Provided for non-commercial research and educational use.
Not for reproduction, distribution or commercial use.

PLISKA

STUDIA MATHEMATICA
BULGARICA

FIANCKA

BbATAPCKU
MATEMATUYECKU
CTYAUU

The attached copy is furnished for non-commercial research and education use only.
Authors are permitted to post this version of the article to their personal websites or
institutional repositories and to share with other researchers in the form of electronic reprints.
Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to third party websites are prohibited.

For further information on

Pliska Studia Mathematica Bulgarica

visit the website of the journal http://www.math.bas.bg/~pliska/

or contact: Editorial Office

Pliska Studia Mathematica Bulgarica

Institute of Mathematics and Informatics
Bulgarian Academy of Sciences
Telephone: (+359-2)9792818, FAX:(+359-2)971-36-49

e-mail: pliska@math.bas.bg



CONVOLUTIONS, MULTIPLIERS AND COMMUTANTS
FOR THE BACKWARD SHIFT OPERATOR

IVAN H. DIMOVSKI, DIMITAR M. MINEFF

An algebraic approach to the backward shift operator U* is developed. The convolutions
of all linear right inverse operators of U* are found. The multiplier operators of these convo-
lutions are determined. An explicit representation of the commutant of U* inan invariant hyper-
plane is given. An application to the multiplier problem of T. A. Leontieva’s expan-
sions in a closed domain is made.

Let D be a finite domain in the complex plane. The space of local ana-
lytic functions on D will be denoted by A(D). The topology in A(D) is intro-
duced, as usually, as an inductive topology. Let {O,}>_, be a decreasing se-
quence of domains 0,>0,;; such that every open set, containing D, contains
some O, With B(O,) we denote the space of bounded analytic functions on
O, with the norm ||f| ,=sup.¢o, |f(2) . Then we consider A(D) as the induc-
tive limit of the spaces B(O,). It is well known that the corresponding induc-
tive topology is such that a sequence f of local analytic functions in
A(D) tends to F¢A(D) iff there exists an open set O>D and functions f, and
f, regular in O such that f, belongs to the class fw f belongs to the class
f and f, — f uniformly on O. A linear functional @ on A(D) is continuous iff
fu— O implies &(f,) — 0.

Let the domain D contains the zero point 0. Then the operator
(1 U* flz)=[f(2) - f0)]/=
is said to be the backward shift operator on A(D) (also, the left shiit, or the
adjoint shift). It had been studied by many authors (see [1]). They, usually,
study directly the operator U* itself, its invariant subspaces and cyclic vec-
tors, mainly on disk domains. Here we intend to study the family of conti-
nuous linear right inverse operators of U* in an arbitrary domain. Only in one
case it is presupposed that D is a domain with connected complement, so
that Runge’s approximation theorem to be applicable.

First, we shall characterize the family of continuous right inverse linear
operators of U*.

Lemma 1. A continuous linear operator T:A(D) — A(D) is a right in-
verse operator of the backward shift (1), iff it admits a representation of
the form

2 Tz) =2f(2)—Pelcf(2)]

with a continuous linear functional ® on A(D), with ®[1]=1.
PLISKA Studia mathematica bulgarica. Vol. 4, 1981, p. 128—136.
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Proof. If #:A(D)— Cis an arbitrary continuous linear functional on
A(D), then it is evident that (2) is a continuous linear right inverse operator
of U* The converse is not so evident. Let 7°: A(D) — A(D) be an arbitrary
continuous linear right inverse of U* Then it is evident, that 7f(2)=2zf(2)
+x(f) with a continuous linear functional z¢[A(D)]'. A well known theorem of
Sebastiao e Silva [2] gives the form of these functionals. The continuous
linear functionals on A(/)) are exactly the functionals of the form

3) UN= g fLO D)L,
/

where L(¢) is a function, analytic in C\\D and C; is a contour in the common
domain of analiticity of L(z) and f(z), such that D lies inside it.

In order to represent yx in the form y(f)=—@:[¢f(¢)] with @[l]=1, we
introduce the auxiliary functional 'I’(f)=—(2ni)—'fc,;—'£(§)f(¢)d¢. Then it is
easy to verify that the functional @(f)=(1—%[1]) f(0)+ ¥(f) has the property
@[1]=1 and x(f)= —D¢ f(¢)]. Thus the lemma is proved.

Representation (2) of a right inverse of U is said to be the canonical
representation.

Basic for our algebraic approach is the following convolutional operation
in A(D), connected with an arbitrary continuous linear right inverse operator
T of U* with the canonical representation (2).

Theorem 1. If ®[A(D)] is a continuous linear functional with ®[1]=1,
then the operation

z2—-¢

is a continuous, bilinear, commutative and associative operation in

A(D), such that the operator T, defined by (2), can be represented in the
form

®) Tf={1}«1.

Proof. If we use a representation of the form (3) for @in (4), the contour
Cy should be chosen in such a way as to lie in the common domain of
analiticity of f(z) and g(z). Then the separate continuity of (4) is evident. As
for the bicontinuity of (4), i.e. f, — f and g, — g to imply f,*g, — f+g we
can make it evident too, if we use the Cauchy formula for a representation
of the divided difference [2g(2)—g(0))/(2—¢):

2g(2)—Cg©) _ 1 og(o)do

z—¢{ 2ai ,j (6—2z)o—0)°’

where I' is a contour, lying in the domains of analyticity of f(2) and g(z) and
containing the contour of the representation (3) for @ inside.

The bilinearity and commutativity of (4) hold without assumption @[1]=1.
We shall show that the same is true for the associativity too. We use the
Fubini property
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(6) {psdjn{ (& m}=2,PL f(5 77)}

valid for f(& n)¢A(DXD). Let f, g and & be arbitrary functions from A(D).
Directly, we get the identity [(f=*g)=)(2)=DP{K(f, &, &; 2, ¢, &)} with

—& - h(z)—Ch
K(f, & k;z 6 &)= 2[2f(2) ,f(E)][/:f(fz xz&i(g))llz (2)—Lh(0)]

LA = EA(9)ILe(0) —Eg(d)llzh(2)—LA(Q)]
(2=t —¢) ’

Using (6), we can make a summarization under functional’s signs:

(f+8)* k(@)= BPAK(f, 8 15 2, ¢, O)+K(f, 8 13 2 & O))-

Now, by a direct check, we verify the identity
K(f, 8 ks 2,0 +K(S, 8 ki 2,5 0)=K(h g f; 2,5, )+K(h, 8 [ 2 &),

thus proving the associativity relation (f=g)=h=/f=(g=h).
Let us note that till now we have made no use of the assumption &(1)=1.
It is needed only to ensure representation (5).

Corollary. If ®: A(D)— C is an arbitrary continuous linear func-
tional, then operation (4) is continuous, bilinear, commutative and associative
in A(D).

Lemma 2. If ®: A(D) — C is a linear functional with Fubini’s property
(6), then operation (4) has the property

@) (f+£)=0 for f, gAD).

Proof. Let, provisionally, k(z, ;) denotes the expression under the sign
of the functional in (4). Evidently, k(2, {)= — (¢, 2). Then &(f=g)=D.D{k(z,)}
= 0.0, {k(z, O)}= — PR, 2)} = —D(f+g). Hence, b(f+g)=0.

Lemma 3. If f, gcA(D), then

8 U*(f = 8)=(U") =g+ 2(f)g.

Proof. By an easy check. Let us note that (8) is a special case of a
general identity for a right inverse operator with convolution (3, th. 1).

Lemma 4. If ®: A(D) — C is a non-zero continuous linear functional,
then A(D) with the multiplication (4) is an algebra without annihilators.

Proof. The term “algebra without annihilators” is understood in a sense
that if f+xg=0 for all fEA(ﬁ), then g=0, or, informally, no non-zero element
plays the role of O in the multiplication. In our case we shall show something
more: there are non-divisors of zero in A(D). Let us choose a 1,6C\D, such
‘t,?,at D;[1/(¢—4)]+0. Such 2, does exist. Indeed, if it were @:[1/(r—2)]

=[(1)=0, then, according to the representation formula of the linear conti-

nuous functionals in A(D) (see [2]) we would have @ =0, contrary to the hy-
pothesis. The function ¢y(2)=1/(2—42,) is a non-divisor of zero of (4). Indeed,
the operator
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) Tof@)={;25] =1

is a right inverse of Uj=(U*—1/1)/L(d,) in A(D). Therefore, the equation
@o(2) #f(2) =0 is satisfied only by f(2)=0. Hence A(D) with multiplication (4)
is an algebra without annihilators.

Definition 1 [4, p. 13]. An operator M: A(D) — A(D) is said to be a
multiplier of the convolution (4), iff the relation

(10) (Mf)= g=f=(Mg)

holds for all f, gcA(D).

Lemma 5. The multipliers of the convolution (4) are linear operators
in A(D) and they form a commutative algebra.

Proof. Since A(D) with multiplication (4) is an algebra without annihi-
lators, the statement follows immediately from a general theorem [4, p. 13].

Now we shall characterize the multiplier algebra of (4) for an arbitrary
non-zero continuous linear functional &.

Theorem 2. An operator M: A(D) — A(D) is a multiplier of a convo-
lution (4) with non-zero continuous linear functional D, iff it can be repre-
sented in the form

(11) Mf(2) = uf(2)+m(2) = f(2)
with u=const and with m(z)¢A(D). This representation is unique.

Proof. Let 4,€ C\D be chosen so that @.1/(z —4,)]=L(4)==0. The
possibility of such a choice is shown in the proof of lemma 4. Let

M : A(D) — A(D) be a multiplier of (4), and 7, is the linear operator (9).
Applying M to both sides of (9), we get

(12) ToMf=(Maq) * f,

where lemma 5 and relation (10) are used. But 7, is a right inverse opera-
tor of U,=(U*—1/4,)/L(4,). Applying this operator to both sides of (12) we
get Mf=[(U*—1/29)/L(2)|[(Mgp,) = f]. Using lemma 3, from the last equality we

get a representation of the form (11).
Let us show that representation (11) is unique. Suppose that

(13 u1f(2) + m,(2) = f(2) = us f(2) +my(2) * f(2)

for all f(2)¢A(D). First, let f be such that &(f)$0. Applying @ to (13), we
get u,D( f)=u®( f), using (7). Hence wu,=u, Then (13) can be written in the
form [m(2)—my(2)] = f(2)=0. According to lemma 4, m,(2)—m,(2)=0 and the
uniqueness is proved.

Conversely, it an operator M in A(D) is of the form (11), it is evidently
a linear continuous operator and a multiplier of (4).

Corollary 1. Each multiplier of the convolution (4) is a continuous

linear operator in A(D).
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Corollary 2. If the continuous linear functional &( f) satisfies the
condition ®{1}==1, then each multiplier of convolution (4) can be represented
in the form

(14) Mf(2)=U*(r(2) = (2))
with r(z)=M{1}.

Proof. In the same way, as of theorem 2, but with 7 instead of 7.
This time we should use relation (5) instead of (_9).

In the next two theorems we suppose that D has a connected complement.

Theorem 3. Let ®: A(D) — C be a continuous non-zero linear func-
tional. A continuous linear operator M: A(D) — A(D) has as an invariant
subspace the hyperplane Ags={ fCA(D), ®(f)=0) and commutes with the back-
ward shift operator U* in A, iff it is a multiplier of conwvolution (4).

Proof. Let M: A(D)— A(D) be a continuous linear operator, and the
hyperplane &(f)=0 is its invariant subspace, i.e. if @(f)=0, then @(Mf)=0.
Let us again choose 1,6C\ D such that L(1,)=®1/(t—2,)]-=0. We shall show
that the commutation relation MU*==U*M in A, implies the commutation re-

lation MT, f= T ,Mf for fcAD), where 7, is defined by (9). Indeed, according
to lemma 2, &(7,f)=0 for each fcA(D). Hence
M{U*—1/20)/L(2e)} To f ={(U* —1/20)/ LUAMNMT ,

or Mf={(U*—1J4,)/L(2,)}MT,f. Let us apply 7, to both sides of the last
identity. Using the fact that 7, and U,=(U*--1/4y)/L(4,) are mutually inverse
on A, we get TMf=(TUMT, f=MT,f, since &(MT,f)=0 for f¢c A(D).

In order to prove the multiplier relation (10) we begin with the evident
identity (Ma) = @ = @o* (Mg,). Using the associativity of f=g and the com-
mutation relation M7,=7,M, we obtain the following series of identities:

M(T5 ' po) * (Towe) = (To wo) * M(Towy), myn=0,1,2, ...

From the bilinearity of f=g it follows that multiplier relation (10) holds for
functions of the form fpm=2r—o0@msT 0@, and g,=3i-16s:Tip, Where anmr and
b.. are constants, i. e. (Mfn)=gn=/f, *(Mg,). It remains to show that the li-
near span of {7y'qy}n-1 is dense in A(D) in its inductive topology. Each func-
tion Tgq, is a polynomial of 1/(2—4y), i. €. Tope(2)=2k-ocnr[l/(z—1,)]* with
Cnn=—AlL(1,)0. Let ¥: z\—1/(z—2,). If k(2) is an arbitrary function from
A(D), then the function A(Z)=k(i,+ 1/¢) is from A(P(D)). According to Runge’s
approximation theorem, there exists a sequence of polynomials p,(;)= k= an "
converging to A(;) in the inductive topology of A(¥(D)). Then the sequence
gn(2) = Pal1 /(2 —1,)] converges to k(z) in A(D). Hence the linear span of {77¢,}2
is dense in A(D). Now, using the continuity of f+g in A(D), we can assert
that the multiplier relation (14) holds in A(D).

Conversely, if M: A(D)-— A(D) is a multiplier of the convolution (4),
then, according to theorem 2, it has a representation of the form (11). The
operators (11) evidently, have A, as an invariant subspace. If @(f)=0, then,
by (8), it follows
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U*Mf = uU*f +m = (U*f )+ D( f)m= MU*f,
i. e. UsM=MU?* in Ap. The theorem is proved.

Corollary. A linear continuous operator M: A(D) — A(D) with an in-
variant hyperplane @O(f)=0 with continuous linear functional ®, commutes
with "U* in this hyperplane, iff M is an operator of the form (11).

Now we shall characterize all continuous convolutions of the right in-
verse operator 7 of U*.

) Definition 2. A bilinear, commutative and associative operation
f=g in AD) (i. e. =: AID)XA(D) — A(D)) is said to be a convolution of the
operator T, defined by (2), iff the relation T{( f:g)=(7‘f): g holds for all
f, g€ AD). , : : :

Such definition of convolution of linear operator, mapping a linear space
into itself is given by one of the authors in [5].

Now we shall find all separately continuous convolutions of 7 in A(D).
Let us remind, that a convolution f*g in A(D) is said to be separately con-
tinuous, iff f, —f in A(D) implies f,*g—f=g for all g¢ A(D).

Theorem 4. A continuous bilinear, commutative and associative ope-

ration f=g in A(D) is a convolution of the right inverse operator T of U¥,
defined by (2), iff it has the representation

(15) frg=U*r=f=g) with r=1x1¢ AD),
where by = the operation (4) is denoted.

Proof. Let f=g be a continuous convolution of 7 in A(D). If we fix f,
we may look on f*g as on an operator Mg, defined on A(D),i.e. Mg=f+g.

From the convolution relation 7(f#g)=(Tf)=g it follows that M,T=TM,

i. e My and T commute on A(D). As in the proof of theorem 3, it follows
that M, is a multiplier of the convolution f=g. Hence, it has the represen-

tation (14), i. e. _
Mg =f+g=U*(M1}) =g
In particular, My(1}=M,,, f= UM, {1}« fi=U*(1% 1)=f]. Therefore,

frg=UU* (1% 1)=f)=g).
Now, using formula (8) and lemma 2 we get (15).

Conversely, if r¢ A(D) is arbitrary, the operation in A(D) defined by (15)
is a (continuous) convolution of 7.

Especially interesting are the following two convolutions of 7" in A(D).
Corollary 1. The operation

(16)  f7g(z)= 2z [VOTNEOEON 1 a(N)g2) + A2~ P ADEE))

is_a convolution of T in A(D) with function 1 as unit element, i. e.

1« f=f for all f¢AD). &
Proof. Let us take r=1 in representation formula (15). We get f=g

~U*(f+g). By formula (8) and some elementary algebra, we arrive to (16).
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Corrollary 2. The operation
£ @)= [LOSNEEECD 1 g g + d@)Uf

is a convolution of T in A(D) with unit element z—&(;), i. e. [z—d)(()]f f=f
for each f¢ A(D).
This convolution is received from (15) by the choice
r=T{l}=2—2(c).
At last, we shall consider an application of the above results to the prob-
lem of expanding of functions from A(D) in a system of fractions {1/(z—2,)}:,
with prescribed poles. In the recent years this problem has been studied by

T. A. Leontieva [6] %
Let @: A(D)— C be a continuous linear functional in A(D) with Sebas-

tiao e Silva’s representation

(17) W)= f L) [y,

where L(1) is a function, analytic in C\D with L(c0)=0. Without loss of ge-
nerality, we may assume that lim.,.2zL(2)=1, i. e. ®(1)=1. Let L(2) has an
infinite sequence of zeros 2,, g, ..., 4, ... which certainly cluster on oD.

The functional (17) determines the right inverse operator of U* given by
Tf(z) 2f(2)— @[z (D]

Let us denote

(18) @(2)=1/(2—12,), n=1,2,.
Lemma 6. If f(z)¢ A(D), then
(19) f* 0n=2Lf)Pns n=1,2,...,
where y,(f) are continuous linear functionals, given by
(20) wul f)= o [HBID g
¢

Proof. By a direct check, using (4) and the condition @(1)=1.

Theorem 5. Linear functionals (20) are multiplicative with respect to
convolution (4), i. e. xu(f*Q) =1y n=1,2,... for all f, gec AD).

Proof. Let us multiply (19) convolutionally by g. Using the assocnatlvxty
of (4), we get (f+8)* gu=1xa(f)(g* @n) OF %alf*8)Pu=2n(/)2n(&)Pn, Where again
(19) is used, this time for f=g, and g.

Corollary. The system (18) is conwvolutionally orthogonal with res-
pect to the corresponding convolution (4), i. e.

, m=n;
{ A2L"(2n), m=n,

Pm * Pn=
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T. A. Leontieva [6] considered formal expansions of the functions
(2)¢ A(D) of the form
(21) fo~ 2 N1

= 22L(1,) 2~ n

and gave sufficent conditions in order the series in (21) to represent f(2)
in D. Later on, we will not enter into details about the convergence problem
for the series (21). In order to ensure an uniqueness theorem, we shall sup-
pose the convergence of T. A. Leontieva’s expansion (21) only in a neighbour-
hood of a point in D. These neighbourhoods may be different for different func-
tions, but they should contain a common point.

Lemma 7. If T. A. Leontieva’s expansion (21) for each f¢ A(D) is con-
vergent to f in a neighbourhood of one and the same point of D, then ex-
pansion (21) is unique, i. e. y(f)=0 for n=1,2,... imply f=0.

Proof. Evident, from the principle of analytic continuation.

Later on, we suppose the uniqueness of (21).

Theorem 6. If M: A(D)— A(D) is a multiplier of the convolution (4)
then there exists a numerical sequence {u,}>_,, such that y(Mf)=unra(f)
n=1,2,... for each f¢ AD).

Proof. From representation (11) and relation (21), we have

xn(Mf) = :“xn(f) +xn(m *f) = ,“Zn(f )+ Xn (m)'n(f)'

Hence u,—=u+ x,(m), where n=const, and m ¢ A(D).

Definition 3. An operato rM: A(D)— A(D) is said to be a coefficient
multiplier of T. A. Leontieva’s expansion (21), iff the expansion of Mf is
of the form

- 1
M (Z _ uninl S) s
/@) A (Gy) 2P
where {ua}>_, is a numerical sequence, not depending on f.
Theorem 6 asserts that each multiplier of convolution (4) is a coefficient
multiplier of T. A. Leontieva’s expansion too.

Theorem 7. If the expansion (21) is unique in A(D), then each coeffi-
cient multiplier of it is a multiplier of (4) too.

Proof. Let f,g¢ A(D) be arbitrary, and M: A(D) — A(D) is a coeffi-
cient multiplier of T. A. Leontieva’s expansion (21). Then

2 M(f = 8) — (MF ) # 81 = ttnal f * &) — xal M )2 &)= tan 2n( £ )2 &) —[14n2n( /) tn(8) = O

for n=1,2,.... From the hypothesis, that there it is ensured the uniqueness
of (21), it follows M(f+g) —(Mf)+g=0. Hence M is a multiplier of the con-
volution f= g.

Corollary. An operator M: A(D)— A(D) is a coefficient multiplier of
T. A. Leontieva’s expansion (21), iff it has a representation of the form
Mf(2) = uf(2) +m(2) = f(2) with u=const, and m(z)¢€ A(D).
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From the last representation itfollows that the coefficient multipliers of
T. A. Leontieva’s expansion are continuous linear operators.

It seems that the algebraic approach, proposed here, could he used for
study of other problems, related to T. A. Leontieva’s expansion too.
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