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ON GENERALIZED ORLICZ SEQUENCE SPACES OF FOURIER -
COEFFICIENTS FOR TRIGONOMETRIC GAP SERIES. 1

J. MUSIELAK

To the memory of
Y. A. Tagamlitzki

We investigate the operator associating with a function f¢L5, 1<p=2, the sequence
of Fourier cocfficients of f with respect lo a trigonometric gap system, as well as an operator
from a modular space X () tO the generalized Orlicz sequence space [°.

Ps .

1. Let (n,) be an increasing sequence of positive integers. We take an
increasing function /(x), x==0 such that /(k)=n, for k=1, 2,..., and we de-
note by m(x) the inverse function of /. We write Ay={k€¢N: 2" nt<n,<2'r},
v=1, 2, 3,..., and we put k,=[m(n)]+1, where [x] denotes the integer part
of x. Then, ng, is the least integer in A;. Let | A,| be the number of elements
of Ai; then, | Ay |< [m(2'n)—m(2""'n)]+1=N, for VEN.

et

ki (@, (f) cos nyx+b,( f) sin n, x)

be the Fourier series of a function f¢ L5, 1<p=2, with respect to the trigo-

nometric gap system cosnx, sinngx, cosnyx, sinnyx,... in (0, 2r). With

every f¢L5 we associate the sequence c(f)=ax, (), b, (f)s Qr+1(f)s Brgr1r ()s-. -

with some fixed index %,. We shall investigate the linear operator c: f— ¢(f)

as an operator from some modular space Xp(s) to a generalized Orlicz sequence
h ¢

space [°, generated by a sequence ¢=(9,)>_, of ¢-functions ¢, (for the ter.
minology, see [2]), i.e. the space of sequences c=(cy);, such that p(Ac)
=3,0,|c,)< oo for a L>0.

The following assumptions on the sequence ¢ will be fundamental.

A.1. There exists a constant C=1 and a sequence of integers (m(v)) with
m(v) € Ay such that @u()<C@uv) (@) for =0 and v¢Ay;

A.2. The functions ¢,(#)=¢,(u"9), u=0, where 1/p+1/¢g=1, are concave-

Let us remark that A.l is certainly satisfied, if (¢,(«)):>, is an increasing

(decreasing) sequence for all #=0. Moreover, it is easily observed that if ¢
satisfies A.2, then h

(*) N 0u(2u) <27 @, (1) for u=0, n¢N.

In the following, we denote by o, the p-th modulus of continuity of f
in Lz, i. e. '

2n’
@, (f, )= sup ([ 1f (x+m)—fx) .
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2. We prove now the following:
Theorem 1. Let ¢o=(9,)>,, satisfy Al and AZ2. Then, for every

felz, 1< p<2, there holds the inequality

pE(/N= Pl ()= (1)

where

1 1
P (f) = 2CN v omen (INTV9 0, (s o

\

)}

or véN, with 1/p+ 1/g=1. - g
Proof. Applying the Hausdorif-Young inequality to the function
Fu(x)=f(x+h)—f(x—h) and taking into account the formulae

ay (Fy) =20, (f)sinng k. b, (Fp)=—2ar(f)sinn,h

we obtain the inequality

b 1 < 1,1 % ,

2 (a(N17+164(f) )| sinngh |19 < o { - [ 1 Fulx) P dx}ie.
Restnctmg the summation on the left-hand side to k¢ A, and observing that
| sinn, 2—¥=1|=2-12 for k¢A,, we obtain ;
(s (2, (ax(Dlr+16(H D

1 1

2r .
=g iw [ 1A b anr <50 — o, (f :

2

Now, we have by Jensen’s inequality for concave functions
k%‘A (0 (|ax (N 1) +9x (10 ()
SCI: 231 (am(k) (I (lk(f)!)+q_)_m(k) (i bk(f) | ))
< 7 q
=2C| Ay |‘Pm(V) {QIA | k(ZAvd ap (/)17 +16, ()9}
11 PR U

— 1
S2C!‘4Vl(pnt(v){ 2] A, | VIQ_(] P (t)z (f’ ov )]

1

P 1 1
=2C|Av| Om {TZV—, ‘”Z(Tf» 5\‘;)}

Since @m) are concave, then @, (2)/u are nonincreasing Hence,
(‘P.(lak(f) D)+ 04| be( /) N=2CNy Qmvy N0, (5 4 /s —)}"—p“"’(f)

This gives
pe/M=2 | = @llaHDrenlbi(NI= 2 o () =P ()

\
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Taking as a special case ¢,(#)=nP|u|* with any real p and for O<v=<g,
we obtain from Theorem 1 the following
Corollary 1. If O<y=gq, B real and

‘E m(v)e N4 ot (f

then

SR AV AGIVEES

This Corollary generalizes a number of well-known results on Fourier
series (see e.g. [4, Chapter VI, § 3]; also [l, p. 149, Theorem 3.1]).

Following [1], one may consider also special cases with k"=Q(n,) for an
r>0 and k€N, or n,,/n,=a>1 for REN.

3. We are going to apply Theotem 1 in order to investigate the conti-
nuity of the linear operator ¢: f— ¢ (f). Obviously, p*) is a pseudomodular

in the space LZ, thus generating the modular space

X @={/€Lg: p® (1 f)—0 as % —0+}

(see [2, Def. 1.4)).

The following results is obtained applying Theorem 1, immediately :
Theorem 2. Under assumptions A.1 and A2, c: f—c(f) is a linear
operator, continuous from X o to [°.

Let us remark that due to the inequalities (*). modular convergence and
norm convergence are equivalent in both spaces Xp(.,,, and [° so there is no
B

need to distinguish between them.

Theorem 2 generalizes results of [3] concerning trigonometric Fourier
series, if we put n,==k%.

4. Now, let o=(¢,)_, and y=(y,)_, be two sequences of ¢-functions
satisfying A.l1 with the same m(v). Let us consider the following assumption
(see [2, 8.1]):

A.3. There exist positive numbers 3, K;, K, and a sequence (g,) with
£,=0, X g,< co such that for every #u=0 and k¢N the inequality ¢,(u)<3d

1

implies
V) =Ky 0, (Kqt2).
Let us note that A.3 is the necessary and sufficient condition, in order

that /?—{¥ continuously (see [2, Theorem 8.5]).
Theorem 3. If A3 holds, then X @ X KUE and this imbedding is con-

tinuous both with respect to the modular con'vergenues, as well as to norm

convergencies.
Proof. Let f¢ X(.,,), then p@® A f)—»0 as A—0+, whence pPW(Af) <8

for 0O<A< A, with some A >0. Hence, P (Af)<d for O< A<y, vEN and so

Omn (N5 90, (- 1S, 55)}< 5.
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By A.3,
1 1 1
Vi {N; 9 0,(— M f, ?)}SKx Pmvy { Ky Nj”"wp('}( A, 2_v')}
for véN, 0<A<A,. Thus p» (A f)<K, p® (Kyrf) for 0< A< A, which shows
that f¢ Xp(q,). Now, let f,,EXp(q,,, f.—0 in Xp(w) in the sense of modular con-

vergence (resp. norm convergence). From f, — 0 it follows that p(® (K, A f,) —0

as n—oo for some A >0 (resp. for every A>0). Taking such a A >0 fixed, we
choose an index N such that p@® (Af,)<8 for n=N. Arguing as above, we

obtain p() (A f,) <K, p{® (Ky A f,) for n=N. Hence, p® (A f,)—0 as n— oo for
a A>0 (resp. for all A>0). This means that f, —0 in XD(.,,, in the sense of

modular convergence (resp. norm convergence).
Remark 1. From Theorems 2 and 3 and from [2, Theorem 8.5], we
may put our results together in the form of the following diagram:

A.l, A2

c

X pf;o) - 1®

A3|id id|A3

c
X (yy—m—>
oS AL A2

Remark 2. All.the above results may be extended to the case of al-
most periodic functions, taking noninteger values of n, (see [l]).

v
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