Provided for non-commercial research and educational use.
Not for reproduction, distribution or commercial use.

PLISKA

STUDIA MATHEMATICA
BULGARICA

FIANCKA

BbATAPCKU
MATEMATUYECKU
CTYAUU

The attached copy is furnished for non-commercial research and education use only.
Authors are permitted to post this version of the article to their personal websites or
institutional repositories and to share with other researchers in the form of electronic reprints.
Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to third party websites are prohibited.

For further information on

Pliska Studia Mathematica Bulgarica

visit the website of the journal http://www.math.bas.bg/~pliska/

or contact: Editorial Office

Pliska Studia Mathematica Bulgarica

Institute of Mathematics and Informatics
Bulgarian Academy of Sciences
Telephone: (+359-2)9792818, FAX:(+359-2)971-36-49

e-mail: pliska@math.bas.bg



CONVERGENCE OF SEQUENCES OF CARATHEODORY
OR KOBAYASHI PSEUDOMETRICS

VALENTIN Z. HRISTOV

In this paper are given some conditions under which, if a sequence of complex spaces
{M;} tends to a complex space M in a suitable way, then the Carathéodory or Kobayashi
pseudometnc on M is a limit of the corresponding pseudometrics of M; for j— co.

This paper is an expanded version of our note [3]. Here we shall give
complete proofs and more detailed discussions on the convergence of sequen-
ces of Carathéodory or Kobayashi pseudometrics.

1. Definitions and general remarks. On every connected complex (ana-
lytic) space one can introduce [2; 4;5; 6] the Carathéodory and Kobayashi
pseudometrics. The definitions use the well known Poincaré-Bergman metric of
the unit disk D:={2¢C:|z <1} in the complex plane C. The distance bet-
ween two arbitrary points @ and & of D in the Poincaré-Bergman metric o is
defined by

1 [1— ab|+|b—-a|
o(a, b): g.l—ab;_ib —a|’

If M and N are complex spaces then, as usually, with (M, N) we de-
note the family of all holomorphic maps f: M — N. Moreover, for short we
shall write only “complex space” instead of “connected complex space”.

Now let M be a complex space. The Carathéodory pseudometric ¢, of M
is defined as follows: The distance between two arbitrary points p and ¢ of

M is the number
CM(p' ‘I)i = S;lp O(f(p)’ f( q))’ f(H(M, D)’

where the supremum is taken with sespect to all holomorphic maps f: M — D.

The definition of the Kobayashi pseudometric %, of M is in a manner
“dual” to that of c, because it uses H(D, M) instead of H(M, D) and infimum
instead of supremum. First we define a chain o: ={ay, b;; f;j}_, from p to ¢

in M, where k is a natural number, a; and b,, j=I1,..., k, are points of the
unit disk D and f;, j=1,..., k, are holomorphlc maps of H(D M) such that
(a)=p; fi(by ::f,-+.(a,+,) _}—l k—1; fi(b,) =q. The length of the chain
9 is given by
k
L(o): = j;\_‘l o(aj, by).
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If Vy(p,q) denotes the set of all chains from p to ¢ in M then the distance
between p and ¢ in the Kobayashi pseudometric is defined to be the number
Ryl p, q): = inf L(o), 6€ Vy(p, q), where the infimum is taken with respect to

all chains otV y( p, q).

Note that the Carathéodory and Kobayashi pseudometrics are generalisa-
tions of the Poincaré-Bergman metric since c¢,—==%k,=p. Moreover, the holomor-
phic maps are distance-decreasing with respect to these pseudometrics, namely,
for feH(M, N) and  p,geM one  has  cy(p, ¢)=cn(f(p) f(@) ku(pPs @)

=kn(f(P), f(9))

Some of the theorems for convergence which we shall prove in this pa-
per use the notion “kernel” of a sequence of complex spaces. The definition
is the following:

Let {Mj}> | be a sequence of complex spaces with the same dimension
such that t/ze interior of the intersection N5 M;=+ & is open in all M,

Furthermore, let every two spaces of the sequence have compatible struc-
tures in their intersection. The set

M:={p¢ '_91 M;y:3Updp, Qjp:\Jj>Jp:Up is open in M;}

we call kernel of the sequence {M;}, i.e. the kernel M is the maximal sub-
set of the union \J5,M; such that every point of M (equivalently every
compact subset of M) has a neighbourhood containing in all M; with suffi-
ciently large indices j. Obwviously the kernel has in a natural manner a
structure of a complex space.

Here we shall establish in some sense a “continuity” of the Carathéodory
and Kobayashi pseudoinetrics with respect to the spaces on which they are
defined. More precisely, we shall give conditions under which if a sequence
{M,} tends in some way to M, then it follows that the sequences {ch(p, )}

and {kM(p, 9}, p, gM, tend to cyu(p, q) and ky(p, g) respectively.

For each of the two pseudometrics we shall prove two different theorems
in the two cases when all members of the sequence {M;} are in M and when
M is in all M, because the methods of proof differ. The general case in which

M;1c M and M7c M, for some subsequence of indices j can be reduced to
these two cases by use of the inclusions MynMcM;cMyuM, Min McM
cM;uM.

2. Limits of Carathéodory pseudometrics. We shall proceed with the
study of the easiest case: exhausting a space M with a sequence {M;} whose
members are in M.

Theorem 1. Let {M;} be a sequence of complex spaces with kernel M
and let M contains all M;. If p and g are two arbitrary points of M then
we assert that lim;_ e ch( D, q) exists and is equal to cy(p, q).

Proof. Let us note first that by the definition of the kernel M, two fix-
ed points p and ¢ of M are also in M, for all indices j=j, (j, depends on
p and gq). Then cM(p, q) (J=Jo) is correctly defined and we may look for the

limit of the sequence {cM(p, q)}°° We fix two arbitrary points p and+«g of
M and, therefore, further” we shall not write and precise the index j,. (This
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shows also that the use of the notion “kernel” is in some sense necessary in
such a case when we want to formulate such a theorem for convergence for
arbitrary points of M.)

For every j the identity of M,cM, idM,:M,—> M is holomorphic map
hence distance-decreasing with respect to the Carathéodory pseudometric, i.e.
ch(p, q)=cp(p, q). This shows that the sequence {ch(p, g)! is bounded from
below by cy(p, q). 1f we set

du(p, q): = limsupcm(p, 4)

it is sufficient to show that d,(p, g)=<c,(p, q) and then the inequalities
cu(p, g)=limintcu(p, g)=lim sup cm(p, Q=adu(p Q)=cu( P, 9)

imply that the sequence {ch(p, g)} tends to cyu(p, 9).
We assume the contrary and then there exists a positive ¢ such that

du( py §)—e>cp( p, g). By the definition of dy(p, g) we have for some subse-
quence {j,j>>, of indices

limem (P, @)=du(p: )

y—00

and, therefore, for all sufficiently large »(»>»,) holds cm, (p,q)>du(p,q)—e.
Then from the definition of cm, for such indices »

em,, (P )2 =sup ol f(p), J(9)), feHM; , D)

it follows that there are holomorphic maps f,: M; — D with the property

el f.(p), F(@)>dm(p, q)—e :

Here we want to use the principle of compactness for the sequence {f,}
and further to take the limit (for the corresponding subsequence of indices »)
in the above inequality. But the maps f, are not defined on the whole M,
therefore we need the following modification of the principle of compactness
whose method of prootf is as in [5, ch. V, theorem 3.1.].

Lemma. Let {M,} be a sequence of complex spaces with kernel M and
let M contains all M,. If {f,} is a sequence of holomorphic maps f,: M, — D
with f,(r=0 for some point r of M then we can choose a subsequence
{f.,} tending uniformly on every compact subset of M to a holomorphic
map fo,: M — D, f (r)=0.

We shall not give here the proof of the lemma but we adduce some re-
marks about the needing modification when complete this proof.

In our case the maps of the sequence {f,} have not the property f,(r)=0
for some r¢M supposing in the lemma. But it is sufficient to compose f, with
automorphisms g, of the unit disk D such that g,(f,(¢))=0, i.e.

&.(2): =[z—f@)/[1 —f(¢9)2]

and the sequence {7,: —g,of,} has the property f':(q)=0, i.e. we obtain that
our fixed point g plays the role of the point 7 from the lemma. Furthermore, since
the Poincaré-Bergman metric is invariant with respect to the automorphisms
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of D we have o(f,(p), 7(@)=e(f.p), fAg)). Therefore, we may suppose that
the initial maps f, satisfy the assumptions of the lemma. Then there is a sub-

sequence {f,k} which tends to a holomorphic mapf,: M — D and
o(fo(p), fo@)= lim (£, (P), 1o\ @D)=r{ P, ) —e>Cm( P, ).

But fo¢H(M, D) must participate when we take the supremum in the defini-
tion of c,(p, g), hence

o(fo(P) fo@) >en(py q): = sup e(f(P) f(@)=el fo( P), fol@)),

which is a contradiction and the theorem is proved.

Remarks to the lemma. The difficulties in the proof of this lemma
come from the fact that the maps f,~are defined in different subspaces of M.
Here we construct a new sequence {M,} of complex spaces with the same ker-
nel M which has also the following two properties essentially used in the
proof:

1) {M,} is increasing, i.e. M,cM,+, for every »;

2) M,oM, for every ». ~

Such a sequence we obtain by setting M,: = n w.,M,. Following the method
of the Kobayashi’s proof one must carefully do each step because almost every-
where one has to use the Carathéodory pseudometrics of the new spaces
M, and the initial spaces M, simultaneously.

We can prove the lemma by more general assumptions, for example, with-
out the condition M,c M, furthermore the image f,(r) of the point r can be
arbitrary point of some fixed compact subset of M instead of to be the ori-
gin. Finally, the notion “kernel” can be defined for sequences of topological
spaces in the same manner and we can prove such a proposition as the lemma
for distance-decreasing maps between topological spaces with pseudometrics.
Then one obtains a principle of compactness which is a generalization of [5, ch. V,
theorem 3.1.] for maps defined in different spaces.

As an important particular case of theorem 1 we have

Corollary. Let {M;} be increasing sequence of complex spaces with
compatible structures and let M be the union U5 ,M;. Then for every two
points p and g of M the limit lim,-_mch( P, q) exists and is equal to c,( p, q).

Proof. Obviously M has a structure of complex space and coincides
with the kernel of the sequence {M;}. Thus, the assumptions of the theorem
are fulfilled.

The following theorem is a sufficient condition for coincidence of ¢, and
lim;,ecm, in the case when M contains in all M, It seems that this case is
quite more difficult to study than the previous one.

Theorem 2. Let {M;} be a sequence of complex spaces containing the
complex space M and let the spaces be with compatible structures in their
intersections. Moreover, let every holomorphic map f: M — D can be repre-
sented as a limit of some sequence {f;} of holomorphic maps f;: My — D.
Then if lim;_wcm /( P, q) exists for every two points p and q of M we assert
that it is equal to cy(p, q).
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Proof. If we set
du(p, q): = limeu(p,q) P, geM

then it is sufficient to show that d,(p, ¢)=cu(p, 9).

Since Mc M; for every j, the identity of M, idy: M — M; is holomorphic
map hence distance-decreasing with respect to the Carathéodory pseudometric,
i.e. cu(p, q)chj(p, q), ;. If we fix two arbitrary points p and ¢ of M and
take the limit for j — oo in this inequality then we obtain du(p, ¢)=cm(p, q).
To show the inequality dm(p, g)=cm( p, g) and, thus, to complete the proof we
use the fact that the Carathéodory pseudometric is characterized by the fol-
lowing property [6]:

It d is a pseudometric on M with

() a(p, 9=e(f(p), f(9)). P, 9€M, 7 feH(M, D)

then d(p, ¢)=cm(p, q), i. e. c; is the smallest pseudometric on M which sa-
tisfies ().

Therefore, it is sufficient to show that our dy is a pseudometric on M
and that duy satisfies (x).

Since cm, are pseudometrics, for arbitrary points p,¢ and 7 of Mc M

and every j we have
emfP, =0, cm(p@)=cm(q,p), cm P, r)=cm(pq)+Cm (e, 7)-
If we fix the points p, ¢ and r then for j — oo we obtain
du(p, 9)=0, dm(p, 9)=dmq, p), Am(p,r)=cm(p, @) +cm(g: 1)

i.e. dy is a pseudometric on M.

It remains to show that duy satisfies (x). Let f: M — D be holomorphic
map. By the assumption f can be represented as a limit of some sequence
{f;} of holomorphic maps f;: M;— D, i.e.

ft)=limfAr),  reM.

Moreover, the maps f;¢[H(M;, D) are distance-decreasing with respect to the
Carathéodory pseudometric and since cp=e¢ we have cx(p, Q) =o(f1(p) [1(q)).
Then for j — co using also the continuity of the Poincaré-Bergman metric
we obtain

du(p, q): = limeu(p, g)= lim o(f(p) F19)
=e(limf,(p), lim f(9))=e(f(p) (9),

i-e. dy satisfies (x¥) and the proof of the theorem is complete.

Remark. In this theorem we suppose that lim;,.cm(p,q) exists for
every two points p and ¢ of AM. It is possible to obtain a variant of the theo-
rem in which we suppose only that lim,_._,cmj( p, q) exists for two fixed points

p and ¢ of M and then we assert that this limit is equal to cum(p, ¢) again.
The proof has the same steps without the verification that ds is a pseudo-
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metric on M, but one can omit this verification also in the above proof. The
following arguments show this.

In the same way we obtain for the fixed number du(p, g) the inequalities
A p, 9)=cm(p, 9), dmp, @) =0(f(p), f@), 1eHM, D). If we take the supre-
mum with respect to all holomorphic maps f: M — D in the right side of the
second inequality then by the definition of the Carathéodory pseudometric we
obtain the desired inequality dm(p, §)=cm(p,q) and the result follows.

Moreover, in this case we can make the more weak assumption that for
every fCH(M, D) there exists some sequence {fj}, f¢H(M,, D), which tends to f
only at the fixed points p and g of M, i.e.

fp) =,-§?3 fitp),  f@)= ,“f.l /(@)

and the conclusion is the same.

Now we shall give some consequences from theorem 2. First in an im-
portant particular case the existence of lim;,.cm(p, g) is not in the assump-
tions but in the conclusions of the proposition. ’

Corollary 1. Let {M;} be decreasing sequence of complex spaces con-
taining the complex space M and let the spaces have compatible structures
in their intersections. If every holomorphic map f: M — D can be represent-
ed as a limit of some sequence {f;} of holomorphic maps f;:M;— D then
for every two points p and q of M, lim,-_mch( p, q) exists and is equal
to cu(p, q).

Proof. It is sufficient to show that lim; .cm(p, g) exists for every two
points p and ¢ of M and the assumptions of theorem 2 will be satisfied.
But from the inclusions M;D>M;,; and M;>M for every j it follows that
(CM_,' ps []) gC/W_,:}_l(pr q)» ch(p’ ‘])S"M(P’ q)! Vj’ i. e. the sequence {CMj(pr q)}
is increasing and bounded from above by cu(p, q) hence converges.

Now we shall give another consequence with more strong assumption for
approximation which we shall use also later in the theorem for the Kobayashi
pseudometric in the case when M;D>M.

Corollary 2. Let {M,;} be a sequence of complex spaces containing
the complex space M and let the spaces be with compatible structures in
their intersections. Moreover, let there exists some sequence {®;} of holomor-
phic maps @;: My — M which tends to the identity of M. Then if lim,-_mch(p, Q)
exists for every two points p and g of M we assert that it is equal to
cm(p, q)-

Proof. We shall show that every holomorphic map f: M — D can be re-
presented as a limit of some sequence { fj} of holomorphic maps f;: My — D.
It is sufficient to set f;: =fog; and then

I!ifg fi(r)= j!ifgf(w(r))=f( }1_1)130 @A) =f("),

i. e. the assumptions of the theorem are satisfied.

Of course, here we can make the same remark as that after theorem 2,
i.e. we can assume the existence of lim,_,.,och(p, ¢) and the convergence of
{p;} to the identity of M only for two fixed points p and ¢ of M. Moreover,
if here the sequence is decreasing as in corollary 1 we can prove the exist-
ence of lim,_mch(p, q) without assuming this.
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Finally, in the general case when M;1c M and Mc M; for some sub-
sequence of indices j it is possible to formulate and prove new theorems for
coinciding of limj_.mch(p, q) and cu( p, q) taking the assumptions of theorem 1
and theorem 2, its variant or corollary 2, but we shall not do this here.

3. Limits of Kobayashi pseudometrics. First we prove a theorem for the
Kobayashi pseudometric which is formulated as theorem 1 for the Carathéo-
dory pseudometric but the method of proof is similar to that of theorem 2.
Here one can see a display of the “duality” in the definitions of the two
pseudometrics.

Theorem 3. Let {M;} be a sequence of complex spaces with kernel M
and let M contains all My. If p and q are two arbitrary points of M then
we assert that lim; ,.ky /( D, q) exists and is equal to ku(p, q).

Proof. Since M is the kernel of the sequence {M,}, two arbitrary points
p and g of M are in M, for all sufficiently large indices j. We have (for
such mdlces) km (p, q)=ku(p, g) because the identity of M;c M is holomor-

phic map and hence distance- -decreasing with respect to the Kobayashi pseudo-
metric. This shows that the sequence {ky (P q)} is bounded from below by

km(p, g) and we have
liminf km ( p, 9)=km( p, 9).
Jj—oo

Therefore, it is sufficient to show that
limsup ku (p, 9)=kum(p, )

J—eo

and then the inequalities
km(p, 9)= hm mf Rm (p, q)<llm sup km (p, D=km(p, q)

imply that the limit hm,_.mkM( P, q) exists and is equal to Zu(p, q).
For every two points p and g of M we set

dum(p, q): = lim sup ku(p, q)

and we have to show that dm(p, 9)<km(p, g). We shall use the fact that the
Kobayashi pseudometric is characterized by the following extremal property [6]:
If d is a pseudometric on M with

(+) ola, b)=d(fla), 1)), wa, b¢D, 7 feH(D, M),

then dm( p, 9)=km(p, q), \7p, g¢M, i.e. ky is the largest pseudometric on M
which satisfies ().

Therefore, it remains to show that our dy is a pseudometric on M and
that du satisfies ().

Since kuy, are pseudometrics, for arbitrary points p, ¢ and r of M and

every sufficiently large j we have
kn( P =0, km (P, @)=kmu(9, P) km(p,")=ku P, O)+kn(q, 7).
Taking limsup, for fixed points p, ¢ and r of M we obtain
J—o0
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dm(p, r): = lirjn sup ku (p, r)=limsup [km (P, q) +ku (g, 7)]
- 00 J—00

~<limsup ku ( p, q)+1im sup ku (g, 1) = dm(p, 9)+dm(q, ),
J—oo J—r00

i.e. dy is a psendometric on M.
~ Now it remains to show that dy satisfies (). Let f: D — M be holomor-
phic map. The image of the origin f(0) is a point of the kernel M of the se-
quence {M,). Then there is an open neighbourhood V of f(0) contained in all
M; with sufficiently large indices j. The map f isin particular continuous and,
therefore, f~'(V) is open in D. With U we denote the connected component
of f~!(V) which contains the origin and with Uj the connected component of
f~Y(M,;) which contains U. Then it is clear that every U; contains circles with
centre at the origin and let r,==1 be the maximal radius of such a circle, i. e.
Drj::{ZEC:|Z <rjjcUjcD. We shall prove that the sequence {r;} tends
to'1 for j— oo.
Let 0<r<1. The closed disk D,: ={z¢C: z <r} is compact in D and

since f is continuous map, its image f(D,) is compact in M. This compact has
a finite covering of neighbourhoods participating when one defines the kernel M

of the sequence {M,} and there is such an index j, that f(D,) is in M; for
j>Jo. Then D, itself is a circle which contains in U, for j>j,. But D,j is the

maximal circle in U, and we have D,c D, cU;c D, \7j>j, This shows that
r<r;<1 for j>j, and since r<1 is arbi{rary we have the desired equality

lim,;mrlz 1.
Now we can show for arbitrary points @ and & of D that

lim kD’/(a, b)=ro(a, b).

J—roo

The homoteties o,:D,j — D, 6/2): =z/r; are biholomorphic maps hence
isometries of the Kobayashi pseudometric and then

ko, (a, b)=kp(9/(a), oy(b))=ela/r;, b]ry).

The Poincaré-Bergman metric is continuous and it follows from the above
equalities and lim,,.r;=1 that

lim fp, (a, b)= limo (a/r,, b/r,) —ola, b).
J—ee

J—o0

It remains to use the inclusions f(D,j) C My and the fact that the restrictions
of f to D’/‘ flb, :D,j — M; are holomorphic, hence distance-decreasing with

respect to the Kobayashi pseudometric, i.e. kp (a, b)ngj( fla), f(b))- From
here and the definition of dy we obtain the desired inequality
o(a, b)= }im kD’/(a’ b)zlijm sup ku (f(a), f(b))=dm(f(a), f(6))

and the proof of the theorem is complete,
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Now we shall give a consequence from this theorem which is analogical
to the corollary of theorem 1 and has the same proof.

Corollary. Let {M;} be increasing sequence of complex spaces with
compatible structures and let M be the union U3 M, Then for every two
points p and q of M the limit lim ,_mkM( P, q) extsts and is equal to ku(p, q).

In the case when M contains in all M; we shall prove a theorem which
is analogical to corollary 2 of theorem 2 but under more strong assumptions
than those of theorem 2.

Theorem 4. Let {M;} be a sequence of complex spaces containing the
complex space M and let the spaces be with compatible structures in their
intersections. Moreover, let there exists some sequence {p,;} of holomorphic
maps @;: My — M, which tends to the identity of M. Then if the limit
hm,_.mkM( p, q) exists for every two points p and q of M we assert that
it is equal to ku(p, q)-

Proof. If we set

au(p, @): =limku(p,q),  wP, gEM,

then it is sufficient to show that dm(p, g)=*ku(p, g). Since Mc M,, for every J
the identity of M, idy: M — M, is holomorphic map hence distance-decreas-
ing with respect to the Kobayashi pseudometric, i.e. Zu(p, )>kM(p, q), /J-
It we fix two arbitrary points p and ¢ of M and take limit for j 5 o0 in this
inequality then we obtain du(p, =km(p, q)-

To show that this inequality is in fact an equality we suppose that there
is a positive ¢ such that du(p, ¢)+:<km(p, g). By the definition of dm(p, q)
for all sufficiently large indices j we have kM(p, N<dm(p, q)+e. Let j be

arbitrary fixed such an index. Since
ij(pv 4) : =inf L(o)) UEVM (p) Q)
o J

we can find a chain oy: ={a,, b,; f.}7_, from p to ¢ in M; with length
L(og): = Z ea,, b,)<dm(p, q)+e.
=1

The maps f, belong to H(D, M) and composing them with the map ¢ ,¢H(M;, M)
(from the assumptions of the theorem) we obtain maps g,: =g@jyo f, belonging

to H(D, M). Then o;: ={a,, b,; g.}7_, is a chain from ¢(p) to @,(¢) in
M (o/c Vauloi(p), ¢i(q)). Its length is the same as that of ¢; because

L(g}): = ;421 Q(a/u b“)= :L(O'j).

Now using the definition of km(¢,(p), ¢j(q)) we obtain

km(w (), 2/(9)=L(o))=L(o))<dm(p, 9) +&

i.e. for all sufficiently large indices j we have ku(pA p), »/(9)<dm(p, ¢)+e.
Since the Kobayashi pseudometric is continuous [1] it follows for j— oo
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ku(p, q)= km(}irg 2 P) lji_glwwj(q)) = jlgg km(pi(p), pi(@)=dm( p,q)+e<km(p,q)

This is a contradiction and the theorem is proved.

Remark. One can see thatin this proof the points p and ¢ can be fixed
still from the beginning. Therefore, this theorem also admits as theorem 2 a
variant in which we suppose that lim,,.%nm(p, ¢) exists for some two fixed

points p and ¢ of M and then we assert that this limit is equal to &ku(p, ¢).
Furthermore, we can suppose in such a case that there is a sequence {g;} of
holomorphic maps @;: M; — M which tends to the identity of M only at the
points p and gq, i.e.

}_Lm »AP)=p, }im v(9)=q

and the conclusion is the same.
As after theorem 2 we shall give in an important particular case a con-
sequence in which the existence of limj_mij(p, g) is not in the assumptions,

but in the conclusions.

Corollary. Let {M;} be decreasing sequence of complex spaces and
let the spaces be with compatible structures in their intersections. If there
is a sequence {@;} of holomorphic maps @;:M; — M which tends to the
identity of M then for every two points p and q of M the limit lim,-_,.,eij( 2.q)
exists and is equal to ku(p, q).

The proof is the same as that of corollary 1 of theorem 2.

Finally, it is possible to formulate and prove new theorems for coinciding
of lim,-_mij(p, q) and ku(p, q) in the case when M;7c M and M]cM; for

some subsequence of indices j taking the assumptions of theorem 3 and theo-
rem 4 or its variant, but we shall not do this here.

4. Final remarks. A difference between the previous note [3] and this
paper is that we prove here the theorems for the case when M contains in
all members of the sequence {M;} without the assumption that M is the ker-
nel of {M;}. Only assumptions for approximation play the role of a condition
for “tending” of the sequence {M;} to M.

A supplement to the definition of a kernel is the following:

We say that the sequence {M,};;l tends to its kernel M if every sub-
sequence {M, }=°  has the same kernel M in U M; (not in U= My 1)

This supplement is not essential in the case when M contains all M; (as
in theorem | and theorem 3) because it is easy to verify that if M is the
kernel of the sequence {M,}, then every subsequence has the same kernel M,
i.e. {M;} tends to its kernel M.

In the general case the kernels of all subsequences {M,} contain the ker-
nel M of the initial sequence {M;}, and the condition that {M;} tends to its
kernel M is an essential additional assumption for the sequence {M}.

It remains as open question whether there exists some relation between
the comparatively strong topological condition for tending of {M;} to its ker-
nel M and our assumptions for approximation in theorem 2 and theorem 4.

More generally we can ask whether it is possible to replace the approxima-
tion in these two theorems which have analytic character with other assump-
tions which have topological or geometrical one,



79 V. Z. HRISTOV

REFERENCES

1. T. Barth. The Kobayashi distance induces the standard topology. Proc. Amer. Math. Soc.,
35, 1972, 439—441.

2. C. Carathéodory. Uber das Schwarzsche Lemma bei analytischen Funktionen von zwei
komplexen Verinderlichen, Math. Ann., 97, 1926, 76—98.

3. V. Z. Hristov. Limits of Carathéodory and Kobayashi pseudometrics. C. R. Acad. bulg.
Sci, 29, 1976, 951—954.

4. S. Kobayashi. Invariant distances on complex manifolds and holomorphic mappings.
J. Math. Soc Japan, 19, 1967, 460—480.

5. S. Kobayashi. Hyperbolic manifolds and holomorphic mappings. New York, 1970.

6. S. Kobayashi. Intrinsic distances, measures and geometric function theory. Bull. Amer.

Math. Soc., 82, 1976, 357—416.

Centre for Mathematics and Mechanics Received 4. 12. 1978
1090 Sofia P. O. Box 373



