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A THEOREM OF WHITNEY’S TYPE IN R?
BLAGOVEST H. SENDOV, MILKO D. TAKEV

In [1,2] H. Whitney proved the following classical theorem in approxi-
mation theory and numerical analysis:

Theorem 1. (H Whitney) For - each . integer n=1, there is a number
W, with the following property. For any interval [a, b] and any bounded
function f on [a, b] there is a polynomial P of a degree at most n—1
such that - -

0.1 | f(x)=P(x)|=W,0,(f; (b—a)/n); x¢[a, b}
Here o.(f, 8) denotes the modulus of continuity:
0.(f3 8): = sup {|AZf(®)]: b t+nhela, bl

M fx): = (=Y (1) fxrin),

K. Ivanov [3] proved Theorem 1 for functions f integrable in the Lebesgue

sense on [a, b].
For a finite interval /, the smallest possible constant W, in (0.1) is clearly

.independent of the length of /. Therefore, there are essentially three distinct
cases to consider: /=[0, 1], /*=[0, ©) and [**=(—oo, o). The smallest
possible constants W,, W, and W,." in each of these cases are called the
Whitney constants. : ' ' o

H. Whitney [1] gave good estimates of the constants W, and W;" It is
proved in [4, 5] that the Whitney constants W, are bounded by a number

which does 'not depend on #.
Theorem 2. (Improved Theorem of H. Whitney [5]) For any function f,

defined, bounded and integrable on (0, 1] and for each integer n=1, there is
a polynomial P of a degree at most n—1 such that

0.2) , | fx)—P(x) |=60,(f; 1/(n+1)); x€[0, 1]

J. Brudnyi [7] proved an analogy of Theorem 1 for approximation of

functions of several variables by quasipolynomials.
The purpose of this paper is to improwfe the J. Brudnyi’s theorem in the

sense of Theorem 2.
1. Definitions and denotations. We shall fix integers n=1, m=1 and

will introduce the following notations: [ stands for the set
(1.1) O ={(x, ER?*: O=x=n+1, 0=ysm+1}.

Let L(M) be the set of defined, bounded and integrable in the Lebesgue
sense functions on the set M (where M is a measurable subset of R? or R!),
equipped with the uniform norm | -||. v
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Let Qum((J) denote the set of quasipolynomials of the x-th power not
exceeding n and of the y-th power not exceeding m:

(1.2) Qun ()i =Pum(x. )= £ fi(e' + £ /()%

where fi(x) € L([0, n+1]) for i=0,1,..., m; g(y)€L(0, m+1]) for j=0, 1,

) ’I‘he best uniform approximation of the function f(x, y)€¢ L(O) by means
of elements of Q.. ([]) is

(1.3) EQum(C1); N=ECF): =inf{||f—P|: P€Qum(CI)}.

As a characteristic of E(j) we shall use the following modulus of conti-
nuity

(1.4) Onm (f3 D)=mn.m(f; L D= oSup_ {|Azm f(x, )|

Coo ) (bt y+mm)€ 05 AR e, )= £ E (1) 1) (7)

XA x+&, y+jn)}

Let x=p+o, p=0,1,.... n, O=so=l, y=v+1, v=0,1,..., m 0=t=<1;
(1.5)  Inw(f) = ﬁ %_:1} for =0, 1,..., n, are the basic Lagrange polynomials
S |
for the knots O, 1, n. ;
The following operator was mtroduced in [5] for all functions f¢L([0, n+1]):
(—-l)"+"
(1.6) 0, (f3 x)=0,f; n+o)=-" (n) Uf A7 f(x—pu) du.
An '

By analogy with (1.6), we define in L([) the operator Onm(f; %, y) that will
play a very important role in our further work

(17) -(pn.m(f; X3 y):(Pn.m(f)s( 1L+, V+T)

n+mt-p+v g
—_ {1 EE iy (2)(F) St —im, v

+(j—V)r)dudr.
Obviously, the inequalities
(1.8) (Onm (f3 % 3) =0 (75 D) /(1)(V)
hold for x¢[pn, p+1]; y€[v, v+1] and p=0, 1,..., n, v=0, 1,..., m.

2. Preliminaries. We shall use the following lemmas from [5]:
Lemma 1. For each natural number n,

max { éo oy GOV (3): 0Osx1}=1,
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where 1, ;(x) are as in (1.5).
Lemma 2. If

(2.1) Mov= E L max{|tn, ()| vex=v+1}
= (;) :
1+0,+
then ppy=-—YTNVHL uhere v=0, 1,..., [(n—1)/2], y=1+1/24 - - - +1)v;

(V)

c,=0, and (in particular)

(2.2) Hao=1+ I o max { |l (x)]: 0=x=1}=2.
= (7)
Lemma 3. If f€L([0, n+1)), then we have the following representa-
tion of f

@3) T femdn= £ lnpt0) ff(n)dn+p£=0 [ 0ulf s p+m) Lnplu+5—n)dn,

where p=0,1,..., n, 0=oc=1.
Now we are ready to formulate and prove an analogous formula to (2 3).

Theorem 3. If f€¢L(), then the following equation is true

(2.4) "f 6[ f(n, 1)dndr =

m

ln-p(“ +)m,o(V+T) of (‘)f f(n, ryandr

T

s
=0 g=0
p > Gf O (f(1,-)s g+ lmg(V+T1—r) dndr

n p
+ = lap(p+o) [
p=0 0 g¢=0

Q

m g n o . S
+q20 lm.q(V+'r)(} 320 Uf on(f(, 1) s pF+i)lnp (W4 S—n)dndr

n m
+ 20 zof f Onm(f3 P10, +")ln.p(l>1+0'——”)lm'q(v'(“"f—’)d”d"-
= q.—.

Proof In (2.3) we substltute f(x) by f(x, y), where y is fixed and
obtain

(25) [7 S gydnt E uputo) [ fon y)an

+ ,,Eo Uf 0 (f(s ¥);s P+Mlnp(+o—n)dn.

From the definition of the operator ¢,(f, x), it is evident that
(2.6) 0 @n(f3 @+T) ;P +0)=0,(®,(f; P+0); §+D=0nm(f; P+0, ¢+7)
for all non-negative integers n, m (See (1.6) and:(1.7)). In order to complete
the proof, we apply (2.3) to the function g(y)= Ta f(u, y)du and from (2.5),
(2.6) Theorem 3 follows.

If we differentiate (2.4) by x and resp:ctively by y, the following basic
representation of j(x, y) is ‘obtained, which holds almost everywhere in [J:

(2.7) f(h+o, v+r) = p§o q::o Lp(n+ o) b (V1) of ff(n', r)dndr
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#2000 [ E 00 )i g+ me®dn

p=0 "

i Ma

Il Ma

p om Ty . i
t ) [ [ on(fin s g4+, (v+T—r)drdn

?

m q n
+ L0 [ 0 (fC 1) prolasm)dr

p=0
m g n o i
+ Z v+ [ = [ e, (f(-, r); p+mi, (W+o—n)dudr
g=0 "7 0 p=0 0 ’

n m .

YOF 0 Prm(f3 P+, §+7) bnp(W) limg (V)
2=0 g=0 :

Max
I M3

-+

O'\‘q

0

5 Qum(f3 p+n, g+, ,(W+0—n) Ly (V) dn
=079 . _

+ Onm (f; p+o, q+r)ln,p(u)l;1'q(v+f—r)dr

I My
I M3
C\ﬁ

»2=0 g=0

+ £ Z i wn.m(fﬁ p+n, g+r)l, yWto—n)l, (v+t—1) drdn.
p=0 g=0 V] ’ ) '

Using (1.7), the right-hand side of (2.7) can be written -in the form
flx, y)+@(x, y), where ®(x, y) is a continuous function and ®(x. y)=0 almost
everywhere in []. Now it is clear that (2.7) is true for every point of [J.

From (2.7) we have

(2.8) fhto, v+ =P/ X, 9)=0nm(f; B+0, V+1)

n o |
.+ Z [«pn,m(f;p-l—n, v+1) i, ,(n+oc—n)dn
=0 (

+ Z ([ Onm(f; nt+o, q+r)l,'n,q(v+-r—-r)a'r
g=0 :

n m [ 2 4 \
+ 3 3 [ @am(f; p+n, g+r) (n+o—=n)l (v+T—r)dudr,
p=0 g=0 0 0 me 'q
where P*(f; X y)EQn—-l, m—~l(D)- ’ -

Theorem 4. If feL([J), then there is a quasipolynomial R(f; x, y)
€ Qum (1) satisfying the following conditions :

i1 i1 B '
(i) Jf ;fr[f(x, Y)—=R(f; x, y)ldxdy=0tfor i=0, 1,...,n; j=0, 1,..., m;

~

1

(i) [f(x, —R(f; x, ¥)]dy=0 for j=0, 1,..., m;

J

/
’

~

(i) T 1f(6 »)—R(f; x )] dx=0 for i=0, 1,..., n:
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pmf(n, y)dnn™

1,n

82
1 1 .
V) ALRR(f3 % y)=— [ [ ALY f(n 7) dndrE™ + [ A
. 1
+ [ Ammf(x, ndrg", 0=C n=1.
{ A

Proof. Let Flx, y)= fx 'fy f(u, vidudv; F.= fy f(x, y)dv and. F(x, y)
(V] (1]

= fv f(u, y)du. Then we set
0

n+1
(2:9) R (F % )= = Fps Ny () +E Ll D) lirg(¥),
n+1 m+1 , , .
_ ,,‘Eo qz:o ‘F(p, Dbrp, )iy o (D)

We start to prove (ii).
J+1 J+1 n+1 j+1 . , I
J e =R % ldy = [ e dy— %, J B a0

n+1 )
- qEO Fu(x, @) [lmt1.0(J+1)—lm+1,4( NI

n+1 m+1
+ E 2 FP DL, g G D =l (D]

=R ) = Fele )= ', (F(p JHD=Fp, Dlkaris ()

n+1
—Fi(x, j+1) +Fx(x, J) + p§0 [F(p, j+1) — F(p, NDlinr1p(x)=0.
By analogy with (ii), we get (iii). It is easy to see that (i) follows from
(ii) and (iii). In order to complete the proof of theorem 4, we have to prove (iv).
From (2.9) we get ' ' .
n+1 i nt1 .
A R(fixiy)= E [ A% fn yydn("Fl) (= 1y

(2.10)
m+1  j |
+ T [ ALf(x dr(mE) (= 1y
j=0 0 j
+1 m+1 L |
- "z “Z f fjf(n’ r) dﬂdr("'*fl )(m-}:l )(_1)"+"l+i+l'(:"l]lm
l i=0 j=0 0 0 i )
i1 o
(2.11) # f A:’f(n, y)dn (ni—l)(__])n_‘_l“
i=0 0 i

E; i Ay fln, y)d”[(,-fl ) + (.':.)](—1)"+1+1
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n i+1 N )
= B0 s s (3 )tran— s (3 X-tran)
ni i1 n
—_ — 11 (m m —_ f (—1\n+i[ N ;
= X (=D () [ Ay fin, yydn= X g (= (7 ) fnti, y)dn

= f Apnf(n, y) du.

From (2.11) it is easy to see that
m J 1

(2.12) s f (m-tl)(*1~)m+l+f Az f(x, Ndr= [ Ammf(x, y)dr.
j=0 0 J A 0

Applying (2.11) and (2 12), we obtain (1v)\
3. Main result. The aim of this section is to prove the following theorem

of Whitney’s type R2.
Theorem 5. If fe¢L(), tlzerz there is a quasipolynomial P€ Qn—1,m— ({1)

such that
(3.1) | fCe, )—P(f 5 x, ¥) [[0=49 @nm (5 D)
Proof. By 7, i=1, 2, 3, 4, we denote the following four subsets of (7] .
O ={(x y)eO: 0=x=n, 0=y=m}; :
Oyt ={(x, Y)EO: l=x=n+1, 0<y=m};
Os: ={(x, €O : 0=x=n, lsy=m+1};
O ={(x, )e: 1=x=n+1, 1=sy=m+1}.

Obviously,
4
(3.2) .U O=0.
Let us mention that if we substitute f by f= f(x, y)—— R(f: x, ) (R(f,
x, y) is as in Theorem 4), then from (2.7) and (2.8) we get
(3.3) Pl (g; x, y) = P} (F: x, y)=0, for i=1, 2, 3, 4,

where g(x, V)=f(n+1—x, m+1—y).
We call the assertion (3.3) a condition for symmetry.
From (2.8); (3.3) and Theorem 4 we have

(3.4) T, y)=f0%, )= R(f3 %, ) = @nm(f; p+0, g+7)

+ = f (Pn,nz(f;p+ll, q—{«'r)l,’,'p(ll-f-o'——n)dn
p

=0 0
m T e / \

+ EO bf Onm (f3 P+o, g+1)L, (V+T—r)d:
o

n m c T e Fa
+ =2 X [ [ @um(f; p+n, g+ni, ,(w+o—nl, (v+t—r)dndr,

p=0 g=0 0 0



84 \ B. Sendov, M. Takev

Applying Lemma 1, Lemma 2 and (1.7), we obtain
(35) 1/, )=R(f3 % D) 0w (73 O (5)(5)

n @, (73 0)

An\(m) ! ¢ BRY lm t
+ pEO (Z)((’n) usr?gf_{_l]n.p(”‘i‘q: (:)(Zl) vgté I 7 (D]
noom @, (7 0) -
__”_"n—__ ln‘ t lm‘ t
" pEO qu, (Z)(Zz) ugnt];fﬂ [ ‘p( )l V§T§§+l\l v q( )F
gm,,_,,,q(?; o) l+1+6u+0'u+1+1+GV+(G';H)_€‘;(;+G"+O‘"+‘)(1+cv+cv+1) .
: [T ARY

From (iv) of Theorem 4, it is obvious that

Onm( f3 1)<40n.m (f; CI)-
Therefore,

3.6) f(x M—R(Sf; x: Y)lo=40nn(f; D)(l+2+2+4)<36mnm(f 0).
Now usmg (2.11), we may represent R(f; x, y)EQn.m(D) in the form

m (x—J)
B7) R(f:x y)=P(f; x )+[f At f(n, y)du—S,_(¥)] T

m (y—i) 1
+I f AP fix, Nar—S, ()1 =— = [ [ Api fln, r)dudr

~

s

“H (x—)H (y—17)
i=1 i=1
S nl ml ’

_where S,,_l(x) S,—i(yV) are the polynomnals from Whitney’s Theorem 2 corres-
ponding to the functions ([ A7 f(x, r)dr, 0[ A f(n, y)dn. 1t is evident that

P(f; % ¥)€Qn—1,m—1 (D).
From (3.6), (3.7) and Theorem 2 we have

[ f(xs )—P(f35 % V) [0=36 0nm (f; )
+]| bfl A7 f(x, r)dr~S,._x(x)Hm~+ [ 0f1 At fin, y)dn—Su—1 (Mo

+||°f O{ Ar f(a, 1)dndr||o=oum (f; EI)(36+6+6+1) 49 0 m( f; O).

4. Remarks and generalizations. Theorem 5 may be formulated and pro-
ved for integral L,-norm (p=1). Whitney’s. theorem in R! for integral norm
“has been proved in [6].
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Using induction, we may generalize Theorem 5 in RV, where N=3,4,5,....
The essential difference between Theorem 5 and the work of J. Brudny i
[7] is that the constant C is independent of n and m. The constant C=49 in

Theorem 5 obviously is not the best possible. .
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