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BEST APPROXIMATION AND MODULI OF SMOOTHNESS

Teodora Dimova Zapryanova

Dedicated to the 65 years Aniversary of Professor Petar Popivanov

Abstract. The aim of this note is to present moduli of smoothness which
are introduced by different schools of approximation for characterization of
the best algebraic approximation. We observe that Potapov’s generalized
moduli are equivalent to the error in approximation by the algebraic version
of the trigonometric Jackson integrals in uniform norm and in weighted
integral metric.

Moduli of smoothness play a basic role in approximation theory. For a given
function f , they measure the structure of smoothness of f via the r−th finite
difference

∆r
hf(x) =





r∑
k=0

(−1)r−k
(
r
k

)
f(x+ kh), if x, x+ rh ∈ [a, b],

0, otherwise.

For functions f belonging to the space Lp[a, b], 1 ≤ p <∞, or the space C[a, b]
(p = ∞) of continuous functions the classical r-th modulus

(1) ωr(f, t)p := sup
0<h≤t

‖∆r
hf(·)‖p
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is a good measure for determining the rate of convergence of the best approxi-
mation. For 2π periodic functions f , D. Jackson (1911) and S. N. Bernstein [3]
showed that the error of best approximation E∗

n(f)p by trigonometric polynomi-
als of degree at most n has the same rate of convergence as the r-th modulus in
the sense that, for 0 < α < r

(2) ωr(f, t)p = O(tα)(t → 0) ⇐⇒ E∗
n(f)p = O(n−α)(n→ ∞).

In the case of algebraic approximation, that is by algebraic polynomials Pn ∈
Πn of degree at most n this result is no longer true. Though one has here the
direct estimate [3]

En(f)p := inf
Pn∈Πn

‖f − Pn‖p ≤ crωr

(
f,

1

n

)

p

given in the doctoral thesis of D. Jackson this inequality has no converse. It was
observed by S. M. Nikolskii (1946) [8] that for functions f satisfying

(3) ωr(f, t)p = O(tα) (0 < α < r)

the polynomial Pn ∈ Πn of best approximation has a faster rate of convergence
near the boundary of the interval [-1,1] than in the interior.

The Russian school in approximation, in particular A. F. Timan (1951) [9]
and V. K. Dzjadyk (1956) [5] succeeded in characterizing (3) in terms of algebraic
polynomials for p = ∞. They showed that (3) is equivalent to the existence of a
sequence of polynomials Pn ∈ Πn , such that

(4) |f(x) − Pn(x)| = O (δαn (x)) , δn(x) :=

(
ϕ(x) +

1

n

)
1

n

uniformly in x ∈ [−1, 1], where ϕ(x) :=
√

1 − x2.
However, for only integrable functions f ∈ Lp[−1, 1], 1 ≤ p < ∞, (4) has no

longer sense. Even
inf

Pn∈Πn

∥∥δ−αn (f − Pn)
∥∥ = O(1)

is not equivalent to (1) as it was shown by V. P. Motornii (1971) [7] and R. DeVore
(1977) [2]. The reason may be due to the fact that one should not consider (4)
but

(5) En(f)p = O(n−α).

The algebraic analogue of (2) requires a new kind of modulus of smoothness.
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This long-outstanding problem was solved by different schools of approxi-
mation. Thus K. G. Ivanov (announced in 1980, proofs followed only in 1983)
modified the so called τ -modulus, developed and studied intensively by the Bul-
garian school (B. Sendov, A. Andreev, V. Popov). Ivanov [6] introduced the
following moduli of smoothness

τr(f, ψ(t))q,p := ‖ωr(f, .;ψ(t, .)q‖p ,

where the local moduli are given by

ωr(f, x;ψ(t, x))q =


(2ψ(t, x))−1

ψ(t,x)∫

−ψ(t,x)

|∆r
hf(x)|q dx




1/q

, 1 ≤ q <∞.

ωr(f, x;ψ(t, x))∞ = sup {|∆r
hf(x)| : |h| ≤ ψ(t, x)} ,

ψ(t, x) = tϕ(x) + t2, ϕ(x) =
√

1 − x2

and proved that (5) is equivalent to

τr(f, ψ(t))q,p = O(n−α).

In the alternative approach by Butzer, Stens, Wehrens (1976/1980) [1, 11]
the classical translation f(x+h) is replaced by the so-called Legendre translation

(
τLh f

)
(x) :=

1

π

1∫

−1

f
(
xh+ u

√
(1 − x2)(1 − h2)

) du√
1 − u2

(x, h ∈ [−1, 1]).

They defined the r-th modulus of continuity by

ωLr (f, t)p := sup
1−t≤hj≤1

∥∥∆L
h1

∆L
h2

· · ·∆L
hr
f
∥∥
p

with difference ∆L
hf := τLh f − f and established the complete analogue of

Jackson-Bernstein result (2) for En(f)p. In (2) one just has to replace ωr by ωLr , α
by 2α and t→ 0+ by t→ 1−.

Potapov [9] also solved the problem of finding an algebraic analogue of (2).
He proved Jackson’s theorem and its converse using generalized moduli

ω̃(f, δ, p, ν, µ) = sup
|t|≤δ

‖f − f(x, t, ν, µ)‖ν,µLp
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where ‖f‖ν,µLp
= ‖f‖Lp,α,β

=
∥∥f(x)(1 − x)α(1 + x)β

∥∥
Lp

and

α = β = − 1

2p
, p > 1, if ν = µ = −1

2 ,

α = β, ν +
1

2
> α+

1

2p
> 0, if ν = µ > −1

2 ,

ν +
1

2
> α+

1

2p
> 0, β = − 1

2p
, p > 1, if ν > µ = −1

2 .

In some of the cases he considered generalized translation is defined by:

1) for ν = µ = −1

2

f(x, t, ν, µ) =
1

2

[
f(x cos t+

√
1 − x2 sin t) + f(x cos t−

√
1 − x2 sin t)

]
;

2) for ν = µ > −1

2

f(x, t, ν, µ) =
1

γ(ν)

1∫

−1

f(x cos t+ y sin t
√

1 − x2)(1 − y2)ν−
1

2dy;

3) for ν > µ = −1

2

f(x, t, ν, µ) =
1

γ(ν)

1∫

−1

f(x cos t+y sin t
√

1 − x2−(1−y2)(1−x) sin2 t

2
)(1−y2)ν−

1

2 dy,

where γ(ν) =
1∫
−1

(1 − y2)ν−
1

2 dy.

Potapov proved that for f(x) ∈ Lν,µp , 1 ≤ p ≤ ∞, ν ≥ µ ≥ −1

2

(6) En(f, L
ν,µ
p ) = inf

Pn

‖f − Pn‖ν,µLp
≤ c1ω̃(f,

1

n
, p, ν, µ),

(7) ω̃(f,
1

n
, p, ν, µ) ≤ c2

n2

n∑

k=0

(k + 1)Ek(f, L
ν,µ
p ),
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where constants c1 and c2 are independent of f and n.
Ditzian and Totik [4] also introduced a new kind of modulus of smoothness for

characterization of the best algebraic approximation. They defined the weighted
moduli

(8) ωrϕ(f, t)p = sup
0<h≤t

∥∥∆
r
hϕf

∥∥
p
, ϕ(x) =

√
1 − x2,

with r−th symmetric difference of function f given by

∆
r
hf =

r∑

k=0

(−1)r−k
(
r

k

)
f(x+ r

h

2
− kh).

Using these moduli they proved an algebraic analogue of (2). Ditzian and Totik [4]
as well established equivalence ( ∼ ) between their moduli and the K−functionals

Kr,ϕ(f, tr)p = inf
g

{
‖f − g‖p + tr

∥∥∥ϕrg(r)
∥∥∥
p

: g(r−1) ∈ ACloc

}
.

The expression A(n) ∼ B(n) means that there exists a positive constant c inde-

pendent of n such that
1

c
B(n) ≤ A(n) ≤ cB(n).

Apart from the theory of best approximation another field in approximation
theory is the study of linear approximation processes together with the charac-
terizations of their rate of convergence. For example, for the algebraic version of
the trigonometric Jackson integrals Gs,n defined by

Gs,n(f, x) =

π∫

−π

f(cos(arccos x+ v))Ks,n(v)dv,

where

Ks,n(v) = µs,n

(
sin(nv/2)

sin(v/2)

)2s

,

π∫

−π

Ks,n(v)dv = 1,

we established the equivalence in uniform norm [12]

(9) ‖f −Gs,nf‖ ∼ K(f,
1

n2
;C[−1, 1], C2,H) ∼ Ω2(f,

1

n
).

The K−functional

K(f, t;C[−1, 1], C2,H) := inf
{
‖f − g‖ + t ‖Hg‖ : g ∈ C2

}
,
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where

H := (H1)
2, (H1g)(x) :=

√
1 − x2

d

dx
g(x).

The modulus

Ω2(f, t) := sup
0<h≤t

sup
−1≤x≤1

|f (cos(arccos x+ h)) + f (cos(arccos x− h)) − 2f(x)| .

It is interesting to notice that the modulus Ω2(f, t) is the same considered by
Potapov [9] in the case ν = µ = −1

2 . Using the relation (9) we gave a solution
of the problem of characterization of the best algebraic approximation, but after
that we found out that this has been done by Potapov in relations (6) and (7)
for ν = µ = −1

2 . We would like to mention as advantage the strong converse
theorem in our rezults with the modulus and related K-functional in respect of
Potapov’s result.

For 1 ≤ p <∞ and weighted Lp(u) space with the norm

‖f‖p,u =




1∫

−1

∣∣∣
(
1 − x2

)− 1

2p f(x)
∣∣∣
p

dx




1/p

, u(x) =
(
1 − x2

)− 1

2p ,

an analogue of equivalence (9) also holds [13]

(10) ‖f −Gs,nf‖p,u ∼ K(f,
1

n2
;Lp(u), C

2,H) ∼ Ω2(f,
1

n
)p,u,

where the K−functional and the modulus are defined by

K(f, t;Lp(u), C
2,H) := inf

{
‖f − g‖p,u + t ‖Hg‖p,u : g ∈ C2

}
,

Ω2(f, t)p,u :=

sup
0<h≤t




1∫

−1

|(f (cos(arccos x+ h)) + f (cos(arccos x− h)) − 2f(x))u(x)|p dx




1/p

.

Thus we observe that results (6) and (7) for ν = µ = −1
2 and relations (9) and

(10) yield another characterizations

‖f −Gs,nf‖ = O(n−α) ⇐⇒ En(f) = O(n−α)(n→ ∞), for 0 < α < 2,
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in uniform norm and

‖f −Gs,nf‖p,u = O(n−α) ⇐⇒ En(f)p,u = O(n−α)(n→ ∞), for 0 < α < 2

in weighted integral metric for 1 ≤ p <∞.
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