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A DECOMPOSITION OF INTEGER VECTORS. II
' S. CHALADUS, A. SCHIN ZEL ,

In this paper we shall consider integer vectors n=|n;, n,, ..., n,] and

write for such vectors: £ (n)=max|n,|, l(n):dn%—}—ng—i— <. . +4nt One of us
has recently proved [3] that for every non-zero vector n¢Z* (k>1) there is
a decomposition: n=up-+wvq, #, v¢Z, where p, q¢Z* are linearly independent and

h (p) k (q)=2h (m)x—2/x=),

The exponent (k—2)/(k—1) cannot be improved (see [2], Remark after Lemma
1). It is natural to ask for the best value of the coefficient. 'We chall answer
this question for £=3 by proving the following two theorems.

Theorem 1. For every non-zero vector n¢Z? there exist linearly inde-
pendent vectors p, q€Z3 such that n=up+wvq, u, v€Z and

h(p) (@) <\ 2 ()

Theorem 2. For every ¢>0 there exists a non-zero vector n¢Z3, such
that for all non-zero vectors p,q€Z3 and all #, v¢Q n=up-+vq implies

h@)h@>y(5— &) 2 n).

Originally, in the proof of Theorem 1 some computer calculations were used
which were kindly performed by Dr. T. Reginska. We thank her for the help.

The proof of Theorem 1 will be based on geometry of numbers. The inner
product of two vectors m, m will be denoted by nm, their exterior product
by nxm, the area of a plane domain D by A(D).

Lemma 1. Let a;, b, be real numbers (i=1,2,3)and M, My, M; the three

. . |ay ay ag
minors of order two of the matrix {b b b
1 2 3
the domain H: |ax+b,y|=1 (i=1, 2, 3) equals
2| MMy |+2 | MMy |+2 | MpMy | — M; — M3— M3
M MyMy_ ’
if each of the numbers |M,{, |My|, | Ms]| is less that the sum of the two

others, and 4/max{| M, |, | My |, | M3|} otherwise.
Proof. We may assume without loss of generality that

1

] not all equal to 0. The area of

- [al dg _ !asaa
IM,[_absIb1 by >0, lMlllezl—abs“)? by
| My =] My | =abs| ;'
Sl by byt
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The affine transformation a,x+ b, y=X, a,x+ by y=Y transforms the domain
H into the domain

r. el (M2 oy My
H: | X|=1, |YV|<1; IM,X M:)’lgl.
If | My|+|Msg|>|M,, the domain H" is obtained from the square | X|<Il,

| Y|=<1 by subtracting two rectangular triangles, symmetric to each other with
respect to (0, 0), with the vertices

My | My || M, My .
=0, —sgnje G, (0L —sen ),
M| —| M, M
i(»——' “IM;‘ sl -—sgn——M:).

Hence,
A (Mg ] My || My iy
AM)=4—"=

If |M,]+|M3§>;|‘M1[, then H’ coincides with the square | X|<1, |V |<1 and
A(H)=4. Since A(H)=A(H’)/|M,|, the lemma follows.
Lemma 2. If O<a<b<<l, then the domain

D: |x|=1, |y|=1l, lax+by|=1, x3+y9+(ax+by)7§%

contains an ellipse E with
(1) A(E)>n\/§~-
Proof. We take
E: f(x ¥)=x"+c(marX+yP=1,
where

2 b2+ 1)2
@ e =max {3 (62 +1), Grr st

In order to see that |x|<1, |y|=1 for (x, y)€E, we notice that by (2)>
(3) minf(x, y)=x% minf(x, y)=——p— Y =y ~
: * * ¥ ¢ pryy ! .
Moreover, for (x, y)¢E we have by (2)
(4) C ey (axtbypsa (2 CEEE L
2 b 3 3
+ 5 (O + DG X IS5 (X, =5+

If for (x, ¥)€E we had |ax+by|>1, it would follow
1
(5) x’+y’<7,
hence, by Cauchy-Schwarz inequality
(6) (ax+byP=(a+ 623+ yH)<2. =1,
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a contradiction. Thus, for (x, y)€ E we have
7 ' lax+by|<1.
Finally, A(E)=n=/Jc and since by (2) c<4/3, (1) follows.

Lemma 3. Let ne¢Z3\{[0, 0, 0]}. The lattice of integer vectors. m¢Z? such
that nm=0 has a basis a=|[a,, a,, as], b=[b,, .bg, b3], such that

@) la, ay o @ds| . ,
‘ by bg| (n1, na, ny) by bg| (m, ny, n3)
’ ‘ asay|  n
by by | (11, n2, ny)
_ Proof. Since na=nb=0 and a, b are linearly independent, we have
- n=c(axb)
. . ayaz| |aaag 3 @y
for a certain c€ Q. However, the numbers by by|” | b, b5 and by 51‘ are rela-

tively prime (see e, g. [1, p. 53]); hence, the formulae (8) hold with + sign
on the right-hand side. Changing if necessary the order of a, b, we get the
lemma. ~ ’ .

: Lemma 4. For. every vector n¢Z? different from [0,0, 0] and

[£1, &1, £ 1] for any choice of signs, there exists a vector m¢Z? such that

(9) ‘ mn =0, .
(10) 0= (m) < |-+ k()
and j
(11) [ (m) <\2% (n).
Proof. Without loss of generality we may assume that
(12) 0<=n,<ng=n;>0.

If ny=n3 we take
[1, 0, 0] if n,=0,
Lo, 1, —1] if n;==0,

and we find (9)-(11) satisfied, unless n;=n,=n;=1. Therefore, we may assume
besides (12) that n,<ns.
In virtue of Lemma 2 the domain

D: |X[s1, [V|Sh [ZE X+ Y[S1, X0+ (O X+ 2 yps

contains an ellipse E with A(E)>n\/3/4.
Let a, b be a basis, the existence of which is asserted by Lemma 3. The
substitution . :

X— ayx+b,y Y = ayx+byy

4 ’ - 4
ERe 3

3 ) .
D |axtbylsy g G=1,29) Z (ax+b,yy=2m,

transforms ’D into the domain
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Hence, D’ contains an ellipse E’ with

a, by |t ' 4 , 4
as bn\ A(E)>mn JT (ny, ng, ng)=m 3 !

by (8). Since the packing constant for ellipses is n/V12, it follows that E’ and,
hence, D’ contains in its interior a point (xo Yo)€Z2? different from (0, 0).
Putting m=x,a+ y,b, we get the assertion of the Lemma.

Lemma 5. If O<a<]1, 0<b<1and a+b>1,thearea of the hexagon
|x|=<1,|y|<]l, |ax+by|<1 is greater than [24/(a®+ b2+ 1)]'> ,

~ Proof. In virtue of Lemma 1 the area in question equals
_ (2ab+2a+2b—a®—b2—1)/ab,

thus, it remains to prove that for (a, &) in the domain

: ’ G: O=a<l1, 0<b<l1, a+b>1
the following inequality holds '

f(a, b):(?a(g+2a+2b—a9—b2~1)9(a9+b9+1)—24d’b2>0.

We have dG=L, |JLyUL; where ‘
L,={a 1): 0=sa=<l1}, L,={(1, b): 0=b=<1}, Ly={(a, 1—a): O<a<l}.
We find f(a, 1)=a?(a—1)3a—5)+3a? but for a<1 a?(a—1)?(a—5)=0, hence

f(a, 1)=3a?>=0. In view of symmetry between a and b, f(1, b)=362=0.
Moreover, f(a, 1 —a)=8a?(1—a)?(2a—1)*=0. Hence, for (a, b)€0G we have
f(a, b)=0 with the equality attained only if (@, )¢ G It suffices to show that
in the interior of G the function f(a, &) has no local extremum,

Indeed, putting g(a, b)=2ab+2a—a?—b*—1, we find

I —2ag+2(2b+2—2a)(a?+ b2+ 1) g—48ab?,

AEN="5n,

Y opg? 1 2(2a+2—2b)a+ b+ 1) g—48a%h,
ob -

hence, :
af af o 9
az-—b5y=2(a—b)[(a+b) g+(a%+b*+1)(2—2a—2b)),
of of 2 '
bsr—asy=40—a)[(@a+b+1)a*+0b +1) g—12ab (a+b)].
The.equations df/da=0f/0b=0 imply a=¥b or
(13) (a+b) g+(a®+ b2+ 1)(2—2a—2b)=0,

(a+b+1)a>+b*+1) g—12ab (a+b)=0.
- Eliminating g from the above equations we obtain
(14) 2(a’~’+b2+l)[(a—f—b)?—l]—l?ab(a+b)2: ! _
The left-hand sides of the equations (13) and (14) are symmetric functions

of a, b. Expressing them in terms of s=a+b6 and p=ab, then eliminating p,
we get .

s(s—1)(2s—1)(4s2—s+ 1)=0.

- For s=x.+y>l this is clearly impossible, there remains the possibility a=b.
" However, in that case ' ‘
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Y 16a3—24a2+18a—4=2(2a—1)*+3 (2a—1)+ 1> 1.

Lemma 6. For every nonzero vector n=[n,, n, ng]¢Z? there exist lineary
independent vectors p, q¢€ Z® such that pn=qn=0, and .

h(p)h(q)<\/—§—l(n), if each of the numbers |n,|, |ny|, |n3| is less’
than the sum of the two others; S

\ a2 (p) 2 (q)<*% (n), otherwise.

Proof. We may assume without loss of generality that 0<n;<ny<n;>0.

In virtue of Lemmata 1 and 5 the area A (K) of the domain

K: |X|<l,|Y|<], —"‘—X——f,j-msl

n3

satisfies

24 .
A >, [——F——5ng if n+n>n
(K) rzf+n§+n§ 8‘ 1 2 3

(15)
: A(K)=4, otherwise.
Let a, b be a basis, the existence of whichis asserted in Lemma 3. The. affine

transformation X=a,x+b,y, Y=ayx+ b,y transforms the domain K into the
domain :

K’ : [a,x+biy[sl (i=1, 2, 3)
satisfying

(16) - CAEK)=AK) L)

In virtue of Minkowski’s sccond theorem there exist two linearly independent
integer vectors [x;, y,] and [x,, y,] such that \

(17) |a,x,+b,y,is7», (l’:— 1, 2, 3; j:l, 2)
and :
(18) AhgA (K')<A4.

Putting p=ax,+by,, q=ax,+by, we infer that p, q are linearly independent,
satisfy pn=qn=0 and in virtue of (15), (18)

2 :
<\/—l(n), if ny+ng>ng,
AOYICI T 2 3 iy
=<ng, otherwise.

Proof of Theoreml. If n=[g, &, &, where ¢{l, —1}, it suffices to
take p=[e), &, 0], q=[0, O, &,]. If n=[e,, &,, €| for every choice of g, &, &,
then by Lemma 4 there exists a vector m¢ Z3 satisfying the conditions ‘

(19) mn=0,
(20) 0<h(m)<\j—§—h(n), 0<l(m)<y2i(n).

Now, by Lemma 6 applied with n replaced by m there exist vectors p, qEZ"’l
such ‘that

(21 . pm=qm=0, dim(p, q)=2
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/
and

(22) () k(@ <max {y5-L(m), £ (m)},

- The equations (20) and (22) imply that n=up+vq; &, 2€¢Q, while the inequa-
_lities (20) and (22) imply that % (p)Z% (q)<[(4/3) & (n)]'/2. '
It follows that the number c¢y(3) defined in [5] by the formula

k—2
¢o (k)= sup inf h(p)h(q)h (n)-!
n¢ zk p,qé€ zk
n=+0 dim (p, q)=2

n=up+vq, u, v €Q

satisfies ¢,(3)=<\4/3 and if ¢,(3)=/4/3, the supremum occurring in the defi-
nition of ¢, (k) is not attained. By Theorem 2 of [5] there exist vectors pg,
qo € Z3 linearly independent and such that n=uep,+eQos Uy Vo€ Z, and /(py)/(qo)
<[(4/3)h(n)]"2. The proof .of Theorem 1 is complete.

The proof of Theorem 2 is again based on several lemmata.. We shall set

for t=1, 2, 3, ... :
n, = [(262+26)(B12 + 4t —1), (2624 2¢)(6£2 46— 1),
(482 + At)* — (22— 1)(2£2 + 2t — 1)),

and for vectors m, p,... we shall denote the v-th coordinate by m,, py respec-
tlvel)I,,'emma 7. f nnom=0, m¢Z? 0<<h(m)=<8¢*+8f{—2, then we have m=m;
for an /=<6, where . / i :

m, = [6£2+6f—1, —(682+4¢—1), 0], my=[22+2¢t—1, —(4£°+4F), 22« 2¢],
my=[4£2+4¢, —(262—1), —(2£2+28)), m=[22+2¢+ 1, 262+ 4t + 1, — (483 +41)),

mg=[2,662+8f+1, —(6£2+6¢)] (¢=F1), m;=[6£>+6¢+1, 4¢+2, —(6£2+67)).

Proof. The vectors m, (1<i<6) all satisfy the equationnm,=0. Since the
vectors m, and m, are linearly independent, every vector’ m¢Z3 satisfying
nm=0 is of the form um,+ovm,, u, v€Q.

Let u=ajc,v=b/c,a,b,c€Z,(a,b,c)=1,c>0.1t follows from c|amy;+bmy,
clamy;+bmy; that c|(a, b)(myme;—memy;), hence, ¢|mymy—mgm,; (I=i
<j=3).

But (myymyz—my mys, niygMey— Magitys)=Mas (Myy, Mig)=nas and (M, my,
Mog— My, Myg)=(Mgs, Mgy, Myy)=1, hence, c=1 and we get m=am,+ bm,.
Considering the third coordinate, we find |b|(2£+2¢)<8¢*+8f—2, hence,
| &]=3. _

Considering the first coordinate, we get

|a(6£2+6t—1)+b (2£2+2¢—1) | <82+ 8t—2;
|a|(6£2+6t—1)<8f>+8t—2+|b| (28> +2t—1) <14+ 14¢—15,
hence, |a|<1 or a=+2, b=3. For a=0 we get m=b [2£2+2{—1, —(46°+ 41),
2t242¢]= +m,. For |a|=1 the inequality for the second coordinate .
|'a(6t2—_}—4t—-1)+b(4t2+4t)|58t2+8t——2
gives b=0 or ab<0. For a=+1, b=0 we get m= +m,; for a=j:l,b=—T—i
we get m=+my; for a=+1, b=F2 we get m=+mg; for a=+1, b=7F3
we get m=+m;; for a=+2, b=TF3 we get m==1m,
Lemma 8. If p, q¢Z3 are linearly independent and pm,=qm,=0, then
Ce ~ h(p)r(q)> 482+ 4t
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Proof. pm;=0 implies p,==0mod 6£%>+ 4£— 1, py==0 mod 6¢2+6¢{— 1. Hence»
pi=ps=0 or |py|=6¢+6¢—]. Similarly, g,=¢,=0 or [q2|>6t2+6t 1. Since
p, q are linearly independent, h(p)}z(q)>6t2+6t—-l>4t +4¢.

" Lemma 9. If p, q¢Z8 are linearly 1ndependent and
pmy=qmy=0;,
then
h (p) 2 (q)=4t*+ 4.
Proof. The equation
pmy=(26242t—1) p,— (462 +4¢) pa+ (26> +2t) p3 =0
gives p;=0 mod 2£2+2¢{—1, hence, p,=0 or |p,|=2£*+2¢. The former possi-

bility gives |ps|=2. Similarly, ¢;=0, |gs =2 or |¢,|=2£*+2¢. Since p, q are
linearly independent, p1=¢,=0 is excluded, hence, .

R (p)k (q)=min {2 (2£2+2f), (2£*+ 2£)?}=4t*+ At.

Lemma 10. If p, q¢Z® are linearly mdependent and pmg=qmg=0, then
k(p) £ (q)=4¢>+4t.

N
\

Proof. The equation _
| Py = (462-+ 41) py — (27— 1) pa— (26 +21) pa=0
gives py==0 mod 2f2+2f, hence p,=0 or |p,|=2¢>+2¢. The further proof is
similar to that of Lemma 9.
Lemma 11. If peZ3 pmy=0, then either p= 0 or h(p)=2t+1.
Proof. The equation .
pm4—~(2t’+"t+l)px+(2t2+4f+1)P2 (4°+4¢) p3=0
gives .
(24) (8 +26)(py+pa—2pa)+ 1+ (2 + 1) pa=
If pl+p,—2p3_0 then p1+(2t+1)p9=0 and. either pl_O or |p, |>2t+1
If py+ pa—2p5=£0, then since by (24) p;=p, mod 2, we obtain
Pr+pe—2p3=25, S€ZN\{0}, pi+(2t+1)py=—(42+4t)s.
Hence, p;+itpa= —(2£2+2t+1) s and | ‘
28242t 41 )
max{|p2 s | Pa I}E_ﬁ:l—>2t'

thus £ (p)=2¢+1. : .
Lemma 12. If p, q¢Z? are linearly mdependent and pma—qma—o then
h(p)h(q)> 4>+ 4t (t1).
Proof. The equation
- pimg =2p; + (662 + 8¢+ 1) py— (6t +6¢) p3=0
gives

2py -+ (2t + 1) py+ (68 +6t)(p2—pa) = 0.

If py=ps we get py=0 mod 2{+1, hence, |p,|=2¢+1. If py=ps we get
(2t+3) max {| py |, | pa|}=6¢*+6¢, hence,

_ 6e246t ‘
max{| py |, | P2 [} =555 3> 3t—2
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and % (p)=3¢—1. Similarly, g;=g¢s and |g,|=2¢+1 or &(q)=3¢{—1. Since p, q
are linearly independent, py=p3; ¢;=g¢s is excluded and we get for £1
k(p) £ (q)=min {(2¢+ 1)(3t—1), (3t—1)*}=(2¢+1)(3t—1). '
Lemma 13. If p, q¢Z? are linearly independent and pmg=qm=0, then
| ke (p) k (q)==4£>+ 4t.
Proof. The equation ‘
' pmg = (6¢*+6¢+1) py+ (4 +2) pa— (682 +6f) p3=0
gives ) 7 _
(6824 68)(py —pa)+ Py + (4 +2) po=0.
If p,—ps;=0, we get p,==0 mod 4£+2, hence, |p, |=4¢+2.
It | p1—p3|=2, we get
| (4t-+3)max{| p, | |ps [}=2 (6£+6t),
hence, _
12¢2412¢
max {|pal, | pal}="Tgrrg >3t
and A& (p)=3t+1. If py—ps= 41, we get p, 4 (44 2) p,=(6¢*+6¢), hence either
—_ (6£24-6¢ 622 --6¢ )
1Py |=442 or pa=[FC0E0) or pu=[F LT+
The last two formulae give the following -possible values for [ py, ps]:
3t 3t+1 3t+3]

Bt 5 =1 FE) [t PR (3-8

Hence, either % (p)=3f+2{t/2} or p,—ps=+1 and py=[(3£+2)/2]. Similarly,
either % (q)==3t+2{¢/2} or gy—qs= +1 and g,=[(3£+2)/2]. Since p, q are lin-
early independent it follows that

£ (P) B (@=(3t+2 {5 [ 5] =4t + 4

Proof of Theorem 2. Since
. 4r2 44t JT
lim —— =\
. toroo J(AEEFAER— (22— )22+ 2¢—1) 3
for every €>0 there exist #, such that

@ | | 4t’+4t>\j(%—s)’k(n;

and we fix such a value of ¢

' If n,=up+vq, u, v€Q and p, q€Z? are linearly dependent, then since
(R41s Mgy n5)=1, we have either p=0 or p=sn, s€¢Z\{0}, thus & (p)=A(n,),
and similarly for ¢. It follows that for p=-0, q==0. - .

b 0)h@=h ()= (4 —8) k(0.

If p, q are linearly independent, then pxq+40 and (pxq)n,=0. On the other

hand, either & (p) 2 (qQ)==4¢2+4¢ or 2 (pXqQ) <2k (p) % (q) < 2(4*+4f—14)

= 824 8¢—2. In the latter case in virtue of Lemma 7 we have pXq=m,, for na

i<6. Hence, pm,=¢gm;=0 and from Lemmata 8-13 we obtain A(p)k(q)=4¢£*+ 4%),
In view of (25) the theorem follows.
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Remark. There exist decompositions n,=up+vq with & (p) & (q) = 4£>+ 4¢,
namely ‘ '
n,= (66> +4¢—1)[22+2¢, 0, —(2£2+2¢ —1)]+ (262 +2¢)(6¢>+6¢t—1) [0, 1, 2]

or
n, = (26> +2£) (682 +4t—1)[1, 0,' 2]+ (6£2+6¢—1)[0, 2£2+2¢, 1—2¢2).
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