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REVISITING OFFSPRING MAXIMA IN BRANCHING
PROCESSES

George P. Yanev !

We present a progress report for studies on maxima related to offspring in
branching processes. We summarize and discuss the findings on the subject
that appeared in the last ten years. Some of the results are refined and
illustrated with new examples.

1. Introduction

There is a significant amount of research in the theory of branching processes de-
voted to extreme value problems concerning different population characteristics.
The history of such studies goes back to the works in 50-ies by Zolotarev [26] and
Urbanik [23] (see also [6]) who considered the maximum generation size. Our
goal here is to summarize and discuss results on maxima related to the offspring.
Papers directly addressing this area of study have begun to appear in the last
ten years (though see “hero mothers”example in [7].)

Let M,, denote the maximum offspring size of all individuals living in the (n—
1)-st generation of a branching process. This is a maximum of random number of
independent and identically distributed (i.i.d.) integer-valued random variables,
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where the random index is the population size of the process. M, has two
characteristic features: (i) the i.i.d. random variables are integer-valued and (ii)
the distribution of the random index is connected to the distribution of the terms
involved through the branching mechanism. These two characteristics distinguish
the subject matter maxima among those studied in the general extreme value
theory.

The study of the sequence {M,} might be motivated in different ways.
It provides a fertility measure characterizing the most prolific individual in one
generation. It also measures the maximum litter (or family) size. In the branching
tree context, it is the maximum degree of a vertex. The asymptotic behavior of
M,, gives us some information about the influence of the largest families on the
size and survival of the entire population.

The paper is organized as follows. Next section deals with maxima in simple
branching processes with or without immigration. In Section 3 we derive results
about maxima of a triangular array of zero-inflated geometric variables. Later we
apply these to branching processes with varying geometric environments. Sec-
tion 4 begins with limit theorems for the max-domain of attraction of bivariate
geometric variables. Then we discuss one application to branching processes
with promiscuous matting. The final section considers a different construction
in which a random score (a continuous random variable) is associated with each
individual in a simple branching process. We present briefly limiting results for
the score’s order statistics. In the end of the section, we give an extension to
two-type processes.

2. Maximum family size in simple branching processes

Define a Bienaymé-Galton—Watson (BGW) branching process and its n-th gen-
eration maximum family size by Zy = 1;

Zn—l
Zn= )Y Xi(n) and M, max X;(n) (n=12,.),
i=1

1<i<Zn

respectively, where the offspring variables X;(n) are i.i.d. nonnegative and integer-
valued.

Along with the BGW process {Z,,}, we consider the process with immigration
{Zim} and its offspring maximum

im
anl

zim = Z Xi(n)+Y, and MJ"= max X;(n) (n=12,...),
pat 1<i<zim,
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respectively, where {Y,,, n = 1,2,...} are independent of the offspring variables,
i.i.d. and integer-valued non-negative random variables.

Finally, let us modify the immigration component such that immigrants may
enter the n-th generation only if the (n — 1)-st generation size is zero. Thus, we
have the Foster-Pakes process and its offspring maximum

Zn
Z0 = Xin)+1 Y, and M’ = max X;(n n=12...),
n ; 1( ) {ngl — 0} n n 1§i§Z271 l( ) ( )

where I 4 stands for the indicator of A.

Denote by F(x) = P(X;(n) < x) the common distribution function of the
offspring variables with mean 0 < m < oo and variance 0 < 02 < oco. In this
section, we deal with the subcritical (m < 1), critical (m = 1), and supercritical
(m > 1) processes separately.

2.1. Subcritical processes

Let M,, denote the maximum family size in all three processes defined above:
{Z,}, {Zim}, and {Z0}. Let g(s) be the immigration p.g.f.. Also, let A, =
{Z,—1 > 0} for processes without immigration, and 4,, be the certain event -
otherwise. The following result is true.

Theorem 1. If 0 < m < 1, then for x >0

(1) lim P(M,, < z|A,) = 7(F())

and .

2) lim B A,) = Y[ - A(F(k)]
k=0

where

(i) in case of {Z,}, v is the unique p.g.f. solution of v(f(s)) = my(s)+1—m
and (2) holds if, in addition, EX;(n)log(1 + X;(n)) < occ.

(ii) in case of process {Z™}, (1) holds provided Elog(1+Y,) < oo and 7y
is the unique p.g.f. solution of y(s) = g(s)y(f(s)). (2) is true if, in addition,
EY, < oco.

(iii) in case of process {Z9} we assume that Elog(l +Y,) < oo. Then
1(5) = 1= X5 o1~ g fu(5)] (0 < 5 < 1) and 4(0) = {1+ 5521~ g(£u (O]} .
Also, (2) holds if, in addition, EY, < cc.
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Example 1. Consider {Z,} with geometric offspring p.g.f. f(s) = p/(1—gs),
where 1/2 <p=1—q<1. Then m = q/p <1 and it is not difficult to see
that v(s) = (1 —m)s/(1 —ms). Hence

o 1— k+1
lim P(My < k| Z, 1 > 0) = 2= q 1).
n=o0 p—a(l—q")
It can also be seen ([20]) that
T < lim B(My|Z, > 0) < ——.
1—pm = n—ooo 1—m

Example 2. Consider {Z™} (see [15]) with
fs)=0+m—-ms)™ (0<m<1) and g(s)f“(s) (v >0).

Then (s) = (1 —m)/(1 — ms))”, a negative binomial p.g.f., and the above
theorem yields

. im 1—-m v

and

. i e 1-F() 1" vm?
lim EM; zjz%l—{l_ )] < .

Example 3. Let i = EY,,. Consider {Z3} with

f(8)=04+m—ms)"t and g(s) =1— (u/m)log(1+m —ms) (0<m<1).

In this case v = (m — plog(l —ms))/(m — plog(l —m)) and by the theorem

) m — plog(l — mF(x))
lim P{MY <z} =
oy My = =z} m — plog(l —m)

and lim,, oo EM% —

00 1—m 1+mk+1_mk’+1
m + Z log I 7 _) )
k=0 m um m

< .
m — plog(l —m) “m—plog(l—m) 1—m

W
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2.2. Ciritical processes

In the rest of this section we need some asymptotic results for the maxima of
iid. random variables. Recall that a distribution function F(x) belongs to the
max-domain of attraction of a distribution function H(x,0) (i.e., F € D(H)) if
and only if there exist sequences a(n) > 0 and b(n) such that

®) Jm P a(n)s +b(0) = H(.0)

weakly. According to the classical Gnedenko’s result, H(x;#) has the following
(von Mises) form

H(z;0) = exp{—h(z;0)} = exp {—(1 + x&fl)*e} , 14207 > 0; —00 < 0 < 0.
(4)

Necessary and sufficient conditions for F' € D(H) are well-known. In particular,
F € D(exp{—2"%}), a > 0 if and only if for = > 0 the following regularity
condition on the tail probability holds

(5) |- Pla) =2 L),
where L(z) is a slowly varying at infinity function (s.v.f.).

A. Processes without immigration. In case of a simple BGW process,
the following result holds.

Theorem 2. Let m =1 and 0® < co. (i) If (3) holds, then

Mn _b<n> - :
T S > 0) = e

(6) lim P (

(i1) If (5) holds, then

. EMy|Zy1 >0) 7/a
(7) nh_{rolo nl/aLy (n)  sin(r/a)

(a > 2),

where Lq(x) is certain s.v.f. with known asymptotics.

The theorem implies that if ' € D(exp{—e~"}) then the limiting distribution
is logistic with c.d.f. (14+e%)""; and if F € D(exp{—2"9}) then the limiting
distribution is log-logistic with c.d.f. (1 + x*“)fl.
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Theorem 3. Let m = 1, 0 = oo, and (5) holds. Then for x > 0 and
l<a<2

My,

1
8 lim P <zl|Z,-1>0
(®) (nl/[“(“ 1)}L2 (n) | !

) - (1 + xamfl))l/(“*” ’

n—o0

which is a Burr Type XII distribution (e.g. [22]) and

 B(Mo|Zu > 0)
©) A (eI Ly ()

1 1 1 1
= B — 1 1 <2
a—1 (a—l ala—1)’ +a(a—l)) (1<as2),

where B(u,v) is the Beta function and Lo(x) is certain s.v.f. with known asymp-
totics.

Note that for a = 2 the right-hand sides in (6) (under assumption (5)) and
(7) coincide with those in (8) and (9), respectively. The right-hand side in (9) is
the expected value of the limit in (8) (see [22]).

Example 4. Let 1 — F(z) ~ x~2logz. In this case one can check (see [20])
that Theorem 3 with a = 2 implies

. M, 42?
— < = .
P <n1/2(10g n)3/% ~ | Zn1 > 0) 1+ 422

forx >0 and
EMyu|Zy—1>0) =

Jim 72 (log )72 =3

B. Processes with immigration {Z!"}. Let u = EY,,. We have the
following theorem.

Theorem 4. Assume that m =1, 0 < 0% < 00, and 0 < pu < oo. (i) If (3)
holds, then

(M) 1
(10) Jim_ P ( ") < ) (L1 0?h(. 0)/2)H7




Revisiting Offspring Maxima in Branching Processes 407

(i1) If (5) is true, then

) EM,’lm 2u 2p 1 1
L _ — — >
(11) nhm Ta 2 () 2B< 5+ =1 a) (a>2),

where B(u,v) is the Beta function and Lo(x) is certain s.v.f. with known asymp-
totics.

The theorem implies that if F' € D(exp{—e~"}) then the limiting distribution
is generalized logistic with c.d.f. (1 + 0%e™%/2) _2“/02; if F € D(exp{—xz~“}) then
the limiting distribution is a Burr Type III (e.g. [22]) with c.d.f.
1+ 021:_‘1/2)72“/02. The right-hand side in (11) is the expected value of the

limit in (10) (see [22]).
Theorem 5. Let m = 1, 02 = oo, and (5) holds. In addition, suppose

(12) O(z) = — /Ox log[1 — P(ZI™ > 0)|dt = clog x + d + (),

where lim,_, £(z) =0, ¢ > 0, and d are constants. Then for x > 0,

M'L'm 1
13 lim P n <z|l— —— (1<a<2),
I (m/[aw—wlmn)—x) Groaeny 1<es?

which is a Burr Type III distribution (e.g. [22]) and

1 1

 EMi )
(14) lim a(a—l)’l a@=1)

n—oo pl/la(a—1)] Lo (n)

:cB<c+ ) (1<a<?2),

where B(u,v) is the Beta function and La(x) is certain s.v.f. with known asymp-
totics. The right-hand side in (14) is the expected value of the limit in (13).

Note that for ¢ = 1 and a = 2 the right-hand sides in (13) and (14) coincide
with those in (8) and (9), respectively. The condition (12) holds even when the
immigration mean is not finite. Next example illustrates this point.

Example 5. Following [16], we consider offspring and immigrants generated
by

F8)=1= (1 =81+ (a—1)(1—5)"YD and g(s) = exp{-A(L =)'},
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respectively. Then (5) holds and (12) yields

O(t) = (M/(a —1))[logt +log(a — 1) + log(1 + (a — 1)t) 7).

Therefore,
Mim 1
lim P n < 1<a<?2),
s (nl/[a(a—l)]LS ) = l‘) (1 + z—@=D)\/(a=1) (1<a<?2)
and
EMim A A 1 1
li n — 1-— 1 <2
nt0o n1/la@=Dl L5 (n) a — 1 (a —1 ala—1)" ala— 1)> (1<a<2)

where B(u,v) is the Beta function and Ls(x) is certain s.v.f. with known asymp-
totics.

C. Foster-Pakes processes {Z0}. The following limit theorem for M2
under a non-linear normalization holds.

Theorem 6. Assume that m =1, 0 < 02 < 00, and 0 < pu < oco. If

. PXi(1)>n)
(15) A B St D)

then for 0 <x <1,

(16) lim P (M < :L’) =z

n—00 logn
where U(y) =1/(1 — F(y)).

Note that (15) is a necessary condition for X;(n) to be in a max-domain of
attraction.

2.3. Supercritical processes

Denote by M,, (as in the subcritical case above) the maximum family size in all
three processes: {Z,}, {Zi™}, and {Z°}. The following result is true.
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Theorem 7. Assume that m > 1 and EX;(n)log(l + X;(n)) < oco. If (3)

holds, then R
lim P (M < m) — $(h(z,0))

n— o0 a(mn) -

If (5) is true, then

. EM.,
lim —

n—co m~"/aL (m

n/a) :/0 1- ¢<x7a)dx’

where Lq(x) is certain s.v.f. with known asymptotics.

(i) in case of {Z,}, 1 is the unique, among the Laplace transforms, solution
of
(17) Y(w) = f(Wm™),  (u>0).

(ii) in case of {Z™}, we assume in addition that Elog(1l +Y,) < oo and
v = [Tolpn™) (>0,
k=1

where p(u) is the unique, among the Laplace transforms, solution of (17).
(iii) in case of {Z%}, we assume in addition that EY,, < oo and

[e.o]

Y(u) = gle() = Y _[1 = flolum™)P(Z, =0)  (u>0)

n=0

and p(u) is the unique, among the Laplace transforms, solution of (17).

It is interesting to compare the limiting behavior of the maximum family
size in the processes allowing immigration with that when the processes evolve
in "isolation”, i.e., without immigration. In the supercritical case, as might be
expected, the immigration has little effect on the asymptotics of the maximum
family size. The limits differ only in the form of the Laplace transform ¢(u). In
the subcritical and critical cases the mechanism of immigration eliminates the
conditioning on non—extinction. Theorem 6 for the Foster-Pakes process differs
from the rest of the results by the non-linear norming of M,,. The study of the
limiting behavior of the expectation in this case needs additional efforts.

It is known that some of the most popular discrete distributions, like geomet-
ric and Poisson, do not belong to any max-domain of attraction. This restricts
the applicability of the results in the critical and supercritical cases above. A
general construction of discrete distributions attracted in a max-domain is given
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in Wilms (1994). As it is proved there, if X is attracted by a Gumbel or Fréchet
distributions, then the same holds for the integer part [X]. Next we follow a dif-
ferent approach considering triangular arrays of geometric variables which leads
to branching processes with varying environments.

The results in this section are published in [9], [12], and [18]-[20]. In [25] an
extension for order statistics is considered.

3. Maximum family size in processes with varying environments

It is well-known that the geometric law is not attracted to any max-stable law.
Therefore, the limit theorems for maxima in the critical and supercritical cases
above do not apply to geometric offspring. In this section we utilize a triangular
array of zero-modified geometric (ZMG) offspring distributions, instead.

3.1. Maxima of arrays of zero-modified geometric variables
In this subsection we prove limit theorems for maximum of ZMG with p.m.f.

. _ ) — anpn(l_pn)j_l ifj =1,
P(Xl(n)_])_{l—an lf]:O, (n:1,2,...)

For a positive integer v, consider the triangular array of variables

Xi(1), X2(1), ..., X, (1)
X1(2), X2(2), ..., X,,(2)
X1(n), X2(n), ..., Xy, (n)

We prove limit theorems as v,, — oo for the row maxima

M, = max X;(n).

1<i<vy,
Let A has the standard Gumbel law with c.d.f. exp(—e™) for —oco < z < 0.
Theorem 8. Assume that for some real ¢
lim p, =0 and lim p,log(v,a,) = 2¢.
n—oo n—oo
A. If lim,, o0 log(vnay) = oo, then ¢ > 0 and
PnMy, — log(vnay,) LA—c
B. If limy,, .o log(vpan) = a, (—o00 < o < 00), then

My S (A + ).



Revisiting Offspring Maxima in Branching Processes 411

The idea of the proof is to exploit: (i) the exponential approximation to
the zero-modified geometric law when its mean a,,/p, is large; (ii) the fact that
exponential law is attracted by Gumbel distribution.

3.2. Processes with varying geometric environments

Consider a branching process with ZMG offspring law defined over the triangular
array above. Thus, we have a simple branching process with geometric varying
environments. For this process we prove limit theorems for the offspring maxima
in all three classes: subcritical, critical, and supercritical. Define o = 1,

n
pun = E(Z,|Zp=1) = Hmj (n>1).
j=1

If the environments are weakly varying, i.e., p = lim, . ttn, exists, then the
processes can be classify (see [11]) as follows.

supercritical if g = oo ie. Y, (mp—1) — 0
{Z,}is { critical if we (0,00) ie Y, (m,—1)<oo
subcritical ~ if =0 ie. Y, (my—1) = —o0

Define the maximum family size for the process with varying geometric environ-
ments as

./\/lf:lgilg)é Xi(n), (n=1,2,...)

In the result below the role played by v, before is played by B, _1 where

Bn:MnZ J .

=1 Hj

Let V be a standard logistic random variable with c.d.f. (1 4+ e™)~! for —00 <
x < 00.

Theorem 9. Suppose that lim,_ ., B, = oo and for ¢ real
nlggopn =0 and Jgréopn log(By—1a,) = 2c.
A. If limy, o0 log(Bp—1a,) = oo, then
(Pa M —10g(Bn_1,)|Zn_1 > 0) SV —c.
B. If limy, o0 log(Bp—1a,) = a, (—00 < a0 < o0), then

(PaME| Zr > 0) 5 (V + o).
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Referring to the above theorem, we can say that the branching mechanism
transforms Gumbel to logistic distribution. It is interesting to notice that this
is in parallel with results for maximum of i.i.d. random variables with random
geometrically distributed index discussed in [5].

Example 6. Let us sample a linear birth and death process (Bt) at irreqular
times. Let Z, = By, where 0 < t;, < tpy1 — too < 00. If X and p are the birth
and death rates, respectively, and d,, = t, — t,_1, then a, = mu,py,

A—u .
P = Ay, — [ A — eA=p)dn

n

g, A =w

and
Bn:{é%%%ﬁ XA Onta
A, i A=,
A If A > p and
Jim = e f0.00),
then M
( = )ta) | Zos >o> 4y
B. If \=p and t, = n’l(n) (0 > 1), then
(%ﬁfl(n) —logn | Zp—1 > 0> Ly,

The results in this section can be found in [11].

4. Maxima in bisexual processes
In this section we consider maxima of triangular arrays of bivariate geometric

random vectors. The obtained results are applied to a class of bisexual branching
processes.

4.1. Max-domain of attraction of bivariate geometric arrays
The following construction is due to Marshall and Olkin [8]. Consider a random
vector (U, V) having Bernoulli marginals, i.e., it takes on four possible values
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(0,0), (0,1), (1,0), and (1,1) with probabilities pgo, po1, P10, and p11, respectively.
Thus the marginal probabilities for U and V are

P(U =0) =por =poo +po1, PU=1)=pi, =Dpio+pn
P(V =0)=pio=poo tpo. PV =1)=pi1=po1+pu.

Consider a sequence {(Up,V,)}>2, of independent and identically distributed
with (U, V) random vectors. Let £ and n be the number of zeros preceding the
first 1 in the sequences {U, }°2; and {V;, }72, respectively. Both £ and 7 follow a
geometric distribution and, in general, they are dependent variables. The vector
(&,m) has a bivariate geometric distribution with probability mass function for
integer [ and k

pf)oplopﬁfol*lpﬂ if 0<I<k,
(18) PE=1n=k) P60p11 if 1=k,
P’Sopmpf);k_lpu if 0<k<l.

and o
(19) P(§>l777>k){p0J6p+o if 0<I<k,

phi byt i 0<k <l

The marginals of ¢ and 7 for integer [ and k are P(¢ =1) = p14ph, (I >0) and
P(n=k)=pspt, (k> 0), respectively and

Q0)F:(l) = P(€ > ) = g} (12 0),  Fy(k) = P(n> k) = pb" (k > 0).

Forn =1,2,...,let v, be a positive integer and {(&;(n),n;(n)) : i =1,2,...,v,}
be a triangular array of independent random vectors with the same bivariate
geometric distribution (18) where p;; are replaced by p;j(n) (i,5 = 0,1) for
n=1,2,... That is,

(61(1)’771(1))’(52(1)7772(1))7 R (51/1(1)’771/1(1))
(51 (2)7 m (2>)7 (52(2>7 2 (2)>7 RR) (€V2 (2)7 Ny (2>)
(£1(n), m(n)), (€2(n),m2(n)), ..., (&vn (), 70, (n))

Below we prove a limit theorem as v,, — oo for the bivariate row maximum

(M M) = max €in). max ifn)).

1<i<vy, 1<i<vp
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Theorem 10. Let lim,, .., v, = co. If there are constants 0 < a,b,c < o0,
such that

logv, =a and lim Poy(n) log v, b,

_ . p1o(n)
21) lim n)logv, =2¢ lim
( )nﬂoopn( ) log 50 p11(n)

n—0o0 piq(n)

then for x,y > 0

Tim P (pi(n) M —log vy <@, pri(n) M —logv, <y)

exp {_e—a:—a—c o e—y—b—c +e max{:c,y}—a—b—c} )

Proof. Set z, = (z+logv,)/p11(n) and y, = (y + logvy,)/p11(n).

P (M% < l‘naMz < yn) = (F(xnayn))yn
= (1= Fe(wn) = Fylya) + P(&(n) > n,mi(n) > yn))™

Let z < y and thus, z,, < y,. Taking logarithm, expanding in Taylor series, and
using (19) and (20), we obtain

(22) log P (M, < xn,M" <)

— vy log (1 — Fe(wa) — Fy(ya) + P(i(n) > xn,m ) > "
:_Vn{[FE(l‘n)"f‘Fn(yn)_P(fi(n) > T, 0i(n) > Yn)] (1))
=— (Vnpo+(n)[x"]+1 + Vnp+0(n)[y”]+1 — Vnpoo(n)[x"]ﬂpw( )[y"] [m”]) (1 + 0( )

)
)}
)-

Write [z,,] = 2, — {2, }, where 0 < {z,,} < 1is the fractional part of z,,. It is easily
seen that lim, e (poy (n))# 1 = lim, o (ot (n))*» 1122} lim,, oo (pog (n))*n
as n — oo. Furthermore, taking into account (21), we have

x + log v,
log (vppgt(n)) log vy, + LT 08 Yn log(1 — p1+(n))
p11(n)
x + log vy,

= logy, —
8 )

(pra(n) + pro(m) + 5611 (o) + pro(m)? + Ot ) )

(14 o) P (p11(n) + p1o(n))?
- (1+0l) pui(n )1 B 2p11(n)
= o+ 0(1)) = (22 4 Zpis(a)) log a1 +o(1)) + O )

p11(n)

log vy, + O(p?1(n))

— —IX—a—cC.
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Therefore

(23) Y o (n) I = =0

Similarly we arrive at

[Zn]+1l _ —x—a—b—c

(24) nhl& Unpyo(n)nltl = e7v=b=¢ anq nh—>Holo UnPoo(n) e

Finally,
gy 7 (n) B ) oy (1 ) = o)
= L (i) )+ () + () + 06 ())
= 2=y (=) (BBt o) + Gou ()1 + o(1)) + 002 n))
— -y
Thus,
(25) Jggopm(n)[y"]*[m”] =Y

The assertion of the theorem for x < y follows from (22)-(25). The case y < x is
treated similarly. This completes the proof. O

In particular, if a = b = 0 then
lim P (pu1(n)MS, — log vy < 2, p11 ()M} — log v, < y) exp { —e~mintest=el.
n—oo
Note that in this case the limit is proportional to the upper bound for the possible
asymptotic distribution of a multivariate maximum given in [4], Theorem 5.4.1.
For the componentwise maxima, applying Theorem 10, one can obtain the
following limiting results. If p14(n)log v, — 2¢1 < oo, then
Jim P(p11(n)MS —log v, < z)exp {—e 271},

If p14(n)log v, — 2¢y < 00, then

nh_)ngoP (p11(n)M] —logv, <y)exp{—e ¥~?}.
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4.2. Bisexual processes with varying geometric environments
Consider the array of bivariate random vectors {(§;(n),n;(n)) : i =1,2,...; n=
0,1,...}, which are independent with respect to both indexes. Let L : RT xR+ —
R be amating function. A bisexual process with varying environments is defined
(see [14]) by the recurrence: Zy = N > 0,

Zn

(Zn1, Za'a) = Y _(&i(n),mi(n))

=1

and
Zn+1 :L<Zn+1,Z +1) (n:O,l,)

n

Define the mean growth rate per mating unit

tnj =3 "E(Zpi1lZn=j) (j=12,...)
and

oy, = Hrﬂ, po=1 (n=1,2,...)

Lemma 1. ([14]) If

(26) i (1 - rﬂ)

n=0

then p
lim =2 =W a.s.,
N0 in

where W is a nonnegative random variable with E(W') < oco.
If, in addition, there exist constants A > 0 and ¢ > 1 such that

n+j—1
(27) II ra>Ac" j=12,...;n=0,1,...

and there exists a random variable X with E(X log(1l + X)) < oo such that for
any u

(28) P(Xgu)gP(M§u> (n=0,1,...),

T'nl

then P(W > 0) > 0.
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Further on we assume that (£;(n),n;(n)) are i.i.d. copies of the bivariate
geometric vector (£,7n) introduced above and that the mating is promiscuous,
i.e.,

(29) L(§(n),n(n)) = &(n) min{1,7(n)}.

Theorem 11. Let {Z,} be a bisezual branching process with varying geomet-
ric environments and mating function (29). If

(30) [T p+0()pos () #0 and D pii(n) < oo,
j=1 n=0
then
. Zn
(31) lim — =W a.s.,
n—oo Mn

where W is a nonnegative random variable with E(W) < oo and P(W > 0) > 0.

Proof. To prove the theorem it is sufficient to verify the assumptions
(26)-(28) in the above lemma. First, we prove that (26) holds. Indeed, for j > 1

(32) jraj = E(Zymin{l, Z30,})
= EE(Zngl min{l,Z,ﬁl} | Zo]zwﬂ)
(1 - P(Zvjzwﬂ = 0))EZ5+1
Jpo+(n)

= (1- P{H(”))m :

where we have used that both Z,%l and ZL 1 are negative binomial with param-
eters (7,p+1(n)) and (j,p1+(n)), respectively. Thus,

= lim ry; = lim (1 —p’,(n Po+(n) :p0+(n)
(33) Tn _j1—>oo nj j1—>oo(1 p+1( >)p1+(n) p1+(n) .

Now, (32) and (33) imply 1 — r,1/m, = p4+1(n), which along with (30) leads to
(26).
Let us prove (28). Indeed, for k > 1

P(L(E(n),n(n)) = k) = > P(E(n)min{l,n(n)} = kln(n) = j)P((n) = j)
j=1

= PEm) =K Pln(n) = )
j=1
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= pi(n p0+ ZPH p+0

= pyo(n)pi+ (n)p0+ (n) .

Therefore, P(L(¢(n),n(n))/rn1 > u) = p([;j:”l]ﬂ(n) and hence, similarly to (23),
taking into account (30), we obtain

logP<M > ~  urp1logpot(n)
= o)y,
= or(m) P o)

Thus, limy, oo P(L(§(n),n(n)/rn1) > u) = e, which implies (28).
Finally, to prove (27), observe that (32) implies for any j and n

n+j—1 n+j—1 n+g 1
HTﬂ = Hp+0 i)po+ (i HP
i=j i=j
n+j 1
> HP+0 i)po (i H Pi
=1
> Ac",

where A = [[72; p+o(i)po+ (i) > 0 (provided that the product in (30) is finite)
and ¢ = min;>; py;H(i) > 1 (p11(d) — 0 under (30)). (27) also holds if the product
in (30) is infinite. Now, referring to the above lemma we complete the proof of
the theorem. 0O

Define offspring maxima in the bisexual process {Z,} by

(ME M) = (60, mag (o) )

1<i<Zn 1<i<Zp

Theorem 12. Assume that p,, — 00 and there are constants 0 < a,b,c < o0,
such that

logpp, =a and lim Poy ()
n—c0 p11(n)

lim pii(n)logp, =2¢  lim Pio(n) log py, = b.
n—oo

n=o0 p11(n)
(34)

Also assume that

(35) [Ipsoipos (i) 20 and Y- pas(n) < oo .

j=1 n=0
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Then
lmlp(mﬂiﬁwf—k%unﬁwﬂnﬂmﬂﬂY—k%unSy):

n—oo

| Gwapav < 2,

where
G(aj, y) = exp {—e_x—a—c _ e—y—b—c +e max{x,y}—a_b_c} ‘

Proof. Set z, = (x + log uy,)/p11(n) and y, = (y + log uy)/p11(n). Under
assumption (34), Theorem 11 implies

(36) P (ML <20 MY <o | Zu=k) = (F(an,ya)F — H(z,y).

Under (35), Theorem 12 implies

Zn

(37) lim P <— < m) — P(W < 2).
n—oo MTL

Therefore, by (36) and (37),

z + log pin y+bmm> k
P(ME <22 pM 2 T 00 P(Z T,
( "7 pu(n) "7 pun Z (E(@n:yn))

_ ZP(
~ [ (G yyrarov < 2.

k

F(xn,yn e/ pn
= ) (Pl )

g
Next example, adopted from [10], shows that the various conditions in The-
orem 13 can be satisfied.

Example 7. Let o > 1 and 6 > 1. Set

«

pii(n) =n" and  po1(n) = pio(n) = n~@+F) (n>2).
It is not difficult to see that with this choice of p;j(n) (4,7 = 0,1), we have
log pt, ~ anlogn as n — 00
and both (34) (with a =b=c=0) and (35) are satisfied.

The exposition in this section follows [10], extending some of the results there.
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5. Maximum score

In this section we assume that every individual in a Galton-Watson family tree
has a continuous random characteristic which maximum is of interest.

5.1. Maximum scores in Galton-Watson processes

Let us go back to the simple BGW process and attach random scores to each
individual in the family tree. More specifically, associate with the j-th individual
in the n-th generation a continuous random variable Y;(n). Arnold and Vil-
lasenior (1996) published the first paper studying the maxima individual scores
(“heights”). Pakes (1998) proves more general results concerning the laws of off-
spring score order statistics. Quoting [17], “these results provide examples of the
behavior of extreme order statistics of observations from samples of random size.”
Define by M) ., the k-th largest score within the n-th generation and by M(k),n
the k-th largest among the random variables {Y;(n): 1 <i < Z,,0 <v < n},
i.e., the k-th largest score up to and including the n-th generation. Pakes (1998)
studies the limiting behavior of “near maxima”, i.e., (upper) extreme order statis-
tics My, and M(k)’n when n — oo and k remains fixed. The two general cases
that arise are whether the law of Z,, (or the total progeny T;, = >.7_, Z,), con-
ditional on survival, do not require or do require, normalization to converge to
non-degenerate limits.

If no normalization is required then no particular restriction need to be placed
on the score distribution function S, but the limit laws are rather complex mix-
tures of the laws of extreme order statistics. The principal result states that

Jim P(My5, < x| An) i i ( ) ()" () g;,
7=1:=0

where it is assumed that the conditional law G,, of Z, given A, (A, includes
non-extinction) converges to a discrete and non-defective limit G and g; denote
the masses attributed to j by G.

If normalization is required then one must assume that the score distribution
function S is attracted to an extremal law, and then the limit laws are mixtures
of the classical limiting laws of extreme order statistics. let us assume that
there are positive constants C,, T oo such that for the conditional law G, we
have G, (zCy) = N(z), where N(z) is a non-defective but possibly degenerate
distribution function. Assume also that the score distribution function S is in
the domain of attraction of on extremal law given by (4). The general result in
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[17] is
_ Msy.n — b(Cr,) & (h(z,0) >~
(k),n _ ) i —yh(z.,0)
(38)711520P ( HCeh < x|.An> i:E > i /0 y'e dN (y).

Example 8. Consider an immortal (i.e., P(X = 0) = 0) supercritical pro-
cess with shifted geometric offspring law given by its p.g.f. f(s) =s/(1+m—ms)
(m > 1), then (see Pakes (1998)) (38) becomes

. My — b(Ch) o _h(=0)
lim P (W < x|An> =1 (71+h(a:,9)) .

Thus the limit has a generalized logistic law when the score law is attracted to
Gumbel law, h(x,0) = e~*; and a Pareto-type law results when S is attracted to
the Fréchet law.

Phatarford (see [17]) has raised the question (in the context of horse racing),
“What is the probability that the founder of a family tree is better than all its
o0

descendants?” The answer turns out to be E (T1), where T = Z Z, is the

n=0
total number of individuals in the family tree. More generally, if 7, is the index
of the generation up to the n-th which contains the largest score, Pakes (1998)
proves that

Z
P(Tn:k):E(T—k), (k=0,1,...,n),

as well as limit theorems for 7, as n — oo.
This subsection is based on [2] and [17].

5.2. Maximum scores in two-type processes

Let each individual in a two-type branching process be equipped with a non-
negative continuous random variable - individual score. We present limit theo-
rems for the maximum individual score. Consider two independent sets of inde-
pendent random vectors with integer nonnegative components

{X'(n)} = {(X1;(n), X3;(n))} and {X*(n)} = {(X7;(n), X3;(n))} (j > 1;n > 0).

A two-type branching process {Z(n)} = {(Z1(n), Z2(n))} is defined as follows:
Z(0) #0 as. and forn=1,2,...

Z1(n—1) Z2(n—1)

Z XlJ + Z Xl]
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Z1(n—1) Z2(n—1)

Z X2J + Z X2J

Here X]ij(n) refers to the number of offspring of type k produced by the j-
th individual of type i. With the j-th individual of type ¢ living in the n-th
generation we associate a non-negative continuous random variable (;;(n), (i =
1,2) 7score”, say. Assume that the offspring of type 1 and type 2 have scores,
which are independent and identically distributed within each type. Define the
maximum score within the n-th generation by

¢ — G1 G2 Gi — g P
M; = max{M;!, M2}, where M} 19;112%@_1) Gij(n) (1=1,2).

Note that this is maximum of random number, independent but non-identically
distributed random variables. Let F;(z) = P(¢; < z) (¢ = 1,2) be the c.d.f.’s of
the scores of type 1 and type 2 individuals, respectively.

Assumption 1 (tail-equivalence) We assume that F; and F; are tail equivalent,
i.e., they have the same right endpoint 2y and for some A > 0

lim 1_7}71(@ — A
zTxo 1-— F2($)

Assumption 2 (max-stability) Suppose F} is in a max-domain of attraction, i.e.,
(3) holds.

We consider the critical branching process Z(n) with mean matrix M, which
is positively regular and nonsingular. Let M has maximum eigenvalue 1 and
associated right and left eigenvectors u = (uy,u2) and v = (v, v2), normalized
such that u-v=1andu-1=1.

Theorem 13. Let {Z(n)} be the above critical two-type branching process.
If the offspring variance 2B < oo and both Assumptions 1 and 2 hold, then

(39) lim P

n—oo

MS, — b(vyBn) B

(W < z|Z(n) # 0) =
1

1+ h(x,0) + (vo/v1)h(cx +d,0)’

where if —0o < 0 < oo is fized, then ¢ = AVl and d = 0; if  — +o00, then ¢ =1
and d =1n A.
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Proof. Since Fi(z) and Fy(x) are tail-equivalent, we have (see [21], p.67)

lim (Fy(a(n)z +b(n)))" — H(cx +d,0),

n—oo

where the constants ¢ and d are as in (39). On the other hand, it is well-known
(see [3], p.191) that for z >0 and y > 0

Zi(n) _ .. Zy(n)
vy Bn = " wvyBn

lim P(

n—o0

< y|Z(n) # o) — Gla.y),

where the limiting distribution has Laplace transform

1

(40) YA, ) = T5atp

(A>0, u>0).
Set x,, = a(viBn)x + b(v1Bn), s, = k/v1Bn, and t,, = [/voBn. Referring to the
definition of both M¢ and process {Z(n)} we obtain

P(M§ <2n|Zy#0)= > P(Z (k,1)|Z(n) # 0) P (max {M$, M2} < z,)
(k,1)=0

Zin) _ k Zom) Z(n)7é0> (3 ()] (o)

v1Bn v1Bn’ v9Bn vo Bn

= ta|Z(n) # °> [y ()] 00 [Fy )] (1P 20

— / / H(x,0)*H(cx + d,0)"2/"VtdG (s, t)
0 0

= / exp {—sh(x, 0) — tEh(c:c +d, 9)} dG(s,t)
o Jo

U1

-1
= {1 + h(z,0) + 2h(cz +d, 9)] ,
U1

where in the last formula we used the Laplace transform of G(u,v) given in (40).
The proof is complete. O

The two examples below illustrate the kind of limit laws that can be encoun-
tered.

Example 9. Let Fy and F> be Pareto c.d.f.’s given for x; > 6; > 0 and
c>0 by
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Note that the two distributions share the same value of the parameter c. It is not
difficult to check that the limit is log-logistic given by
M

-1

. S va (O01\ ) .
- " <K = = = .

nhm P{Hl(vl n)ie x|Z(n) 750} 1+ (1—}—01 <92) >x ]

Example 10. Let Iy and Iy be logistic and exponential c.d.f.’s given by

1

Fi(z1)=1—¢" (0<z1<00) and Fy(z2) = =

(—o0 < z3 < 00),
respectively. It is known that both are in the max-domain of attraction of H(x) =
exp{—exp{—x}} and share (see [1], p.91) the same normalizing constants a(n) =
1 and b(n) = Inn. This fact, after inspecting the proof of the theorem, allows us to
bypass the tail-equivalence assumption and obtain a logistic limiting distribution,
i.e, for —oo < x < 00

lim P{M% —log(viBn) < x | Z(n) # O} [1 + (1 + v_2> e_x] _1.

n—00 1

The results in this subsection are modifications of those in [13].
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