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ON SOME ALGEBRAS OF COMPLEX-VALUED FUNCTIONS
ON DIFFERENTIABLE MANIFOLDS

ANDREANA S. MADGUEROVA

This article invesigates algebras of complex-valued functions of type C on compact C® manifolds
and describes a large class of such algebras by linear differential operators; it examines projective
limits of such algebras; studies algebras of complex-valued functions of type C on the n-dimensional
torus and on discs in the complex plane C as examples.

1. Introduction. The algebras of type C are introduced by G. E. Shilov in 1947
[1]. Interesting and significant results about homogeneous algebras of
complex-valued functions of type C on the torus are received in the works of G. E.-
Shilov [1-6], H. Mirkil [7], K. de Leeuw and H. Mirkil [8], B. S. Mityagin [9], V. V.
Grushin [10] and others. It is worthwhile to investigate not only homogeneous
algebras of complex-valued functions of type C. The papers [1, 11-13] contain
results in this direction. A presentation of algebras R of type C of complex-valued
functions on some compacts as completion of the polynomials with norms,
determined by the canonical homomorphisms @, : R—R/J(s) (where J(s) is the
minimal closed primary ideal of R at the point s), is worked out by G. E. Shilov in
some cases in [11]. Nonhomogeneous algebras of continuous complex-valued
functions of type C on segments in R! are investigated in [1, 12, 13]. These
algebras of them, which contain all complex-valued functions with continuous
first derivatives, are described in [13].

The present article studies the algebras of complex-valued functions of type
C on compact, C* differentiable, n-dimensional manifolds and it describes a large
class of such algebras by linear differential operators; this article examines
projective limits of such algebras; investigates algebras of complex-valued
functions of type C on n-dimensional torus and on discs in the complex plane C as
examples.

2. Preliminary. Let recall the fundamental definitions about the algebras of
type C:

Definition 1. The Banach algebra R of complex-valued (c —v), functions on
the compact topological space G is called an algebra of complex-valued (c—v),
functions of type C on G if 1) R is an algebra without a radical (i.e., the intersection
of all maximal ideals of the algebra R consists only of the zero element of the
algebra R); 2) The norm ||f|| in R, feR, is equivalent to the norm sups | fl;.
where ||f|,=inf{| gl :geR, g=f in a neighbourhood of s}.

Definition 2. An algebra R of ¢ —v functions on the topological space G is
called regular if for each compact F =G and each sy€ G, with s, ¢ F, there exists
a function fe R such that f(sy)#0 and f(s)=0 for VseF.
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Definition 3. An ideal J of an algebra R is called a primary ideal of R if J is
contained in a unique maximal ideal M of R. If R is an algebra of ¢ — v functions on
a set G, and if M consists of all functions fe R, for which f(sy)=0 for some s,€G,
then we shall denote M by M(sy), J by J(sq).

It is proved (see [1, Ch. I, Theorem 5], [2, Theorem 3.3]), that if R is a regular
Banach algebra of c-v functions on a compact G, without radical, then for each
So € G there exists a minimal closed primary ideal J(s,) at the point s,.

3. Formulation of the results. Further let G be a compact C* differentiable
n-dimensional manifold.

Proposition 1. Let R be a regular algebra of c-v functions of type C on G, in
which the set O of some continuous c-v functions on G is contained and is dense. Let
w,(f) be the image of fe R in the canonical homomorphism R—R/J(s), let |.| be the
quotiont norm in R/J(s), where J(s) is the minimal closed primary ideal of the algebra
R at the point seG. '

Then |w,(f)|s is an upper semicontinuous function in s, and the algebra R is
a completion of O by the norm p, pf=supsclw,()l;

When G is a finite segment in R!, O — the set of the polynomials, for some
cases, Proposition 1 is contained in [12]. The announced results in [11] contain
Proposition 1 for some G and some 0.

Let DY (resp., DE°) be the algebra of all c-v functions f on G, for which
fo @ teCly (resp. € Cyy,y) for each local chart (U, ¢) of the manifold G, where
Clw, is the algebra of all continuously differentiable c-v functions up to order v,
inclusive, on ¢@(U), v=0, 1,...; oo (resp., Cyu is the set of all upper
semicontinuous c-v functions on ¢(U)).

Definition 4. A linear continuous map A :DE—D? is called a linear
differential operator on G if for any given local chart (U, @) of G, the transfer
A o @' is a linear differential operator on @(U) (see [14]). If in addition the
coefficients of A o ¢~ ' are in Chy, (resp. in Cyy)), then A is called still with
coefficients in D} (resp. in DE); The operator derivative AP, p=(p,,...,p,). of A is
called the linear differential operator on G which transfer A® o ¢, in each local
chart of G, is the p-operator derivative of the transfer of A in this chart. Here the
operator derivative B'P of the linear differential operator B=ZbD* in R" is

> ("!‘,) p! b D*~?,
4

with D"=0"/0x", x=(xy,..., X,), r=@,....r,).

Definition 5. The linear space a of linear differential operators is called
differential-invariant if for each Aea all operator derivatives A'® of the operator
A also belong to o, p=(p,, P3.---» Pu)E€Z"% . In the case G=R" if in addition all
operators of o are with constant coefficient then a is called and homogeneous as well.

Theorem 2. Let R be an algebra of c-v functions of type C on the compact C*®
differentiable n-dimensional manifold G, n=2, for which algebra R the algebra D is
contained and is dense in R. Then 1. The algebra R is a completion of the algebra
DZ by the norm p, pf=sups. ¢ |w,(f)|;, where w(f) is the image of f in the canonical
homomorphism R—R/J(s). Here J(s) is the minimal closed primary ideal of R at
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s€G;|.|, is the factor norm in R/J(s). Moreover |w,(f)|, is an upper semicontinuous
Junction in s. 2. The factor algebra R/J(s) is isomorphous to K™/I,, for some N,
where KN=C[X,,..., X, ]/m"*!, (C[X,,..., X,] is the formal polynomial ring over
C, m is the maximal ideal in it); I, is an ideal in K", se G. 3. Let (U, ¢) be a local
chart of G, let F be a compact n-dimensional cube or ball in @(U), F# Q. Then
Rro={(f o @ ')|F, feR} a) is a regular algebra of c-v functions of type C on
F relatively the norm || fo ¢~ | Ry, =SUDPsco—1(p) |l flls5 B) Rfq is a completion of
D> | F by the norm p’, p'g=X 4e8(ap) SUPxe F | Ag(X)| for some linear finite-dimensional
differential-invariant space oy of linear differential operators of order not larger than
N; the absolute values of the coefficients of the operators in ay are of Dy — i.e. are
upper semicontinuous on F; B(ag) is a finite basis of ap; D® is the space of all
infinitely differentiable c-v functions on R™ with compact supports. Moreover I €.
4.a) R is a completion of D§ by the norm p,

(1) pf= Z sup|Af(s)l,

AeB(a) € G

where « is a finite-dimensional linear differential-invariant space of linear differential
operators, the absolute values of whose coefficients are in D ; B(x) is a finite basis
of a; moreover I ea; b) If a is a linear finite-dimensional differential-invariant space
of linear differential operators with coefficients in D, I € a, then the completion R of
Dg with the norm (1) is an algebra of c-v functions of type C on G, with precision up
to a natural isomorphism (where I is the identity operator).

Remark 1. As R, (resp. R) is a completion of D®|F (resp. D&) then for any
fixed fe Rf,, (resp. fe R) there exists a sequence (f,,), f,,€ D®|F (resp. f,,€ DE), by
which (f,), it receives f, completing D*|F (resp. Dg) by the norm p’ (resp. p).
From the kind of the norm p’ in 3.b) (resp. p in 4.a)) it follows that there exists
lim,, Af,,(v) for VAeag, VveF (resp. VAea, Yve G). These limits are determined
uniquely by the function f since Rf, (resp. R) is without radical. Let denote
lim,, Af,,(v)=Af(v) and let call it A-generalized derivative of L. Schwartz-Sobolev

‘type of f at the point v. It will be proved: 3.b") (resp. 4.2")). If Af is continuous on
F (resp. on G), Aca, (resp. Aew), V fe Ry, (resp. V f€ R), then the coefficients of
A are continuous too.

Example 3. Let G=T be the n-dimensional torus, considered as a factor
manifold R"/Z" of the space R" to the integer lattice Z". In particular, Theorem
2 describes the algebras R of c-v functions of type C on T, in which the algebra
D¥ <R is dense, by linear differential operators.

It is interesting to give such a definition of the homogeneity, which would
provide the constance of the coefficients of the operators in the space a from
Theorem 2.3. When G is an additive group, such a definition is given in [2] and the
case is widely investigated in [2-10] and others. At first we shall give the definition
of the homogeneity at a point x, € R" of an algebra R of c-v functions on M < R",
Xo€M. In the case n=1, there is such a definition in [1). Let U(x,r)
={y:|x—y|<r}, r>0, x, yeR"
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Definition 6. An algebra R of c-v functions on McR" is called
homogeneous at the point x, €M if there exists a neighbourhood U(x,, ro)< M, such
that: 1. For each fixed heR", |h|<r,, the neighbourhood U(x,+h, ro)=M; 2.
R|U(xo+h, ro)={g(x+h)|U(xo, 7o), g€R} (i.e., the set of the restrictions on
U(xo+h, ry) of the functions of R coincides with the set of the restrictions on
U(xg, ro) of g(x+h), geR).

Definition 7. An algebra R of c-v functions on the connected n-dimensional
manifold G is called homogeneous in the local chart (U, @) of G if each of the
algebras R, VF < @(U), is homogeneous at every point of F.

Corollary 4. In the conditions of the Theorem 2, if the algebra R is in
addition homogeneous in the fixed local chart (U, ¢) of the connected compact C*®
manifold G, and F = ¢(U), then the corresponding space ap=o(F, ¢) is still and
homogeneous (see Definition 5).

Remark. As it is clear from the results of K. de Leeuw and H. Mirkil in [8],
if the algebra R of type C is homogeneous in each local chart of a complete atlas
of the connected compact C* manifold G, then R=D¥ for some N.

The works [1-13] convince in the significance of the algebras of c-v functions
of type C. But the definition of the algebras of functions of type C claims the
existence of sups g |lfll;.- To transfer the ideas to algebras of functions on
non-compact spaces, here are examined projective limits of algebras of c-v
functions of type C.

Definition 8. An algebra R of c-v functions of type C, on the topological
space G is a projective limit of an up directed ordered family § of algebras Ry of c-v

Sfunctions of type C on F, Fe ', such that: 1. Each F is a compact in G; F=F;
2. Ry <R, if Fi<F, and (szlFx)cR,-l; 3. Ury F=G.

For the sake of simplicity of the account, we shall study only the case when
the maps 18 :Rp,»Rg , F, & F, (which maps are included in the definition of the
projective limits), are restrictions and when U F =G. In these requirements, the
algebra R, with precision to a natural isomorphism, is equivalent to an algebra of
c-v functions on G for which the canonical mappings i¥ : R— R, are if(f)= f] F.

Proposition 5. Let R be an algebra of c-v functions of type C, on the
topological space G relatively the up directed ordered family of algebras Ry of type
Con F, Fe{. Let Q' be another up directed ordered family of compacts Q< G,
satisfying the requirements: 1. Q= Q 2.0,<0,i0,<0,; 3. UQen'Q=G- Then for
each Qe X’ there exists some F=F(Q)e, for which QcF; the algebra
R,={f1Q.f€R;} is an algebra of c:v functions of type C on Q in the norm
ollfl =supsc o (¢l fll,). where | .| is the norm in Rg; and R, with precision up to
a natural isomorphism, is a projective limit of the algebras Ry, QeQ'.

Proposition 6. Let G be an open subset of R", n=2. Let R be an algebra of
c-v functions of type C, on G, in which R, the algebra Dg is contained and is dense.
Let &' be an up directed ordered family of compacts F<G, F=F,F,<F, if F,cF,
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and UpxF=G. Then R is a completion of D§ by the system of seminorms (pg),
Fe®, where ppf=2ZX ,.00SUPsr|Af(s)| for some linear (finite dimensional
differential-invariant space oy of linear differential operators on F; B(ay) is a finite
basis of ay. (Analogous results are true and for algebras of c-v functions of type C,
on n-dimensional C® manifolds.)

As examples, some algebras of c-v functions on closed and on open discs in
C are investigated:

Definition. The algebra R of functions on G ‘is called homogeneous
relatively the automorphism ¢ :G—G, if fe R implies f o ¢€R.

Let Q,={z:z€C, |z|=r}, O<r<oo.

Proposition 7. There exists. an one-to-one mapping from the set of all
algebras R of c-v functions of type C on Q,, homogeneous relatively all analytic
automorphisms of Q,, in which R, the algebra D®|Q, is contained and is dense, on the
sets w of operators of the kind

(2 w={d"/ozmioz", j=1,....¢; mj+n;=N,m;—n;=s;} = (N, s,,...,;s,), g= N +1,

and such a mapping that R, (with the corresponding w, R—w), is a completion of
D*|Q, by the norm p,

pg)= = sup|D'g@)|+ £ sup |(@Y/0z"102") g(z)].

\ki<N ze Q, j=1zeQ,

The algebra R, (R—w), will be denoted by Cg [w]. The inversity of this map signifies
that if ,#w,, then Cq [w,]# Cy [,].

Proposition 8. Let G be either O, or the complex plane C. Then there
exists a one-to-one map from the algebras R of c-v functions of type C, on G,
homogeneous relatively all analytic automorphisms of G, in which R¢D2;° the
algebra DE is contained and is dense, on the sets w of operators of the kind (2); and
such a map that R, (R—w), is (with precision up to a natural isomorphism),
a completion of D by the system of seminorms p,, n=1, 2,...,

q
pg)= I sup|D*(z)|+ = sup |(9"/0z"i0z"i)g(2)],
k<N ze K, ji=1 zeK,

where if G=Q,, then K, = Qnin+1): if G=C, then K,=Q,. The algebra R, (R-w),
will be denoted by Cglw].

K. de Leeuw and H. Mirkil receive the same in [5, 16] for very similar
algebras to the algebras Cy [w], Cglw].

4. Proofs.

Proof of Proposition 1. Since R is a regular algebra of c-v functions of
type C, hence for each se G there exists a minimal closed primary ideal J(s). Let in
the canonical homomorphism R— R/J(s), the function fe€ R maps to the element
w,(f). Obviously, the mapping w,(f), at a fixed point s, is a multiplicative
homomorphism. We shall prove that |w,(f)|,= F(s) (f arbitrary fixed), is an upper
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semicontinuous function in s: The upper semicontinuity of the function F(s) is
equivalent that all sets {s:F(s)= A4, seG}, VAR, are closed. Let (s,)—s,, s,.
so€G, and F(s,)= A. We shall show that and F(s;)= A. We have the following

Theorem 9. (G. E. Shilov [1, 2]). Let R be a regular algebra of c-v functions of
type C on the compact Hausdorff space G. For each s,€ G there exists a minimal
primary ideal ¢ (s,) at the point s,. It consists of all functions f in R, everyone of
which vanishes on some neighbourhood of sy. The closure J(sy) of #(s,) is the
minimal closed primary ideal at s,. The functions in J(s,) are characterized by the
property that for every f(s)e J(s,) there exists a sequence (f,), f,,€ R, such that
| f,nl >0 and f,(s)=f(s) on some neighbourhood of s,.

Therefore

3 Fis)=lo(Nl;=inf{ll¢ll :0eR, (p—))eJ(s)} =inf{lgll :g€R,

=f in some neighbourhood of s} = f].
Since HfllsO:inf{ lgll :geR, g=/ in some neighbouhood of s,}, hence for

each £¢>0 there exists a function g€ R, g(s)=f(s) in some neighbourhood Us0 of

the point s,, such that || f || >|lg || —e. The definition of the norm at a point
s yxelds IflI;=lgll for each point seU . Thus ||f|| ||g||—s>||f||s——e, for
Vse U . For sufficiently large v, we have s € U Hence F(so)= ||f|| 2 fl

>A—e Since £¢>0 was chosen arbitrarily, s~—>0 involves F(s,)= ||f||302A ThlS
proves that |w/(f)|, is upper semicontinuous in s on G.

Furthermore the algebra R is an algebra of functions of type C on G, that is
why the norm in R is equivalent to the norm p

4) pf=sup|fl, SfeR.

se G

From the definition of the point-norm ||. |, it is evident (see Eq. (3)) that || f], is
equal to the norm of the image of f in R/J(s) in the canonical homomorphism
R—R/J(s). Since O is dense in R, then (3) and (4) involve that R is a completion

O by the norm p, pf=sup,.glo,(f)l, =
Remark. The sets D%, v=0, 1,...; oo, are algebras relatively the pointwise

multiplication and Freche spaces, (see for instance [17, 18]). Since G is a compact
C® manifold, hence DY, N=0, 1,..., are normable, for example in the following
way: As G is a compact C* maifold, there exists a finite number of compact cubes
F,,...,F, such that 1. F; C(pJ(U ), j=1,...,m, where (Uj, (p,) are local charts of

the mamfold G 2 v;p; 1(F) G. Then the norm in DY can be given by
I/ =2;Zy<nSuPxer, |D (fo (p,“)(x)l This norm is evidently equivalent to the
norm sup,.g || f|,. i.e., each D¥ is an algebra of c-v functions of type C on the
compact C* manifold G, N=0, 1,... (As obviously, each algebra D¥ is without
radical since: a) All maximal ideals of D¥ are of the kind M(s), VseG, as G is
compact; DY < D% ; fe DY implies fe DY and fe D§ with f(s)#0 for Vse G involves
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(1//)e DY (see Lemma 5, 2, Ch.I of [1]). b) The former point involves that if
f belongs to all maximal ideals of D§ then f=0 on G and so [ f]=0.)
Let DV be the algebra of all c-v functions with continuous derivatives till

order N inclusively, with compact supports in R".
Lemma 10 [19]). The minimal closed primary ideal in D at the point x=0 is

JNO)={f:feDN, D*f(0)=0 for Vk, |k|<N}.

For N=1 this lemma is proved by G.E.Shilov in [4].

Proof. According to the Shilov’s Theorem 9, a function fe J™(0) if and only
if fis a limit in D" of such a sequence (f,,), f,,€ D", that each f,, is equal to zero on
some neighbourhood U,, of the origin. Hence J¥0)<={f:fe D", D*f(0)=0, Vk,
|[k|<N}. It is well known (for instance see [20]), that for V6>0 there exists an
infinitely differentiable function ¢, 5, such that 0<¢,,;<1;|D*@,,5|<C, /8", C, is
a constant; and

_ 0 on |x|<6/4,
?15=11 on |x|>34, xeR"

For each fe DY with D*f(0)=0 for Vk, |k|<N, it is easily verified that the
sequence (f,), f.=/f®,. satisfies the requirements: f, eD", f,(x)=0 on some
neighbourhood of the origin; (f,)—f in D*. Hence feJ"(0). m

Let F be a compact in R" with F = F # @. For the further proof let investigate
(D¥| F)/J ¥(x), where J¥(x) is the minimal closed primary ideal in D¥|F={f|F,
fe DN} at the point xeF.

Lemma 11 [19]. (D¥|F)/J¥(x) is isomorphous to DV/J¥(0)=X" and

(5) A N=(C[X,,.... X, )/mN*)=KN.

Proof DV|F and D" are locally isomorphous on F. Therefore (D¥| F)/J ¥(x) is
isomorphous (and with norm i.e. preserving the norm) to DV/JV(x), VxeF,
where J¥(x) is the minimal closed primary ideal of DV at the point x. Moreover D¥
is homogeneous. That is why it is sufficient to investigate D"/J¥(0). According to
the Weierstrass’ Theorem, the polynomials in x,,..., x, form an everywhere dense
set in DV. Therefore the polynomial’s images in the canonical homomorphism
D¥-DV/JN0) are dense. Let denote D¥/J¥(0)=xN. Since J¥(0)={f:feD",
D*f(0)=0 for Vk, |k| <N}, hence each x*, |k|> N, belongs to J¥(0) and the image
X* of each x*, |k|>N, is equal to 0. Therefore X" is finite dimensional and
(5) is true. m

Proof of Theorem 2. Proposition 1 proves the point 1 of this Theorem
as R is regular since DE = R. The point 2 of Theorem 2 follows in part by point
3 (which will be proved independently from the assertion of point 2): Let fix an
arbitrary se G. Let (U, ¢) be a local chart of the manifold G for which se U. Let
F be a compact n-cube in @(U) with (p(s)ei" . Evidently R/J(s) and Rf ,/JF o (¢(5))
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are isomorphous and in norm (i.e. preserving the norm), where J , (¢(s)) is the
minimal closed primary ideal of the algebra R} , at the point ¢(s). In the point 3,
independently from the point 2, will be proved that R ,/JF , (¢(s)) is isomorphous
to KV/I, for some N=N(F, ¢). Since G is a compact manifold we can choose
N independently from the cube F and the chart (U, ¢).

The same may be received and directly : Since R is an algebra of type C, then
all functions in R are continuous. Applying to the inclusions D =« R< D2 the
Closed Graph Theorem and the method from the point 3.a) we get again
R/J(s) =K"/I,.

Remark 2. In this article, the Closed Graph Theorem is used to compare
the topologies of some algebras R, = R,. In all such cases here, R, and R, are
regular algebras of c-v functions on the same compact G (or F) without radical
and moreover R, is of type C, R, is Fréchet space. For the norm in R,, ||.|, is
true |f(S)IZ|fIl, VfeR,, VseG, where |f(s)| is the absolute value of f at the
point s: The norm in the quotient algebra R,/M(s) is not larger than the norm in
R,, where M(s) is the maximal ideal of R, at the arbitrary fixed se G. But
R,/M(s)=C, and the image of fe R, in R,/M(s) (by the canonical homomorphism
R,—R,/M(s)) is f(s). Hence | fl|Z|f(s)I. So [l f=Zsupg|f(s)|. If D§ =R, ; Dg is
dense in R,, then R,c=D2).

Then by the convergence of a sequence (f,,), f,,€ R,, in norm of R,, it follows
its pointwise convergence on G. Since in all our cases from the convergence in the
topology of R, also it follows pointwise convergence, therefore, applying the
Closed Graph Theorem, we get the continuity of the inclusion map i : R, - R,. At
last, the continuity of the inclusion map i permits to compare the topologies in R,
and R,.

Proof of point 3 of Theorem 2. Since G is a C® manifold and as
DE <R, it is obvious that R}, is a regular algebra of c-v functions of type C on
F relatively the indicated norm in 3.a).

Furthermore D®|F < Ry ,, since D§ =R. Let ge D*|F, let F, be a compact
cube or a ball in ¢(U) such that F<F,. There exists a function g, € D® such that
supp g, <F, and g,=g on F. Then the function

(gi00) (s) if seU iy
E—— 2 = F.
v(s) { 0 if s¢U belongs to D& and g|F=(voe™ )|

The algebra D |F is dense in RF, since the algebra Dg is dense in R. In each
algebra of c-v functions of type C, the norm is stronger than the pointwise
convergence (see Remark 2), and hence we can use the Closed Graph Theorem to
the inclusion D*|F < R ,, which implies that the identity map : D®*|F—Rf , is
continuous, which is equivalent to, that there exists some N = N(F, ¢), such that
D™|F < R},,. Thus let D¥|F <Ry, = D2|F, 0= Q =< N. Further let assume N be the
least integer with this property; ¢ — the largest, and that Q<N.

The following Shilov’s Theorem will be used:
Theorem 12. (G. E. Shilov [1, 2]). Let R,=R, be two regular Banach
algebras without radical and with a same space G of maximal ideals. Then there
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exists a continuous algebraic homomorphism A for which the following diagram is
commutative .

R, 0 R,
71d 1 17,
R, /J(to) R, /T 5(to)

where J(t,) and J,(t,) are the minimal closed primary ideals of R, and R,
respectively, at the arbitrary fixed point tyeG; y;, i=1, 2, are the canonical
homomorphisms; 0 is the including map.

Applying this theorem at first to R;=R},, R,=D?|F, and afterwards to
R, =D"|F, R,=R},, we receive continuous algebraic homomorphisms 4, and 4,
for which:

A A

K¥=(DV|F)J¥ (@) ——>  Ri o/ T5.o(@(s))—— K@=(D2|F)/JR(e(s)).

(see also Lemma 11).

The composition of these homomorphisms is the natural projection, as
follows from the commutativity of the diagram in Shilov’s Theorem 12. Therefore
Ri o /JE o(@(s) = K"/ 5, where I, =1, is an ideal in K¥, generated by elements
of the form Z,_, <na X"

From Proposition 1, since Ry, is a regular algebra of c-v functions of type
C on F and D*|F is contained and is dense in Rf ,, hence R} , is a completion of
D*|F by the norm p,,

(6) P1g= sup |wys (9w,
@(s)e F

where wj(g) is the image of geD®|F in the canonical homomorphism
W) - Rr.o—=RE,0/JF.0(9(5) = Ky, and where |. |, is the norm in K. Since
Ko = K"/, if g=Z,c,(a,x—o(s)), then

(7) Wy (@)= T c(aX),
kISN
where X =(X,,..., X,) is the image of x, and X is the generator in K". The norm

in the finite dimensional algebra K”/I,,,(,;v up to an equivalence is determined by
each basis of the linear functionals on K", which are zero on I,,,. In DV|F these
are the continuous linear functionals concentrated at the point ¢(s), which are
zero on I, — the closure of the proimage of I, in D¥|F. As it is well known, the
general form of the continuous linear functionals in DY, concentrated at the point
@(s), is Zy<ndi[@(s)] DE[6(x— @(s)], where d,(¢(s)) are c-v functions in ¢fs),
d(x) is the Dirac’s distribution and D%=0a"/dx}!... dxy". This is evident and
directly from (6) and (7) since for g(x)=Z, (x—t)* D*g(t)/k! with t=q(s), we get
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Wos) (9) =Z,1 <y X*D*g(1)/k! in finite dimensional space KV/I,,, and since the set
of all g of this kind is dense in Rg,,.

Let o* be the C-linear space of all linear differential operators of order not
larger than N on F, which are zero on I, at the point t= ¢(s) for each te F. To
obtain the mapping RF¢—+aca* where a is with the properties of point 3.b) of
Theorem 2, let construct it in the followmg way: Each ideal I, =1, has a basis
B[I,] of the form QS[I,]—{ZQ<,,(,SNB£X j=0, 1,...,p}, where the elements
Zocns<nBiX* j=0, 1,...,p, with B}=0, are linearly independent; Bj are
constants; ¢(s)=t is ﬁxed. Therefore we may determine

Xki= T A{X* (mod I,y), q,j=0, 1,...,p, A2=0,
O<Ik|SN
k% kg KISkl

where s is fixed, A{eC, and if |k|>|k;| then A{=0. Thus

Kq,(s,=K,=K"/1,,(s,={ T g X% Xi= z A{ X*, j, q=0, l,...,p}.

|k|SN Q<|klsN
k#kg. [kIS|Kj|
Let
p .
K,> £ gqX'= I agX‘'+Zaq I AX*= I gX*
|k|=N |kKISN.k#kj j=0 Q<|k|sN lklsQ
k#kq. IkI=1k;l

p -
+ = (a,‘+ z ak.Ai)X", j. q=0,1,....p
Q<IkISN j=o0
kot kg kIS k|

where if | k| >|k | then A{=0. The space K" is finite dimensional, that is why the
norm in K /I,,,(s) is determined uniquely, with precision up to equivalence by:

T aX*

lkI=N

= X b(la |+ 40

o(s) kIS 0<Ik|SN
e k# kg. KIS Ikl

14
a+ X aij{|,

ji=0

where A4§(t)=0 if k| >1k;| :t=@(s)=(ty,....t,); b()>0, d,(t)>0.
This implies, for P(x) =, (x—t)*(D*P,)(t)/k! on F, that

®) lwi(P)l,= Z by(t)| D*P (1)/k!|
kl=Q

ka p(t)
+ z d, (1) (1 + T A[(t)D*iP, (t)/k;!
Q<|k|SN j=0
k#k |k|S|k|

According to the Proposition 1, R, is a completion of D®|F by the norm
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D*P (t
© pP=suplai(P)l,=sup % b,)| =
te F te F |k|sQ
k
| ‘(‘)+ T Af(t) DYIP (1)/k, .
Q<|klsN j=0
k#k k= 1k |

Since R, is an algebra of type C, then | f|=|f(¢)| for VfeR%,, VteF
(see Remark 2). Hence the topolog% in Ry, is stronger than the pointwise
convergence and the Closed Graph Theorem is applicable to the inclusion
Ry ,<D?|F. Then by continuity of the inclusion mapping, we get that the norm in

F.0 is €quivalent to a norm of the kind (9) with all b,(t)=1 on F, |k| < Q. Further
we shall consider Ry, with the latter completing norm.

As the norm in R , is not less than | f'||;=|w;(f)l;. (since the quotient norm is
not larger than the norm of R} ,, or since Rf, is an algebra of type C), and from
(8), (9) we conclude that at a fixed point ¢, for each function f of Rf ,, there exist all
derivatives (D*/k! + Z; A{ D*i/k;))f(t), Q <|k|= N, k#k,, |k|=|k;l, .j=0, 1,..., p(t),
of generalized Schwartz-Sobolev type in the following sense (see also [21]): RF , is
a completion of D*|F by the norm (9). Then for each feRf, there exists

iforml F
a sequence (f,,), f,,€ D®|F, such that (f,,) e, f and moreover (f,,) is

a Cauchy sequence in the norm (9). Thus for Vte F with d,(t)#0 there exist the
limits lim,, (D*/k!+ Z59, A{(z) D*i/k;")(f,,) () for Vk, Q <|k| =N, k#k,, |k|=|k;l. j.
q=0, 1,..., p(?). Since R}, is an algebra of c-v functions without radical, hence
these limits depend only on the function fe€ Rf , and do not depend on the choice
of the sequence (f,,) with the cited properties (If we assume the contrary, i.e. that
there exists a sequence (g,) with the same properties for which (g,), the

AT : bl 4
corresponding limit for some k is another, then (f,—g,) ——— 0,

moreover (f,,—g,,) is a Cauchy sequence in the norm (9). Thus the element of
Rf.,, determined by (f,,—g,,), belongs to the radical of Rf , but it is not the zero
of RF ,.) Also since Rf , is an algebra of c-v functions without radical hence these
generalized derivatives exist and in some neighbourhood of t. Therefore there
exists an equivalent completing norm of the form (9) in which X e X j an be
chosen the same as at the fixed point t, and in a neighbourhood U, of t,. The
next steps of the proof of 3.b) are:

(i) Let k#k;, Q<|k|<N. For each toeF there exists a ball-neighbourhood
U° of ty, U°cU,, such that:

(i. 1) All d,(t) are upper semicontinuous on U°.

(i.2) For each d, there exists the alternative: (i.2') either mmu d,(t)#0 on
some neighbourhood U, of ty, Uy<U®, or the other items in (9) dommate the
corresponding operator M, =(D*/k! + X, A%(t) D*i/k,!) on some neighbourhood U,
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of t,, UocUY in D®|U,. Thus in the case (i.2') the norm p, (by which we
complete D®|F to receive Rf ,) is equivalent to a norm of the same form (9) with
miny di(t) #0. This is p, is equivalent to a norm of the kind (9) with d,(t)=1 on
U,. (1 2"”) The remaining cases are: min, d,(t)=0 on each neighbourhood V of ¢,
and the other items in (9) do not dominate the operator M, in D®|V for each
neighbourhood V of t,. Let E§ be the set of all points in U, with (i.2”), let
Ey=uU,E§, Q<|k|EN, k#k;.

(i.3) d,(¢) has in addition the followmg properties : (i.3') If d,(t*)#0 for some
t*e U° then d,(t)#0 for Vte U® (U° is from (i.1)).

Remark 3. Let fix an arbitrary fe R¢ ,. Let (f,,). f,,€ D* | F, be a sequence by
which is received f, completing D | F by the norm (9). Let d,(¢*)#0, t* € U°. Since

d,(t)#0 on U®°, hence for each te U° there exists lim, M, f,(t). As R,.-, has no
radical, this limit is unique, i.e., it depends only on f and on ¢, but it does not
depend on the choice of (f,,). This limit will be denoted by M, f(t) and will be
called M, generalized derivative of Schwartz-Sobolev type of the function f at the
point ¢t.

(i.3") If dy(ty)#0, then lim,_ . .0 di(t)#0, t, t*e U°.

1.3") Evndently if d,(ty)#0 and min,d,(1)=0 on VVcU® (V is a
neighbourhood of ¢,), then there exists a sequence of points (t,,,)—»to. t, € U° with
(Ito—t,,,l) decreasing, such that d,(t,,) < 1/m. As d,(t) is upper semicontinuous, then
there exists an n-ball A_,A_ # @, centered at t,,, such that d,(t)<1/m on A, < U°.
Moreover (i.3”) and the boundness of d,(t) on every compact = U° yield that there
exists a point-sequence (v,,)—t, with lim,d,(v,)=a>0.

(i.3") o) If 5,€ U°® and if (s,) is a sequence with s,—s,, s,€ U°, d,(s)=a>0,
then lim M, f(s,)= M, f(s,) (see Remark 3), VfeRF,; B) If for some cube Lc U°,
L+, there exists such a>0 that the set L,={te L, d,(t)=a} is dense in L, then
the completing norm p, of R, is equwalent to the norm of the form (9) with
d,(t)=1 on L.

(i.3Y) Up to equivalence, the norm (9) can be chosen such that the set E, of all
points in U° with (i.2") for some k, Q <|k|< N, is not dense in any n-ball Bc U°,
B# .

(i) I) All Af(¢t) are continuous on U°—E,. II) All |d,(t) A{(t)| are upper
semicontinuous on U° Q<|k|SN, k#k;, j=0,..., .

(iii) Since F is a compact, contained in F, (where F, was a compact n-cube or
n-ball in ¢(U), to whose algebra Rf , we can apply the obtained results), hence
there exists a finite number of points ¢, ..., t, in F, such that U,U,, > F, where U,,
is a neighbourhood of t,, corresponding to U°. Let E= U, E,, (E,, is the set for U,
corresponding to E, from (i)). From (i.3Y) follows that E is not dense in any n-ball
BcF, B# Q.

Further (6)-(9) and (i)-(iii) yield that there exists a C-linear finite dimensional
space ap of linear differential operators on F, which a is generated by the
operators: {D*, Vk with |k|<Q; B, ZQ<|,¢,5NB,,‘D I=1,...,m}. The absolute
values of the coefficients B, are upper semicontinuous. Let E be the set of all
points in which some of the coefficients By, is not continuous. E is not dense in any
ball Bc F, B#(Q; Moreover for YV with VAE# @, there exists some ' that
min, | B, |=0, for Vk, Q<k=N.
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In the case 3.b") of Theorem 2, since (i.3."™) and (i.3") hold, then up io
equivalence of the norm (9), we can assume d,(t)=1 on U, Vk, if d,(t,,) #0. Thus
E= Q. Further, this space a, corresponding to Rf,, is such that Rg, is
a completion of D®|F with the norm p/, indicated in point 3.b). Thus we obtained
a correspondence of Ry ,—ap, asserted in 3.b), with an exception of the
differential-invariance of a,, which will be proved in Lemma 13. So, to finish the
proof of 3.b) and 3.b") in Theorem 2, it remains to prove (i), (ii) and Lemma 13.

The proof of (i.1) is by induction: Let |k'|=Q+1, k'#k;. Let put in (8)
P(x)=(x—t,)". Then

|ty (PN, = Z (D*P)(to)+d,(to).
kisQ

Since |w/(P(x))|, is an upper semicontinuous function in ¢, hence d, (t) is also upper
semicontinuous in t at least on a neighbourhood of Uj of t,, Upc=U,. The
intersection U of all Uy, for Vk with |k|=Q+ 1, k#k;, is also a neighbourhood of
t, in which all d,, |k|=Q+1, k#k;, are upper semicontinuous in . Analogously,
by inductive arguments, all d,(t), <|k|< N, k+#k;, are upper semicontinuous on
a ball-neighbourhood U° of t,, U°cU, Point (i.2) consists of an exhaustive
alternative.

Proof of (i.3). Let suppose the contrary. For the sake of simplicity, let
consider only the case n=1, U°=[0, 1], d,(1)=0. d,(t) is upper semicontinuous.
Hence for each £>0 there is d=4J(¢)>0 such that if |1—t|<d, then d,(f)<e.

The sequence (f,,), fm=k!t"'/(':>, is with the properties f,eD>|[0, 1];

uniformly on [0, 1]

D'f,, — 0 for V1, |I|£|k|, #k. Moreover |d,D*f,.(1)| <d,(t)<e if
|1 —t|<d. On [0, 1 —§], the nonnegative upper semicontinuous function d,(t) is
bounded, |d,(t)] <M. Thus on [0, 1—4] we have |d(t)D*f,.(t)] <MD*f,(t) for
V m>v*, where v*=v*(d) is sufficiently large. Hence the convergence on [0, 1] of
(d,D*f,)) to 0 as m—oo is uniform. But

0 at te(0, 1)
Dkf'"(t)_’{l at t=1

Thus if for some t*€[0, 1], d,(t*)#0, then the corresponding algebra
R, would have a radical. m

Sketch of the proof of (i.3”). Let suppose the contrary. For the sake of
simplicity we shall consider only the case n=1, U°=[0, 1], t*=1. (From (i.3),
d,(1) #0). Since lim, ,, ,,,d,(t)=0, hence for V&> 0 there exists 6 =d(e)>0 such that
d(ty<e if 1—t<d, t#1. Then, in the same way as in (i.3'), is proved that the
corresponding algebra Ry, would have a radical. m

Proof of (i.3V). Let (f,,). f,,€ D*|F, be a sequence by which it is received f,
completing D®|F by the norm (9). On U° there exists a limit of
H, =(D*/k!+Z,;A{(t)D*i/k})f,, (see Remark 3). Let lim H,(t)= H(t). Point a): Let
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fix an arbitrary ¢>0. From (9) the convergence of the sequence {d,H,,}, is
uniform on U° i.e. for each ¢>0 3v=v(e) such that if m>v then |d,(t)H,,(¢)
—d(t)H(t)|<e, VteU° Thus |H(s,)—H,(s,)| <a”'|dy(s,)H(s,) —dy(s,) H,(s,)]
<ea~ ' if m>v for Vq. As H,,—H on U°, then for s, there exists such v, that
|H,,(so)— H(sy)| <€ if m>v,. Let fix an arbitrary m,>v,, v. The function H,, is
continuous on U°. Then there is u such that if g> u then |H,,,.(sq)—H,,,'(so)| <e.
Hence

| H(sg)— H(so)| S| H(sg)— Hp ()| + | Hop (59— H,y (50)]
+1H,, (50)— Hiso)| <3¢ if g>p. m

Since (i.3"™) and (i.3"), «) hold, for a proof of (i.3"), f) it is sufficient to show
that H(t) is continuous on L for each fe Ry ,. Let sy, s€L, s, s,eL,. We have

| H(s) — H(s0)| S H($)— Ho ()| + | Hye(5)— Hyi(s,)| + | Hy(5,) — H(s, )|
+ [H(s,)— Hy (51)] +1Hyp (51) = Hp (52)] + | Hy (53)— H(s, )|
+ [H(53) = Hy(53)| + | Hy(52)— Hyr(50)] + | Hor(50) — H(so)-
Let fix arbitrary £>0. There exists such v* that if m', m”, m,>v* we get
| H()— H(so)| <dea™" + |HG)— Hy(9)| + | Hol)— Hols)l
+|H,p, (8,)— Hy_(53)] +1 Hyr(52)— Hor(50)| + | Hyie(50) — H(so)l

Let fix an arbitrary m,>v*. For the continuous function H, on each fixed
compact neighbourhood V° of s,, V°<U?, there is 6*=45%(m,)>0 such that if
|sy —s,| <6* then |H,, (s,)—H,, (s,)| <e. For s, there exists v, such that if m">v,
then |H,(s,)— H(so)| <€ (see Remark 3). So, let fix m”>max(v,, v*). For this
fixed m”, for the continuous function H,~ there is 6 =d(m")>0, é <5*/3, such that
if |s, —so| <9, then |H,»(s,)— H,~(sy)| <&. For each s with |s—s,|<J there exists
v, such that if m’ > v, then |H(s)— H,,(s)| <e. Let fix such m’>max (v,, v*). For the
arbitrary fixed s with |s—s,| <4, for the continuous function H,,, there is such
6,>0, 8,<0d*/3, that |H,(s)—H,(s,)| <e if |s—s,|<d,. Choose and fix such
sy€L,. Then |s;, —s,|=Z|s; —s|+]|s—so|+|5o—S5,]1<0,+ 6+ <5* Therefore for
each arbitrary fixed se L with |s—sy| <J we get |H(s)— H(s,)| <4ea™ ' + 5¢, where
£¢>0 was arbitrary fixed.®

Proof of (i.3Y). Suppose the contrary. Let B be such a ball. As all k with
Q < |k|=N are a finite number and E,= UES}, hence there exists E§ which also is
dense in B. Let acE¥~B. From (i3™) there is a ball B,, B,#{, in
a neighbourhood U, of a, B,cU,<B, such B, that d,(t)<1 on B,. Since E§ is
dense in B, hence there is a point a, € E¥ nB,. Applying again (i.3"), we get a ball



130 A. S. Madguerova

B,c f?l, ﬁz;é@ such that dy(t)<1/2 on B,. By induction there is a ball
g,,_,c&,,_l, B m#* @, with dg()<1/m on B,. Thus we get a sequence
B,oB,>.. _:>_B >..., VB # @, with dg(t)<1/m on B Therefore there is
a point beB,, for Vm and hence dy(b)<1/m for ¥m. Then d,(b)=0, which
contradicts with (i.3'). m

Proof of (ii). Proposition 1, the equality (8) and (i), (together with the made
already remark that all b,, |k|<Q, can be chosen =1, up to equivalence of the
completing norm (9)), imply that

N p()
(10) Tet)= T d0)|D*P,a)k!+ = A4f(t)DSP, 1)k,
Q Q<|k|SN j=0 ?
k#kg. [kI]kjl

for each fixed P are upper semicontinuous functions in ¢t on U°. W shall prove
that this involves that I). All Ajf, k#k;, are continuous on U°—E,. 1)
Respectively all |d, Aj| are upper semicontinuous on U°: At first the following two
Lemmas A and B will be proved:

Lemma A. If 1. for Vk;, |k;| <4, let ]) all Aj be continuous on U°—E, (resp. II)
all |d, A{| be upper sem:contmuous on U% and 2. let all T ¥ _, x(t), Q<M <A, with
M fixed, be upper semicontinuous functions in t on U° for each fixed polynomial P of
degree not larger than A, then the functions Afo(t) with |k|=M and |k1 |=A4, are
continuous in t on U° — E,, (resp. 1) the functions d,| Aj(t)|with |k|=M and lkj |=A4,

are upper semicontinuous on U°).
Proof. For P (t)=ct 10+Z,H_,M,(¢,‘ ga.th, e, = + 1, a, — constants, we have

M
T p)= z dyleca,+fi+cAfl,
M-1 Tkl = M kI S Kl k kg

(11)
fo=cD*t"io/k! + ¢ 5 s A{D*it*io/k ;!
j=0 kj<kjo
I) Let F be an arbitrary compact <(U°—E,). Then on Fc(U°—E,) we can
consider d,(t)=1 on F. Since A{=0 if [k;|<|kl, then and all Af with lkjl<A= kiol

are continuous on U°—E, accordmg to the upper semicontinuity (requirement 2.
of Lemma A), of 7 ¥ _, »(t), hence Ak° k#k;, are bounded on thc arbitrary fixed
compact Fc(U°—E,;). Let choose the constants a,> lcA® + fil on F.
Successively for P, (t)=P 1) with g =1 and P,(t)=P (t) with

L[ Vil k=k. k#k, lk|=M
*T1 =1 if kk,,
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where k, is fixed and k‘;ékj, we get from (11) that the functions

z (a,‘+f,‘+cA:;°), { z (ak_fk_CAio)+ak‘+fk.+CAio}
*

|kl=M ;k+#kj |k|=M;k¢kj:k#ko

are upper semicontinuous on F. Therefore (f,, +cAk°) is upper semicontinuous on
F. Since fk is continuous on U°—E,, thus cA,‘° is upper semicontinuous on F.
But the constant c is arbitrary. That is why Ak°(t) is continuous on F. Here the
compact F<(U°—E,) was arbitrary fixed, and so was k,, with |k, |=M, k,#k;.

Respectively 1.II). Let d,(t)| Ai°(¢)| is with |k|=M, |k; jol =4 We got 7} _, ,,(t)
from (11) was upper semicontinuous in t on U° Moreover each term
g, () =d, ()| e a, +£,,(t) +cAL(¢)| in (11) is upper semicontinuous in ¢ on U?: Let
suppose the contrary, i.e. that some g, (t) with k'#k;, |k'|=M, |K'|<|k;|, is not
upper semicontinuous for some a,, &, ¢, at t'€ U°. Then there is &,>0 such that
ge(t)+ey=<gy(t,) for some sequence (t,)—>t, t,€ U°. Therefore, for the
appropriate choice of the constants ¢, a, with k#k', |k|=M, k#k;, |k|<|k; |.
(and ay, ¢, & — the same as in g,) then the corresponding function in ¢ in (11)
T ¥ _ | p(t) would not be upper semicontinuous at ¢'. This contradiction prove that
each function g,(t) is also upper semicontinuous in t on U°. Further let fix an
arbitrary t” € U°. The degrees of t in all tems of f, are strictly positive. Without
losing the generality we can suppose t”=0. From the condition 1.IT) of Lemma
A we get that |d,(t)f,(t)| <e in some nelghbourhood Voft’, V=oUP°, where e>0is
arbitrary fixed. For Idk(t)AkO(t)l we receive

|, (£) AL° () < d, (0) £, ()] + di (D)1 £ (1) + A2 (D).

If a,=0 we have that g,(1)=d,(t)| f,‘(t)+A’°(t)| is upper semicontinuous on U°.
Hence there is a nelghbourhood V' of t’, V'<V, such that in V' we obtain

d, (£) AL()] <2 +d, (¢ £, (¢") + AL (") =2e+d, (") AL°(t")].

This implies that d,‘(t)lA’°(t)| is upper semicontinuous at t”. As t” was an arbitrary
fixed element of U°, then d,(t)|Aj(t)| is upper semicontinuous on U°. m

Remark 4. In the similar way as in Lemma A.Il) we can prove that if
min, |d, (t)A’Q(t)l #0 on some V< U®, and the requirements of Lemma A. II) hold
then all A,}’(t) and d,(t) are contmuous on V, |K'|=M, k'#k;, |K'|=|k; |

Lemma B. If 1) the functions T4/ p(t), Q<SM'<M"<N,M', M" — fxed are
upper semicontinuous in t on U° for each polynomial P of degree not larger than A,
M"<AZN, and if 2) all functions d,(t)|A{(t)|. |k;|SA, are bounded on each
fixed compact FcU°, then the functions T Mv_,pt), (also as T ¥ )
M’ <K <M <M?"), are upper semicontinuous in t on U° for each polynomial P of
degree not larger than A.
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Proof. Let

Pt)=P,)0+ I ga.t
|k|=M"+1
k+#kj
with P, (t) a polynomial of degree not larger than 1; ¢ = +1; a, are constants,
dependent on the choice of P,. Then

M” p(‘) M”
T )= I dea+DP,(t)/k!+ T ALD P, (0)/k,! |\ +T p(1)
M’ lkl=M"+1 j=0 M

k#kj
since: let |k'|=M’'+1, then

A{D“it"'={0 for |k;|=M’, as A{(=(: w’hen Ik;| <Ikl,
0 for 1k;|=M’'+1, as D*it* =0.

Since I}/ p(t) are upper semicontinuous functions in ¢ on U°, hence such
must be alse the function 73/ #(t) in t on U° for each fixed polynomial P, of
degree not larger than A. Let assume the contrary for some polynomial P(t) of
degree not larger than A and for some '€ U°. Then for an appropriate choice of
the constants g, a,, Vk, |k|=M’'+1, k#k; (this choice does not change P(t)), we
chall get that the corresponding (to P}, q,, &) function I M7 o(t) also would not be
upper semicontinuous at the point t. Thus the functions M+ 1 p(t) are upper
semicontinuous in t on U? for each fixed P'(x, t)=X, (x—1t)*D*P/(t)/k! of degree
not larger than 4. @ .

Let now fix j, such that ijo|=min,|k ;|=x. For P (t)=t"Jo, the equality (8)
yields, that

% _
T )= T dy(t)|D*t"Io/k! + A0
Q Q<|klsx

are upper semicontinuous in ¢ on U°. Hence all functions Id,,(t)A{P(t)l. |k| =12,
k+#k, are bounded on each compact FcU° According to Lemma B the
functions J*_, p(t) are upper semicontinuous in { on U°. Then Lemma A implies
that for lkfo|="‘ |k|<x, k#k;, the functions A4,°(¢) are continuous on U°—E,,
moreover, the functions d,‘(t)IA{P(t)l are upper semicontinuous on U°. (Recall that
when |k|>|k;| then A{=0). Let now suppose that I). all Af, |k ;| = v, are continuous
on U°—E, (resp. II) all d,| A{|, |k;| <v, are upper semicontinuous on U°), k#k;,
|k|<|k;|. Let u=min,kj,>v|k,|, and let Ik!ol =u. For P, =t o, (8) and (10) yield that

N
T )= T d|D*tiokl+ T AlD*idYolk;!+ AL
Q Q<|kl<u Jj=0,k;<k;
k+#kj kek O
+ I d,|D*t"io/k! + 4i°| +0,

|k |=p
k#kj
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are upper semicontinuous in t on U°. Hence all d, A{,°, lk, |=u, are bounded on
each compact FcU° for an arbitrary j, with lkj |=u, k;ékj, lkl<|k; | Then
Lemma B, Lemma A and the fact that when |k| >|k |, then A{=0, mvolve that all
A|(2). |k;|=p, are continuous in t on U°—E, (resp 1I) all d,(t)lA{(t)l are upper
semncontmuous on U°, |k;| = p). By induction all 4{(z) are continuous on U°—E,
(resp. II) all d (t)IA{(t)I are upper semicontinuous on U°). g

The space o is still differential-invariant, according to the following lemma:

Lemma 13 ([19]). Let T be a set of linear differential operators of order not
larger than N, with coefficients on McR" Let fix xoeM. Let the set
F=Fr={f:feD" and Af(xo)=0 for all AeT}. # is a closed ideal in DV, for
xo€M, if and only if T is differential-invariant.

Proof. Let ge D", fe #, AeT. Since A(fg)=Z,(D"g)A”f/p!, p=(p,,---.P,),
and as ge D" are sufficiently much, therefore the "Lemma 13 is proved. B

Since the norm p'f=|f(s)|, VseF, VfeRf, (see Remark 2), hence
p'f =Zsupg|f(s)|. Then we can assume that the identity operator Ieay.

This finish the proof of points 3.b), 3.b’) of Theorem 2.

The proof of points 4.a), 4a’) is an immediate consequence of point 3.

The proof of Point 4.b) consists of the following steps: (i’) R is a set of c-v
functions on G, with precision up to a natural isomorphism. (ii’). R is a Banach
space of c-v functions on G, with a norm | f||, f€ R, equivalent to sup,. ¢ || f ||, (iii’).
R is a Banach algebra of c-v functions on G with pointwise multiplication. (iv’).
R is without radical.

Proof of (i). Let A be a linear differential operator on G with
coefficients in Dg.

Lemma 14. Let A be a linear differential operator on G with coefficients
in DE. Let for the function heD¢ there exists such a sequence {o,},

] i l G .
¢m€DZ, that {¢,} uniformly o G |y and {Ap,.} nfermiy on © H. Then, if for

»h and {4y}

uniformly on G

another sequence {{,}, Y¥,€D&, we have {y,}

uniformly on G

» M, it follows that H=M on G.

The unique function HeD? will be denoted by Ah and will be called
a generalized A derivative of the function h.

Proof of Lemma 14. Let the linear differential operator B be the
conjugate of the operator A, i.e., the linear continuous differential operator
B :DE —DY? is such that its transfer B - ¢! for any local chart (U, ¢) of G is
the conjugate operator of the transfer Aop~' of A4, ie, [[(Acp™')DI¥
=j'<D(Bo(p")‘!‘. for each ®, We D%y, Such an operator exists; moreover the
coefficients of B are also in Dg&. Since

{Aco N @Pm—¥m) o0 '} O=[[(@n—VYmo@ '1(Bop ) ®—0 .

as m—oo for V®eDZy, hence lim,(4o¢ ') (@no@ ) (x)=lim, (4.0~ ")
X(Ymo@ ') (x) at Vxe@(U) and on each local chart (U, ¢) of G. Therefore
HEM on G. m
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From the construction of R as a completion, it follows that each element of
uniformly on G

R is determined by a sequence (¢,), ¢.€D&, with (¢,) — f,

uniformly on G
—

(Ao,,) g* for VAea, where the c-v functions f, g* € Dg, for VAea.

Lemma 14 yields that each g* is determined uniquely by the function f. Therefore
this arbitrary element of R can be treated as the c-v function fe D?2. Thus the
elements of R can be treated as all these functions fe D% for which there exist

uniformly on G uniformly on G
Lnformy O 2 £ (Ae,) Y 7 g4, VAea.

The functions g4 € D% are uniquely determined by the function f, and g* will be
denoted by Af. m

Proof of (i). From (i) it follows that for each feR there exist Afe DZ,
VA ea. So we can consider R with the norm £ g, Supse 6 | Af(s)|. Evidently this is
a norm of R, and R with this norm is a Banach space of c-v functions on G, since
R is a completion of D§ by the same norm.

Let remind that ||f||,=inf{| gl :g€R, g=/f in some neighbourhood of s}.
The differentiability is a local property, thus for each such g and for VAea, we
get Ag(s)= Af(s). Then || /1,2 Z sess|Af (). Hence supye gl f 11,2 5UPse 6 sesial AS ()l
By other hand, obviously, |fll,<[fIl and therefore sup.c [l fl;<|f|l. But the
norm sup,c g = e | Af(5)| and the norm X, g, SUPse 6 | 4 f(s)| are equivalent. Then
the chosen norm in R is equivalent to the norm supsg | fll;- m

Proof of (iii’). Let N be the largest of the orders of the operators in the finite
dimensional C-linear space . Let fix an arbitrary chart (local) (U, ¢) of G and
a compact n-dimensional cube F in ¢(U), F#£Q. Let a'={A.p !, Aea}.
Obviously « is a C-linear differential-invariant finite dimensional space of linear
differential operators with coefficients in D®|@(U). Let ¢@(s)e F; let denote
@(s)=t=(t,,...,t,) and let fix an arbitrary such t. The set #r (t)={g :geD"|F,
(Ao ')g(t)=0 for VAea} is a closed ideal in DY|F (see Lemma 13). Let
investigate the factor (quotient) algebra (DV|F)/ #f «(t). Evidently #p ()2 JR(@®)
(see Lemma 11). Hence the algebras (DV|F)/ £ .(t) and K"/I, are isomorphous,
where I, is an ideal of K, determined by #r«(t)/JF(t). Let remind that the
isomorphism DV/J"(t)— K" is realized by the mapping (x —t)»> X =(X,,..., X,) —

sequences (¢,,), ¢,€ D&, with (¢,,)

the generator of K; x=(x,,...,x,)€ F; and I, is the image of ¢, (t) in the last
isomorphism. Since the identity operator I'ea’, hence we can choose the
basis B(x’) consisting of the operators I, Yoo, Ay, =107 1,

Ay=A,00 ',...,Aj=A 0 ¢~ "), such that if Aj=Xa,(t)D* then a,,=0,1=1,...,q,
Ay,....,Aea Ap=1I.

Let the factor algebra K¥/I, be with the norm |. | such that if ¢, X*e€ KV/I,,
then IZc,‘X"If =% ol Z s (klagc,)l. Since B(«) is a basis of o’ and since I, is the
image of £ »(t), hence |p|; =0, pe K", if and only if pel,. Also it follows that
this norm is a factor norm in the factor algebra KV/I,.

Let w, be the multiplicative homomorphism,

w, :D¥|F->K"/I, >~ (D|F)/ # g« (t) = D"/ # »(t), with
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Ft)={geD", A'g(t)=0 for VA'ea'}.

Let construct a new algebra K; of c-v functions, generated by
D®|F :Kg={f; fe D®|F, with the norm | .|* where ||f||=sup,5p|w§(f)|f}.

Let verify that Kj fulfils the axioms of a normed algebra: 1)
IASI*=1Al. | f]I* is true as || lfll*=supplw$(lf)lf=Illsgpplw$(/)|f- 2) I fy+120*
SN+ 072 0% since |Lfy +f5 [* =supglwi(fy +5)l =supg|wj(fy) +o,(L)IF
<supp(| () +I(DID S IS I*+ 152 01% 3) 1 f1f2 I1*=supglwj(f, /o)l Ac-
cording to the multiplicativity of wj, we obtain | f, f, ||* =supg|w(f,).®(f>);
<supp[loi(f)IF (OIS I 1% £ 1% 4) [|1]*=supg| 1|7 =1 in the chosen
basis B(a') of o'

Therefore, completing the normed algebra Ky by the indicated norm we
receive a Banach algebra, which will be denoted by K}(F). (The algebra K*(F) is
a “continuous sum”. The “continuous sums” are worked out by G. E. Shilov [1, 2,
11, 12]. The idea of “continuous sums” goes back to I. M. Geljfand). Let now
investigate the norm || f||* =supg|w;(f)|. . We receive for any polynomial P,
P=X(x—1t)*D*P,(1)/k! of order <N, that || P||* =sup. r Zf=o | T, <y au(t) D* P (t)|,
which norm is equivalent to the norm (1). Therefore K¥(F)=(Ro¢ !)|F
={(fo@ ")IF, feR}. Hence Ro¢p ! is an algebra of c-v functions on F with
pointwise multiplication. Since the local chart (U, ¢) of G and F < ¢(U) were
chosen arbitrarily, then it follows that R is also an algebra of c-v functions on
G with pointwise multiplication. m

Proof of (iv). R is without radical: As D = R then all maximal ideals of
R are of the kind {f:f€eR, f(t,)=0} for some t,€ G (see [1, p. 18]). This involves,
that if the function f, € R belongs to all maximal ideals of R then f, =0. According
to Lemma 14 all Af,=0, VAea. So f, is the zero element of R.

Proof of Corollary 4. Let F* be a compact cube or ball in ¢(U), for
which F cF*. According to the definition of the homogeneity of the algebra R in
the local chart (U, ¢), the algebra Rj« , is homogeneous at each point of F*. Then
the connectedness of F and the definition of the homogeneity at a point imply
that all factor algebras Ry o/JFeo(X) =RFo/JFo(x) and Rreo/JFeqo(x")
=~ RF ,/JF.o(x") are isomorphous for Vx', x” € F. Therefore, in accordance with the
construction of a in the proof of Theorem 2, the space ap=a(F, ¢) is moreaver
and homogeneous. m

Proof of Proposition 5. After the compactness of Q and after
Q=G =y F, it follows that from ' it can be chosen a finite covering F,...,F,
of the set O, UTF;>Q. § is up directed, whence there exists Fe, F>F,
i=1,...,m, which yields F>Q. Obviously: 1. Each algebra Ry,=Ry(F) is an
algebra of functions of type C on Q respectively the indicated norm. 2. The
projective limit of the algebras R,, Q € Q/, coincides with R with exactness to an
isomorphism. m

Proof of Proposition 6. Let R be a projective limit of algebras Ry of
functions of type C on F*, F*e §*. The application of the Proposition 5 yields
that for each Fe & there exists F*e §*, such that FcF* and: 1. The algebra
Rp={f|F, fe Rg+} is an algebra of functions of type C on F relatively the norm
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Pr=supscc(z* |l fll;)- 2. R is a projective limit of the algebras R, Fe g, with
exactness to an isomorphism. Since D is contained and is dense in R and R is
a projective limit for which the mappings if;; :Rp,—Rg, are restrictions for
F,cF,, hence D®|F is contained and is dense in R;. So Ry is a completion of
D>|F by the norm p%; and R is a completion of D by the system of seminorms
(pr), Fe & . Since F = G = R", there exists a compact F_ <G, F . is a sum of a finite
number of hypercubes, for which F_oF. Using again Proposition 5 and the
arguments of the proof of Theorem 2.3.b), we obtain that the norm py is
equivalent to the norm pg, p,-f-ZAe%F)supxerlAf(x)l for some C-linear finite
dimensional differential-invariant space oy of linear differential operators on F;
B(ap) is a finite basis of ay.m

Proof of Proposition 7. Let R be an algebra of c-v functions of type
C on Q,=Q for which D*|Q <R. Applying the Closed Graph Theorem to the
inclusion map D®|Q—R (see Remark 2), it follows that there exists N such that
DY|Q<R. Let N be the minimal one for which D¥|Q < R. As D*|Q is contained
and is dense in R, then the space of all maximal ideals of the algebra R coincides
with the compact Q (see [1, p.17, 18]). Hence the algebra R is isomorphous to
some algebra R’ without a radical of continuous c-v functions on Q, but R is an
algebra of c-v functions of type C on Q, therefore R Dg. Let M be the largest
integer for which D™|Q>R. Thus D¥|Q<=Rc<DM|Q, OSM =N. Analogous
arguments as in the proof of Theorem 2 lead to R/J (0)~K"/I where J(0) is the
minimal closed primary ideal of R at 0, I is an ideal of K", generated by elements
of the kind Z,_ <ncX* As R is homogeneous relatively all analytic
automorphisms of the disk Q, and as for any two points of Q there exists an
analytic automorphism of Q, which transfers these points one to another, then all
the factor algebras R/J(z,), zoeé, are isomorphous to R/J(0). These
isomorphisms are realized by the mappings f—fo P20 where (p,o(z) is the analytic
automorphism of Q for which 7% (zo) 0 (J(zp) is the minimal closed primary
ideal of R at the point z,). The norm in the finite dimensional factor algebra KVN/I
is determined, with exactness to equivalency, by any finite basis of the linear
functionals on K" which are zero on I. Analogously as in the proof of Theorem
2.3.b) the norm in KV/I determines a C-linear finite dimensional differential-
invariant space of linear differential operators with constant coefficients, such that
R is a completion of D*|Q by the norm

(12) pf= I sup|Af(z)],

AeB(a) ze Q

where B(a) is a finite basis of a.

It is verified as in the proof of Theorem 2.4.b) that for each such linear finite
dimensional differential invariant homogeneous space a the completion R of
D*|Q by the norm (12) is an algebra of c-v functions of type C on Q,
homogeneous at each point zeQ. The algebra R to which corresponds a (R—a)
will be denoted by Cy(x). The rotations of Q are also analytic automorphisms of
the disk. Evidently the algebra Cy(a) is homogeneous relatively the rotations of
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Q if and only if the space a is invariant relatively the rotations, i.e., A € implies
A, ea, if |w|=1, where A,g(z)=A(g(w2)).

Further, results and a method of K. de Leeuw and H. Mirkil from [15] will
be used.

The theory of the representations leads to

Theorem 15 (K. de Leeuw, H. Mirkil [15]). If a is a finite dimensional
C-linear space of linear constant-coefficient differential operators on C and « is
rotation-invariant (i.e., A€a implies A, ea for |w|=1), then o has a basis of
operators A for which A,=w'A, when |w|=1, s is an integer.

Let denote such a basis by B,(a). If A=X, ,,  yam,0™*"/0z™0z", then for
Iw|=1 we have 4,=%,,,<yW" "Gn,0" " "/0z"0z". Let moreover A€ B, (a), i.c.,
A,=w A if |w|=1, where s is some integer. Hence for each A € B, (), the numbers
(m —n) for all additives of 4 are equal to some integer s. Thus any homogeneous
part of order L of the operator A€®B,(x) consists only of one additive
QO™ T "/0z™0z", where m+n=L, m—n=s. Therefore each operator A€ B, (a) is
elliptic. As it is well known

Theorem 16 (K. de Leeuw, H. Mirkil [22]). If A and B are linear
constant-coefficient differential operators; if the operator A is elliptic and the order
of B is less than the order of A, then || Bgllc=<x (lglic+Agllc) for VgeD®, for
some constant x, where | f|lc=supyer!|f(X)]-

Let N be the largest order of the operators in « and let A, A€ B, («), have
order N. Then K. de Leeuw, H. Mirkil’s Theorems 15 and 16 imply that the norm
in DY'|Q is either weaker than the norm in C,(x) or equivalent. Hence
C,(@)cDV~!|Q. So it is clear that for a basis of « we can choose the set
wu {0m*"/9z"0z", V(m+n)< N}, where  is of the kind (2). Such a space a is still
invariant relatively any analytic automorphism of Q.

For finishing the proof it remains to show that Cylw,]=Cy[w,] only if
w,=w,: Let assume Cylw,]=Cqlw,]. Then the Closed Graph 'Y'heorem (see
Remark 2) involves that for each operator A€, there exist a constant x and
operators B,,....Byew, (since w, consists of elliptic operators), such that
| Ag llc=#{llgllc+IBygllc+ ... +I1Bygllc} for Vge D|Q. Let apply

Theorem 17 (K. de Leeuw, H. Mirkil [22]). Let A, B,,...,B, be
constant-coefficient linear differential operators in l-variables for which there exists
such constant x that | Ag|lcSx{||Bglic+ ... +|Byglic} for VgeD>. Then the
order of A is not larger than the maximal order of B,,..., B. Let the largest order
of B,,...,B; be N, and let A", BY,..., By’ be the homogeneous parts of order N of
A, B,,...,By correspondingly. Then moreover AN=X,c,B}, where c;, j=1,....4',
are constants.

This theorem yields that the order of A€ w, is not larger than the order of
B,.....B;. Let N, and N, be the orders of the operators in w, and w,
correspondingly. Thus N, <N ,. Analogously it follows that N;2N,.So N, =N,.
In this case, K. de Leeuw, H. Mirkil’s Theorem 17 leads to A=ZXc;B; for some
constants c;, j=1,..., ¢". Since in addition w, and , are of the kind (2), hence
w, <w,. Analogously w,cw,. m

Proof of Proposition 8. Let R be an algebra of c-v functions of type C,
on G, a projective limit of the up-directed ordered family of algebras R, Fe &', of
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c-v functions of type C on F. According to Proposition 5 we can suppose that &' is
(K,).1=1,2,..., where if G=0, then K,= Q4+ 1) and if G=C then K,= Q,. After
the additional requirements for the mappings iﬁ , R is equivalent (up to a natural
isomorphism) with an algebra of c-v functions of type C, on G for whlch the
cannonical mappings i* : R—>Ry (K =K,), are i*f=f|K. Then the set Rx={fIK
feER}<=Rg. Since R is a homogeneous algebra relatively all analytlc
automorphisms of G, hencé Ry is an algebra, homogeneous relatively rotauons
and homogeneous on K. Obviously that D°°|K cRK also and D®|K #Rg%.
Analogously to the proof of Theorem 2.3.b), each RK‘ is a completion of D*| K, by
the norm p,, p,f=Z AeB(a) SUPze K, | A f(z)|, where o, is a C-linear finite d1mens10nal
differential-invariant space of linear differential operators on K,. Let a; be the
maximal C-linear space of linear constant-coefficient differential operators such
that Aeoz, implies that there exist the generalized continuous derivatives Af for
Vfe RK in the sense of Remark 1 and Lemma 14. Since R,( cRK <D°® IK,, hence
a is not empty — the identity operator Iea. As R#DG, then a; does not
contain all operators D*=gd*/x%1x%2 for Vk=(k,, k,). Further as R is
homogeneous relatively the rotations of G, hence «," is rotation-invariant. After
the K. de Leeuw, H. Mirkil’'s Theorem 15, each finite dimensional
rotation-invariant subspace B, of a; has a basis of operators A4 such that A, =w*4,
Vw with |w|=1, where A (g(z))= A(g(wz)). But in the latter proof it was obtained
that such operators are elliptic. Therefore if o is not finite dimensional then (see
K. de Leeuw, H. Mirkil Theorem 16) a; would contain all D*, which contradicts
with RK #D®|K,. Thus each o« is finite dimensional and has a basis
B(x)= w,u,k,< ~D¥, where w, is of the kind (2) for some N=N,. Let investigate
the allgebras Cy [w,] Evidently CK [w,]= RK Then the algebra is a projective
limit, up to a natural 1somorphlsm of the algebras {C,( [@w,]},- As R is
homogeneous relatively all analytic automorphisms of G then all w,=w, Vi g
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