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This paper concerns with the bisexual branching model with immigration
of females and males in each generation introduced in [4]. For this model
the problem of estimating the offspring and immigration mean vectors is
dealt. The estimation is considered in two sample situations, depending on
the ability to observe the number of female and male immigrants or the
impossibility to do it. The asymptotic properties of the proposed estimators
are investigated in the supercritical case. The behaviour of the estimators
is illustrated through a simulated example.

1. Introduction

Bisexual Galton-Watson branching processes are appropriate mathematical mod-
els to describe the evolution of two-sex populations where females and males co-
exist, form couples, and after that, reproduce. The first bisexual process was
introduced by D.J. Daley in 1968 (see [2]), since then, this class of branching
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processes has aroused a lot of interest being numerous the modifications intro-
duced to the original model. Surveys of the literature associated with bisexual
branching proceses are those of D.M. Hull (see [12]), G. Alsmeyer (see [10]), and
M. Molina (see [13]). In particular, bisexual branching processes allowing, in
each generation, immigration of females and males, or the immigration of mating
units in the population were investigated in [4], [5], [6], [7] and [16]. Also, a class
of bisexual processes with immigration depending on the number of mating units
in the population was studied in [14] and [15]. In this work, we are interested
in the bisexual process with immigration of females and males introduced in [4].
Some probabilistic results about such a model were derived in [5] and [7]. The
aim of this paper is to develop its inferential theory, providing several estimators
for the offspring and immigration mean vectors by considering the moment and
least squares methods.

The bisexual branching process with immigration of females and males, by
simplicity BPI, is a bitype sequence {(F},, My,)}n>1 defined in the form, for n =
0,1,...:

Zn
(1) (Fn+1> Mn+1) = Z(%ﬁiv'ﬁn’) + (F,{+1, M1£+1)7 Zng1 = L(Fn-i-l: Mn-i-l):

i=1
where the process starts with a positive number N of mating units, i.e. Zyg = N,
and the empty sum is considered to be (0,0). {(v..,72), i = 1,2,...;n =
0,1,...} and {(F,M!), n = 1,2,...} are independent sequences of i.i.d. non-
negative integer valued random variables. L : RT x Rt — RT is the mating
function, assumed to be non-decreasing in each argument, integer valued for
integer arguments and such that L(z,y) < zy. We will consider superadditive
mating functions, i.e., satisfying for every positive n that

n n n

L(Z%,Zyz> > L(x’myl)v fUi»inRJr» 7,:].,,TL
i=1 =1 i=1

This is not a serious restriction, as was pointed out in [11] the vast majority of

mating functions used in the literature on two-sex population models are super-

additive.

Intuitively, (v},,72;) represents the number of females and males produced
by the ith mating unit in generation n and (F!, M!) is the number of immigrant
females and males in this generation. Thus, (F,,M,) is the total number of
females and males in the nth generation, which form Z, = L(F,, M, ) mating
units. These reproduce independently through the same probability distribution
for each generation.

The distributions of (y},,72,) and (F!, M) are called offspring and immi-
gration distributions, respectively. We denote by u = (u1, po) and pu! = (u{ , ué)
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their respective mean vectors, and by ¥ = (0y;) and X/ = (J{j) their respec-
tive covariance matrices. In order to avoid trivialities, we will assume all these
parameters positive and finite.

It can be shown that {Z,},>0 and {(F},, M,)},>1 are homogeneous Markov
chains. We will use the simplified notation, for n =1,2,...:

Fn = (F1n7F2n) where Fln = Fn and F2n — an

rl =@ 1LY where ! = Fland T} = M!.

Analogously to the classification established for the classical Galton-Watson
process, the BPI can be classified attending to the value of its asymptotic mean
growth rate (see [7]), that is, r = limy_,oc k' E[Z,11 | Zn = k]. The BPI will be
called subcritical, critical or supercritical, depending on whether r < 1, r =1 or
r > 1, respectively.

In order to investigate the asymptotic properties of the estimators, we will
suppose that » > 1. Under this framework it has been proved in [7] that, on
[Zy, — o0l

i) {Z 1 Tn} u>1 and {Z,1 T}, 51 converge almost surely to p and 0, respec-
tively, as n — oo.

) {r™"Zp}n>1 and {r~"T),,},>1 converge almost surely to W and r—'Wp,
respectively, as n — oo, where W is a random variable satisfying P[0 <
W < oo] =1.

The paper is organized as follows: In Section 2. the problem of estimating
the offspring and immigration vectors is dealt. The estimation is considered in
two situations. First, it is assumed that the sample available is the number of
mating units and of female and male immigrants in each generation. On the
other hand, we also consider that we can only observe the number of the mating
units in each generation. In order to obtain the estimators, it is used for the
first sample scheme the method of the moments and for the second one the least
squares method. Asymptotic properties of the estimators are investigated in both
schemes and, as illustration, a simulated example is provided. Finally, Section 3.
is devoted to proving the results previously established.

2. Estimation of the offspring and immigration vectors

From now on, we will denote by @ = [W > 0], Pg[-] = P[- | Q], Fo(y) =
PoW < y] ¢(z) the distribution function of the standard normal distribution
and ¢*(z fo my1/2 JAFG(y).
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2.1. Estimation when observations about the immigration are avail-
able
In this section we consider the situation in which the number of immigrants
(females and males) per generation may be observed.
If for some k > 1 the sample {Zj_1, Ty, I'l} is available then, from (1), we
deduce that

Elly | Zp1,Th) = Zj_ip+ T as.

Thus, providing that Z;_1 > 0, the method of the moments suggests the following
estimator for p :

(2) fy = (Tyg, fiog) = 21;11(“ —T7).

Remark 2.1. For convention, when Z;_; = 0, we will assume that (1,1) is
a razonable estimation for p.

Theorem 2.1. For a supercritical BPI one has:
i) Bl | Zs > 0] = p
1) Ty, converges almost surely to u, as k — oo, on [Z,, — .

iii) For every real number x, Pgl(c;;'Zy_1)"*(Tiz — i) < ] converges to
o(x), as k — 00, i=1,2.

i) For every real number x, Pgl(oy;'r* " )Y2(@,, — wi) < x| converges to
¢*(x), as k — o0, i=1,2.

If the sample {Zy_1, T, Fi, k = 1,2,...,n} is available then it seems
reasonable to find the best linear convex combination of the estimators 7y, given
in (2), for k =1,...,n, i.e., an estimator of the form

n
> By,
k=1
Taking into account that, for i = 1,2, Var[Ty | Zx_1,TL] = Zy_104; almost
n
surely, it is justifiable to consider B o< Zx_1,k = 1,...,n. Imposing that > G =
k=1

1, we obtain the following estimator for y :

n

(3) ﬁn = (ﬁlnvﬁQn) - (Z Zk1> Z(Fk — Fi)
k=1

k=1
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Obviously, the estimator proposed for p! will be
n
(4) fihy = (s i) =1~ Y T
k=1

It is clear that, from strong law of large numbers, i}, converges almost surely to
u! as n — oco. Moreover

Theorem 2.2. For a supercritical BPI one has:

i) Elfn) = E +FE W

" -1
(Z Zk—l) Zn—1
i=1

i1) n converges almost surely to p, as n — oo, on [Z, — .

(é Zk—l) B nil(Fk —T1)

k=1

i11) For every real number x, Pg |:(O'Z-Z-1

NIE

Z— )2 (frin — pi) < x} converges

k=1

to ¢(z), asn — o0, i=1,2.

iv) For every real number x, Pol((ou(r — 1) ™ — INY2 (i — i) < 2]
converges to ¢*(x), asn — oo, 1 =1,2.

Example 2.1. Consider a BPI with offspring and immigration laws given
respectively by:

Plfor=i.mon = j] = ¢ (0.5)7(0.35)7 (0.15)3 17

3—i—j)lily!
for i, =0,1,2,3; i+j <3
and
PIF =i, M{ = j] = e (1)) 54,5 =0,1,...,

i.e. we take a trinomial distribution with parameters 3, 0.5 and 0.35 as offspring
distribution and considering that ;! and M/ arei.i.d. random variables according
to a Poisson distribution with mean 1. We also suppose that the process is
governed by the mating function L(z,y) = min{z,y}. Under these conditions, it
can be derived that pu = (1.5,1.05), u! = (1,1) and r = 1.05.

Starting with Zp = 1 we simulated 200 generations for such a model (see
Table 1). From (2), (3) and (4) we calculated the corresponding estimates for y
and p!. Figures 1, 2 and 3 show the evolution of the estimates obtained.
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n F, M, Z,_1 FT{ M,{
1 3 0 1 0 0
25 1 3 0 1 3
50 46 24 28 0 0
75 472 329 311 3 1
100 1622 1187 1090 2 1
125| 5866 4177 3946 1 1
150| 19563 13943 13108 3 1
175 68117 47649 45453 1 0
200227197 158917 151345 2 2
Table 1: Simulated data
S Ii T T T T
0 50 100 150 200
generation
Figure 2: FEstimates obtained from jiy,

(solid line) and fia,, (dashed line)
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Estimates obtained from [y,
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Figure 3: Estimates obtained from i,

(solid line) and fi3,, (dashed line)
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2.2. Estimation when observations about the immigration are not
available
Next, we consider the situation for which the number of immigrants in each
generation can not be observed.
Denote by F,, = 0(Zo,T'1,...,Ty), n = 1,2,..., (Fo = 0(Zp)). Then, for
1=1,2,...,

(5) EL; | Fici]l = Zioap+p'  as.
If, for n > 2, the sample {Zx_1, T'x, & = 1,...,n} is available, using the

conditional least squares method and (5), estimators for y and u! are obtained
by minimizing the expression:

3

Tir — Zi—1pi — pl)?.

Mw

(6) o(p,p') =
=1 :1

It can be verified that the values of y and u! that minimize (6) are respec-
tively:

nZZk 1Fk—ZZk 12Fk
k=1 k=1 =

(7) fin = (H1n, fH2n) =
nkzz:l Zi1~ <Z - 1)
and
i i i i Zk—1lg
(8) //'L\I (ﬁ%n? //Ién) - k=1 :: A= n b=l .
B (E5)

These estimators verify the following properties:

Theorem 2.3. For a supercritical BPI, on [Z, — 0|, one has that [, con-
verges almost surely to p as n — oo.

Theorem 2.4. Consider a supercritical BPI. Then, for every real number x,
one has that

n 1/2
((Z Zh1+ n) (r® +r+1)(r + 1)2%1) (Fjn — pj) < 2
k=1
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generation

Figure 4: Estimates obtained from /i1, (solid line) and iz, (dashed line)

converges to ¢(x), as n — oo, j =1,2.

Example 2.2. Consider again the BPI given in the previous example. The
estimates for p and pu! calculated from expressions (7) and (8) are showed in
Figures 4 and 5, respectively. Note that 7i/ has a very irregular behaviour, as
n — oo. In fact, it can be proved that it is not a consistent estimator for p!.

Remark 2.2. Using the results in [8], it can be established that [W > 0] =
[Z,, — oo] almost surely. In consequence, one can replace in Theorems 2.1, 2.2
and 2.4, Py by Pz, .- Also, by considering Lemma 2.3 in [9], Pz, ) can
be replaced by Pz _ - This is important from a practical viewpoint since the
condition [Z,,_; > 0] is a more verifiable condition that [Z, — o].

Remark 2.3. Taking into account the previous remark and the results es-
tablished in Theorems 2.1 (iii), Theorem 2.2 (iii) and Theorem 2.4, depending on
the sample available, one can determine asymptotic confidence intervals for pu;,
1=1,2.
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Figure 5: Estimates obtained from 7i!  (solid line) and 7i}, (dashed line)

3. Proofs
Proof of Theorem 2.1.

i) Elfig | Zy—1] = (P[Zg—1 > 0))7" i J P21 = j] i Elyoi] = p, where it

has been used that E[y_1] = Ej[tyzl] =u, l=1,... l,?
ii) It is a direct consequence of (3)(ii).

In order to prove iii) and iv) we define the sets:

C1=[Z>0,i>1][)Q
and
Cj=[2j-1=0, Z;>0,i>j()Qj=23,...
Obviously the sets C; are disjoint and Uj’;l C; = Q. Moreover, if P;j[-] =
Pl[- | Cj], we have that:
Pil(0y;' Zi-0)"? (g, — i) < 2] = PjlSu(@)], i=12,
Zk—1

where Si(x) = [(aiiZk_l)_lﬂ 121 ('Ylie—ll — ;) < x.
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Making use, for ¢ € {1,2}, of Proposition A.1 (see Appendix) with a,, =
r v, = Z,,v=W and
[Zn(w)t]

Ya(t,w) = (0aZa(w) ™ Y (viou(w) — ),
1=1

we get klim P;[Sik(z)] = ¢#(x), j =1,2,..., and therefore

lim Pq[Sik(z)] = lim (P[Q])_IZPJ'[Sik(x)]P[Cj] = (),

k—oo k—oo

where it has been used that
o0

klirgo P;[Si(2)]P[C;] = P[Q)] klglgop [Sik(z)] = P[Q]é(z).

Thus, iii) is proved.

On the other hand, it is clear that

‘PJ[(O-;l o 1)1/2(,1% - M’L) < l‘] = R7[ l/k(l‘)], 1= ].,27
Zp—1

where S/, (z) = [(rk_le__ll)lm(UiiZk_l)_l/Q 121 ('Ylic—ll — ;) < x.

Taking into account Proposition A.2 (see Appendix) it can be derived that
hm P;[S!(z)] = ¢*(x). Then, using a similar argument to that one used

in the proof of iii) we deduce iv).

Proof of Theorem 2.2. Consider the o-algebras F,, = 0(Zp,I'1,...,'y)
n
and Fl = o(T1 ... T1), and denote by X,, = > Zi, n=1,2,...
k=1

i)

Eljin) = E

Bl nlz Fl‘}_n 1\/}—75—1]]:

E

n—1
XY (Z(Fk ~T) +E[l, —TL | Fur v f,{ﬂ)] —

k=1

n—1
E[Xn_—ll Z(Fk - Fi)] + E[(Xn—l)_lzn—l]lu-
k=1
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ii) It is proved taking into account Theorem 1 (ii) and Toeplitz’s lemma. In

iii)

iv)

fact, on [Z,, — oo|, we have that:

n
lim 1, = 711520 X4 Z Zk—l[Z];_11(Fk —-T)] =

n—o0
k=1

lim Z, ' (T, -T))=p as.
n—oo

PQ[(Uﬁanfl)l/Q(ﬂm —pi) <z =
n Zk-1 ‘
Pol(osiXn-1)""/? Z Z (Vo1 — ) < ] =
k=1 I=1
Xn—l
) PolloiiXa 1) 2 3 (fy — ) < al.
=1

From Toeplitz’s lemma we deduce that

lim r "X, =r(r—1)"'W Py —a.s.,

n—oo

and therefore

lim (r — 1)(r" —1)71X, =W Py —a.s.

n—~oo

Thus, from (9) and making use of Proposition A.1 with
A = (7’ — 1)71(7,TL+1 _ 1)7 Vp = an v = W and

Yo(t,w) = (Uian(w))_1/2 ('Yg)l(w) — Hi),

the result is derived.

It can be deduced in a similar way to that one used in iii), applying Propo-
sition A.2 and taking into account that

PQ[(Uizlcn)lm(ﬁm - ,ui) < l‘] =
Xn—1

Pol(cy' Xn—1) 2 (00Xn) ™t > (Vo — i) < 2,
=1

where ¢, = (r — 1)71(r" — 1).
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Proof of Theorem 2.3. i, can be rewritten in the form:

n n n
PN Z D —nt <7’_" > Fk) (7”_” > Zk—l)
(10) a4, = k=1 k=1 k=1
n n n 2
r=2n 3z —nt (r—” > Zk1>
k=1 k=1

Using (3)(ii) and Toeplitz’s lemma it is obtained, on [Z,, — oc], that:

n
lim r—2" ZZ,HFk =217 as.,

n—o0
k=1

lim r‘”ZFk =(r—-1)""Wu as.,

n—oo
k=1
n
lim r™" E Zpy1=—-1D""W as.,
n—oo
k=1
n

lim 2" (Zp1)? = (P = 1)7'W?  as.

n—00
k=1

Consequently, from (10), the proof is concluded.

Proof of Theorem 2.4. Previously it will be necessary to prove, for
j=1,2, and x € R, that:

(1) lim Pol(og; Y b) ™2 D be(Znog + 1) 720, < 2] = ()
k=1 k=1

and
(r2ett = V2 30 (Zga + 1)°
(12)  lim Py =1
(tr = 1112 (52 2yt
k=1

)O‘+1/2 My, < | = 6(@),

where nflk =Tjn—ky1 — Zn—kpj — ujl, {bn}n>1 is a sequence of real numbers such

o0
that > b7 <oo and a > —1/2.
k=1
To prove (11) we consider the random variables:
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k k [e%)
UL, => bi&, . Ul=> bt , U=> b,
=1 =1 =1

where

Vo= L+ )V i i=1,...n or 0 if i>n+1,

and {§f } is a sequence of i.i.d. random variables with normal distribution of
mean 0 and variance o;;.
It is clear that:
anz
Vo= (Zni+ )72 A i i=1...n or 0 if i>n+1.
i=1
Then, by a similar argument to that one used in Theorem 3.1 of [17], it can be
proved that, for j = 1,2, and any positive integer m

(13) ( il, ..., & ) converges in distribution to ( {, &) as n — oo

From (13) we obtain that {Uzn} converges in distribution to U7, as n — oo,
and clearly {U ,g} converges in distribution to U7, as k — o0o.

Obviously, for k > n, U,gn =Ui,. For k = 1,...,n, taking into account that
ELjk — Zyp—1p5 — I‘]I.k | Fr—1] = 0 almost surely and Chebyshev’s inequality, we
deduce that:

PollU}, = Ul > € < € *E[(U],, = Up)*l S 057> > 7.
i=k+1

Thus, Py [|Uén —Ulpn| > €] converges to 0 as k — 0o, and applying Proposition A.3
(see Appendix) we derive that {Us,} converges in distribution to U’ as n — oo.

Now
n
(7 =12, M
(14) Zbl(ZH*l + 1 i = UJ Z Dni + 1 1/2
and since
n FI 1 ,U/I n
Po || bty ] <2 B |32 hl(Zomi + )72
=1 n—i i=1

the second term of the sum in (14) converges in probability to 0, as n — oo, and
(11) holds.
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On the other hand, on @ and for j = 1,2, it may be written:

n
> (Zp—1+1)*
k=1 j
n Tk =
Z Zp_1+ n)a“/Q

k
~(at1/2)
n n (k—=1)(a+1/2) .
WIS Zii +n S —
( (; k—1 )) P (Zk_1+1)1/277nk
Z Zy—1 +n)~(@F1/2)

k=1 «a — o j
(15) Zr 1+ 1) Z <(Zk—1 + 1) 2 — (rE W) H/?) M
- k=1

1

n
Now (Wr™)~Y(r — 1)(Y. Zx_1 + n) converges almost surely to 1, as n — oo,
k=1
and from (11),

(r—1)er2 &
(Zk—1 +1 1/2

(n— k+1)(a+1/2) J

converges in distribution to a normal of mean 0 and variance o7; where

ot 2a+1 _ 1)71(7" _ 1)2a+17

ji = Ujj(T

so that, it is deduced that the first summand in (15) converges in distribution to
a normal of mean 0 and variance o7,.
It is not difficult to verify that:

n —(a+1/2)
<Z Zk—l + n) n

k=1 atl/2 ¢ k—lyiyatl/2)
(Zit + D12 ;((Z’““) (W) o <

—(a+1/2)

(r” S 2+ n> AL (B))2
k=1

where

A, = pnlet1/2) Zr(k—l)(a+1/2) [(r_(k‘l)(Zk,l +1))eH1/2  ppat/2 2
k=1
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and

. I\ 2
Bi — pn(at1/2) - p=1)(a+1/2) Ujk — Zp—1p — My
" Zr1+1 '

k=1

n

We know that =" (Z Zi—1 +n> converges almost surely to W (r — 1)~}
k=1

as n — oo. Then, by Toeplitz’s lemma, it is obtained that A, converges almost

surely to 0, as n — oo.
It is matter of some calculations to verify, for j = 1,2, that:

I
9jjZk-1+ a3,

n
E[Bil] _ —n(a+1/2) ZT (k—1)( a+1/2) - —
=1 k-1

Consequently, on Q , it is derived that sup F [Bil] < o0, j=1,2, and (12) holds.
n
We now prove the Theorem. It is readily obtained that:

n 1/2 j 1]

. Al —n 1B

(Z Ty + n) (fijn — ny) = 2" Tn
k=1

C,—n"1"

where:
n 73/2 n
= (Z Zp—1+ n) (Z Zp—1+ n) (Tjk = Zr—1ptj — i15),
k=1 k=1
_ (z Zir+ ) STy = Zeaiy — i),
k=1 k=1
and

_2n

C, = (Z Zi1+ n) (Z_1 +1)%
k=1

k=1

From (12), with @ = 1, we obtain that Z{L converges in distribution to a
normal of mean 0 and variance (r? +7+ 1)1 (r — 1)%0;; as n — co. Using again
(12), with a = 0, we have that B2, converges in distribution to a normal of mean
0 and variance o; and therefore _n*IEzL converges in distribution to 0, as n — co.
Then, taking into account that C,, converges almost surely to (r+1)"1(r — 1) as
n — 00, the proof is concluded.
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Appendix
Consider a sequence of i.i.d. random variables {,},>1 on the probability space

(2, A, P) such that E[§] = 0 and E[¢?] = 0% < co. Denote by S, = i{i ,
n=1,2,... and, for t € [0, 1], we shall define, for n =1,2,..., -
X, (t,w) = U_ln_1/25’[nt](w) , wE Q,
and
Y. (t,w) =X, (t,w) if v,(w)>0 or 0 otherwise,

where {vy, }n>1 is a sequence of non negative integer-valued random variables on
(Q,A,P)

Proposition A.1. If there exists a sequence of real numbers {a,}n>1 such
that:

i) {an}tn>1 converges to oo, as n — oo.

i1) {a;lyn}nzl converges in probability to a non negative random variable v
such that Plv > 0] > 0.

Then, for every probability P < Pp, where Pp[-] = P[- | D], being D = [v >
0], we have, fort € [0,1] and x € R, that:

lim P*w:Y,(t,w) < z] = P*w: V*(t,w) < z],

n—~oo

where {V*(t,-),0 <t < 1)} is a Wiener process.
The proof can be read in [3].

Proposition A.2. Under the hypotheses of Proposition A.1 if, for t € [0,1],
we define, form=1,2,...:

Y (t,w) = v Y2 (w)a/?Y, (t,w) , we D.
Then, for every probability P* << Pp , t€[0,1], x € R, we have that
lim P*[w: Y/ (t,w) < z] = P*lw: V(t,w)y 2 <z,

n—~oo

where 1 is P*-independent of the Wiener process {V*(t,-),0 <t < 1)} and
such that P*[w : Y(w) < z] = P*w : v(w) < z].

The proof can be read in [3].

Proposition A.3. Consider the sequences of random variables {V;,}n>1 and
{Ukn}ni>1 on (2, A, P) such that:
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i) Foreachk =1,2,..., {Ugp}n>1 converges in distribution to Uy, as n — .
1) {Uk}r>1 converges in distribution to U as k — oo.

i1i) For every e >0, lim lim P[|Ug, — V,| > ¢] = 0.

k—o00 n—00

Then {Vp}n>1 converges in distribution to U, as n — oc.

The proof can be read in [1], p. 28.
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