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CANONICALLY CONJUGATE VARIABLES
FOR THE pCH EQUATION

Ognyan Christov*

ABSTRACT. We consider the pCH equation which arises as an asymptotic
rotator equation in a liquid crystal with a preferred direction if one takes
into account the reciprocal action of dipoles on themselves. This equation
is closely related to the periodic Camassa—Holm and the Hunter-Saxton
equations. The pCH equation is also integrable and bi-Hamiltonian, that is,
it is Hamiltonian with respect to two compatible Poisson brackets. We give
a set of conjugated variables for both brackets.

1. Introduction. The uCH equation was derived recently in [1, 2] as
(1.1) —Upry = —2p(W) Uz + 2Uglyy + Ulgyy,
where u(t,z) is a spatially periodic real-valued function of time variable ¢ and

1
space variable x € St = [0,1), p(u) = / udz. This equation is closely related
0

to the Camassa-Holm equation (CH)
(1.2) Up — Utgg + SUU; = 2UzpUpy + Ulgry
and the Hunter-Saxton equation (HS)

(1.3) —Utpr = 2UzlUpy + Ulgrps.
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In order to keep certain symmetry and analogy with CH, one can write the
equation (1.1) in the form (see also [3])

(1.4) p(ug) — gy = —2(w)Uy + 2UgpUpy + Ulggy.

Note that p(uy) = 0 in the periodic case. By introducing m = Au = p(u) — gy,
the equation (1.4) becomes

(1.5) me + umg + 2mu, =0, m = p(u) — Ugy.

The puCH equation can be interpreted as an equation in a liquid crystal with a
preferred direction if one takes into account the reciprocal action of dipoles on
themselves [1, 2].

Similar to its relatives (1.2), (1.3) the uCH equation is integrable. The bi-
Hamiltonian form of (1.5) is
(1.6) my = —pt 2Am] o O Im]

om om

1 1
where B! = 58./4 = —583,82 = md 4 Om are the two compatible Hamiltonian

operators and the corresponding Hamiltonians are

1
(1.7) Hi[m| = 3 /mudx, Hylm] = / (2p(u)u® + uu2) dz.
There exists an infinite sequence of conservation laws Hy,[m] n = 0,+1,42,...
such that (see [1] for some representatives)

(1.8) g Mnlml _ g 0Huoalm],

om om

The pCH equation can be written as
(19) my = —{m,H2}1 = —{m,Hl}Q,
where the two compatible Poisson brackets are

dg
(110) {fvg}lz 0 6 om d {f,g}QZ o om 32 dx.

om
Note that Hy = /md:r = /u(u)dw = pu(u) is a Casimir for the first bracket and

H | = / vmdzx is a Casimir for the second bracket.

The equation (1.1) can be expressed as a condition of compatibility between

(1.11) Yz = — M)
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and
(1.12) Py = — (% + u) (o %u:ﬂ/},

that is, (¥z2)t = (¥t)zz, where X is a spectral parameter.

The uCH equation is an Euler equation on the diffeomorphism group of the
circle corresponding to a natural right invariant Sobolev metric. It is also well-
posed (see [1]). This equation enjoys other geometric descriptions [3], for example
it is geometrically integrable. Moreover, its Kuperschidt deformation is also geo-
metrically integrable [4]. Let us give also another important ingredient for the
integrable PDEs, the so called zero curvature representation

X:—T,+[X,T] =0,
where the matrices X and T for the pCH equation are the following

A -1
X=— ,
Am+ A2 =)

1
14+ 2 \u + uy _2U_X

1
T:— 1
2| 21 <ux+um—|—)\u+§> +p(u)  —(14 2 u+ uy)

In this paper, canonically conjugated variables with respect to the both brack-
ets (1.10) are constructed. We follow Penskoi [5], where the conjugated variables
are obtained for the periodic CH equation (1.2), although many essential facts
can be found in Flaschka, McLaughlin [6], where the conjugated variables for the
periodic KdV equation are constructed.

The paper is organized as follows. In section 2 we summarize some results for
the spectral problem and formulate the main result. Then in section 3 we prove
it. In section 4 we discuss the motion of the auxiliary spectrum.

2. Spectral problem. In what follows we assume that m(0) > 0. It is
shown in [1] that then m(x) > 0 as long as u(x,t) exists.

The disposition of the spectra is similar to the cases of the Korteweg de Vries
equation and the CH equation. For instance, if m € C?|0,1] v;ith the above

assumption, the Liouville transformation 1) — m~Y/4®(z),z = / v/mdr brings
0
(1.11) to a Hill’s equation

d*P My 5m?2
- - L )d=\D.
dz? < )

4m?2  16m3
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However, we shall proceed as in [9, 10] or [11].
Consider the spectral problem (1.11). Recall that u(z + 1) = u(z) and
m(z+1) = m(x).
Let y1(x,\) and ya(x, A) be a fundamental system of solutions of (1.11) sub-
jected to the normalization
y1(07 )‘) - 17 yll(oa )‘) = 07

Every solution 1 of (1.11) can be expressed as a linear combination of y o:

(2'1) 1/}(1'7 )‘) - w(ov )‘)yl (x7 /\) + w/(ov A)yQ(xv )‘)

This produces

(2 2) (1/}(1:7)‘)> _ <y1(l‘,)\) y2(1:7)‘)> <'¢)(07 )‘))
' Y (@, A) iz, A) yh(z,A) ) \¢'(0,0) )

Denote the matrix in the last formula by U(z,\). From the definition of y; o
we have that detU(z,\) = Wr(y1,y2) = Wr(0) = 1. Let us define also the
discriminant

(2.3) AR = UL ) = £ (L A) +55(1,3))
We first consider (1.11) conditioned by the periodic boundary conditions
$(0) =4(1), '(0) =¢'(1).
There exists an infinite sequence of eigenvalues
M <A <A <A, A > o0 as n— .

Next we consider the antiperiodic eigenvalue problem, that is, the boundary
conditions for (1.11) are of the form

P(1) = —(0), ¢'(1) = —¢/(0).
The corresponding sequence of eigenvalues is
AL <A <Ay <AL ..., A, —ooasn — o0.

The quantities A\ are the roots of A(\) = 1, )\g is always simple. It is known
that

M <A <A <A <A <A <A <AL
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The intervals
(Ag s AT)s (A5, A1), (A3, A3), -+

are called intervals of stability. Similarly we can name the other intervals — the
intervals of instability or gaps. Some of intervals of instability may disappear —
(—00, Ag) always is present. Trivial arguments show that in our case Aj = 0 and
for A € (—00,0) the solutions of (1.11) are unbounded.

Recall that a solution of (1.11) is said to be a Floquet solution if there exists
a number p called a Floquet multiplier satisfying

Y(x+1,0) = py(x, A).

It is straightforward from (2.2) that a Floquet solution and the corresponding p
are an eigenvector and an eigenvalue of U(z, \).
Hence, p is obtained from

(2.4) p? —2AN\)p+1=0.

Now let us consider the auxiliary eigenvalues j; defined as solutions of the
equation ys(1, ;) = 0. Since m(x) is periodic, y2(z+ 1, ;) is a solution of (1.11)
for A\ = p;. Due to (2.1) we have

vz + L, p5) = o (L, 1152, 115),
that is, ya(z, ;) is a Floquet solution with p; = y5(1, 11;). So, we have a root of

(2.4) for A = p; namely p;. The other root is j; = —. Denote by y(z, j1;) the

j
corresponding to p; Floquet solution

(2.5) y($+1vﬂj) :ﬁjy(l',,uj).

Since, y and y; are linearly independent, we normalize y by y(0, pt;) = 1.

The points of the “auxiliary spectrum” p; must lie in the gaps (see Fig. 1).
Indeed, since Wr(y1,y2) = yiyh — Yiy2 = 1, then at z = 1 Wr(y1,y2)(1;) =
y1y5 = 1 so,

Alpug) = %(?ﬂ(lﬂj) +ua(l 1) = % (yl(l’uj) " m> -t

Remark. If m changes the sign, there are infinite sequences of positive and
negative eigenvalues for both periodic and antiperiodic spectra. This result goes
back to Lyapunov.

The following lemma is more or less known.
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A
A=l
[ A
T L AT
\ ph E/,\l+ A \ M3 //\?:Ai
A=—1 % N

Fig. 1. Disposition of Spectra

Lemma 1. Let ¢, ¢ be solutions (not necessarily different) of the spectral
problem (1.11) for the same A. Then the following identity holds

(2.6) AB*pp = By,

The proof is straightforward.

Let us also give an additional formula which will be used in the next section.
Suppose the functions p and ¢ are such that p,p’, q, ¢ are zero at 0,1. Then we
have

1 1
(2.7) / pB°qdx = —/ qB’pdx, s=1,2.
0 0
Since p; # 0 we can define the following variables f; = — ‘gﬂ | and g; =
Hj
n|p:
—%. Our main result is the following
H;

In|p;
’[27] | are conjugate with respect

J

Theorem 1. a) The variables ji; and fj = —

to the bracket {, }a;

Inlp:
b) The variables p; and gj = — - ’é,) | are conjugate with respect to the bracket

L h ’
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3. Conjugate variables. We will prove only part a) of the Theorem 1.
The part b) goes in the similar fashion. Since we follow Penskoi, only the key
points will be given. We need to show that

b i o Oy
1 iy fbjto = d
Yo 5f
0
Y 0fi 201
(3.3) Ui fite= | 5 325 ~Ldx
0
Ot
Let us first calculate —. We have
m’
(3.4) Yo (z, i) = —pimya(z, i),
which we write y§ = —umys for short. The variation of (3.4) reads
(3.5) Sy = —dpmys — pudmys — pmdys.

We multiply this identity by ys and integrate. Then the lL.h.s. is transformed by
integrating by parts to obtain

1
(3.6) O:—(S,u/ my%d:ﬂ—/ pdmyadz.
0 0

1
Since, / mysdx # 0, we get
0
(3.7) Opi _ — AR (@, i)
. 5 Yo\ T Ui ),

1 -1
where A; = [/ my%(:c,,ui)dx}
0

S0
To calculate 5_/% we first multiply (3.5) by y(z, p;), defined in (2.5). Next, we
m

multiply 4" = —umy by dys, subtract so obtained identities and, finally integrate
to obtain

1 1
/ (ydyy — y"oy2)dx 5umyy2dx— / pomyysda.
0 0
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The Lh.s. gives

1 1
/ (ydysy — y"dy2)dx = / (ydyh — y'dy2) dx =
0 0

dp;
(ySyh — /' Sy2)|b = Sub(1, 1)y (1, p1s) = pi — §In|pi.

7

Then
1
0ln|p;| = —0u; B; — ,ui/ omysydz,
0

where B; = fol mya(x, i )y(z, pi)dz. Using (3.7) we get

dpi
(3.8) % = A Bipiys (x, 1) — paya (@, )y (z, ps).-

Now we are ready to calculate the brackets (3.1)—(3.3).

(s i }o = 1%82%@5:/1%1#.”./1%@ 1) B2 (2, ;) dee
iy Mg S2 06m om 7,]7,]0277, 2\ &y fog )L

The last integral is zero. This can be seen from
by 2,2 L1 by 1,2 (2.7)
Hatty | Yo (, i) By5 (0, prj)de = pu ; Yo (z, i) B ys (z, py)da =

1 1
L1
_Mi/o y3(z, 1) Bys (z, pi)de = —M?/O Y3 (. 1) B2y3 (@, pi)da =

1
M?/O Y3 (z, 1) B>y (z, 1) da.

Hence, {,U/“ ,U/]}Q =0.
Next, we will show that {u;,In|p;|}2 = p?d;; from where (3.2) follows. The
case 1 # j is treated similarly as above. Let us consider the case ¢ = j.

1 . .
%8261n‘p1‘d$ —

{pis In|pi|}2 = | om 5

1
—/0 Aipiy (1) B? (Ai Bty (1) — piyapea)y (i) da =

1 1
—A?Bm?/o y%(m)BQyS(m)dw+Am?/o Y3 (1) B2y (113)y () da =
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o 1o
Aip; /0 Y3 (pi) (mO + Om)ya (s )y (i) d =

1
Aiu?/o mys (i) (' (i) y2 (i) — v (i) y(ps)) de.

The expression y'(u;)y2(p:) — y5(wi)y(p;) is the Wronskian Wr(y, y2) which is a
constant. Then

Yy 07 %
Wr(y,y2) = y'(1, wa)y2(1, ps) — yo (1, pa)y (1, i) = — ( M )yé(laﬂi) =-1

)

So, {ui,In|p;|}o = —Aju? fol my3(pi)dz = —p? and hence
{pi,nlp;lye = =70 and  {us, fi}2 = 0ij.

It remains to verify that {In|p;|,In|p;|}2 = 0. These calculations are similar to
those for the bracket {u;,p;}e = 0. Therefore, {f;, fj}2 = 0. This finishes the
proof of the part a) of the Theorem 1. The part b) follows in an analogous way.

4. Evolution of the auxiliary spectrum. It is natural to express the
Hamiltonians H,, via the variables y;, f;, for example. It turns out that this is a
difficult task. That is why we shall study the motion of the auxiliary spectrum.
To do this we assume first that y1,y2 are the Floquet solutions of (1.11)

yl(ov)‘) = 17 yi(ov)‘) = 07
y2(07)‘) = 07 yé(ov)‘) = ]-7

in particular

yi(x 41, ) = yi(L )y (2, pn),  y2(@ + 1, mn) = y5(1, pn)y2(, pin)

and according to the Wronskian relation

(4.1) y1 (L, pn)ya (1, pin) = 1.

Moreover, we also assume that

(4.2) y1(Lpm) = A= VA2 =1, yp(1, ) = A+ VA2 -1

If we denote y5 to be the derivative with respect to A, an easy calculation gives
that

1
/ mys(z, pn)dz = y3yh(L, ).
0
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We may write the formula (3.7) as

= —M ° .
om "ysys(L n)
Next, we compute (see [7])

0A A

(4.4) 5= "5 (y2(x + 1, Ny1(x, N) — yo(z, Ny1(x + 1, ) = —%y2 (1, \),

where the superscript +x means that y2(1,A) is computed for m translated in

amount 0 < x < 1. Since S is a linear combination of products of solutions of
m

(1.11), it satisfies Lemma 1.

0A YAN
2 1
(45) AB om =5 m om’
Now, with h = % we have
om
YAN OA
A = 2 " dx 1= dx

1 (6AN" /AN ,6A1 oA
31 (i) ‘h(%> wnie) - s
(V)

h
Note that h(0) = h(1) = A/(0) = /(1) = 0, so

SA LsA
" _ 2
Mpn, AN }o = [h (5m] L, ; (5mB hdzx
or
SA SA
M, A B’ hB?-—dz.
{bns AN }2 = [ 5m]0+“/0 86

Now, it is easy to obtain from here

A (yé(luun))2 -1 yQ(lvA)
’mA A = —HnZ Py
{M ( )}2 a 2 y2yé(1>,un) A — Hn

and with the help of (4.1) and (4.2)

vV AQ -1 yg(l,)\)
y3(L pn) A= pin

It is known that the Hamiltonians H,,n = 1,2,... are coefficients in an
expansion of A(X) : A(X) =1 —>7°, H,A". Since A*(0) = —H;, from (4.6)

(4'6) {an A()‘)}2 = —linA
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we can obtain the motion of the auxiliary spectrum under the flow of the uCH
equation

VAZ =1 y5(1,0) A1

4.7) fin = {pins Hito = pin— =—— , n>1

( " { " } ny2(17,un) _Mn y2(1vun)

Similarly we can obtain the motion u,, under the flows of the higher Hamiltonians
from (4.6).

It is seen that (4.7) is a system of infinitely many nonlinear differential equa-
tions in infinitely many variables. Only in the case of so called finite-gap poten-
tials (4.7) becomes a finite system whose solutions are usually expressed via theta
functions. This will be reported elsewhere.

5. Discussion. It turns out that the conjugate variables obtained here for
the uCH equation are practically the same as for the periodic CH equation.
Perhaps, the reason is that these equations, although different, have similar bi-
hamiltonian structures.

Let us return to the uCH equation (1.1). Formally we may think of nCH
equation in a following way. We take the HS equation and add a nonlocal term

2wy = —2Holm]us,

where Hy was defined in the Introduction.
One can consider an equation obtained in this way, but the other conserved
quantity is taken instead Hy. For example, we may take H; and obtain

—Uppy = —2H1[m|uy + 2Uptyy + Ulygy.

Of course, the physical interpretation is missing, but the question is: Whether
this equation, obtained in that formal way, is integrable?
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