A is automatically locally convex, U can be covered by (star-)convex open sets, over
which f has local primitives by Lemma 1.4.7 (2). O
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2.4. The Generalized Cauchy—Pompeiu Integral Formula

In the following we will assume A = (A, m, C) and use the standard identifications 4 = C&m = C" =
R2" (z1,...,20)" = (21 +iy1, .. ., To+iyn) T = (21,91, . .-, Tn, Yn) *, where also 21 &, = z+iyis the
distinguished first (=spectral) coordinate. In the same vein, for W, Z € A we will write Z = z ® X,
W =w @Y. Note that by abuse of notation we will be using the latter not merely as coordinates,
but also as local parametrizations (inverse coordinate functions).

Let U C A be open and M € FdMod(.A). The framework of A-holomorphy allows to generalize the
classical Cauchy—Pompeiu formula to multi-variable mappings f € €¥ (U, M) and compact connected
orientable ¢**!-surfaces ¥ C U with 4 -boundary® 9% (0¥ = @ allowed) in place of bounded
subdomains of C, where recall v < vyr(m). Given W = w @Y € ¥\ 0%, we will consider the
®"-differential 1-forms

wim 02 (L) ) and = L (2 ptaz) (L),

def

Observe that both 1-forms share the same singularity locus given by the affine subspace [W]
W+m=w+m= [w] € A/m, and hence w,ws, € QLU \ [W],M). In particular, w|s,wsp|s €
QYE\ x5! (w), M), where x5 : & — C denotes the obvious restriction of the character x.4: A — C.

With a suitable “general position” assumption on X relative to m, the fiber Xgl (w) “yn [w] becomes
a finite set of hence isolated singularities of wgp|s; and w|y, with the corresponding integrals turning

out to be only weakly singular.

Definition 2.4.1 (Transversality relative to the A-structure):
(1) A point Wy € 3 will be called A-transverse if Wy ¢ 0¥ and [Wy] N X is transverse at Wy.
(2) A subset S C X will be called A-transverse if every Wy € S is A-transverse.

Observe that A-transversality is an open condition. Indeed, if j: ¥ < A denotes the corresponding
¢ *lembedding and Wy € ¥\ 9% is an arbitrary, consider the composition of tangent maps
Jx, .
Ty, X % Ty A = A = C @ m % T, C,
where as usual wg = x 4(Wp). If Wy is A-transverse, then j, y, is given by
Ty, 2 — Tw,2 & Ty, [Wo] =Ty, 2 dm= TWO.A,

hence . w, © Jxwy: Twy2 — Tuw,C is an R-linear isomorphism. Conversely, if x.w, o j«w, is an
isomorphism, then Ker(x.w,) N Im(j.w,) = 0, i.e. Wy is an A-transverse point. Furthermore,
whenever (x o j)«w, is an isomorphism, the Inverse Function Theorem implies that xy, = x oj is a
local € *!-diffeomorphism at Wy. In total, it follows that if W, € ¥ is an A-transverse point, then it
admits a whole A-transverse open neighbourhood S > Wy in ¥ together with a local parametrization
(¢ 1-diffeomorphic section of xyx) of the form

def

W:S® = 8 & (s)

w—wdY(w) (241)

with Wy = W (wg), where S & y5(S) C C and Y € €7 +1(S, m). Such W will be called a spectral
(local) parametrization of the A-transverse neighbourhood S, and we will write (S, W) for such a
pair. In particular, we have

ow )%

Vw e S*P: %(w)zl@%(w) e A*. (2.4.2)

8regularity of f on O can likely be relaxed similarly to the various versions of the Stokes’ package;
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Notation: Given € > 0 small enough, we set Dy (Wy;e) :== W (Dg(wp)) C S.

Lemma 2.4.2: Let m € N and g € €™ (D, (0), M). Then:
(1) We have:

1 1 . A
lim — / e_Qmmtg(EeQMt)dt —
0

e—0 ™

1 0™g
m! Qw™

(0)-

(2) We have:
1 /! . .
lim / 6727rz(m+2)tg(5627rzt)dt — 0.

e—0 €m 0

Proof: Recall that for m € Z we have the standard “orthogonality” integral

/1627Timtdt_ 1’ it m=0
0 0, otherwise

Since g € €™ 1(D,(0), M) and M is in particular a C-vector space, we can Taylor-expand g in a
small neighbourhood of 0 in complex coordinates
1 8k+€
gw)=3" I_(0)wka! + R(w),

T Bkt
item k10! OQwkow

where for the remainder term R(w) we have the standard estimate ||R(w)]|,; < C |w|™" as w — 0
for some constant C' > 0 (depending only on m) due to the existence of D™*lg € € (D,(0), M).
Hence for sufficiently small € > 0 we have

9(6627”'15) _ Z i 8k+€g (0)6k+5627ri(k—€)t+R(6627rit). (243)
k10! Owkowt
k+0<m
Thus
' 1 1 o ) 1 ak+£g bt
ho=lim o [ ety = 3 g 0+ R
0 k+e<m
.1 ! —2mi(m+2)t 2rit 1 Gng k0
foom liy o [ et = 3 Lt O+ R
k+L<m
where

1
JEE i ghttm / (2milh—t=m)t gy
e—0

0
1 R 2mit
. — 97 ge
Ry = lim e 2mmt¥dt,
e—0 0 em
1
Jéf,f — lim Ek—i-Z—m e%rz(k—ﬁ—m—?)tdt’
e—0 0

R2 = llm ' 6_27rl(m+2)tR(L27mt)dt
e—0 0 em
Since k, ¢ > 0 with k+ ¢ < m, it follows that Kk — ¢ —m = 0, i.e. k — ¢ = m, is satisfied only for k = m
and ¢ = 0, whereas k — £ = m + 2 has no solutions in that range, hence

) lfork=m, =0
J17 p—y
0, otherwise (2.4.4)

Iyt =0
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For the remainder integrands we have

) 2mit
H627rzmt R(86 )
em

_BEe™ et

= Ce,
M em em

hence the integrand is uniformly bounded as ¢ — 0. It follows from the dominated convergence
theorem that R; = 0. Analogously, Ry = 0. Putting all this together implies both (1) and (2). O

Lemma 2.4.3: Let k € Ny, f € €YU, M), W € €++2(S%P, A), wy € S*P arbitrary, and Wy =
W (wp). We have:

1 dz 1o

lim —— S 1 P

50 27ri /aDE(W();E) (z — wp)k+1 /(2) k! Ow*

wo (%Z(w)f(W@») : (2.4.5)

Proof: For notational simplicity we can assume without loss of generality wy = 0. Write v, =
ODs;(Wp; €) for the boundary loop, i.e. v.(t) = W (2P (t)) = W (ee2™), ¢ € [0,1], hence
Ye(t) = 8—10(562””)2772'862”” + %(562’”"/)(—2772'5)6*2”” =
—_ 27T,L-€(Ww(€e27rit)627rit _ Ww(€€2ﬂ—it)€_2ﬂ-it).

We thus obtain

1 dz qer 1 dz 1 () act

lim — —f(Z) = lim — —f(Z) = lim — ———— =

e20 27 /8@2(%;5) g/ (2) = lim o /7 (@) =limon | S gyert/ 0=(t)dt

1 1 2mie (W (e€2™)e2m — Wi (e )e—2m)

def .~ L 2mit —
= lim o— . Sh 1 g2mi(ht 1)t FW (ee™™))dt
1 1 . . . 1 . . ,
— lim — (/ e—kath <€€2Mt>f(W(€62mt))dt N / e—2m(k+2)th(geth)f(W(ge%rzt))dt) _
e—0 € 0 0

L W)W )

= Kouwk|, Y
by Lemma 2.4.2 applied to W, (w) f(W(w)) and Wy (w) f(W (w)), respectively. O
Remarks:

(1) For Eq. (2.4.5) to hold at a single fixed A-transverse point Wy = W (wyp) in the case k = 0,
it would have sufficed to construct a parametrization W that only satisfies (DW)(w) = (12)
at w = wy. However, we want to have a spectral parametrization associated to a whole
A-transverse open neighbourhood rather than a whole myriad of different parametrizations
“spectral” at each A-transverse point separately.

(2) If Wy € X is a non-A-transverse point, then ;V;%(Z t)), t € [0, 1], may have a non-resolvable zero in

the denominator as ¢ — 0. On the other hand, if Wy € ¥ is only an isolated non-A-transverse
point, then conceivably liH(l) fol fp—((tt)) f(7:(t))dt may nevertheless exist, but we can offer no
e— €

explicit calculation in that case.

Definition 2.4.4 (Fiber-wise A-transversality):
(1) A point W € ¥ will be called fiber-wise A-transverse if its fiber [W] N X is an A-transverse
subset of .
(2) A subset S C X will be called sheet-wise A-transverse if every W € S is fiber-wise A-transverse.

Suppose now that W € ¥ is a fiber-wise A-transverse point with ¥ M [W] =: {p1,...,pm}. Then,
as before, each p, admits a local A-transverse neighbourhood (S, W) with a spectral local €T '-
parametrization

Wyt S S5 8y = Wy(SP), 1< < m,
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where S®P itself can be chosen independently of ¢ (possibly after shrinking Sy) since m < oo (indeed,
given some initial Wy: S;” = Sy, 1 < ¢ < m, simply take S = N/, S,° and restrict-corestrict
each W, accordingly). In other words, if we take S = [J;2; S¢ € ¥ (an open subset), then Wy is a
“sectional” parametrization of the A-transverse sheet Sy of the m-sheeted covering yx|S — S*P of the
open subset S C C, 1 < ¢ < m, where w € S* is a regular value of yx. Now put 72" (t) = w-+ee?™,
€ [0,1], with £ > 0 sufficiently small such that 72" C S*P, and define v, == W 0 72" to be the

corresponding parametrizations of dDx(pg;e) , 1 < £ < m. We will consider the surface
m
Y. =%\ U Dy (pe; €)
=1

i.e. ¥ with deleted small open disks around the isolated singularities of wgp|y;. Putting

¢ = deg(xs|s,) = sen(det((Dxs)(pe))) € {~1,1}, 1 < £ < m,

to signify whether xy is orientation-preserving or orientation-reversing on the corresponding sheet,
we thus have

m
0¥ = 0% — Z €V e
=1

as l-cycles.

Proposition 2.4.5 (Global “Spectral” Cauchy—Pompeiu Formula): With the above conventions we
have Vw € SP:

m

> et w) fWitw) = o= [ Z(2)+

/=1

(2.4.6)
1 dz A dX dZ Ndz; Of dZ ndz; Of
+27Ti/2<(z— )Qf( )+ ;( z—w az]( )+ z—w 8zj( )
In particular, Vw € S®P:
- BWg 1 dz 1 [ dendX
— | — 2.4.
ZEZ 27m/32z—w+2m'/2(z—w)2 (24.7)

Proof: By Stokes’ theorem we have
m
Z 5@/ Wsp = / Wsp — /dwspy
/=1 Ye,e 0% Se
where one calculates

dwsp:—dZ/\de(Z)—ZdZAdeﬁ(Z)—ZdZ/\dzjg(Z).

22 st z 0z — z 0%

On the other hand, by Lemma 2.4.3 we have:
1 oWy
<tl<m: — = — .
VI<O<m: lim o / = G (Wiu)
Letting ¢ — 0 and combining the three statements implies the first claim. The second claim follows
as usual by taking M := 4 A and f = 14. O
Remarks:
(1) Observe that the “spectral” 1-form
dz

€ Qpot(A\ [w], A) = Qi (AN [W], A)

z —
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is not O-closed, hence not d-closed, unlike its “full” A-holomorphic counterpart
dz

Z—-W

which has the same domain of definition.

€ Mpot(A\ [w], A) = Qi (AN W], A),

(2) In the degenerate case v =1, i.e. m = 0 and A = C, hence n = 1 and m = 1, we recover the
classical Cauchy—Pompeiu formula since dX =0, dZ = dz, and W = Wj = w in that case.

Lemma 2.4.6: Let k € Ng, V C C open, g € €%(V, A), and h € €*(V, M). Then:

L (gt = g) 1)) = (= 22.0) n(w).

w

YweV:

Proof: We have VO < j < k:

o K < j ) ko gie
ow’ (g( ) g( )) j17~%;c>0 J1s- -5 Jk —1 oule
Jitbik=j

0,if j <k
EI(— 9% (w))F, i j = k

(9(w) — g(u)) = {

w

since if {j1,...,7x} 2 0, then the corresponding product contains a factor (g(w) — g(w)) = 0, and
therefore the only non-zero product in the sum corresponds to the maximal partition (ji,...,jx) =
(1,...,1). It now follows that

o X B k E\ o7 & ok—i B - 89 k
awﬂ“*“mmm—gQ%myW—W”%ij—ﬁ % () o
as desired. ]

Assuming Problem 2 has a positive solution, then we obtain an action Gal(C/R) ~ A, that is, the
complex conjugation o € Gal(C/R) extends to a o € Autr(A), a — a := o(a). Now fix some C-basis
{a1 = 14,a9,...,a,} for A and recall from Section 1.3 the “complementary set” of A-variables for
1 =7 L Z2a2 + - - - 4 zZpan, given simply by

Zj=2z2;,2<j5<n.

Hence

and
def

dZy =dZ =dz + asdzg + - - - + andzy,,

def

dZ, £ dZ =dz + aydz + - - + Gpdz,,

def

dZ; ¥ dz;, dZ; £ dz, 2 < j < n.
Accordingly, we have
0 ae O 0 0 gt O 0
9z, 0z 0z "0z, 0z 0z (2.48)
0 0 0 0 0 _ 0 . o
TZj:@izj_aja anda—ija—Zj—aja,nggn.
In fact, it is not difficult to see that one can choose {a; = 14,a9,...,a,} to be o-invariant, i.e.

V2 < j <n:a; = aj;, which somewhat simplifies the above A-valued (co)frames, so from this point
on we will assume this to be the case.

However, if one prefers an unconditional statement, one can restrict attention only to the class
of A € LocArtc that admit real forms, which in particular includes all A up to dim¢c. A = 6 (cf.
isomorphism types table in [Poo08b]). Alternatively, one can introduce basis-dependent conjugation
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by simply declaring:
def

W=7 =2+ Zas+ -+ Znan ande =2zj,2<j<n.

This is of course no longer an automorphism of A and hence not intrinsic.

Theorem 2.4.7 (Generalized Cauchy—Pompeiu Formula over A): Let W € {W7,...,W,,} be any
of the sheet parametrizations as defined previously. We have Vw € S

Do afWitw) =g [ s
= (2.4.9)

1 < [ dZAdZ; of 1 < [ dZAdZ; of

Proof: We finally get to consider
def dZ
YTZ-w
(of differentiability class €*). We calculate

4z, AdZaaZ< 1(Z) >+ZdZ /\dZaa (Zf(Zv)V>

f(Z) € (3, M)

dw =

NE

<.
[|
N

dZ; AdZ 8f(Z) dZ; AdZ Of
Z-W 0%, L Z-W 07

55 ()

<
||
N

|
.M:

since Z_IW is not only holomorphic, but also A-holomorphic in Z. On the other hand, by Stokes’

theorem:
Zez/w:/w—/dw.
/=1 Ye,e 0% €
Furthermore,
v—1
dZ 4 dz & dz
= = Y - X) .
Z-W (z—w)®(Z-Y W) kZO( (w) = X)

Putting fx(Z) = (Y(w) — X)*f(Z2) € (Y(w) — X)*f(2,X), 0 < k < v — 1, a combination of
Lemma 2.4.3 and Lemma 2.4.6 now yields
v—1

1 1 dz 1ok | (oW, det
i%m/wjzk:oi%m[mg ey le2) = Zkl o < B (FeWelu ))) -
v—1 k
Y o] (PR (W) = Vi) ¥i(w) ) =
k=0 w
v—1 L
= s (7@ =Y s omi)) -
k=0 " w
oy, \ow, G
=3 (= ) G WOV = g GOV =
= T (1 G )W) = F0¥ ),
ow \W
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where recall Eq. (2.4.2). Hence

m m m
li = i —
lime > [w=Y alim [ w=3asWiw)
0=1""te /=1 Ve,e =1
as desired. Finally, the second claim follows as before by taking M = 4A and f = 14. 0

Remarks:
(1) In particular, we recover from Theorem 2.4.7 the rather well-known fact that

m

e 1 dZ ef .
deg(xsls) = D e =5 T Y Ind4 (0%, W) = ind (05, w) €Z  (2.4.10)

(=1

for all w € S*P.

(2) Notice that unlike Eq. (2.4.6) the A-holomorphic framework allows for Eq. (2.4.9) to lose the
derivatives of the local parametrizations. Similarly, Eq. (2.4.10) has not only no derivatives of
the local parametrizations, but also no surface integral terms, unlike Eq. (2.4.7).

(3) The astute will observe that Equation (2.4.10) is just a special case of differential-topological
degree theory for the map xy, restricted to S C X.

(4) The last calculation in the above proof shows that we need f oW to be at least of differentia-
bility class € and W at least €' in order to be able to invoke Lemma 2.4.3. This in turn
traces back to estimating the Taylor series remainder in the proof of Lemma 2.4.3.

(5) Comparison with the Bochner-Martinelli (BM) formula:

(i) In (BM) the domain of integration D has dimg D = 2n (hence dimg 0D = 2n — 1),
while here we have dimg ¥ = 2 (hence dimg 03 = 1).

(iil) When f is smooth, both formulas involve both a boundary integral and a domain
integral. However, when f is holomorphic, (BM) reduces to only a boundary integral
involving only f, whereas in Eq. (2.4.9) there is a remaining surface integral term that
also involves the first partial derivatives of f.

(iii) The integral kernels in Eq. (2.4.9) are holomorphic for both integrals, whereas the
(BM)-kernels are not holomorphic.

(iv) When f is holomorphic, (BM) reproduces all the values of f over D, whereas Eq. (2.4.9)
“reproduces” the values only over certain subsets of ¥ (essentially the parts, where yx
is a local diffeomorphism).

(v) When the A-transversality “covering” is “multi-sheeted”, i.e. p > 1, then the LHS of
Eq. (2.4.9) involves the (signed) values of f on all the “sheets”.

(6) A very surprising Cauchy—Pompeiu formula for all A € FdCAlgy appears in [Sny90, Eq.5.9
on p.167], in particular without necessarily assuming that .4 carries an underlying complex
structure. However, both the boundary kernel and the surface kernel involve powers of ||-|| 4
and hence are not themselves A-differentiable or even holomorphic in the special case when A
is defined over C. Indeed, removing ||-|| 4 from the denominator without passing to distributions
and currents in the absence of an underlying complex structure is likely impossible since ||-|| 4
is the most natural way to get denominator # 0 from non-zero singular elements and moreover
Sing(A)¢ &' A% is not path-connected, so there is literally no way around it. O

Corollary 2.4.8: Suppose that m = 1, i.e. we have only a single A-transverse sheet (S, W), and
without loss of generality that xyx is orientation-preserving on S. Then:
(1) We have Vw € S®P:
n

1 dZ 1 <~ [dZAdz; of 1 dZ ndZ; Of
TV = 5 azZ—Wf(Z)—i_Qm'jz_;/E Z-W azj(Z)er;/E Z-W aZj(Z)'

187



2.4. THE GENERALIZED CAUCHY—POMPEIU INTEGRAL FORMULA

(2) If additionally f € Ocn (U, M) then Vw € S°P:

1 dZ NdZ; Of
27m/ )+27riz_:/ Z — W&Z(Z)

o | 7 2mz/d“dzj( (2)- 43 2)).

(3) If additionally f € Ocn(U, M) and ¥ is closed, then Vw € S*P:

QMZ/ dZ/\dz]< (7)- jgﬁ( ))_

Proof: To (1): immediate from Theorem 2.4.7.

To (2): special case of (1) and an immediate application of Eq. (2.4.8).
To (3): special case of (2). O

Example (Complex Dual Numbers): Let A := C[t]/(t?) = Cl[e], € # 0, €2 = 0, hence v = 2, and
write Z = 21 @ ez9, W = w1 @ ews € A. Let ¥ be a compact orientable €3-surface in A, m = 1, and
let (SC X, W =W(w;)=w; ®ws(wy)) be the corresponding A-transverse neighbourhood with xx
assumed orientation-preserving on S. Finally, let f = f(Z) = fi(z1, 22) + €fa2(z1, 22) € Oc2(U, A) for
some open U D ¥. We are thus in the setting of Corollary 2.4.8 (2). We calculate:

RHSpy = — / 2 _1(z) =

27TZ on 7z -W
. 1 1 Z9 — W2 .
27T’L (fl( ) + Efg(Z)) <Z1 — 6(21 — w1)2> (dz1 + 6d22) =
. L dzl L le dZQ B zZ9 — W2
27 oy 1z Z1 — Wi 627T2' % < 2(Z)21 +h(Z )(zl—wl zl—wldzl)>
and
1 [ dZAdz [ Of of -
RHSy := 27rz/2 Z—-W <8z2( )= 821( )) =
1 [ (dateadzm)Adn (9f fs O, . Of2 ) _
B 21 » (Zl—wl)—l—E(ZQ—’LUQ) (8z2(z)+ 8z2(Z) E(a 1(Z)+ 621( )) -
L[ mew \(Oh, (O, O _
- 2mi Jy <Z1 —wy 6(21 - w1)2) <8z2(Z) +€(822 (2)- 821( )> dar Adz =
. 1 0f1 le A dzo L % (‘9f1 22w % dz Adze
- 27Ti 822 Z1 — W1 + 627Ti <82’2 4 82’1 (Z Z1 — w1 82’2 z Z1 — W1 .
Hence VW € S:
def 1 dz 1 0f1 dz1 A dzg
AV Aonun) = 5 | @) -Fe o [ Sz SAE (2.4.11)
and
def 1 dz Z1 dZQ zZ9 — W9
Lo(W) = fa(wr, we(wr)) = 3 / f2(Z) + fH(Z )( — dz1> +
T Jos 21— 21— w1 A — W (2.4.12)
L 0 fa (Z) B %( — Wa 8f1 dz1 Adze o
211 622 621 Z1 — W1 82’2 Z1 — W1 .

In particular, we get two very different formulas for “reproducing” a C-valued holomorphic function
of two complex variables. The reader should feel free to verify that of course fa(W) does not actually
depend on fj in the last equation (this is perhaps not quite obvious). This in turn yields uncountably
infinitely many holomorphic “reproducing kernels”, one for each f;, at least in principle. O
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A.Structure Tensors

A.1. The Structure Tensor of a Finite-Dimensional Algebra

The purpose of this and the next two sections is the careful bookkeeping, in a few easy lemmas,
of various relations involving the structure constants of finite-dimensional algebras. As with any
bookkeeping, it will be thorough and boring. We will omit the most trivial proofs. We start with

some general definitions.

Definition A.1.1: A finite-dimensional based vector space is a finite-dimensional vector space V'
together with a choice of an ordered basis eq,...,e,.

Let K be an arbitrary field, A := (A,ay,...,a,) a finite-dimensional based K-algebra, and V =
(Vyer,...,eq) = K¢ a d-imensional based vector K-space together with a K-bilinear map §8: A x
V — V. Write av == f(a,v) and for a € A define \y: V — V, v +— av. Thus g induces a
morphism of vector K-spaces A\: A — Endg(V) = My(K), a — A4, which is a monomorphism
A — Endg (V) = My(K) iff 8 is non-degenerate. We define the matrices A; = A(a;) € My(K),
1< <n.

Definition A.1.2: The structure tensor! (structure constants) (Oé;k)lgi,j,kgn of A with respect to

the basis ay,...,a, is given by
n
aja = Zo/}kar (A.1.1)
r=1
for all 1 < j,k < n, or more succinctly,
aj-(ai,...,an) = (at,...,ay) - (aé‘k)lgi,kgn (A.1.2)

forall 1 <j <n.

Hence the structure tensor represents the multiplication in A from left with respect to the given
basis. Notice that we also have

(al, PN ,an) cay; = (al, ey an) . (azj)1§i7k§n, (A13)

so there is no need to distinguish between left and right structure tensor, it already contains all
the information about multiplication in A. Obviously, A is uniquely determined by its structure
constants. Furthermore, if A is unital with unit 14, we set:

n

la= ) ea (A.1.4)

r=1

Lemma A.1.3: The following are equivalent:
(i) A is unital with unit 1 4;
(ii)) V1 <i<mn:A1ga;) = Aaila) = A(a;), provided § is non-degenerate;
(111) 3 (Er)lgrgn Q KVl S i, k S n:
Zeroz;i,k = Z €k, = O, (A.1.5)
r=1 r=1

In the special case a1 = 14, we have V1 <14,k < n: a’ik = afﬂ = 6};.

Nater on, we may let them vary and we will give them a differential-geometric interpretation;
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Proof: (iii) is restatement of V1 < k < n: 14ax = arly = ak. O

Lemma A.1.4: The following are equivalent:
(i) A is commutative;
(i) V1 <, < n: Aasaj) = Maja;), provided § is non-degenerate;

(i) V1<i,j,k<n:aly =

ag, e
Proof: A commutative < A commutative at the basis. O

Lemma A.1.5: The following are equivalent:
(i) A is associative;
(i) V1 <i,4,k <n: Mai(ajar)) = AM(aiaj)ar), provided § is non-degenerate;
(iii) V1 < 14,5,k € < n:

n n
> ajpai, =" agel, (A.1.6)
r=1 r=1
Proof: Likewise, A associative < A associative at the basis. O

But one can do better. Namely, let V := A and let § = u: A x A — A, (a,b) — ab, be the
multiplication in A. In this case, A: A — Endyec(A) = M, (K) is called the left regular representation
of A. Additionally, x also induces K-linear maps pp: A — A, a — ab. Then p: A — Endyec(A),
b — pp, is called the right regular representation of A. Notice that by definition neither A nor p are
assumed to have any additional properties beyond K-linearity.

Lemma A.1.6: In the setup (V, ) = (A, ) the following are equivalent:
(i) A is associative;
(ii) The K-linear map A: A — Endyec(A) = M, (K) is multiplicative. In other words, the left
regular representation A is a morphism of (non-unital) associative K-algebras;
(iii) V1 < i,j <n: /\(aiaj) = Az‘A]‘;
(iv) A induces an epimorphism \: A — K|[Aj,...,A,] € M, (K) of (non-unital) associative K-
algebras. O

Lemma A.1.7: In the setup (V, 5) = (A, u) the following are equivalent:
(i) A is associative;
(ii) The K-linear map p: A — Endyec(A) = M, (K) is anti-multiplicative. In other words, the
right regular representation p is an antihomomorphism of (non-unital) associative K-algebras;
(iii) V1 <i,j <n: p(aiaj) = plaj)p(a);
(iv) p induces an anti-epimorphism p: A — K[A1,...,A,] € M, (K) of (non-unital) associative
K-algebras. O

Definition A.1.8: A morphism A 2y B of unital K-algebras, also called a unital morphism, is a
morphism of K-algebras such that ¢(14) = 15.

Corollary A.1.9: If A is associative and unital, then:
(1) A: A<= Endyec(A) = M, (K) is a monomorphism of unital associative K-algebras, inducing
A A2 K[Ay,. .., Ap] € M, (K);
(2) p: A — Endyec(A) = M,(K) is an anti-monomorphism of unital associative K-algebras,
inducing an anti-isomorphism p: A = K[A1, ..., A,] € M, (K).

Lemma A.1.10: In the setup (V, 3) = (A, 1) suppose A is commutative. Equivalent:
(i) A is unital;
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(ii) There exist €1, ...,€, € K such that:

n
d ad =1, (A.1.7)
r=1
Proof: This is just Eq. (A.1.5) in the case A is commutative. O]

Remark: Notice that it is not required for A\: A — M, (K) to be a morphism of associative K-
algebras.

With all this in mind, let us now have another look at commutativity.

Lemma A.1.11: In the setup (V,3) = (A, u) suppose A is associative. If A is also commutative,
then

AjAL = ALA; (A.1.8)
in M,,(K) for all 1 < j,k <n, which in turn is equivalent to
> abar =Y ag,al (A.1.9)
r=1 r=1
forall 1 <4,4,k, ¢ <n. O

Now, a comparison between Eq. (A.1.9) and Eq. (A.1.6) gives an amusing partial converse:

Lemma A.1.12:In the setup (V,3) = (A, u) let A be a commutative (but not necessarily asso-
ciative) K-algebra such that A;A; = ApA; in M, (K) for all 1 < j,k < n. Then A is in fact
associative.

Proof: Since A;Ay = AgA;, we have Eq. (A.1.9) for the (i, k)-th element in the form
> djag =Y ajaly
r=1 r=1
for all 1 <4,k < n. By commutativity of A itself, aj, = o}, and a}r = af%, hence:
n n
Z a;ra};@ = Z a;'%agk?
r=1 r=1
which is precisely Eq. (A.1.6). O

Remark: By commutativity of A, we necessarily have A(aja;) = A(aga;) on the one hand, and by
assumption, we have A(a;)A(ar) = A(ax)A(a;) on the other hand. Lemma A.1.12 tells us that then
we get mulitplicativity of A for free.
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A.2.The Structure Constants of a Morphism

Let B == (B,b1,...,by,) be another finite-dimensional based K-algebra with corresponding structure
constants (5}k)1§i,j,k§m and matrices B; = (5;k)1§i7k§m representing the left multiplication by
bj, 1 <37 <m. Let A %, B a non-unital K-algebra morphism with representing matrix ¢ :=
(#%)1<j<m,1<k<n, that is

m

V1<k<n:ola)= quibj, (A.2.1)
j=1

or more succintly,

def

olat,...,an) = (plar),...,p(an)) = (b1y...,by)®
For V := B, ¢ induces in general two different K-bilinear maps f: A x B — B, ab := ¢(a)b, and
B: Ax B — B, f(a,b) :=ba :=bp(a). These in turn give rise to K-linear maps
Xa: B— B, b ab
pPa:B— B, b—ba
and
X A = Endvec(B) 2 M, (K), a— A
p: A— Endyec(B) 2 M, (K), a pq,
respectively. We reserve the notations A and p for the regular representations of B. We briefly
mention that there is also an induced pair of K-linear maps A - B, namely a — ab and a — ba.
However, these are nothing else but the compositions p, o ¢ and A\, o , and we get K-linear maps

B — Homyec(A, B) = Maty,xn(K), b — ppo @ and b — X 0 o, respectively. Moreover, we have
commutative diagrams of K-linear maps:

A A Endyec(B) B Endyec(B)

A
and (A.2.2)
RN =y BN T

T = (Vip)r<ik<m = Aay)

Define

~ i _ (A.2.3)
Ly = Fjp)i<ik<m = play)

to be the representing matrices of the left and right multiplication by the basis element a;, 1 < j < n.

That is

(1, b)) = (by, ..., b
a;(bx )= ~ (A.2.4)
(b1, bm)aj = (b1, ..., o)L
forall1 <j <n.

constants (left and right structure tensor) of the morphism A % B.

Remark: Notice that, unlike before, the definition of 'y;-k is not symmetric in j and k, hence the need

to introduce ﬁ;k However, in the special case A d, A, we do have (yék) = (O‘;ﬁ and (ﬁy\;k) = (a};j).

Lemma A.2.2: The left and right structure constants of ¢ are computed from its representation
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matrix and the structure tensor of B as follows:

m
Vie =D Bid;
r=1

m
Tk = D_ Bt}
r=1
forall1<j<n,1<4,k<m.
Proof: a;by, o ©(a;)by, and bra; = brp(ay).

Lemma A.2.3: We have V1 < j,k<nV1<i<m:
Y Atk =D Akt
r=1 r=1

Proof: ajp(ar) = w(ag)elar) = p(az)ay

Lemma A.2.4: The following are equivalent:
(i) ¢ is multiplicative;
(i) V1< jk<nV1<i<m:

n . m .
r=1 s=1
(i) V1< j <n: ®A; =T;0.
Proof: ¢ multiplicative & V1 < j, k < n: p(ajar) = p(a;)p(ak).

If B is unital, set

m
1p = Znsbs’
s=1

that is V1 < i,k < m:
Z NsBak, = Z NsPrs = O},
s=1 s=1

Lemma A.2.5: Let A 2 B be unital. Then we have the relations:
(1) V1<ik<m:

n n

S ey = 3 =,

r=1 r=1

m . m . .
Z 773’7;‘5 = Z 775%‘5 = GZ%
s=1 s=1

n

ni = Z er(bf"

r=1

Proof: To (1): This is a restatement of 1 4b; = bil 4 = by.
To (2): This is a restatement of a;15 = 1ga; = p(a;).

To (3): This is just p(14) = 15.
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Lemma A.2.6: The relation

m m
VI<ijkt<m: > Bubi=" Bl
r=1 r=1
(1) implies the relation

Vi<ji<nV1<ik{<m: Zﬂrﬂ]k Z’Ygrﬁke

(2) implies the relation
V1<j<nV1<k<m:Bl;=T,B
in M,,,(K), or more explicitly,

m
V1<j<nV1<ikl<m:» BLA= nyﬂﬁke
r=1

(3) implies the relation

m
V1<j<nVI<ik(<m: Y BiAN = Zﬁme
r=1

(4) implies the relation
V1<j<nV1<k<m: DL =0Ty
in M,,(K), or more explicitly,

m m
V1<jk<nVI<il<m: > A5 =Y 7
r=1 =

(5) together with multiplicativity of ¢ (A.2.7) implies the relation

VI<jk<nV1<il<m: Z%«eagk nyjsfyke
r=1

(6) together with multiplicativity of ¢ (A.2.7) implies the relation

n m
V1<jk<nV1<il<m: Zﬁf{a;k = Zﬁ,’ﬁs/y\ﬁ
r=1 =

(A.2.13)

(A.2.14)

(A.2.15)

(A.2.16)

(A.2.17)

(A.2.18)

(A.2.19)

(A.2.20)

(A.2.21)

Conversely, if ¢ is an epimorphism, then any one of these implies Eq. (A.2.13), and therefore in that

case all are equivalent.

Proof: Equation (A.2.13) is associativity of 5.

(1): (ajbg)be = aj(bpbe),1 < j <mn,1 <k, £ <m.
(2): bi(beaj) = (bibe)aj, 1 < j<mn,1 <k, L <m.
(3): (braj)be = bi(ajbe),1 < j<mn,1 <k, L <m.
(4): (ajbe)ar = aj(beay),1 < g,k <n,1 <€ <m.
(5): (ajar)be = aj(arby),1 < j,k <n,1 <l <m.
(6): be(ajar) = (beaj)ag,1 < j,k <n,1 <l<m.
Corollary A.2.7: If B is associative and commutative, then V1 </ <m V1 < j<mn:
B/I'; =T';B,

in
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Proof: By commutativity of B, 8¢, = ;. and 8}, = 3},. Inserting these in Eq. (A.2.14), we get:

m m
Z ﬂéT’Y;k = Z ’sz'rﬁglw
r=1 r=1
which is precisely the (i, k)-th element of the desired matrix identity. O

Remarks:
(1) Notice that in comparison ByI'; = I'; By, is satisfied regardless of commutativity of B.
(2) Similarly, we have I';I'j = I';I';, even though neither A nor B is assumed commutative.

Lemma A.2.8: Let B associative. Then multiplicativity of ¢ (A.2.7) implies:
(1) A: A — Endyec(B) is multiplicative, i.e. A is a morphism of non-unital K-algebras;
(2) p: A — Endyec(B) is anti-multiplicative, i.e. p is antihomomorphism of non-unital K-algebras.
O

Proof: 1f B is associative, then the left and right regular representations are (anti-)multiplicative.
Claim then follows by the commutative diagrams Eq. (A.2.2). O

Lemma A.2.9: Let ¢ be epic. If X\: A — Endvec(B) & M,,(K) is multiplicative, then B is associa-
tive.

Proof: By the commutative diagram Eq. (A.2.29), it follows that the left regular representation \ is
multiplicative, hence B is associative. O

Lemma A.2.10 (Partial converse of Corollary A.2.7 and Lemma A.2.8): Let ¢ be epic and B com-
mutative (ﬂ;k) = (B,ij) such that V1 </ <mV1<j<n:

Bgrj = Png
Then multiplicativity of ¢ (A.2.7) implies that B is associative, i.e. the relation V1 < 4,5,k ¢ < m:

m m
> BBl = BBl
r=1 r=1

Proof: We use a coordinate-free approach. We have V1 < j,k <n V1 <{ < m:

Nasar)(be) = Abo) (plazar)) = Ao (p(a;)e(ar)) = Abe) (Xay) (plar)) ) =

= Xa) (MB) (plar)) ) = M) (Mar) (b)) = (M) Aar)) (be),
ie. X(ajak) = X(aj)X(ak) in Endyec(B). Since ¢ is epic, multiplicativity of A implies associativity of

B. O]

Remark: In particular, notice that there is no requirement for A to be commutative or associative
nor that BjBy = ByBj,1 < j,{ <m (cfg. Lemma A.1.12).

Unless ker ¢ is trivial, 8 and /3 are never non-degenerate (in particular, X and p are not injective),
which somewhat limits our options of testing the basic properties of A against B or Endyec(B).
Still:
Lemma A.2.11: The relation

V1<i,jk<m: Bl =B

implies the relations:
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() Vi<i<mV1<jk<n:
> draj = dap; (A.2.23)
r=1 r=1
(2) V1<j<nV1<ik<m: =7
Proof: The first relation is just commutativity of B.
To (1): V1 < j,k <n: p(ajar) = p(aga;) and see LHS of Eq. (A.2.7).
To (2): ajby = bya,. O
Remark: Notice that A is not assumed commutative.
In a similar spirit:
Lemma A.2.12: The relation
V1<i,5,k<n: a;'-k = azj
together with multiplicativity of ¢ (A.2.7) implies the relation V1 <i <m V1 < j k < n:

> V= ] (A.2.24)
r=1 r=1

Conversely, if ¢ is a monomorphism, then multiplicativity of ¢ (A.2.7) implies equivalence between
both relations.

Proof: The first relation is just commutativity of A. Then V1 < j,k < n: ¢(a;)e(ar) = ¢(ar)p(a;)
and see RHS of Eq. (A.2.7). O

Remark: Notice once again that B is not assumed commutative.

Lemma A.2.13: Let ¢ be monic. Then the relation
VlgjgnV1§i,k§m:fy;k:ﬁ;-k
implies the relation
V1<i,j,k<n: a;'-k = azj
Proof: The first condition means V1 < j <n V1 <k <m: a;by = bra;. Indeed, since ¢ is injective,

for A to be commutative, it suffices that the image elements of ¢ commute with the basis elements
of B. O

Lemma A.2.14: Let A and B unital with a; = 14 and by = 1g. Then ¢(14) =15 = V1 < j <
m: ¢ =8 =V1<ik<m:qi, =7} =0d.. O

We have a partial converse:

Lemma A.2.15: Let ¢ be monic. Suppose that a; € A such that T'y = fl = I, € M (K), ie. we
have the relation

V1<ik <m:aip =7 =0
Then both A and B are unital with a; = 14, and ¢ is automatically a unital morphism, i.e. p(14) =
15.

Proof: By hypothesis, V1 < j < n: ¢(a1)b; = bjp(a1) = bj. Hence p(a;) = 1g and V1 < i <
n: p(ara;) = p(a;a1) = ¢(a;), therefore a; = 14 by injectivity of . O
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Lemma A.2.16 (g-induced A-structures on B):
(1) A unital, B unital associative = B left .A-module;
(2) A unital commutative, B unital associative = B A-bimodule;
(3) A unital commutative, B unital associative commutative = B A-algebra. O

Remark: Notice that associativity of A is not required, although usually R-modules are defined for
an associative R and R-algebras are defined for commutative associative R.

Now we would like to examine in more detail two important special cases of ¢, namely being monic
or epic, as well as their interplay with the structure tensors of A and B. Moreover, we remark that
any morphism A 2B (of associative algebras) factors as a composition p o4 of a monomorphism i
and an epimorphism p:

AL A/ ker(y) B (A.2.25)

More on monicness of . We have Ker(¢) = 0, necessarily n < m, and our commutative diagrams
become:

A A Endvec(B) A £ Endyec(B)

X / and X / (A.2.26)
B B

Lemma A.2.17: Let ¢ monic. Then multiplicativity of ¢ (A.2.7) implies equivalence of the following

two relations:

n n
Vi<i<mV1I<k<n: ) diaj,=> dlop = ¢
r=1

=l - (A.2.27)
Vi<i<mV1<k<n: Y 2160 =D 7% = o
s=1 s=1
Proof: The first relation is a restatement of A being unital with a; = 14. The second one is a
restatement of p(ai)p(ax) = p(ag)e(ar) = p(ag), 1 <k <n. O

Lemma A.2.18: Let ¢ be monic. Then:
(1) The relation

V1<ijk<m: 8=
implies the relation
V1<i4,j5,k<n: aék = oz};j
(2) The relation
V1<ighkt<m: Y BhBl= Bubl,
r=1 r=1

implies the relation

n n
V1<ijkt<n: Zagkaié = ZOZZZOéé'T

r=1 r=1

Proof: A= p(A) C B.
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To (1): B commutative = A commutative.
To (2): Likewise, B associative = A associative. O

Lemma A.2.19: Let ¢ be monic. Multiplicativity of ¢ (A.2.7) implies equivalence of the following
three relations:

n n
V1<i,5,k 0 <n: Za?ka% = ZQZECV;'T

r=1 r=1
V1<jkt<nV1<i<m: Z 'ygtvjsgbk Z ’yjt’yksqbg (A.2.28)
s,t=1 s,t=1
n n m )
V1<jkl<nV1<i<m: ZZWT W = DD Vo
r=1 t=1 r=1t=1

Proof: As ¢ is a monomorphism of K-algebras, associativity of A < (¢(a;)e(ak))e(ar) = (a;)(elar)e(ar)),
1 < j,k,¢ <n. The second and third relation are always equivalent by multiplicativity of ¢ (A.2.7)
regardless of its injectivity. a

Lemma A.2.20: Let ¢ be monic and B unital. Then:
(1) A is unital with unit a; =14 iff V1 < j <mn: )\( a;) = (ajal) =Ty;
(2) A is commutative iff V1 <i,j < n: )\(a,a]) Aajaq);
(3) A is associative iff V1 < 4,5,k <mn: )\((azaj) k) = Aa a;(ajar)).

Proof: Since B is unital, A is injective, hence X is injective as ¢ injective. O

Lemma A.2.21: Let ¢ be monic. If \ is multiplicative, i.e. V1 < 5,k <nV1 <l <m:

Z%ﬂfo‘]k 2’73571667

then multiplicativity of ¢ (A.2.7) imphes that A is associative, i.e. V1 < 1,5, k, ¢ <n:
n n
> i =D agal,
r=1 r=1
def

gk < nV1 < £ < m: (ajar)be = aj(agbe) (first relation) &
ap) < V1< jk<nV1<Ll<m: (pla)plar))be = ¢(a;)(p(ar)be)
= A associative by injectivity and multiplicativity of ¢ (A.2. 7)

Proof: A multiplicative < V1
V1<j,k<n: )\(a]ak) = )\(aj))\
(by multiplicativity of ¢ (A.2.7)

| A

\_//\

More on epicness of ¢. We have Im(p) = B, necessarily n > m, and our commutative diagrams
become:

A A Endyec(B) A P Endyec(B)

and (A.2.29)
P N

Lemma A.2.22: Let ¢ be epic. We have:
(1) If A is unital, then B is unital, and ¢ is automatically a morphism of unital K-algebras;
(2) The relation

Vlgi,j,kgn:aék:azj
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implies the relation
V1<i gk <m: Bl =By
(3) The relation
n n
V1<4,5,k 0 <n: Zagkaié = Zazgaé-r
r=1 r=1

implies the relation
V1<ijkt<m: > BhBi=> Brbi
r=1 r=1
Proof: To (1): Va € A: o(14)p(a) = p(a)p(lg) = ¢(a). By surjectivity of ¢, it follows that
¢(la) = 1g.

To (2): A commutative = B commutative.

(I

To (3): A associative = B associative.

1

Recall that if A is associative, then the left regular representation ¢ = \: A — B := Endyec(A)
M,,(K) is a morphism of K-algebras. We get commutative diagrams of associative K-algebras:

A A M,2(K) A P M, 2 (K)
X P and X e (A.2.30)
M, (K) M, (K)
Let us now examine how the structure constants behave under basis change. Let af,...,al, and
Y,...,b, be another set of ordered bases for A and B, respectively, and let A = ()\é)lSLan €

GL,(K) and © = (05)1<gs<m € GLy(K) be the corresponding transition matrices with A~! =:

()\i')lgi,jgn and 1 = (05)1§k7@§m. That is:

J
n n m m
l / 3 / / 0
aj =Y Nay, =Y Nap, by=> 0, b= 67bs
r=1 r=1 s=1 s=1

Denote by & ) 1<ii kh<n 1)1 <i k<m.1<i<n, and @’ the respective representing matrices after basis
]k‘ x7,7,RS1 ’y_]k SLRESM, IS5 p p
change.

Lemma A.2.23 (Basis Change): We have:
(1) ® = OPA L, or explicitly, V1 <i <m V1< j<m:

¢ =" 0igTA; (A.2.31)

r=1 s=1
(2) V1i<i,k<mV1<j<n
V=Y > 0T A0; (A.2.32)
s=1rt=1
(3) V1<i,j,k<m:
o= > Aal A (A.2.33)
r,s,t=1
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Exercise: Verify that, as expected, ¢ remains multiplicative after basis change, i.e. #'A} =T ®",1 <
Jj<n.

Let us now check when two different sets of structure constants produce isomorphic K-algebra struc-
tures. Suppose A and B are same as based vector spaces and A %, B is a linear transformation
having a representing matrix ® := (¢7)1<;j k<n-

Lemma A.2.24: ¢ is an isomorphism of K-algebras iff ® € GL,,(K) and V1 <14, j,k < n:
n n
D draf =Y Bhdidh (A.2.34)
r=1 s,t=1

In other words, the structure tensors (aék) and (B;k) produce isomorphic algebras iff there is ® €

GLy(K) with =1 = (¢%)1<; j<n such that V1 < i,j,k < n:

= Y GLBLSOL (A.2.35)
r,s,t=1
Proof: Successive application of Eq. (A.2.7) and Eq. (A.2.5). O

Remark: Notice that we don’t need to assume ¢ to be unital: since ¢ is in particular a linear
epimorphism and multiplicative, it automatically preserves 1.
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CHAPTER A. STRUCTURE TENSORS

A.3.The Structure Constants of a Representation

Let A € FdAlgg and M € FdLMod(A) via a representation A\: A — Endg(M). If {a1,...,a,} is a
K-basis of A and {vy,...,v,} is a K-basis of M, then the structure tensor ()‘fz)lﬁk,éﬁm, 1<j<n of the
action A ~ M is defined by

m
aj - Uy = Z’yﬁvk. (A31)
k=1
As we now have Endg (M) = M,,(K), we get
V1< 1< n: Aj = )\(CL]’) = ("yég)lgk’ggm S Mm(K) (A32)
for the representing matrices of the action. Indeed
Vi<j<n:aj-(vi,...,0m) def (V1. ,0m)A;.

If a1 = 14, then additionally we have

V1<k{<m:~y =0 (A.3.3)
Lemma A.3.1: We have:
n m
Vi<ij<nvVi<hkl<m: S ainh =3 v (A.3.4)
r=1 s=1

Proof: This follows from the “associativity” of the action:

V1<i,j<nV1<Ll<m: (aa;)- v =a;-(a;-vg).
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