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ABSTRACT. In this paper is introduced the hyperbolic double-complex
Laplace operator. The hyperbolic decomplexification of the hyperbolic double-
complex Laplace operator and its characteristic set is found. The exponen-
tial eigenfunctions of the zero eigenvalue of the hyperbolic double-complex
Laplace operator are found as well.

1. Hyperbolic complex and hyperbolic double-complex num-
bers. Let us recall two basic definitions.

Definition 1. The elements of the commutative, associative algebra with zero
divisors

Ci={zr+jy=(x,y): =1, z,y.€R}.
are called hyperbolic complex numbers.

These numbers are used in geometry, mechanics, physics, etc. For more
details one may consult, for instance, the book of I. Yaglom [3], where hyperbolic
complex numbers are called double numbers.
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The addition in C is componentwise, and the multiplication is given by

(x1,11)-(x2,y2) := (122 + Y1Y2, T1Y2 + Y122).

The multiplication by a scalar, that is a real number, is defined by A(z,y) :=
(Az, \y).

The numbers (z,7) and (x,—z) are zero divisors, since (22 — y%,0) =
(z,y).(z, —y) and therefore (z,r)(z, —x) = (22 — 2%,0) = (0,0). Conjugate num-
ber of the hyperbolic complex number x + jy is called the hyperbolic complex
number x — jy.

Definition 2. We call hyperbolic double-complex numbers the elements of
the fourth dimensional commutative, associative hyperbolic double-complex alge-
bra

DCQ = {X =20+ j21 +j2$2 +j3x3 =74+ W, Z = xg +j21'2, W =ux —‘rj21'3}
where j is a symbol such that j* = +1 and j> =j; x;, € R for k=0,1,2,3.

The numbers Z and W are hyperbolic complex numbers. The algebra DCs
inherites from C the componentwise addition and the multiplication with a real
scalar A € R. The multiplication of two hyperbolic double-complex numbers
is defined in an obvious way using the identities for the degrees of j and the
distributive rule.

Algebra DC5 has zero divisors as well. Indeed, for example, the numbers
X(1—34%) and Y(1 + j2) satisfy X(1 — j2)Y (1 +j%) = XY (1 —j4) =0.

2. Holomorphic hyperbolic double-complex functions. Let us
consider a function f : U — DCs, where U is a open subset of the algebra
DCsy. Then f(X) = fo(Z, W) + jfi(Z, W), fo,f1 : U — C. The function fy is
called an even part, and the function f; is called an odd part of the hyperbolic
double-complex function f.

For the introduction of formal hyperbolic complex derivatives we use the par-
tial derivatives with respect to the real variables xg,x1,z9,23. We denote as
follows:

(1) o0 _1(0 20N 90 _ 100 50
0Z 2\ 0z 0y ) ow T 2\ 0z, 7 Bxs )
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The following examples are important for the formal calculus using so defined

Z Z
forr;;i hyperbolic complex derivatives 1)2—2 =1, Q)S—W =0, 3)% =1 and
4)— =0.
) 0z 0
We consider also the following formal derivatives
o 0 _1(2 10\ 0 _1(0 10
0X 2\0Z oW )’ o9X* 2\0Z jOwW )’

The formal derivatives defined in (2) are called formal hyperbolic double-
complex derivatives.

Definition 3. We say that the hyperbolic double-complex function f is holo-
morphic hyperbolic double-complex functions if and only if

of _1(8f 18f>:0

OX*  2\9Z jowW

3) 9z jow

Example 1. The hyperbolic double-complex function X = Z + jW is a
holomorphic hyperbolic double-complex function, because

IZ+jW)  19(Z+jW)

B i aw =0
Exponeniz’oal hyperbolic double-complex function e is defined by the power
series eX = k—'k The following identity for the exponential function is fulfilled
k=0
eX = %o (coshzg + 42 sinh x9)X

x((14 j%) coshzy 4 (j 4 %) sinhzy + (1 — j2) cosxy + (j — §°) sinxp)x
X ((1 4 j%) coshzz + (j2 4 j)sinhzz + (1 — j?) cos x3 + (5° — j) sinx3) =
= €™ (cosh zs + j®sinh xs) [(1 + j?)(cosh zy + jsinhx)(coshxs + jsinhzs) +

+ (1 — j®)(cos x; — jsinz1)(cos 3 —jSiH$3)] .
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X

Example 2. The exponential hyperbolic double-complex function e* and

the following composite functions

(Z+5W)

L oy
PUHIHITH(ZAW) 0 p(UH)GZHW) - ang - ed ;

where p, ¢ are hyperbolic double-complex numbers and Z, W are hyperbolic
complex variables, are holomorphic hyperbolic double-complex functions.

On the other hand, it is easy to check that the composite exponential hyper-
bolic double complex function

P(A—i+*=3)(Z+W) ) 2

is not a holomorphic hyperbolic double-complex function. This follows from the
definition, applying the rules for computation of the formal hyperbolic complex
derivatives, which are similar to those for the partial derivatives.

Theorem 1 (see [1], [2]). The function f = fo+ jf1 is holomorphic hyper-
bolic double-complex function if and only if the Cauchy-Riemann type system

(4) %:% %:2%
0z _ow’ ow oz

s satisfied by the hyperbolic complex functions fy and f1.

3. Hyperbolic double-complex Laplace operator. The even part fy
and the odd part f; of the holomorphic hyperbolic double-complex function f
satisfy two second order partial differential equations with constant hyperbolic
complex coefficients. By the Cauchy-Riemann type system (4) we derive the
following system of equations for fy and fi:

02 fo :32f1 9% fo _ 202 f1 0% f1 :82f0 9% f _ 2 9%fo
azZow — ow?  owoz 7’ 872 0Zow 022’ owoz ‘ ow?

0? 0?
Therefore the functions fy and f; satisfy the equations 3 Zle =j éWIJ/rl? and,
: P .0 fo o . .
respectively, 977 = Jj 2 The second order partial differential operator with

hyperbolic complex coefficient j and hyperbolic complex variables Z and W

2.
0z2 Jow?

(5) Apge =
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_1 8+28 21 6+28
8x0 J a$2 —J a$1 a$3

I P Xy 32+2~ o
T 1\022 " 022 “0miows Y 027 7 0al T

8x08m2

is called a hyperbolic double-complex Laplace operator.

The hyperbolic complex-valued function f, solution of the equation Apg.f = 0
is called harmonic hyperbolic complex function. Then the even and the odd parts
fo and f; of a holomorphic hyperbolic double-complex function are harmonic
hyperbolic complex functions.

In order to write the hyperbolic complex symbol of the hyperbolic double-
complex Laplace operator, we replace in (5) the variable 9/9zq by &y, 9/0x1 by
&1, 0/0xo by & and 0/0x3 by &3, respectively.

This way we obtain the quadratic form

1 . . .
B(&0,61,62,83) = 1(53 +8& — 208 — 726 — 126 + 25°6062),
with the following matrix

1 0 42 0
1l 0 -2 0 -1
Q=112 0 1 o

0 -1 0 —j52

The quadratic form B(&g, &1, &2,&3) is called a hyperbolic complex symbol of the
operator Apge.

4. The characteristic set of the hyperbolic double-complex La-
place operator. In order to find the characteristic set ¥ of the hyperbolic
double-complex Laplace operator we solve the following equation of second order
with hyperbolic complex coefficients

(Co+726)* — (G476 =0 < +& 26 — 26 +25%b —26& =0,

or the equivalent system of two real quadratic equations

(6) & +& — 2646 =0,
&+ 65 — 265 = 0.
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It is true that ¥ is a subset in 7*(R*), but it is remarkable that ¥ contains
two hyper-planes. Indeed, the sum of the equations in the system (6) is

(7) (Eo—&)P+(E-&)°=0 < &=§& and & =&,

as all variables &y, &1, &9, &3 are real.
The difference between the first and the second equation in (6) is

(8) (fo+&)°— (& +6&)° =0

which gives the equations (& + &2) = £(&1 + &3).
So we obtain parts ¥; and X9 of the characteristic ¥ D (31 U X9) as follows

51 = {(,&.6,&) € TEDCy \ {0} : & = &1}

Sy = {(&0.61,&. &) € TEDC2 \ {0} : & = —&}

which are two transversal hyper-planes in the cotangent bundle TS‘DC of the
algebra of the hyperbolic double-complex numbers DC.

5. Hyperbolic decomplexification of the hyperbolic double-com-
plex Laplace operator. Let us present the harmonic hyperbolic complex-
valued functions fp and f; by real functions gg, g1,92 and g3 as follows: fy =
go + 7292, f1 = g1 + j%g3. Then the functions g, k = 0, 1,2, 3 satisfy the follow-
ing equation:

ADpac(fo+7f1) = 40nac(g0 + jg1 + 292 + 5°g3) =

9*(g0 + jo1 + %92 + j393) n 9*(g0 + jo1 + %92 + j393)
81:% 81:%

(g0 + jg1 + 5292+ 5°93)  20%(g0 + jgr + %92 + 52 93)
0r10x3 Oxy

_j (g0 + jg1 + %92 + j°g3) 4+ 24? (g0 +jgr + 292 +3%g3)

830% 0xg0xo
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Pgo  Pgo , Pgo Pg Py 8> go

© 02 0x3 011013 ox? Ozl 8x08x2+

w 9%g1 n g1 9 Pgr gz Pgs 5 g3
J Ox3 Ox3 Ox10zs  Oz3 ox3 0xo0xa

gp g0 9?90 g0 g0 9?90
2 ~2 - — 2
+ <8x% + Ox3 Ox10x3  Ox? 8:5% + 8x081:2> +

2 2 2 2 2 2
+.3<<37923+é’9g23_2(993 _8921_8921+2891>:
oz Oxs Oxr10x3  Oxf 0x3 0xg0xo

It is equivalent to the following system of two equations for two couples of real-
valued functions gg, go, and g1, g3, namely

P9 Pgo , P P Py P _,
8:6% Ox3 Ox10x3 023 8:5% 0xo0rs
Pgo , P90, Pgo g P Pgp
al‘% 81:% 89008332 al‘% al‘% 81‘18%3

and the same system for the couple g1, g3.

0%g 9% 0%g 0%g 0% 0%g
Denoting A(g) = —5 + —5 — 2 dBlg)==—5+—-—5—2
enoting A(g) ox3 + Ox3 0x10x3 and B(g) ox? 0% 02902
the above system can be rewritten as

) A(go) — B(g2) =
g2

0
)=0. B(g1) — Algs) =

The symbol of this system is the following antisymmetric matrix

B) o= ( o(A) = +& —26& —o(B) =€ — &+ 26 >
o(B) =€+ &5 — 266 —0(A) =~ — €3 +26& )

where (£9,&1,&2,&3) € T*(RY) \ {0}
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We see that (A2 — B?)gy = A(A(g0)) — B(B(g0)) = A(B(g2)) — B(A(g2)) =0
as the operators A and B have constant coefficients. So the system (A) implies the
following partial differential equation of fourth order with one unknown function:

(A2 = B g, =0 for k=0,1,2,3
or in explicit form

Py, Py, P9\ (P9 Py, P9\
8:6% ox3 0r1013 Ox? 8:5% 0xo0xs

or

O9 09\ (09 09\ ((29 . 99\ (99 99\ _,

al‘o 8952 61:1 61:3 al‘o 8952 81:1 al‘g -
for the functions g = go, 91, 92, g3-

The symbol of the operator —A% + B? has the following form —(&3 + £3 —

26163)% + (€2 + €2 — 2£0€2)2. The determinant of the matrix (B) is the following
one:

det o — det ( & +8 — 268 —€F — €5+ 2608 ) _

&+ €5 — 2606 —& — &5 + 26165
= —(§+8 - 208"+ (1 +8 —26%)* =
= (&8 + 65 — 26183 + &7 + &5 — 26062) (60 + &5 — 26163 — &7 — €5 + 2606a) =
= (=&’ + (& -8)) (+&)° - (@ +&)?) =

= (0 —&)°+ (& -&)) (G+&L+&a+8) (G+&a—&—§&).

Therefore the real solutions of the equation

(9)deto = ((é0— &) + (61— &)%) o+ &2+ &1+ &) (Co+ & — &1 — &) =0,
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forms the characteristic set of the hyperbolic decomplexification of the hyperbolic
double-complex Laplace operator.

This way we may write the characteristic set in an explicit form ¥ = ¥; U
Y3 U X3 where

1 ={(£0,&1,€2,83) o+ &+ & + &3 =0},
Yo = {(60,61,62,83) : S0+ &2 — & — 3 =0}

and

B3 ={(€0,&1,&.8) 1 & =&, & =&}, where (&,&,&, &) € T(RY) \ {0}

6. Hyperbolic double-complex exponential eigenfuncions for
the zero eigenvalue of the hyperbolic double-complex Laplace ope-
rator. Let us consider the eigenfunction problem for the hyperbolic double-
complex Laplace operator Ajge, i.e. to solve the equation

(10) Anic F(Z 4 jW) = AF(Z + jW),

where F(Z + jW) : DCy — DCj is a hyperbolic double-complex function of
hyperbolic double-complex variable.

Applying the method of separation of variables for the above problem we are
looking for the solutions of the form F(Z + jW) = f(Z).g(W), where f(Z) =
f[i(Z)+jfo(Z) and g(W) = g1(W)+5g2(W), f1, f2. 91,92 : C — C are hyperbolic
complex valued functions of one hyperbolic complex variable. Equation (10)
becomes

0*f(2)
92>

?g(W)

g(W) o2

—if(2)

= Af(Z2)9(W),
where A € DCy. For the zero eigenvalue A we have

72(Z) = (mo + jmi + j°ma + j°ma) f(Z)
and

giw (W) = 5%(mo + jmi + j*ma + j°ms)g(W)
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where mg, m1, ma, m3 are real constants. Solutions of this ODEs are f(Z) = €%

and g(W) = "W, where a = ag + ja; + j%as + j3a3 and b = by + jby + 52y + 53b3,
ar,br € R for £ =0,1,2,3, are hyperbolic double-complex numbers such that
(11) a® = j°b° = mq + jmy + j*ma + joma.

If mog + mg > |my + mg| then

£ €
aO:Zl\/mo—i-ml—i-mg—&—mg—&—ZQ\/mo—ml—&—mg—mg—i-

€
+—\/ mop —ma)? + (m1 — mg3)? + mo — ma,
e v (mg —m2)? + (my —ms) 0 — M2

€ €
al:Zl\/m0+m1+m2+m3—sz/mo—m1+m2—m3+

e sign(my — ms3)

2v/2

\/\/(mo —mg)? + (my —m3)? — (mo — my),

£ €
(12:Zl\/m0+m1+m2+m3+ZQ\/m()—ml—‘er—mg—

_2%\/\/(7”0 —ma)? + (m1 — mg)? +mg — my,

g 13
a3:Zl\/mo+m1+m2+m3—ZQ\/mo—ml—&-mg—mg—

_ e sign(my —mg)
2v2

where the constants €,e; and €9 are equal to +1.
Analogously (bg + jby + j2ba + j3b3)% = ma + jma + j2mo + j3m; and

\/\/(mo —mg)? + (mq —m3)? — (mg — ma),

€ €
bO:Zl\/m2+m3+m0+m1—&-ZQ\/mg—mg—&-mo—ml—&-
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e sign(my — ms)

2v/2

\/\/(m2 —mg)? + (m3z — m1)? + mg — mo,

€ €
b1:Zl\/m2+m3+m0+m1—22\/m2—m3+m0—m1+

+2€% \/\/(m2 —mo)? + (m3 —m1)? — (m2 — my),

€ €
b2=le/m2+m3+m0+m1+£\/m2—m3+mo—m1—

e sign(my — ms) 5 5
— mg — My)* + (M3 — mq)* + mg — my,
V3 \/\/( 2 —mo)? + (mz —mq) 2 — Mo

g g
63:Zl\/mg—i-mg—l—mo—l—rm—f\/mg—mg—&—mo—ml—

_;W\/\/(TM —mo)? + (m3 —m1)? — (mg — my),

where the constants ,e; and &9 are equal to £1.

So for the eigenfunctions, corresponding to the zero eigenvalue, we obtain
that F(Z + jW) = e*ZHW — ¢a(Z+i*W) (epends on hyperbolic double-complex
parameter m = mg + jmi + j2ms + ms and are the following

(12) F6,€17527m(Z, W) =e 4 mo+mi1+ma+ma(Z+W) %

_j2 ‘
y 65(;\/5 )\/\/(m07m2)2+(m1fm3)2+m07mz(Z+jW)X

e 8IgN(my—mz)(1—52)
X e 2v/2

\/\/(mo—m2)2+(m1 —m3)2—mo+ma(j Z+W) %

.2 .3
% €W /m07m1+m2,m3(Z+W).
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Here Z, W are hyperbolic complex numbers, €,¢1, €5 are equal to 1 and
mo, m1, mg and mg are real numbers such that mg + mg > |my + mgs| holds.
Note that the numbers 1+ j + j2 + 53, and 1 — j2 in the formulae above are
zero divisors in the algebra DCs.
The first three of the composite exponential hyperbolic double-complex func-
tions in the product (12) are holomorphic hyperbolic double-complex functions
and the fourth one is not a holomorphic hyperbolic double-complex function.
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