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S-ASYMPTOTIC OF A DISTRIBUTION*
STEVAN PILIPOVIC, BOGOLJUB STANKOVIC

We give a definition of asymptotic behaviour at infinity of Schwartz distribution — the so-
called S-asymptotic. Some basic properties of this S-asymptotic are proved and possibilities of its
applications are given.

1. Introduction. In the last fifteen years several notions connected with the
asymptotic behaviour of a distribution have been considered (see, for example, [2]
and [9]).

’[I‘he most important of them the so-called quasiasymptotic of tempered
distribution ([9]) which is deeply studied and applied in the quantum field theory
by the Soviet mathematicians Vladimirov, DrozZinov and Zavialov (see [8] and
reference there). The so-called “asymptotic by translation” is compared with the
quasiasymptotic of tempered distributions in [4]. For the asymptotic by
translation in & see also [2], where this notion is defined.

We study in this paper the asymptotic by translation of Schwartz
distributions. We call this asymptotic the %-asymptotic. The notion of the
S -asymptotic is inspired by the notion given in the book Schwartz [7, T.II, p.97];
this is the reason for the name &-asymptotic. In the special case this notion
becomes the value of a distribution at infinity ([1, p.44]).

2. Notations. The set of real, complex and natural numbers are denoted by R,
C and N; Ny=Nu{0}. R% ={xeR", x;=20, i=1,..., n}. For x=(xy,..., x,) and

Y=0grees Vad 6 D=1 Y14 oo X005 <X XD =|1x|2, |x|=]x, |+ ... +]x,]. If
peN3, then xP=x{l...x"

An element of the unit sphere S"~'=R”" is denoted by w=(w,,...,w,). We
denote by B(0, r) the closed ball in R" centered at zero and with radius r>0. I is
a cone in R" with the vertex at zero. ¢, is the n-tuple with all components equal to
zero except the i-th one which is equal to 1.

___ Wedenote by I', an acute cone in R" with the vertex at zero. This means that
chT', does not contain straight lines.
Let h,, h,eT',. We say that h,=h, if h,eh,+T,. The set T, is partially
ordered and directed with respect to this relation.
Let G(h), heT,, be a complex valued functions. We write
lim G(h)=AeC

h—o0, heTy

if for any £¢>0 there'is h(¢)eI'a such that G(h)e(A—e, A+¢) if h=h(e) in Ta.

*This material is based on work supported by the US-Yugoslav Joint Fund. for Scientific and
Technological Cooperation, in cooperation with the NSF under Grant (JFP) 544.
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We denote by X(I') the set of all real valued functions c¢(h), heI', which are
different from zero when hel.

A function L(7), te[a, o), >0, is called slowly varying at infinity if it is
positive, continuous and if for every u>0 lim,.,, L(ut)/L(tr)=1. A function a(t),
te[a, 00), >0, is regularly varying if it is of the form a(tr)=1"L(z), ve R (see [6])).

2' is the space of Schwartz distributions (in n-dimensions) and &’
the space of distributions with compact supports. The space of tempered
distributions is denoted by %’ If U is a locally integrable function, then U is
the regular distribution determined by U. For k=(k,,..., k,)eN§ and
fe D', Df =af/arst ... otk

If d is real valued function defined on some domain Q< R” and we S" !, then
(D, d)(x) denotes the derivative at xeQ of the function d in the direction w.

3. S-asymptotic. Definition and Properties.

Definition 1. A distribution T € 9’ has a S-asymptotic in the cone T', related
to some c(h)ye Z(I') and with a limit Ue 2’ if there exists

(1) lim  (T@+h)c(h), @t))=<U, @), ¢e2.

hel.|h||—xo

Then we will write T(t+h) S c(h)U(t), | h||—> o0, heT.

In the special case when I is a ray {fw; >0, we S"~ '} this definition has the
following form:

Definition 1'. A distribution Te€ 2’ has a S-asymptotic on the ray w related
to the function c(f)e Z(R,) and with the limit Ue 2’ if there exists

2 lim (T(t+pw)/c(B). @()>=<U, @), ¢e2.

B~

In this case we write T(t+pw) & c(B)U(t), BeR,.

The following theorem gives a characteristic properties of the S-asymptotic.

Theorem 1. a) If for every r>0 there exists a B, such that the sets {teR";
te(suppT—h)nB(0,r)}, heT, |h| =B, are empty, then T(t+h).S c(h)-0, | h|— oo,
hel, for every c(h)e Z(I).

b) Let c(h)e X(T') and T be a regular distribution defined by a locally integrable
Junction T. Suppose that there exist locally integrable functions U(t) and V(t), te R",
such that for every compact set K<R”"

Tt +h)/ch)=V(©). teK, [h]>rg,

lim T(t+h)/c(h)=U(t), teK.

hel. ||h||-»x

Then, T(t+h).S c(hU(t), |h|| >0, heTl.

c) If T(t+h)S c(h)U(t), ||h||—o0, hel, then for every keNp, T™®(t+h)
S c(hyUB(2), |h||— o0, heTl.

Proof. a) For each ¢ € 2 there exists r,>0 such that supp ¢ = B(0, r,). The
support of the distribution T(t + h) is (supp T — h). Thus, by our supposition there
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exists B, such that for all heT, ||| >p, the set (supp T—h)nB(0, r,) is empty
and con‘psequently {(T(t+h), et))=0, heT, R =8, -

b) It follows from the Lebesgue’s theorem. ¢

c) It is a consequence of the definition of the derivative of a distribution.

Remark. The property given in a) shows that the S-asymptotic preserves
the natural property of the asymptotic for numerical functions. The
quasiasymptotic from [9] has not the same property. For example, the support of
the J-distribution is bounded and 6 has the S-asymptotic O related to every
c(h)e Z(R") but 6 has the quasiasymptotic — n.

It is quoted in [4] that if fe #’(R) and if it has S-asymptotic (on Z(R))
related to x"L(x), where v> —1, then it has a quasiasymptotic related to this
function (U #0).

The statement b) shows that the S-asymptotic generalizes the asymptotic of
a numerical function.

The following example (for the one-dimensional case see [1]) points out that
a continuous function can have S-asymptotic related to a ¢(f) without having the
asymptotic: Let T(r)=[;g(x)dx, geL'(—o0, 0)nC(—o0, ), a>0. Then
T(t+p) $ 1. [Pg(x)dx, BeR . By Theorem 1 c) we have g(z+ ) S 1.0, feR,.
But g must not have asymptotic behaviour when 7— 0.

The S-asymptotic in a cone I, ||h||— o0 is a local property. This determines
the next

Theorem 2. Let us suppose that the distributions T, and T, are equal on the
open set Q = R", where Q has the following property: for every r >0 there exists a B,
such that the ball B(0, r)={xeR"; | x| =r} isin {Q—h, heT, ||h|| =B, }. If we have
T, (t+h) $ c(hU(), |h|| >0, hel, then T,(t+h) S c(h)U(t), heTl, as well.

Proof. For a ¢e2, suppe<B(0, r),

lim < T (t+h)—T,(t+h)

=0

hel.|h|—x< C(h) (p>

because the complement of the set supp[T,(t+h)— T,(t+h)] contains the

set {Q—h, hel', ||h||=p,}. But by our supposition the number B, is fixed in

such a way that the sets {Q—h, hel, |h|=B,} contain B(0, r) and
consequently supp . )

The quasiasymptotic at infinity [9] has not the same property. The supports
of & and &' are the same, i.e. {0}, but é has the quasiasymptotic at infinity (in
one-dimensional case) —1 and ¢’ has —2.

Now we give a theorem which characterizes the numerical function ¢(h) and
the limit distribution U.

Theorem 3. Let Te 2', I be a convex cone in R" with the vertex at zero and
T(t+h) S c(h)U(t), |h||—>oo0, hel', where c(h)e Z(I') and U #0. Then:

a) There exists limycr jhy- ¢(h+hg)/c(h)=d(hy) for every h,eT.

b) The limit U satisfies the equation U(t+ x)=d(x)U(t), xeT.

¢) There exists the derivative (D,,d) in every point hyeI and in the direction
wel nS"™!; d(x) satisfies the following equation:
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3) (D,.d)(ho)=(D,,d)(0)d(h,); hoeT, wel AS" 1.

d) d(pw)=e*?, weI'nS"" !, p>0, and aeR depends on w.

e) Let wel'nS"™'; if w;#0 for i=k,,..., k,., then U(t)=V(t)exp ((e/m)
xZ?’;‘,‘l t,/w;), where a=(D,,d)(0) (it depends on w) and V is a solution of the
equation

m oV
Q) z w,— =0.
i=k, ‘o,

Proof. There exists ¢ €2 such that (U, ¢)#0. For this ¢ we have

] c(h+hgy) , T(t+(h+hy)
1
v T < chthy)

R T((t+hy)+h)
B he l}:ll:;ll—-ao < C(h)

to. c(h+hy)
lim
hel, ||h||—»c C(h)

It follows that there exists

. o)

, @(t)), hyeTl.

Hence,

KU, >=<U(t+ho), ¢>, hoeT.

. c(h+hy)
lim = d(hy)< 0
hel. |h||—o0 C(h) 0
and the relation under b) holds.
Using the relation from b) we have
o | " oU(t+h
(6)  lim L (UGC+ho+ew)—~Ult+holl. o0>=C T w0 o))
e—0 i=1 i
— i d(ho+s»:)—-d(ho) U, 0
e—0

which gives the existence of (D, d)(h,), weI nS" 1.
To prove that d(x), xeT, satisfies the differential equation (3) we start from

U(t+ hy+ew)— U(t + hy) =[d(ew) — d(0)]U(t + hy) = [d(ew) — d(0))d(ho) U(2).

Using (5) we have (D, d)(hy)=(D,d)(0)d(h,).

If we put in the last relation hy,=pw, the differential equation (3) becomes
((d/dp)d) (pw)=ad(pw), d(0)=1. Hence, d(pw)=e*’.

From (5) it follows
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ou

W. =
1o

(6) )'.:. ou, o=(D,d)(0).

Let V(t) be given by
a tm

U(t)=V(t)exp(— z t,/w,).
m =y,

From relation (6) it follows that V(r) satisfies equation (4).
Now we can give the analytical form of U which satisfies the functional
equation b). The functional equation b) and

k"l
F(t+pw)=F(), F(t)= U(t)exp(— % z t,-/w‘) (Bw=x)
i=ky
are equivalent. Let A be the linear transformation y=At, defined by

YVi=wity —wy t;, i#k,; y, =t . The distribution V(y)=F(4"'y) satisfies the
relation

s Yy AW oo, Ya)=V(y). yeR", BeR.

Thus we obtain that

k"l
U(t)=V(y)exp('% 2,3‘ t,-/w,.>, y=At,
i=ky

where V does not depend on Vipr i=1,..., m
If '#Q (" is the interior of I'), then for any h,eR", the sets

{h+hy; heT'}nTn{x;|x||>R}, R>O0,

are non-empty. In this case if T(x+ h)~c(h)U(x), | h||— o0, heT, where U #0, we
obtain that for h,eR"

. T(h+ho+x) . T(x+h+hg)
7 lim ——— = U(x), lim ——= = U(x+h,).
ihi—c.h+hger  C(h+ho) Ihl—oo.her c(h) d

Thus, in the same way as in Theorem 3 we can prove
Proposition 4. IfI'# @ and T(x+h)~c(h)U(x), ce X(T), |h|| -0, heT,
and U #0, then for every hy,eR" there exists the limit

lim c(h+hy)
helh+hgel c(h)

= d(h,).
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Moreover, all the assertions from Theorem 3 hold with h,, xeR", weS"™!
instead of h,, xeT', weS" 'nT. As well,

(8) d(x)=exp(Ka, x)), ;= id(O), i=1,..., n,
0x;

and

9) U(x)=Cexp({a, x)) for some CeR.

Proof. From (7) it follows that for every xeR”"
U(t+x)=d(x)U(z)

holds. Similarly as in Theorem 3 one can prove that

0 0
(10) (a )(h0)=(gd)(0)d(ho), h,eR"

L3

If we put d(x)=/(x)exp e, x), where a;=((9/0x)d)(0), i=1,...,n, we obtain
a . .
é;jf(x)=0, i=1,..., n, ie. f(x)=C.

Since f(0)=d(0)=1 we obtain that (8) holds. In order to get the analytic
expression of U we have to use the fact that U satisfies the equations

E%U=a,U, a,=<

o

ox, d) ©), i=1,..., n.

An interesting conclusion for numerical functions follows from Proposition 4.
Corollary 1. Let f, V and U be locally integrable functions, U #0, such that
for every compact set K<R" and c(h)e Z(I'), where I is a convex cone with I"#0,

f(t+h)
c(h)

<V@). teK., |hl|>rg. heT,

lim f(t+h)/c(h)=U(t) tek,

hel, lhl—»c

then U(t)=cexp({a, t)), xeR", ceR.

Proof. From Theorem 1 b) it follows that for the regular distribution f is
f(t+h).8 c(hU(), | h|| -0, heT. Using Proposition 4 we have that U(t) has the
form U(t)=cexp({a, t)), aeR" and that ¢ is a constant.
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Let I'a be an acute cone with the vertex at zero. For a such cone we give
a more general definition of the S-asymptotic.

Definition 2. We say that Te 2’ (R") has a S-asymptotic in the cone I'a
related to some c(h)e Za(I"a) if there exists the limit in 2'(R")

(11) lim T(x+ h)/c(h)= U(x).

h—co.heTy

In this case we write T(x+h) £ c(h)U(x), h—>o0, heTla.

In the same way as in Theorems 1, 2, 3, Corollary 1 and Proposition 4, but
with h—oo instead of || h||—oc0, heTa one can prove

Theorem 5. Let Te 2'(R".

a) If the condition of Theorem 1, a) holds (with h>h,, h,eTa, instead of
|h||>B,, hel), then T(t+h) £ c(h)0, h—>oc0, heT, for every c(h)eZ(Ia).

b) Let c(h)e =(T"a) and T be a regular distribution such that all the conditions of
Theorem 1, b) hold with (h>hy and h— o instead of ||h||=rg and || h||— c0), then
T(t+h)~c(hU(t), h— o0, heTla.

c) The same assertion as in Theorem 1, c¢) holds (h— oo instead of || h|— o).

d) The S-asymptotic in the cone T'a, h— 00, heTla, is a local property (see
Theorem 2).

e) Let Ta be a convex cone, as well, and let (11) hold with U #0. All the
assertions in Theorem 3 hold with h—oo instead of | h|—co.

f) Let T'a be convex,Ta# @ and (11) hold with U #0. Then, all the assertions of
Proposition 4 hold (again with h—co instead of | h| — o).

We can give the analytical expression for ¢(f)e (R, ) if we assume that c¢(f)
satisfies some additional conditions.

Let ) (R,)=Z(R,) be the set of those functions c¢(8) which have the
following properties:

(i) c¢(B) is positive and continuous in [«, o) for some a>0.

(i) There exist T,e 2, w.eS" ' and U,e2’, U,#0, such that

T.(t+pw.) S c(B)U.(t). BeR,.

Theorem 6. The necessary and sufficient condition that c((B)eZy(R ) is that
c(B)=exp(vB) L(exp B), Be[a, ), where veR and L is a slowly varying function.
Proof. Let ¢(f)eZ,(R,). Theorem 3 implies that for some veR

lim c(Bo + B)/c(B)=exp (vB,), BoeR.,.

B

By setting f,=Inp,. po>0, and B=Inp, p>0, the last limit becomes

lim c(In pop)/c(In p)=ps, py>0.

p—®

Hence (see [6]) a(p) =c(In p), p>p’ >0, is a regularly varying function of degree v. It
follows that c(Inp)=p'L(p), p>p'>0, and consequently c(B)= L (exp B)exp (vf),
B=a>0, for a slowly varying function L.
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On the other hand, let Te 2’ be defined by the function T(t)=exp (v{t,w))
x L(exp({t, w))). For c(B)=L(exp p)expvp

lim T(t + pw)/c(B)=exp (v{t, w))#0 in 2'.

B—

Corollary 2. Let ¢(B) be a positive and differentiable function for B=a. If
limg_, , '(B)/c(B)=v <o, then c(B)=L(exp p)exp vp.

Proof. Let a(p)=c(In p). A sufficient condition that a(p) is regularly varying
function is the existence of lim,_., ,, pa’(p)/a(p)=v < co [8]. In this case a(p)=p*L(p).
L is a slowly varying function. We obtain the assertion by putting a(p) = c(In p) and
B=Inp in the last limit.

4. Multiplication by a smooth function and the S-asymptotic.

Theorem 7. Let ge &, c(h), c,(h)e Z(T") and g(t + h)/c,(h) converges to G(t) in
& as heTl, |h||—oo0. If T(t+h).8 c(h)U(t), |h|| =0, hel, then g(t+h)T(t+h)
2 c;(h)c(h)G@®)U(), ||| >0, heT.

P roof. Since T(t+ h)c(h) converges weakly in 2, the set {T(t + h)/c(h), h el
lh|l=Bo} is a weakly bounded set and thus it is a bounded set ([7, T.I, p.72)).
From ([7, T.I, Théoreme X) it follows that if B is a bounded set in 2, then for any
peP and SeB, {S(t), [g(t+h)/c,(h)— G(t)]p(t)> converges uniformly to zero in
B as heTl’, |h|—oo. Therefore

lim  <g(t+h)T(t+ h)/c,(h)c(h). o))

hel.|h||—»x
= lim (T(@+h)c(h), [g(t+h)/c,(h)—G@D)]e(t)>
hel. ||h|—
+ lim  (T(t+h)/c(h), G@)pt))=<U@DGE), o)), @eD.
hel, ||h||—»o

Corollary 3. Let ge &, c,(h)e Z(I"), where T is a convex cone with f#Q)
and g(x+h)/c,(h)—>G(x) as heT, |h||—>o0 in the sense of convergence in &, then
G(x)=Cexp<{m, x> for some meR", CeR.

Proof. We have to apply Theorem 7 to T(t)=1, c¢(h)=1 and to use
Proposition 4.

Using Definition 2, in the same way as above one can prove for the accute
cone I'a the following theorem:

Theorem 8. (i) The same assertion as in Theorem 7 holds with h— co instead
of |h|—co.

(ii) Let Ta be convex andX'a0.The same assertion as in Corollary 3 holds (with
h—oo instead of ||h|— o0).

5. The S-asymptotic of some numerical functions.

1. exp({a, x+h)>) S exp({a, hD)exp(Ka, xD), ||h| (or h)—> o, heT.

1
2. exp(/(x+p)*+(x+pB) S expp exp(x+—) BeR,, xeR.
3. Let P(x)=ZX,5,A4,x?, A,eC, peNj and weS"~'. We put
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J={v,,..., Ve W, #0, i=1,..., k}, 2={peNg, |p|=m, A,#0},
={p°=(t..... pR)EP; ZjeJP?ZZieJP.'» pe#} and Y=ZicspP}.

Then P(x+pw) 8 B’ Z.p AW, BeR, and P(x+Bw)/f’ converges in
& when f— 0.

4. For a slowly varying function L(t), t=a>0 we have L(t+p).S L(f)-1,
BeR . Namely,

lim <L(¢+B)/L(B). @(t))=lim I @()L(t+p)/L(B)dt

B— 0 B0 -—r

= lim _[ (p(lny)L(lnyq)/L(lnq)— =_[(p(t)dt peD.

gq—® -r

We used above that L(Int) is also a slowly varying function ([4, p. 19]) and
that L(InB)/(L(InB) converges to 1 as B—oo uniformly if uela;, a,]
O<a,<a,<o00.

6 Some applications of the S-asymptotic. Let I’ =R"; first we have to restrain
our set Z(R"). By X,(R") we denote the subset of Z(R"): Z,(R")={c(h)e Z(R");

lim ||h||*/c(h)=0, for every keN}.
Ihlj—o

Theorem 9. Let for every c(h)eZ,(R%) T (¢t +h).S c(h)U_.(¢), ||h|| -0, heR",
then Te%'. (U can be the zero dtstrlbutzon as well.)
Proof. One can prove that the set

{T(t+h)c(h), |h|=p}
is weakly bounded in 2'. By [5, Ch. VII, Théoreme VI], it follows that Te %"
We obtain that Te %'
Theorem 10. Let us suppose:
c,(heX(I"), peNg, |pI=m, meN,;
I-Eor some p,€NQG, |pol=m,

lim c,,(h)/cpo(h)=a,,<oo, IpI=m;

hel,|h|—=©
¢) g,()€8, |p|<m and lim g, (t+h)/c,(h)=G,(t) in &;
hel.||h| =
d) HeZ' and H(t+h) S c,o(h)c(h)V(t), lh||>o0, hel';
e) TeD' is the solution of the partial differential equation

(12) Z g,()DPT(t)=H(t)
Iplsm

such that T(t+h) S c(h)U(t), |h||>o0, heTl.
Then
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(13) T a,G,()DPU@M)=V ().

lplsm

Proof. We have only to use Theorem 7 and Theorem 1, c).

Remarks. Notice that equation (13) is simpler than (12) and just equation
(13) gives the asymptotic condition for solutions of (12).

The S-asymptotic on a cone I" can be determined if we assume that the cone
I' is convex and f‘#(D. In this case (13) becomes

C, = C,a,u’exp({s,+u, t>)=Clexp((v, ty),

Iplsm

G,(t)=C,exp({s,. 1)), V()=C exp((v, t)),
U(t)=C, exp({u, tD).

where
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