Provided for non-commercial research and educational use.
Not for reproduction, distribution or commercial use.

PLISKA

STUDIA MATHEMATICA
BULGARICA

FIANCKA

BbATAPCKU
MATEMATUYECKU
CTYAUU

The attached copy is furnished for non-commercial research and education use only.
Authors are permitted to post this version of the article to their personal websites or
institutional repositories and to share with other researchers in the form of electronic reprints.
Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to third party websites are prohibited.

For further information on

Pliska Studia Mathematica Bulgarica

visit the website of the journal http://www.math.bas.bg/~pliska/

or contact: Editorial Office

Pliska Studia Mathematica Bulgarica

Institute of Mathematics and Informatics
Bulgarian Academy of Sciences
Telephone: (+359-2)9792818, FAX:(+359-2)971-36-49

e-mail: pliska@math.bas.bg



EXPONENTIAL APPROXIMATION IN THE NORMS AND SEMI-NORMS
PAULINA PYCH-TABERSKA, ROMAN TABERSKI

The deviations of some entire functions of exponential type from real-valued functions

and’ their derivatives are estimated. As approximation metrics we use the L”-norms and power
variations on R. Theorems presented here correspond- to the Ganelius and Popov results con-
cerning the one-sided trigonometric approximation of periodic functions (see [4, 5 and 8§]).
Some related facts were announced in [2, 3, 6 and 7].

1. Notation. Given a number p=1, let L7 (a, b) be the space of all com-
plex-valued functions Lebesgue-integrable with p-th power on the interval (a, b).
Denote by L*(a, b) the space of all measurable functions essentially bounded
on (a, b). As usually, the norm of the function f¢ L7 (a, b) is defined by

b
([1f(x)|Pdx)Vr if p< oo.
1 fllea, 5= ess Sup]f(x)|‘ it pe o, I
x € (a, b)

We write L? instead of L? (—co, <0). Moreover, by convention, L==L1,

- Let Lz be the class of all complex-valued functions belonging to every
space L” (a, b), with finite @, b (a<b). Denote by ACP: the class of complex-
valued functions f having the derivative f absolutely continuous on each
finite interval (a, b).

For any function f¢L# , the limit

loc’

i =l Fll

is finite or infinite. In the case of f¢L?,
I l=1f]p< o0 :
Consider a (compléx-valued) function f defined on the interval /==(a, b).
Write ' '
Vy(fs D= sup { 2 1f(e)—f (o) )P (0<p<ioo),
where the supremum is taken over all finite systems = of the intervals (x,, x;),
(Xp Xody+ o s (X1 Xm) (xp=a, x,,=b; m=1, 2,...). This quantity is often

called the p-th power variation of f on /. If f is defined on R==(—o0, o), we
can also introduce the p-th (power) variation

Vo(H=V,(f; R)==sup V,,(f; /) (I<R).
We assume, additionally, that '

Va(f)=Va(fi R)= sup |/()=f @)
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Exponential approximation in the norms and semi-norms 95

As well known, V,(f)=V,(f), if 0<p<q\co

Denote by BV” [resp- BV? ] the class of all complex -valued functions ¢
with finite p-th variation V,;(‘P R) [V, (¢; /) for each finite interval /]. Obvi-
ously, an arbitrary function f¢ BV? [resp feBV,og] is bounded on R [on finite
intervals /] Moreover, any f of class BV7_  (0< p< o) has one at most enu-
merable set of discontinuity points x at which the one-sided limits f(x+0)
exist. The class BV” (p=1) with non-negative functional V,(¢) is a certain
semi-normed space.

Let E; be the class of all entire functions of exponential type, of order
c at most. Denote by B, , (0<o<cc, 1=p=-cc) the set of functions F¢E,
which belong to L? (on R). Write Bo_Bc,m. As well known [10, p. 248],
Bs, p=Bg, g if 1<p<q<:>o

Suppose that f is a fixed function of class Lloc [resp. BVZ ] (p=1). De-
note by Ha ,(f) [resp. D, »(f)] the set of all functions- G¢ E, such that
f—GeL? [ f—GeBV?). Introduce the quantities

inf || f—sl,. if H,, ,(f) is not empty
AG(f)PEg SgHGvP(f)

) .otherwise

and ‘ :
~inf Vo (f—S), if Ds,,(f) is not empty
m(f),,zg S€Do,p (N

oo otherwise.

The first [resp. the second] of them is called the best exponential approxima-
tion of f by ‘entire functions of class Es, in L?-norm [in BV?”-semi-norm].

We will write W’BV? for the class consisting of all functions ¢¢AC/;!
such that ¢ ¢ BV? (r¢N, p=1). The symbols ¢, [resp. ¢,(r;...)] (& LEN)
will mean some positive absolute constants [positive numbers depending only
on the indicated parameters r,...].

2. Fundamental lemmas. Let us begin with an analogue of the well-
known Bernstein inequality.

Lemma 1. /f GeBs (0<o< o0), then

(1) . V,(G)=0oV ,(G) for each p=1.
Froof. Putting

me=22 1 (k=0, +1, +2,...),

we have

©) ‘ G’(t):%kx = 2 L Glt+u)

=—o0 u,

for all real £ (see e.g. [10, p. 216]).
* Consider an arbitrary partition

{a=x0< Xp<---< xm~—-1<xm=b} .

of a finite interval (a, b). By the identity (2) and Minkowski’s inequality, for
every finite p=1,
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m

{ 2 |G (x)—G' (xs—) |P}P
j=1

~1 3 = z | G (ty+ w)— Gty + 1) |PY10P

C h=—oo llk

1 b 1 . __ 8o . b 1.
ol g VPO R V(@R ey
This gives (1) for finite p=1. If p=co, the proof is trivial.
Consider now functions ¢ belongmg to the space L9 (1<q< co). Intro-
duce the singular mtegral

@)  Wiel @)= Zw(t)&(z—t)dt (z=x+iy),

with .
K5 (§)=(cos 6 —cos 206()/(c4?) (0< o< oo).

Clearly, Ko € Bag,1. ; )
As well known, W[¢]€ Bss and in the case of ¢ € Bs, 4

Wiel(x)=0(x) (x€R).

Further, l|K<,U,sc,1t (cls2+ 4n—2log 3). Consequently, ||W/tp]]q o llollg i e
WloeleL? (see [1, Sect. 106]).
An easy calculation leads to

Lemma 2. Let o€ BV? (1=p=xc0o). Then

V,(Wle)=c,V, (o).

. Given a posmve number ¢ and a positive mteger T, let be an even
real valued function continuous with its derivatives p’, p” R, satisfying the
conditions

19 p(0)=p'(0)=0, .

20 p’(()=o(¢"*+') and p“(t)=0O(¢t") as ¢t — 0+,

30 p(t)=1 for all t=c.

Consider the Bernoulli type function

IR N
o, (x)g_.; (}Lw _{ s ;r eitx dt (xER)
As well known, ®, is real-valued bounded and Lebesgue-mtegrable on R. In
the case of r=2, it is continuous everywhere ([1, Sect. 101]).:

Lemma 3. If o=c, then there exist entire functions P, , Qs,r€Bos1

such that
1° Pa’.r(x)zd)r(x) Qo r(x)é(p,.(X) for all x€R,

20 || PY,— @M, g‘*";_"v’ oW — QW |l = _‘L(’_& for v=0, 1,...,r
The proof is given in [9] (see also [6, Sect. 2])
Finally, we will present the following supplementary
-Lemma 4. Let f¢BVfy. (1sp=c0) and let 7,(f),=0 for some finite

cr>0 Then there exists an entire function F¢ Es; such that F(x)=f(x) for

all real x. '

/
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Proof. Consider a function f¢BV? (1=p=<oco). By the assumption for
every véN, there are entire functions F, ¢ E, satisfying the condition -

4) Sup, | fa)—Fy () ~f (@) + Fy (2) "57;'

Without loss of; generahty, we may suppose that f(0)=F, (0)=0.
From (4) it follows that |f(w)—F,(z)|=v~' (v=1, 2,...), uniformly in
u ¢ R. Consequently, hm Fv(#)=f(w), uniformly on R, and sup|Fv (#)|=M for
u€R

v=1, 2,..., where M=1+ sup|f(u)|<oo

Further, if 2=x+1iy is an arbltrary complex number, the Bernstem ine-
quality leads to

Fo(@) | =Mesl (v=1, 2,...)

and : it 50 '
|Fo@—Fu (@) |= Me! sup | Fu(@)—Fu(@)| (1w veEN)

(see [1, Sect. 83]). Hence, in view of the well-known Weierstrass Theorem,
the limit lim F,(z)==F(2) is finite for every complex 2, F¢E, and F(x)=f(x)

~on R. o ’

In the general case, when f¢ BV?
of Theorem 1 in Sect. 107 of [1]. ' )
3. Main results. Now, some approxunatxon theorems will be given.

Theorem 1. Let f be a real-valued function of class AC[;' (réN),
having the derivative f)¢BVY, (1=p=co), and let 7, (f"),<co for some
positive number c. Then for every oc=c, there .exists an. entire funrtwn
T.€ E; such that '

19 T (x)=f(x) for all x¢R,

20 Vo (To—f)=cy(r) " Vs (D),

Proof. Given any A>1, let ‘us choose an entire functlon 8o € Es, real-
valued on R such that

(5) V, (fO—gM=0Ta (f7), (6=0).

Retain the symbols ®,, P, ,, Q.., used in Lemma 3.
By the well-known theorem ([1, Sect. 101]), for all real x, ‘

the starting point is similar, to that

loc’

F) o ()= Q0+ [ (/O —gY (), (x—1)dt,

where Q. denotes some entire function of class £, real- valued on R. There-
fore, puttmg

AR=g(R)+Q(2) (z=x+1iy)
and SENE )

B ()= { | fO ) — g @) | +57 (&) — g (B},

B )= 10 (g () | (O+ 80 (B,

we can write
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f(x)=A (x)+ c’fq ht (£) @, (x—1t) di— ]‘o h— () ®,(x—t)dt (x€R).
Introduce the functicn of a complex variable z:
To@=A@)+ [ h* &) Po.,r(z—t)dt — | h=(t) Qo »(z—t)dL.

It is easy to show that 7', ¢ E,(see the proof of Lemma 4).
The identity

Te()—f (D)= [ B+ O{Po., (x—H—, (x—O} dt+ | h=(O{®, (x—1)

—Qs, r(x—10)} dt

ensures that 75 (x)=f(x) for all real x. Furthermore, by Minkowski’s inequa-
lity, (5) and Lemma 3,

Vo(To—f)=V,(2*) || Ps, — @, |1+ V, (A7) || ®,—Qo, - Is v
=V, (fO—g0) {|| P, r— @, |1 + || @+ Qa, - [[1}
=AVe (f)y.2c5(r, 0)o".

Thus, the proof is completed.

The following related result can be obtained parallelly (cf. Ths 3.2, 3.3
of [6], Th. 4.5 of [7] and Ths 3, 4 of [3]). '

Theorem 1'. Let f be a real-valued function of class AC[;', with

fOeLie (1=p<o0), and let A (f"),< co for some positive number c. Then
for every o=c, there exists an entire function T.¢Es such that

10 Ty (x)=f(x) for all x¢R,

2 || To—flp=cs(r) 7" Ac (f )y

Remark Theorems 1, 1’ in which the conditions 10 are dropped re-
main also valid for complex-valued functions f.

Proposition 1. Let w¢L and let W €BV? (1=p=co). Suppose that
for some entire function G of class E, (0< o< co) the estimate

(6) V,(w—G)=c; 67V, (V)
holds. Then
(7) V,W —G)=cs V, (V).

Proof. It can easily be observed that the function y is uniformly con-
tionuous and bounded on R; whence y¢ L® for each a=1. From (6) it follows
that G¢ Ba.

Consider the operator W defined by (3). Since W |[y]¢€ B2, we have
W’ [w] € Bao,1. Therefore, W[y]¢ BV? and in view of Lemma 2,

_ o (WW),=V, (WY]—G) =V, (W[y—G) =6 V, (v—G),
i. e.

(8) Vc(W[W])péclcs oV, (¥)

Given any A>1, let S[W[y]] be an entire function of class B, such that

® Vo (Wy]—SIW [v])=A Vo (W[V]),:
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By subadditivity of p-th variation,
V, (W —@)=V, ' — W)+ V, (S [WIv]l—G)
+ Vo (WY ]—S' [W[WI) =N, + Ny + N,
and (s-ee Lemma 2) )
M=V,W)+V(WVD=(+c) V, (v).
From Lemma 1, (9), (8) and (6) it follows that
Na=6V, (SIW Wl —G)=c{V, (S[W [v]]— W [w)
+V, (Wvl=0)} =0 {A Vo (W{w]),+c,Vp (v—0)}
=0{heycs 07V, (W) +eics oV, (W)}=A+1)eiesV o (W)
Since W[y']=W"[y] (W]y]€ Bzs), we have
Ny=V, (W' [y] =8 [W[w]])
=20V, [W[y]—S [W[v]])= 26X Vo (W [¥]),,

by Lemma 1 and (9). Applying (8), we get N;<2Ac,c5V, (V).
Thus,
VoW —GY=(14cy) V, W)+ R+ 1) cie5 V, (W) + 2N cqc Vo), -
and passing to limit as A—1+4, we conclude that V,(y' —G’') =<(1+¢,
+4eyc5) Vi (W) ' .
This gives (7). Analogously, the following implication can also be proved
(see the estimates (1.1), (2.3) and propos. 2.7 of [7]; cf. propos. of [9]).

Proposition 1'. Let v be as in. Proposition 1 with a finite p=1.
Suppose that for some entire function G of class E, (0—o< o),

[v—Gllp=se:071""2 V, (')
Then
. =G lp=cgoPV, (y).

Theorem 2. Suppose that f is a real-valued function of class BV?
(1=p< o). Then for every finile o >0 there exists an entire function T'¢ Bs
satisfying the conditions :

1° T2 (x)=f(x) for all real «x,

2 || To—flloscac™P V,(f),

3 Vo (To—H=c1o V, (f).

The proof is similar to that of Theorem 3 in [8].

Theorem 3. Let f be a real-valued function of class W’'BV? (r¢N,
l<p< ). Then for every finite c>0 there exists an entire function Ts€Es
such that

1° T (x)=f (x) for all real x,

i (r v)

20 zl TS")—f(V) "p§_o._f-‘_v+1_/,ﬂ_ Vp(f(’))y
‘30 Vp(Tﬁ”—f‘v))é cig(r, v) Vo (f7),

GI'—\'

where v=0, 1,...,r—1. Moreover, in the case when fe=V¢eL, the estimates
in 2° and 3° also hold for v=r.
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Prooif. In view of Theorem 2, there is an entire function T;',,E Bs (6,>0),
real-valued on R, satisfying the inequalities

I T;-r_f(') lo=cyo=t? V, (7
VP (Tc:.r'——f(r))éclo Vp (f(’)),

‘Suppose further that c=c¢ >0. Retain the symbols @, P, , Q. defined in
Section 2, and start with the identities

FO)=F. )+ [ f0 ) ®, (x—1)dt

(10)

=F () +Ja () [ {FOO—T2, 0}®,(x—0dt (xCR),
where F. means some entire function of class E, and
Jo@= [ ©,@)T:, (c—u)du (z=x+iy, x yeR)

(see [1, Sect. 101]). It is easily seen that J;¢€ B..
Introduce the auxiliary function

g (x)=f(x)—F.(x)—Js (x) =_1 {f2@O—T,,®)} P (x—1)dt;

write
B O (| SO0~ T7, O+ O—T%, O
B =5 { fOO—T:, 0|~ O+, (B).
Then | i
gx)= | h* (OO, (x—8) dt— | b~ ()@, (x—t)dt (xER).
Putting - ' -
Yo@= | *()Pas(@—1) dt— T () Quse—dl (z=x-+1iy),
we have
an Yo (x)—g(x)=j; B* (8) {Po,r (x—1)— @, (x — 1)} dt

+ _Z, h= () {®, (x—t)— Qa., (x—1)} dt.

Therefore, Y€ Bs,p, and Y, (x) = g(x) for all x¢R.
Taking the entire function 7, with values

(12) To(2)==F,(2)+Js(2) + Yo (2),
we observe that
(13) To(x)—f(x)=VYo(x)—g (x) for all x¢R.
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Hence,
To€E; and To(x)=f(x) on R.
From the identity (11) it follows that for each non-negative integer

v=r—1,

YO (x)— g0 ()= | &+ (O{PY, (x—H— DY (x—b)} dt

+ ‘]; R () (DY) (x—8)— QW) (x—H}dt  (x €R).
Therefore, by Minkowski’s inequalities and Lemma 3,
YO =g p=l12* [, [| P) =@ i+ 2|, | 99 —Q&) N
=2¢(n V) VT DT |,

ree

Consequently (see (13) and (10)),
I TO— [, =] Y§ — g [, =2 e, (r. V) €y 0¥—=12 V, (1),

Since
V, (Y9 —g)=V, (1) | PR— o),
+ Vo () | 9= QN 1=2¢5(r, V) ="V, (fO—T7 ),
we have

V(T —f) = V, (Y= gV) =205 (1, V) €100% V,, (F).

Thus, for T, defined by (12), the inequalities occuring in 1° and 2°—3°
(with non-negative v-=r—1) are proved.

Assuming that f’—Y¢ /[ and applying propositions 1 and 1, we get at
once the desired assertion for v=r. ! :
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