Pesiomera Ha nmyOIuKaIuuTe 3a ydacTHe B KOHKYpCa
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Duzhin, Sergei, and Mikhail Shkolnikov. "Bipartite knots."
Fundamenta Mathematicae 225.1 (2014): 95-102.

We give a solution to a part of Problem 1.60 in Kirby’s list of open problems in topology,
thus answering in the positive the question raised in 1987 by J. Przytycki.

Hy>xkmun, Cepreii, 1 Muxana IIIkonnukos. "/IBynenau Bb3an."
Fundamenta Mathematicae 225.1 (2014): 95-102.

[Ipescrassive perienne Ha YacT oT [Ipobsiem 1.60 B crimcbKa ¢ HEpeNIeHU 3318491 [10 TOIIO-
Jtiorust Ha Kbpbu, KaTo 1o To31 HAYMH JaBaMe IMOJIOXKUTEIEH OTTOBOP Ha BbIIPOC, IIOCTaABEH
mpe3 1987 r. or U.. ITmurunku.

2

Duzhin, Sergei, and Mikhail Shkolnikov. "A formula for the HOMFLY poly-
nomial of rational links." Arnold Mathematical Journal 1.4 (2015): 345-359.

We give an explicit formula for the HOMFLY polynomial of a rational link (in particular,
knot) in terms of a special continued fraction for the rational number that defines the
given link [after this work was accomplished, the authors learned about a paper by Nakabo
(J. Knot Theory Ramif 11(4):565-574, 2002) where a similar result was proved. However,
Nakabo’s formula is different from ours, and his proof is longer and less clear].

Hy>xmun, Cepreit, u Muxani IlIkosmaukos. "®@opmysia 3a nosimaoma Ha HOMFLY
3a paumoHanum crumranus." Arnold Mathematical Journal 1.4 (2015): 345-
359.

[Ipemarame sisaa popmyna 3a nosmaoma Ha HOMFLY 3a mpon3BosiHO paoHaHO CILIN-
TaHe (B 4aCTHOCT, Bb3eJ) B 3aBUCHMOCT OT CIIEIMAJHA BEPHKHA P06 3a PAIUOHAIHOTO
9HCJI0, KOETO olpesess gajaenoro ciymrane. (Cien 3aBbpiiBade Ha Tas3u paboTa, aBToO-
pute orkpuxa crarus Ha Haka6o [J. Knot Theory Ramif 11(4):565-574, 2002), B KosTO €
JIOKa3aH MOJ00EH PE3yNITaT. HO ¢ Pa3iniHa GOPMYNa U ¢ HO-IbJrO JO0KA3ATEJCTBO. |
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Kalinin, Nikita, and Mikhail Shkolnikov. "Sandpiles on the heptagonal tiling."
Journal of Knot Theory and Its Ramifications 25.12 (2016).

We study perturbations of the maximal stable state in a sandpile model on the set of faces



of the heptagonal tiling on the hyperbolic plane. An explicit description for relaxations
of such states is given.

Kannuuu, Hukura, 1 Muxawna IIIkoaraukos. "IIsacbhbYyHN KyITYNHE BbPXY XEMTa-
roHaJina mo3zatika."Journal of Knot Theory and Its Ramifications 25.12 (2016).

H3CJI€,HB&M€ CMyHIeHHus B MaKCUMAaJIHO CTaOMJIHOTO C'bCTOSIHUE B MO/JIeJI Ha IIdChbIHa KYII-
YHHa BBPXY MHO2KECTBOTO OT CEIMODBI'BJIHUIIU Ha XeITaroHaJ/JHaTa MO3aiika B XI/IHep60-
JIMIYHaTa paBHUHA. ,Ha,ZLeHO € ABHOTO OIIMCaHUE Ha pejlaKCalludATa Ha TaKHBAa CbCTOAHUA.
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Kalinin, N., Guzman-Saenz, A., Prieto, Y., Shkolnikov, M., Kalinina, V.,
and Lupercio, E. (2018). "Self-organized criticality and pattern emergence
through the lens of tropical geometry."Proceedings of the National Academy
of Sciences of the United States of America, 115(35), E8135-E8142.

Tropical geometry, an established field in pure mathematics, is a place where string
theory, mirror symmetry, computational algebra, auction theory, and so forth meet and
influence one another. In this paper, we report on our discovery of a tropical model
with self-organized criticality (SOC) behavior. Our model is continuous, in contrast to all
known models of SOC, and is a certain scaling limit of the sandpile model, the first and
archetypical model of SOC. We describe how our model is related to pattern formation
and proportional growth phenomena and discuss the dichotomy between continuous and
discrete models in several contexts. Our aim in this context is to present an idealized
tropical toy model (cf. Turing reaction-diffusion model), requiring further investigation.

Kanuuuu, H., I'ycman-Caenn, A., Ilpuero, ﬁ., IlIkomaukoB, M., Kaiauununa,
B., u JIynepcuo, E. (2018). "CamooprannsmupaHa ce KpUTUIHOCT U Bb3HUKBa-
He Ha MOJeJiu IIpe3 mMpu3MaTa Ha Tponmdeckara reomerpus.”

Proceedings of the National Academy of Sciences of the United States of
America, 115(35), E8135-E8142.

Tponudeckara reoMeTpusi, yTBbP/IeHA O0JACT B YUCTATA MATEMATHKA, € IIPeCevHa TOY-
Ka Ha CTPYHHATA TEOPUs, OIVIEJAJIHA CUMETPHSI, U3UUCIUTEHATA aaredpa, TeopusiTa Ha,
ayKIMOHUTE U JPYTU 00JIACTU, KOUTO CH B3amMomeicTBar. B Ta3u crarTus mpejcraBsMe
HOB TPOIMYECKH MOJEJ C [OBeJIEeHNe Ha caMoopranusupada kpurudnoct (. map. COK-
Mozient). 3a pasiuka or Beudku usBecTHu COK-momesnn HamumsaT Mojiesl € HEelPEeKbCHAT
U [PEJICTABJISABA, ONpeJiesieHa CKAJIUPAIa TPAHUIA Ha ISICHIHUS MOJIEJ, KOWTO € II'bpBU-
ar u apxerurnien COK-moznen. OnucBame Bpb3KaTa Ha HaIUs MOJEI ¢ (pOPMUPAHETO HAa
MOJIEJIN ¥ SIBJIEHUsI Ha IIPOITOPI[MOHAJIEH PACTEXK U 00ChKIAaMe JTUXOTOMUSITA MEXKy Hell-
PEK'bCHATH U AMCKPETHU MOJE/N B Pa3HOOOpa3eH KOHTeKcT. Hamara 1es Tyk e f1a mnpe-
CTaBUM UJICAJIM3UPAH TPOIMYECKH UI'PAJICH MOJesl (BxK. Mojesa Ha peakius-1udy3us Ha
TropuHT), KORTO U3UCKBA JOI'bJIHUTEIHO M3CJIE/IBAHE.
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Kalinin, Nikita, and Mikhail Shkolnikov. "Introduction to tropical series and
wave dynamic on them."



Discrete and Continuous Dynamical Systems-Series A 38.6 (2018): 2827-2849.

The theory of tropical series, that we develop here, firstly appeared in the study of the
growth of pluriharmonic functions. Motivated by waves in sandpile models we introduce a
dynamic on the set of tropical series, and it is experimentally observed that this dynamic
obeys a power law. So, this paper serves as a compilation of results we need for other
articles and also introduces several objects interesting by themselves.

Kannuuu, H., 1 Muxana ITIkosaukoB. "BbBegeHne B TPOIMYECKUTE PEAUIINA
U BbJIHOBATAa AUHAMUKA BbPXY THAX."
Discrete and Continuous Dynamical Systems-Series A 38.6 (2018): 2827-2849.

TeOpI/IHTa Ha TPOIIMYECKHUTE peJuliv, KOATO paspa60TBaMe TYK, I'bpPBOHa9a/IHO Bb3HUKBaA
IpU N3y9aBaHETO Ha PpacCTeXKa Ha IIJIYPUXaPpMOHUYIHA (byHKLLI/II/I MOTI/IBI/IpaHI/I OT BbJIHUTE
B IIACBHYIHHUTE MOIEJIN, BbBEXKJaMe NTHNHAMUKa BbPXY MHOXKECTBOTO Ha TPOIIMYECKHTE pPe-
AU, KaTO €KCIIEPUMEHTAJIHO Ha6.HIO,ZLaBaI\Ie, 9e Ta3u JUHaMHKa CJIeIBa CTEIICHEH 3aKOH.
Cﬂe,HOBaTeHHO, Ta3W CTaTUA CIYy2KHN KaTO KOMIIWJIallgd Ha PEe3yJITaTUTe, HeO6XO,Z];I/Il\H/I 3a
JApyTu CTaTuM, 1 CbIIO TaKa BbBE2K/Ia HAKOJIKO O6eKTa, HUHTEPECHU CaMU II0 cebe cu.
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Yakaboylu, Enderalp, Mikhail Shkolnikov, and Mikhail Lemeshko. "Quantum
groups as hidden symmetries of quantum impurities."
Physical Review Letters 121.25 (2018): 255302.

We present an approach to interacting quantum many-body systems based on the notion
of quantum groups, also known as ¢-deformed Lie algebras. In particular, we show that,
if the symmetry of a free quantum particle corresponds to a Lie group G, in the presence
of a many-body environment this particle can be described by a deformed group, G,.
Crucially, the single deformation parameter, g, contains all the information about the
many-particle interactions in the system. We exemplify our approach by considering a
quantum rotor interacting with a bath of bosons, and demonstrate that extracting the
value of ¢ from closed-form solutions in the perturbative regime allows one to predict the
behavior of the system for arbitrary values of the impurity-bath coupling strength, in good
agreement with nonperturbative calculations. Furthermore, the value of the deformation
parameter allows one to predict at which coupling strengths rotor-bath interactions result
in a formation of a stable quasiparticle. The approach based on quantum groups does not
only allow for a drastic simplification of impurity problems, but also provides valuable
insights into hidden symmetries of interacting many-particle systems.

Axaboitny, Exgepasin, Muxana IllkosmaukoB u Muxana Jlemernko. "KBauTosu
rpymnu KaTo CKPUTUA CUMETPUU Ha KBAaHTOBUTE mpuMecu."
Physical Review Letters 121.25 (2018): 255302.

[IpeacraBsime mOX0/T K'bM B3aWMOJIEICTBUETO B KBAHTOBUTE CHCTEMU OT MHOI'O TeJia, Oa-
3UpaH Ha IOHSITHETO 33 KBAHTOBU I'PYIIH, M3BECTHH OIIE KaTO ¢-1eOpMUPAHE ajrebpu Ha
JIu. B gacrHOCT, MOKa3BaMe, e aKo CUMETPUATA Ha CBOOO/IHA KBAHTOBA, YACTUIA ChOTBET-
cTBa Ha rpyna Ha Jlu G, B IPUCHCTBUETO HA, CHCTEMa OT MHOTO TEJIa TA3U YACTUIA MOXKE
Jla 6b71e onmcana upes Aedopmupana rpyna G,. KaogosBnar MoMeHT e, de eInHCTBeHN-
ST TapaMerTbp Ha JedopMarys, ¢, ChIrbpka IsiaTa nHMOPMAIUS 38 B3AUMOJICHCTBHUS B



cucremara. VrocTpupaMe Hallusl TOJAXO0J, KATO Pa3lyieXKiaMe KBAHTOB POTOD, B3AUMO-
neiicTain ¢ 6ans or 603ouu (Bosonic bath), u mokazsame, de croifHOCTTA HA ¢, IOy YeHA
OT AHAJINTUIHN PEIIECHNS B IEPTYPOATHBHUS PEXKUM, TO3BOJISIBA A CE TIPEICKaXKe TIOBeJIe-
HHUETO HA CHCTEMATa [IPH IIPOU3BOJIHKE CTORHOCTHU HA CUJIATA Ha B3aUMOJEicTBIE KBAHTOB
IIPUMeC-CPeJia, B ChIVIACHE C HelepTypOaTuBHE n3uncieHus. OCBeH TOBa CTOIHOCTTA HA
napamMeTbpa Ha jieopMalius MO3BOJISIBA JIa Ce MPEJICKAaXKe IPU KAKBU CTOMHOCTHU Ha CIBO-
sIBAHE B3aWMOJIEHCTBUSITA MEXK/ly POTOpa U DaHsATa BOIAT J0 00pa3yBaHETO Ha CTAOUJIHA
KBaszmIacTua. 11oX0orbT, OCHOBAH HA KBAHTOBH T'DYIH, HE CAMO 3HAYUTETHO OMPOCTSI-
Ba 3aJ@9nTe C [PUMECH, HO U IIPEJOCTaBS IIEHHU CBEJIEHUs 38 CKPUTUTE CAMETPHU HA
B3aMMO/IEHICTBAIIM CUCTEMH OT MHOI'O YACTHUIIH.
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Kalinin, Nikita, and Mikhail Shkolnikov. "Tropical formulae for summation
over a part of SL(2,Z)."European Journal of Mathematics 5.3 (2019): 909-928.

Let f(a,b,c,d) = Va2 +b2 + V2 +d2 — \/(a+c)? + (b+d)?, let (a,b,c,d) stand for
a,b,c,d € Z>( such that ad — bc = 1. Define

F(s)= > f(a,bcd).
(a,b,c,d)

In other words, we consider the sum of the powers of the triangle inequality defects for the
lattice parallelograms (in the first quadrant) of area one. We prove that F'(s) converges
when s > 1 and diverges at s = % We also prove that

1 1
Z 2 2 2~ 3
(abed) (a+e)2(b+d)?(a+b+c+d) 3
and show a general method to obtain such formulae. The method comes from the consideration
of the tropical analogue of the caustic curves, whose moduli give a complete set of
continuous invariants on the space of convex domains

Kamunuuu, Hukura, 1 Muxaun [IIkoanukos. "Tponudecku dpopmyiu 3a cyMu-
pane Bbpxy 4dact or SL(2,Z)."European Journal of Mathematics 5.3 (2019):
909-928.

Hexa f(a,b,c,d) = Va2 + b2+Vc2 +d?>—/(a + ¢)2 + (b + d)? n nexa (a, b, ¢, d) oznauana
a,b,c,d € Z>¢ Takusa 1e ad — bc = 1. Jlecbmanpame

F(s)= Y fla,bec.d)".

(a,b,c,d)

C apyru aymu, pasriexjgaMe cyMaTa OT CTelleHHTe Ha JjiepeKTUTe Ha HEPABEHCTBOTO
HA TPUBI'bJIHUKA 33 PEMICTHLIYHUTE YCIOPEAHUNU (B I'bPBU KBaJIPAHT) C JIAIE EAMHULA.
Jokassame, ue F(s) e cxousima 3a § > 1 1 pa3xoidia npu § = % Coi1o Taka JI0Ka3BaMe,
e

1 1
( bz:d) (a+c)2(b+d)2a+bt+c+d? 3



1 IIOKa3BaMe O6LU, METO/ 3a IIoJIydaBaHe€ Ha TaKHBa Cl)OpMy.HI/I. MeTOﬂ’bT Cce OCHOBaBa Ha
pa3ryiezkKJJaHneTo Ha TPONNYECKUs aHaJIO' Ha KayCTUIHUTE KPUBU, YNUTO MOAYJIUA J1aBaT
II'bJICH H&60p OT HEIPEKbCHATU MHBaPHUaHTU B IIPOCTPAHCTBOTO HA U3II'bKHAJIATE 00/1aCTH.
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Lang, Moritz, and Mikhail Shkolnikov. "Harmonic dynamics of the abelian
sandpile."Proceedings of the National Academy of Sciences of the United
States of America 116.8 (2019): 2821-2830.

The abelian sandpile is a cellular automaton which serves as the archetypical model to
study self-organized criticality, a phenomenon occurring in various biological, physical,
and social processes. Its recurrent configurations form an abelian group, whose identity is
a fractal composed of self-similar patches. Here, we analyze the evolution of the sandpile
identity under harmonic fields of different orders. We show that this evolution corresponds
to periodic cycles through the abelian group characterized by the smooth transformation
and apparent conservation of the patches constituting the identity. The dynamics induced
by second- and third-order harmonics resemble smooth stretchings and translations,
respectively, while the ones induced by fourth-order harmonics resemble magnifications
and rotations. Based on an extensive analysis of these sandpile dynamics on domains of
different size, we conjecture the existence of several scaling limits for infinite domains.
Furthermore, we show that the space of harmonic functions provides a set of universal
coordinates identifying configurations between different domains, which directly implies
that the sandpile group admits a natural renormalization. Finally, we show that the
harmonic fields can be induced by simple Markov processes and that the corresponding
stochastic dynamics show remarkable robustness. Our results suggest that harmonic fields
might split the sandpile group into subsets showing different critical coefficients and that
it might be possible to extend the fractal structure of the identity beyond the boundaries
of its domain.

Jlanr, Mopur, 1 Muxani ITIkosnukoB "XapmoHnuyna auHaMuka Ha abeJsieBa
nsacbuna kymuuHa."Proceedings of the National Academy of Sciences of the
United States of America 116.8 (2019): 2821-2830.

AbGesieBara msCHIHA KyIYUHA € KJIETHYEH aBTOMAT, KOUTO CJIYKHM KATO APXETUIEH MO-
JIeJT 3a M3CJIeBaHEe Ha CAMOPraHM3WPAIATa Ce KPUTUIHOCT — siBJIEHUE, Bb3HUKBAIIO B
pa3IuIHN OMOJOTUIHY, (PUBUIHNA U COIMAIHN TIporiecu. Herosure pekypeHTHH KOHPUTY-
panuu obpasyBat abesieBa rpyma, 9usTo HEyTpaJ/Ha KOH(PUTYypaIust MpeaCcTaBsiBa hpak-
TaJjl, ChCTaBEH OT CaMOIOJOOHN ydyacTbly. TyK aHAJU3UpaMe eBOJIONUATA Ha HEyTPaJ-
HaTa KOH(PUTYpalldsl Ha IsSChIHATA KYITIMHA 0] JefiCTBUETO Ha, XapPMOHUYHU TIOJIETA OT
pazmmden pen. [loka3zBame, de Ta3m €BOJIONUS CbOTBETCTBA, HA TEPUOIMIHE IIUKJIN B abe-
JieBaTa rpyma, XapakKTePU3UPAHU OT IUIABHU TPAHC(HOPMAINKA U IPUBUIHO 3alIa3BaHE HA
YYIACTDBIMTE, ChCTABAIM HEyTpajHaTta KoHdurypanus. JluHamukara, IpeIn3BUKaHa OT
XapMOHUIU OT BTOPU U TPETH PeJi, HAIIOI00sIBa CbOTBETHO IIJIABHU PA3TATAHUS U TPAHC-
Jlalyu, JIOKATO Ta3W OT XAPMOHUIM OT YeTBbPTU PeJl MPUINYa HA CKaJUpPaHe W POTAIUN.
B1b3 ocHoBa Ha OOIIUpEH aHAJN3 HA TA3U JMHAMHUKA BbPXY O0JACTU C Pa3/IMdeH pa3Mep,
M3Ka3BaMe XUIIOTE3aTa 33 ChINECTBYBAHETO HA HAKOJIKO TDAHUIM Ha CKAJIMPAaHE 33 0e3K-
paitau obsactu. OCBeH TOBa MOKA3BaMe, 9e MPOCTPAHCTBOTO HA XAPMOHUIHUTE (OyHKIMN
pejiocTaBst HAbOp OT YHUBEPCAJIHN KOOPJAUHATH, HICHTUMDUIIPAIIA KOHMDUTYPAIIUN MeXK-



Iy pas3jindHu 00JIaCTH, KOETO JUPEKTHO IIpeJIIoJiara, 4e rpynara Ha SIChIHUTE KyITInHHA
JIOIyCKa €CTeCTBEHO peHopMmupane. Hakpasi memMoHCTpupame, Ye XapMOHUYHHUTE I10JIETa
Morar ga ObaaT IpeIu3BUKAHU OT OOMKHOBEHHM MAPKOBCKM IIPOLIECM M Y€ ChOTBETHA-
Ta CTOXACTUYHA JUHAMMKA IIPOSABSABa 3abeliesKuTesHa ycroiiunpoct. Hammre pesyirarn
[IpeJIIIoJiaraT, Y€ XapMOHUYHUTE TI0JIeTa MOIraT Ja Pa3Je/isT I'Pylara Ha MsIChIHUTE KYyII-
YMHHA Ha HOJMHOYKECTBA C PA3JINYHI KPUTUYHNA €KCIIOHEHTH U Y€ MOKE JIa € Bh3MOXKHO /14
ce pasmupu (ppakTagHATA CTPYKTYPa Ha HEeyTpaJjHaTa KOH(MUIYPAIs OTBb IPAHUIITE
Ha HelHaTa 00JIACT.
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Kalinin, Nikita, and Mikhail Shkolnikov. "Sandpile solitons via smoothing
of superharmonic functions." Communications in Mathematical Physics 378.3
(2020): 1649-1675.

Let F: Z?> — 7Z be the pointwise minimum of several linear functions. The theory of
smoothing allows us to prove that under certain conditions there exists the pointwise
minimal function among all integer-valued superharmonic functions coinciding with F
"at infinity". We develop such a theory to prove existence of so-called solitons (or strings)
in a sandpile model, studied by S. Caracciolo, G. Paoletti, and A. Sportiello. Thus we made
a step towards understanding the phenomena of the identity in the sandpile group for
planar domains where solitons appear according to experiments. We prove that sandpile
states, defined using our smoothing procedure, move changeless when we apply the wave
operator (that is why we call them solitons), and can interact, forming triads and nodes.

Kamunuuu, Hukura, 1 Muxann ITIkosinukoB. "IIsicbyHM COJIMTOHM 4Ype3 uU3-
raXkaaHe Ha cynepxapMoHudHu ¢pyHkuu." Communications in Mathematical
Physics 378.3 (2020): 1649-1675.

Hexka F': Z2 — 7 6bJie TTOTOUYKOBUSAT MEHAMYM Ha HIKOJIKO JHeitnu dbynkmnmm. Teopusta
Ha M3IJIAXKIAHETO HU MTO3BOJISIBA, Ja JOKAXKEM, 1U€ IPHU OMPEJIEIeHN YCJIOBUS CbINECTBYBA
[IOTOYKOBO MWHMMAJIHA (DYHKIUS CPEJl BCHYKH IIEJIOYUCICHH CYHIEePXapMOHUYIHU (DYHK-
uu, Kouto cbBuagar ¢ F' "B 6e3kpaiinocrra". PazBuBame Tasu Teopus, 3a J1a JOKaKEM
CBINECTBYBAHETO HA T.HAD. COJUTOHHU (WM CTPYHM) B MOJeJa Ha ISsIChYHHUTE KyITIUHH,
uzcaensan or C. Kapadoio, I'. Tlaonern u A. Cnoprueso. [To To3u HaunH npaBuM Kpad-
Ka KbM pas3bupanero Ha (HPEHOMEHUTE Ha HEyTPAJHUS €JIEMEHT B I'DyIaTa Ha IMSCHIHUTE
KyIYUHU 33 PABHUHHU OOJIATH, K'bJIETO CIOPE] €KCIIEPUMEHTHUTE CE MOsIBIBAT COJTUTOHH.
JlokasBame, Ue CHCTOSHUSATA HA MSCHIHUTE KyIIUHU, JePUHUDAHU YPe3 HaIlaTa IIPO-
Ieaypa 3a M3IVIaXKjiaHe, OCTaBaT HEIIPOMEHEHU IPHU MpPUJIAaraHe HA BbJIHOBUS OIEPATOD
(3aTOBa M HapUYaMe COJIMTOHU) W MOTaT Ja CU B3auMojeiicTBar, obpa3yBailku Tpuaau u
BBb3JIN.
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Lang, Moritz, and Mikhail Shkolnikov. "Sandpile monomorphisms and limits."
Comptes Rendus Mathématique 360.G4 (2022): 333-341.

We introduce a tiling problem between bounded open convex polyforms P C R? with
colored directed edges. If there exists a tiling of the polyform P, by P;, we construct a



monomorphism from the sandpile group G(I'y) = Z' /A(Z") on T'; = P NZ? to the one
on I'y = P, NZ2. We provide several examples of infinite series of such tilings converging
to Ro, and thus define the limit of the sandpile group on the plane.

Jlanr, Mopun, n Muxaun IIIkonaukos. "MoHoMopdu3MH U TPAaHULN B HACHY-
uu kymunan."Comptes Rendus Mathématique 360.G4 (2022): 333-341.

BubBexame 3ajiatua 3a HapKeTHpPaHe MEXK/Y OIPAHUYEHU OTBOPEHU M3II'bKHAJIN IIOJIN-
dopym P C R? ¢ ompeTeHn OpHEHTHpAaHH pbOoBe. AKO CLIIECTBYBa IapKeTHpPAHEe Ha,
nonudopmara Py ¢ konus Ha P), n3rpaxkame MOHOMOPMU3bM OT IPYHATa HA MACHIHUTE
kymanmn G(T1) = Z' JA(Z') supxy Ty = Py N Z? xbM Tasu sbpxy [o = P N Z2
IIpencraBsme HSKOIKO MpUMepa Ha O0e3KpailHU eI OT TAKWBa IIAPKETUPAHUS, KOUTO
KJIOHAT KbM Ro, U 110 TO3M Ha4uH JeduHApaMe IPDAHUIATA HA IPylaTa HA MSCHIHUTE
KyIYUHU B PABHUHATA.
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Mikhalkin, Grigory, and Mikhail Shkolnikov. "Non-commutative amoebas."
Bulletin of the London Mathematical Society 54.2 (2022): 335-368.

The group of isometries of the hyperbolic space H? is the 3-dimensional group P.SLy(C),
which is one of the simplest non-commutative complex Lie groups. Its quotient by the
subgroup SO(3) naturally maps it back to H3. Each fiber of this map is diffeomorphic
to the real projective 3-space RP3. The resulting map PSLy(C) — H? can be viewed
as the simplest non-commutative counterpart of the map Log : (C*)* — R" from
the commutative complex Lie group (C*)" with the Lagrangian torus fibers that can
be considered as a Liouville-~Arnold type integrable system. Gelfand, Kapranov and
Zelevinsky have introduced amoebas of algebraic varieties V' C (C*)™ as images Log(V) C
R™. We define the amoeba of an algebraic subvariety of PSL(C) as its image in H?. The
paper surveys basic properties of the resulting hyperbolic amoebas and compares them
against the commutative amoebas R".

Muxankun, I'puropuii, 1 Muxaunn IIIkonaukos. "HekomyraruBun ameou."
Bulletin of the London Mathematical Society 54.2 (2022): 335-368.

I'pymaTa Ha H30METPUH Ha XHIIEPOOJIIMIHOTO IpocTpancTso HP e TpmMepHaTa TpyIIa
PSLy(C), kosiTo € enpa OT Hafi-IIPOCTUTE HEKOMYTATHBHU KOMILIEKCHU rpyru Ha Jlu.
Heitnara daxropusamus o noarpymnata SO(3) ectecTseno ce n3obpasapa obpatro B H.
Bceeku cioit Ha ToBa m3obpazkenue e qudeoMopdeH Ha PeaJHOTO MPOEKTUBHO TPUMEPHO
npoctpancto RP3. Tlomyuenoro nzobpakenne PSLo(C) — H? moxe jna ce pasriex-
Jla KaTO HAN-IIPOCTUS HEKOMYTaTUBEH aHaJjor Ha mzobpaxkenuero Log : (C*)™ — R™ or
KOMyTaTHBHATA KOMILIeKCHA rpyna Ha Jlu (C*)™ ¢ jarpankesu TOPOUIAIHE CJIOEBE, KO-
SATO MOXKE J[a Cé MHTEPIpeTHpa KATo HWHTerpyeMa cucTeMa OT Tuna Ha JInmysuia-ApHoJi.
lendann, Kanpanos n 3esleBUHCKE BbBEXKJIAT aMeOWTe HA aJreOpUIHU MHOTOOOpa3usi
V C (C*)™ karo usobpaxenust Log(V) C R". Iedunupame amebara Ha agrebpUTHO
noyvuoroo6pasue Ha PS Ly (C) kato Herosoto nzobpazenue B H3. CraTuara pasriexia
OCHOBHHUTE CBOICTBa HA IOJIyYeHUTE XUIEPOOJUIHN aMeOu U I'l CPaBHSIBA C KOMYTATHB-
uute amebu B R”.
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Shkolnikov, Mikhail. "Relaxation in one-dimensional tropical sandpile."
Communications in Mathematics 31 (2023). no. 3, 21-31.

A relaxation in the tropical sandpile model is a process of deforming a tropical hypersurface
towards a finite collection of points. We show that, in the onedimensional case, a relaxation
terminates after a finite number of steps. We present experimental evidence suggesting
that the number of such steps obeys a power law.

ITkonuukoB, Muxauia. "Penakcanusi B eJHOMEpPHA TPOMMYECKA ISICHYHA KyTI-
apHa."Communications in Mathematics 31 (2023), Ne 3, 21-31.

Penakcanusara B Tponmdeckara MsACbIHa KyITIHHA IIPEICTABIIABA IIPOIEC Ha JedopMupaHe
Ha TPOIHMYECKa XUIEPIOBbPXHUHA KbM KpaeH Habop or Touku. Iloka3same, ue B emqHO-
MEpHHs CIydail To3U IPOIeC 3aBbpINBa ciel KpaeH 6poil croiku. IIpejcraBsame excie-
PUMEHTAJIHY JIAHHHA, KOUTO UHJIMKUPAT, Y€ OPOsIT Ha CT'BIKHUTE Ce IO [INHABA Ha CTEIleHEeH
3aKOH.
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Shkolnikov, Mikhail, and Peter Petrov. "Introduction to PSL2 Phase
Tropicalization."Proceedings of the Bulgarian Academy of Sciences (2024)
Vol. 77. No. 10. 1 pp.1425-1432.

The usual approach to tropical geometry is via degeneration of amoebas of algebraic
subvarieties of an algebraic torus (C*)™. An amoeba is logarithmic projection of the
variety forgetting the angular part of coordinates, called the phase. Similar degeneration
can be performed without ignoring the phase. The limit then is called phase tropical
variety, and it is a powerful tool in numerous areas. In the article a non-commutative
version of phase tropicalization in the simplest case of the matrix group PSL is described,
replacing here (C*)™ in the classical approach.

IITkxonuukoB, Muxawni, u Ilerbp Ilerpos. "BbBeneune B TponmukajimsamusTa
Ha pasute Ha PSL2." Toknaau na BAH (2024), tom 77, Ne10, ctp. 1425-1432.

Ob6uuaitHUAT TOXO] KbM TPOIMUYECKATa TeOMETpHUs € Upe3 JlereHeparus Ha ameOu Ha
anrebpuyHN HOAMHOrooOpasus Ha asarebpuunus Top (C*)™. Amebara npejicraBisiBa Jo-
rapUTMUYHA IIPOEKIINs Ha MHOT00OpPa3meTo, KOSTO IpeHebpersa bryioBaTa dacT Ha KO-
op/mHaTuTe, Hapedena daza. [logobHa gereHepanus Moxke na ObJjie U3BbPIICHA U 6€3
npenebpersane Ha daszara. [loxyuenara rpaHuiia ce Hapuda TPOIUIECKO (HA30BO MHOI'O-
obpasue u pe/ICTaB/IsiBa MOIIIEH MHCTPYMEHT B MHOYXKeCTBO objiactu. B crarusTa e ommcan
HEKOMYHUKATHBEH BAPDUAHT HA TPONMUKAJIU3AIUATA Ha (da3uTe B HAN-TIPOCTHS CIIydail Ha
marpuuHaTa rpyna PSL, koaro Tyk 3amectBa (C*)™ B KilacHueCcKust OIXO/L.



