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ON THE HOLOMORPHIC EXTENSION OF SOLUTIONS OF
ELLIPTIC PSEUDODIFFERENTIAL EQUATIONS

Marco Cappiello, Fabio Nicola

ABSTRACT. We derive analytic estimates and holomorphic extensions for
the solutions of a class of elliptic pseudodifferential equations on R?.

1. Introduction. In this paper we prove analytic estimates and holomor-
phic extensions on conical sectors of C? for weak solutions of a linear elliptic
equation on R? of the form

(1.1) Pu=f.

We assume that P is a pseudodifferential operator with symbol p(z, £) satisfying,
for some m > 0, n > 0, the following estimates

(1.2) |08 07 p(w, €)| < ClIHIPH 11y mled (gyn Al

for every (x,€&) € R?, o, 3 € N? and for some positive constant C' independent
of a, 3 (we denote as usual (z) = (1 + |z[?)'/?). Estimates (1.2) yield that
p(z,€) belongs to the symbol class G™™(R?) introduced with different notation
by Parenti [21] and Cordes [8] and considered, under different notations, by a
considerable number of authors in various functional and geometric settings, see
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for instance [7, 9, 10, 11, 12, 18, 19, 20, 22, 23]. We suppose that P is G-elliptic,
in the sense that

(1.3) p(x, )| = (@™ ()", |z[+[¢] = C,

for some positive constants ¢, C. As a simple example, the reader may consider
the equation

(1.4) —Au+ \u = f, A e C,

hence p(z,&) = [£|? + A\, which verifies the estimates in (1.2) and (1.3) with
m =2 n=0,if A ¢ R_U{0}. Under the assumption (1.3) various results
of global regularity have been proved for the equation (1.1). By construction
of parametrices and without needing to assume analyticity of the symbol p(z,§),
Parenti [21] and Cordes [8] proved that every solution u € S’'(R%) of (1.1) belongs
to S(R?) provided f € S(R?), cf. also [3] for more general results. More recently,
in [4, 7], the first author et al. studied the same equation in the frame of Gelfand-
Shilov spaces S&(R?), > 1,v > 1, of all functions f € C™(R?) satisfying the
following estimate

(1.5) 10° f(z)| < Clal+lgme=eel 4 c Rd

for all & € N and for some positive constants C, ¢ independent of ov. In particular,
in [4], the result has been proved using an inductive argument in a suitable scale
of Banach spaces defining S5 (R?). We recall that for p = 1, the condition (1.5)
implies that f is analytic on R? and admits a holomorphic extension in a strip
of the form {z € C?: |3z < T}, T > 0. Actually, using the same argument of [4]
we can prove more refined estimates and derive larger holomorphic extensions for
the solutions of (1.1) under suitable assumptions on the forcing term f. Namely,
we assume that f belongs to the space BHsect(Rd) of all functions satisfying the
following estimates on R%:

(1.6) |50 f|| 2 < CleFYall,  for |8] < |al.

As we will show in Section 3, this implies that f extends to a holomorphic bounded
function f(z + 4y) in the sector of C¢

(L.7) Co={z=a+iyeCl: |y <c(l+ o)}

for some ¢ > 0, satisfying

(1.8) / sup | f(z 4 iy)|* dx < oco.
ly|<c(1+]x])
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Hence, we can think of f as a function whose holomorphic extension in a sector
is in L? uniformly with respect to its imaginary part.
The main result of the paper is the following.

Theorem 1. Let P be a pseudodifferential operator with symbol p satisfying
(1.2) for some m > 0, n > 0, and assume that p is G-elliptic, that is (1.3)
is satisfied. Let u € S'(R?) be a solution of Pu = f € BHgeet(R?). Then
u € BHsect(Rd); in particular, it extends to a bounded holomorphic function
u(z + iy) in the sector of C¢ of the type (1.7), satisfying

(1.9) / sup  |u(x +iy)|* dz < oco.
lyl<c(1+|z|)

It would be interesting to extend the result above to semilinear perturbations
of the equation (1.1) in the spirit of other results concerning holomorphic ex-
tensions of solutions of nonlinear elliptic equations, see [17, 2, 5, 6], and of the
corresponding evolution counterparts, cf. [15]. This extension seems to be quite
easy if m > 1,n > 1 by replacing L?-norms by Sobolev H*-norms with s large
enough, but it reveals some non trivial difficulties in the general case m > 0,n > 0.
We postpone the study of this problem to a future paper.

2. Notation and preliminary results.

2.1. Factorial and binomial coefficients. We recall here some well known
formulas involving factorials and binomial coefficients which will be often used
in the sequel. We shall use the usual multi-index notation for factorial and

binomial coefficients. Hence, for o = (a,...,ay) € N we set o! = aq!... !
) b ) d d

o} a!
and for 3,a € N4, 3 < a, we set =
B} Bla-p)

The following inequality is standard:

(2.1) (g) < olel.

Also, we recall the identity

> Cf) - (’(;) i=0,1,....al,

la!|=j
o/ <a

which follows from Hle(l +1)% = (1 4+ t)l*l and gives in particular

o ()s() merese
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The estimate (2.2) implies by induction,

al la!
2.3 < =4 e+ 0
(23) Sl ol Sy T o
as well as
ol ’Oz"
2.4 <
. @A “Ta—pr O=°

Finally we recall the so-called inverse Leibniz’ formula:

2P0%u(x) = w @) ga—r 2B ulz
(25) run= 3 Gy (%)o@ uto,

2.2. G-pseudo-differential operators. G-pseudo-differential operators (also
known as SG or scattering pseudodifferential operators) are defined as standard
by

(2. plar Dyuta) = 2~ [ eEp(a, £)i6) .
where

u(§) = e~y (z) da

© = [ ety

denotes the Fourier transform of u and the symbol p(z,&) satisfies, for some
m,n € R, the following estimates: for every a, 5 € N? there exists a constant
Cq,3 > 0 such that

(2.7) |08 05 p(,€)| < Co )1l (g)m 1ol

for every z,£& € R% The space of functions satisfying these estimates is denoted
by G™"(R%) and can be endowed with the topology defined by the seminorms

G (6% —n —m [0
I = sup  sup  {[9802p(x, &)|(x) )Ty N e N,
la|+]BI<N (z,6)eR24

We set OPG™"(R?) for the space of the corresponding operators. G-operators
represent a natural generalization of differential operators with polynomial co-
efficients and turn out to be very convenient for a series of problems involving
global aspects of partial differential equations in R?. A specific calculus for these
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operators is presented in [8] and [21]. In fact, they are a particular case of the
the general Hormander’s classes, see [16, Chapter XVIII].

Our results actually concern the subclass of G™"(R?) defined by the more
particular estimate (1.2) which implies in addition the analyticity of the symbols
but in the proofs we will use also general properties of G-symbols. We recall some
of them in the following referring to [8], [21] and [20, Chapter 3] for proofs and
details.

First, if p € G™"(R?) then p(x, D) defines a continuous map S(R?) — S(R?)
which extends to a continuous map S’(R?) — S’(R?). The composition of two
such operators is therefore well defined in S(RY) and in S’(R%); more precisely,
if p; € G™"1(RY) and py € G™2"2(R?), then py(x, D)p2(z, D) = p3(x, D) with
p3 € GmMtm2mitnz(RA) and the map (p1, p2) — p3 is continuous G™ ™ (R%) x
sz,nz(Rd) _)Gm1+m2,n1+n2(Rd)_

If p € G™"(RY), with m <0, n <0 then

(2.8) p(z, D) : L*(R?) — L*(RY)
continuously, and

G
Ip(z, D) 512 (gay) < Cllpll

for suitable C' > 0, N € N depending only on the dimension d (see [20, Theorem

3.1.5]). We also recall that () G™"(R?) = S(R??). In particular, operators
m,neER

with Schwartz symbols are (globally) regularizing, i.e. they map continuously

S'(R?) into S(R?).

A symbol p € G™"(R?) (and the corresponding operator) is called G-elliptic
if it satisfies (1.3) for some constants C,c¢ > 0. The importance of G-ellipticity
in the subsequent arguments relies in the fact that this condition guaranties the
existence of a parametrix E € OPG~™"(R?) of P = p(x, D). Namely we have
the following result.

Proposition 2. Let p € G™"(RY) be G-elliptic. Then there exists an opera-
tor E € OPG=™"(R%) such that EP = [+ R and PE = I+ R', where R, R’ are
(globally) regularizing pseudodifferential operators, i.e. with Schwartz symbols.
Hence R and R’ are continuous maps S'(RY) — S(R?). The operator E is said
to be a parametriz for P.

Finally we recall for further reference the following formulas, which are valid for
general pseudodifferential operators and can be verified by a direct computation:
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for o, 3 € N9,

2P Py = k(P Ip)(x Py
29 Pu= 3 0" () ) D)),

(2.10) o Pu=3" <(§> (@p)(z, D)8 .

<a

2.3. Function spaces We prove here some important properties of the space
BHSECt(Rd) defined in the Introduction. Namely we prove the following result.

Theorem 3. Let f € BHqeet(R?). Then f extends to a holomorphic bounded
function f(x + iy) in a sector of C* of the form (1.7) and satisfies there the
estimate (1.8).

Proof. If M is an integer, M > d/2, we have

|70 fllze < C D 107 (270 f) | .
[vI<M

Hence an application of Leibniz’ formula shows that (1.6) holds with the L? norm
replaced by the L* norm.
Using |a|! < d*la! we also get the estimate

(2.11) ()10 f ()| 2 < 1o,

for a new constant C' > 0, and similarly with the L? norm replaced by the L>
norm.
This shows that the power series

(2.12) > I, gy,

al
«

for any fixed z € R? converges in a polydisc in C? defined by |z, — x| < ¢ (z),
1 < k < d, for some ¢ > 0, and gives the desired bounded extension in a sector
of the type (1.7), which is covered by those polydiscs. Upon setting z = = + iy in
(2.12), and using the estimate |iy|l*l < (2¢)l*/(z)!*l in C. and (2.11) we get (1.8)
as well. 0O
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In the sequel we will use the following obvious characterization of the space
BHeet(RY): for f € S'(RY),

clal+18l

(2.13) f € BHeeat(RY) = S [f] = ) 280% f| 2 < oo,

!
1B1<]ad

for some ¢ > 0.
3. Proof of Theorem 1. We will prove Theorem 1 by showing that

SE. lu] < oo for some € > 0. This will be achieved by an iteration argument
involving the partial sum of the series in (2.13), that is

lodl+8]
e _ € B o«
(3.1) Sill= % S0l
lal+|B|<N
[BI<lea|
As first step in the inductive argument, observe that S§[u] = ||ul|;2 < co. Indeed,

f € L? and by the equation Pu = f and Proposition 2 we have v = Ef — Ru,
where E is bounded on L?(RY) and R is continuous &'(R?) — S(R?).
Let us prove some preliminary estimates.

Proposition 4. Let R € OPG~V"Y(RY). Then there exists a constant C > 0
such that, for everye >0,N > 1 and u € S'(R?), we have

||+ 5]
Z g

|
0<|al+|BI<N ’ |'
181<]al

R(2P0%u)| 12 < CeSs_,[ul.
N-1

Proof. We first estimate the terms with 8 = 0, hence a # 0. Let k €
{1,...,d} such that oy, # 0. Since R o 9 € OPG®~(R?) is bounded on L2(R?)
we have!

o] la|—1
~[R(0°w)|| > < Ce=

!

ox—e
’a|‘ Ha ku”L2
On the other hand, when 3 # 0, hence 3; # 0 for some j € {1,...,d}, we use
the fact that Roz; € OPG~19(R?) is bounded on L?(R%). We get in that case

la+15] lal+18l-1
e 3 e
al ||z~ 0%|| 2. O

We denote by e, the kth vector of the standard basis of R.



120 Marco Cappiello, Fabio Nicola

Proposition 5. Let P = p(xz, D) be a pseudodifferential operator with symbol
p(x, €) satisfying the estimates (1.2), withm >0, n > 0. Let E € OPG~™"(R?).
Then there exists a constant C > 0 such that, for every e small enough, N > 1
and u € S'(RY), we have

(3.2) >

|
0<|al+|BI<N ’ |'
181<]al

5|a|+|ﬁ|

|E[P, 2 8°]ul| 12 < CeSiy_y[u].

Proof. We have
[P, z79%) = [P, zP]0* + P[P, 7).

Hence, using (2.9), (2.10), we get
(33) [Pafolu= Y (-1)heH! <ﬁ ) (DEp)(z, D) ("0 0%u)

00 <8 o
— Z ( ) P p(x, D)0 u
0#£6<a

Given 8, 4, let & be a multi-index of maximal length among those satlsfymg
16| < 16| and & < 3 (hence if |§| < |d] then § — & = 0). Writing 2 = 29279

the last term of (3.3) and using again (2.9) we get

(3.4)

Pa?0lu=>" S (- lvol+1<5 5)( 5) 2 (DPOp)(w, D) (@009 ).

0o 4g<p-5 o
(6,70)#(0,0)

We now consider the operator £8-0-1099=8  Qiven Y0, @, 0, let 49 be a multi-
index of length |39| = || and satisfying 49 < o — d (such a multi-index exists
because |3| < |a|). By the inverse Leibniz formula (2.5) we have

(3.5) lﬂftgfﬁ'oaa*ts B9 ’Yoa’yoaaffsf’yo — 9 o xﬂ*S*’maa*fV’Yo

+ Z (=018 =0 — )" <%> 90N o 4B—0—0—71 ga—6—Fo_
0#71 <B—5-0 B=0-9-m) \n

71 <%0
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We now look at the operator gB=6-0-19a=0=%  Let 41 be a multi-index of
length |31| = |71| and satisfying 41 < a — § — 9. Again by (2.5) we have
(3.6) xﬁfgfﬁ'o*% §a—9—0 — xﬁ*S*W*ﬁ’l 9N Hr—0—T0—n

— 9N o gB—0=r0—m ga—i—Fo—N

+ Z (_1)|72~|(5 —0- 0o~ ’h)! (ﬁl) a’Yl*’YQOlﬂfoﬁ’O*%*728a7675107’71'
_ 85— _ _ |
0#v9<B—8—v9—m1 B=0—r—n—72)! \n”
Y2<91

We can iterate this argument and replace all in (3.4). Then we get

h
[P, xﬂaa]u = Z Z Z Z cee Z Ca,,B,&,'yo,’yh...,’yj

0<a j=0 ~g<B-§  0#£y1<B-d-0 07 <B—8—v0 = —vj—1
(8,70)#(0,0) 71 <90 v <A1

X Do, 35,9091 07, (% D) (lﬁ—&—vo—---—w oY —0—Fo——7j u) ,

where 7; is defined inductively as a multi-index of length |¥;| < |v;| and satisfying
:)/j Sa—é—%—...—%_l,

al(8 — 9)! i
|Ca7576”707’717---7’}/j’ = ( H ( 1

(@ = 8)110!(B =6 —r0— - =) oy \ W
(37) - ‘a’!’[{— 6" 2|’~yo+---+’~Yj—1|7
la—0]'6M0!|8 =8 — 70 — ... — ]!

cf. (2.4) and (2.1), and

(3.8) Pa, 8,570,715 (z,8) = z’ (Dgoaip) (33»5)5%_%—’_%_“'_%—%%» Jj =0,

(if 7 = 0 we mean that there are not the binomial factors, nor the power of 2 in
(3.7)). Observe that, since ; # 0 for every j > 1, this procedure in fact stops
after a finite number of steps.

By (1.2), (2.1), and Leibniz’ formula, for every 6,0 € N¢ the following esti-
mate holds:

(3.9) ‘8?8{‘;}90[’@6770’%“”7% (z,8)] < C|’70|+|5|+170!6!<x>n7|o| <€>mf|9|7

for some constant C' depending only on # and o. In fact \5! < 9], Ho — 71 + 51 —
=5 + %] < %] < |vl, and the powers of 0] and |yg| which arise can be
estimated by Col+0l1+1 for some C' > 0.
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We now use (3.9) to estimate E O Dat,B,8.90,715--17 (x, D). To this end, observe
that this operator belongs to OPG%°(R?), and therefore its norm as a bounded
operator on L%(R?) is estimated by a seminorm of its symbol in G%°(R9), de-
pending only on d. Such a seminorm is in turn estimated by the product of a
seminorm of the symbol of F in G’m””(Rd) and a seminorm of pa g.6.4071,....7;
in G™"(RY), again depending only on the dimension d. Hence by (3.9) we get

(3.10) 1B © P, b0, (@ D) ls(r2 gy < COHOF 50101,

Now, since [a] > |8] and [&| = [yl 0 < k < j, we have

—lljoe—6 =70 — ... — 7!
‘a—(s‘!‘,@—é—'yo—...—’}/j“
This is obvious when 6| = |d], whereas it holds as well if |6| < |§] since in this
case f—d=yp=-=y=Y=- =7 =0.

By (3.7), (3.10) (3.11), we get in this case

(3.12)
clal+18] B—8—0—+—7; AO—6—F0 —+—;
W’Ca:ﬁ,fsﬁoﬁhmﬁj ’ HEopa’ﬂz(;fYOaﬁyl"":’yj (x7 D)(x 0 ’yja " ’YJU)HLQ

- _ eled+IBlI=18l=vo+- s | = o+ +5 -1l
< C(CE)I5I+|%+---+W|+|70+---+’Yj—1|

=530 — 3]

% H:z:ﬁ_‘S_VO_“'_W80‘_5_%_‘”_%uHL2.

Observe that |B—S—%—---—'yj| <la=6—=790—- =7l

We now perform the change of variables & = a—d6—50—--- =7, B=p-0-—
Yo — -+ —7;- In fact, the map (a, 3,9, 5,70, 71, ---»v) = (& B,6,5,7%,715- -+, V5)
defined in this way is not injective, because of the presence of 0,7o,...,7; (of
course, one should think of § as a function of a, 3,4, and to every v;, j > 0,
as a function of a, 3,0,v, k < j). Anyhow, since |0| < |6] and 73| = |, the
number of pre-images of any given point is at most 2/01+ol+-+;l+dG+2) Hence
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we deduce from (3.12) that, if € is small enough, then

e+ 8]
€
313) > W\\E[P,mﬁaa]u!!m <
lal+I8|<N )
181<]a|
d clal+18] a1 5
2°C Z al Hxﬁaauu 222 G+ )Z Z (2C%)l31HhoFyi+-+7]
|&|+|B1<N—1 alt 5 meo ,,,,, 770
Al<lal 0: (6:70)#(0,0)

r

< SFalu] Y (Cle) ™ < CeSy 4 [u]
j=0

The proposition is proved. O

End of the proof of Theorem 1. It follows from the equation
Pu = f that, for a, 3 € N¢, ¢ > 0,

la|+|B la|+|B
£ 229% Py = £
|a! |a!

2B

Introducing commutators we get

lal+18] jal+13] jal+16]
S PGEPou) = [P aPu + &
|a! af! |a!

We now apply the parametrix £ of P to both sides. With R = EP — I €
OPG~H~1(R9) we obtain
||+ 5] o]+ o+ e+
S 2P0 =~ R(2P9%) + = E[P, 279 + ——— E(z°8°f),
alt jalt laf! laf!

Taking the L? norms and summing over |a| + |3| < N, |8 < |al, give
elal+18]

PO f.

(3.14) Svlul < lullz+ Y0 1R(x70%w)]| 2

|
0<|a|+|8|<N | !
181<]al
|| +|8
€
+ Y. == EP,2"0ul|
0<|a|+|B|<N ’a|'
181<]al

>

|
0<|a|+|B|<N ’ |
[B]<|e|

||+ B
—|E@ 0 )|,
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The second and the third term in the right-hand side of (3.14) can be estimated
using Propositions 4 and 5 while the term containing f is clearly dominated by
SE.[f]- In conclusion, for € small enough, we obtain for some C' > 0 independent

of N:

Syl < Nlullze + CS5[f] + CeSyy[u]

which implies that S5 [u] < oo for ¢ small enough. Then u € BHge(RY) by
(2.13). O

1]

REFERENCES

H. A. Biacioni, T. GRAMCHEV. Fractional derivative estimates in Gevrey

spaces, global regularity and decay for solutions to semilinear equations in
R™. J. Differential Equations 194 (2003), 140-165.

J. BoNA, Y. Li1. Decay and analyticity of solitary waves. J. Math. Pures
Appl. 76 (1997), 377-430.

I. CaMPERI. Global hypoellipticity and Sobolev estimates for generalized
SG-pseudodifferential operators. Rend. Sem. Mat. Univ. Pol. Torino 66, 2
(2008), 99-112.

M. CAPPIELLO, T. GRAMCHEV, L. RODINO. Semilinear pseudo-differential

equations and travelling waves. Fields Institute Communications 52 (2007),
213-238.

M. CAPPIELLO, F. NicoLA. Holomorphic extension of solutions of semi-
linear elliptic equations. Nonl. Anal. 74 (2011), 2663-2681.

M. CAPPIELLO, F. NIcOLA. Regularity and decay of solutions of nonlinear
harmonic oscillators. Adv. Math. 229 (2012), 1266-1299.

M. CaPPIELLO, L. RODINO. SG-pseudodifferential operators and Gelfand-
Shilov spaces. Rocky Mountain J. Math. 36 (2006), 1117-1148.

H. O. CorbDES. The technique of pseudodifferential operators. London
Math. Soc. Lecture Notes Ser., vol. 202. Cambridge, Cambridge Univer-
sity Press, 1995.



[9]

[12]

[13]

[14]

Holomorphic extension 125

S. CORIASCO. Fourier integral operators in SG classes. I. Composition theo-
rems and action on SG-Sobolev spaces. Rend. Sem. Mat. Univ. Pol. Torino
57, 4 (1999), 249-302.

S. CoRi1Asco. Fourier integral operators in SG classes. II. Application to
SG hyperbolic Cauchy problems. Ann. Univ. Ferrara Sez VII 44 (1998),
81-122.

S. Coriasco, L. MANICCIA. Wave front set at infinity and hyperbolic
linear operators with multiple characteristics. Annals of Global Analysis
and Geometry 24 (2003), 375-400.

Y. V. EGorov, B.-W. SCHULZE. Pseudo-differential operators, singular-
ities, applications Operator Theory: Advances and Applications, vol. 93.
Basel, Birkh&auser Verlag, 1997.

I. M. GELFAND, G. E. SHILOV. Generalized functions II. New York, Aca-
demic Press, 1968.

T. GRAMCHEV. Perturbative methods in scales of Banach spaces: appli-
cations for Gevrey regularity of solutions to semilinear partial differential
equations. Microlocal analysis and related topics. Rend. Sem. Mat. Univ.
Politec. Torino 61 (2003), 1-134.

N. HAavasHI. Solutions of the (generalized) Korteweg-de Vries equation in
the Bergman and the Szegd spaces on a sector, Duke Math. J. 62 (1991),
575-591.

L. HORMANDER. The Analysis of Linear Partial Differential Operators, III:
Pseudo-differential Operators. Berlin etc., Springer-Verlag, 1985.

Y. L1, J. BONA. Analyticity of solitary-wave solutions of model equations
for long waves. SIAM J. Math. Anal. 27, 3 (1996), 725-737.

L. Maniccia, P. PANARESE. Eigenvalue asymptotics for a class of md-
elliptic ¢ do’s on manifolds with cylindrical exits. Ann. Mat. Pura Appl.
(4) 181, 3 (2002), 283-308.

R. MELROSE. Geometric scattering theory. Stanford Lectures. Cambridge,
Cambridge Univ. Press, 1995.

F. NicorLa, L. RopiNo. Global Pseudodifferential Calculus on Euclidean
Spaces. Basel, Birkhauser, 2010.



126 Marco Cappiello, Fabio Nicola

[21] C. PARENTI. Operatori pseudo-differentiali in R™ e applicazioni. Annali
Mat. Pura Appl. 93 (1972), 359-389.

[22] M. RUZHANSKY, M. SuGIMOTO. Global L?-boundedness theorems for a

class of Fourier integral operators. Comm. Partial Differential Equations
31 (2006), 547-569.

[23] E. SCHROHE. Spaces of weighted symbols and weighted Sobolev spaces on
manifolds. In: Pseudodifferential Operators, Proceedings Oberwolfach 1986.
(Eds H. O. Cordes, B. Gramsch, H. Widom) Lecture Notes in Math., vol.
1256, New York, Springer, 1987, 360-377.

Marco Cappiello

Dipartimento di Matematica
Universita di Torino

via Carlo Alberto 10

10123 Torino, Italy

e-mail: marco.cappiello@unito.it

Fabio Nicola

Dipartimento di Scienze Matematiche
Politecnico di Torino

Corso Duca degli Abruzzi 24

10129 Torino, Italy

e-mail: fabio.nicola@polito.it



