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EXISTENCE OF A MILD SOLUTION TO A SECOND-ORDER
IMPULSIVE FUNCTIONAL-DIFFERENTIAL EQUATION
WITH A NONLOCAL CONDITION

Haydar Akga, Valéry Covachev, Zlatinka Covacheva

An abstract second-order semilinear functional-differential equation such
that the linear part of its right-hand side is given by the infinitesimal gen-
erator of a strongly continuous cosine family of bounded linear operators,
and provided with impulse and nonlocal conditions is studied. Under not
too restrictive conditions the existence of a mild solution is proved using
Schauder’s fixed point theorem.

1. Introduction

Many evolutionary processes in nature are characterized by the fact that at cer-
tain instants of time they experience a rapid change of their states. The theory of
the impulsive differential equations is one of the attractive branches of differential
equations which has extensive realistic mathematical modelling applications in
physics, chemistry, engineering, and biological and medical sciences. The non-
local condition generalizes the classical initial condition. In our previous papers
[1, 2] we found sufficient conditions for the existence, uniqueness and continuous
dependence of a mild solution of a first-order impulsive functional-differential evo-
lution nonlocal Cauchy problem such that the linear part of the right-hand side
of the differential equation is given by the infinitesimal generator of a strongly
continuous semigroup of bounded linear operators. In our recent paper [3] we
proved theorems for existence and uniqueness of a mild and classical solution
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of an abstract second-order semilinear functional-differential equation such that
the linear part of its right-hand side is given by the infinitesimal generator of a
strongly continuous cosine family of bounded linear operators, and provided with
impulse and nonlocal conditions.

In the present paper we consider the abstract second-order nonlinear impul-
sive functional-differential equation with nonlocal condition

(1) a"(t) = Ax(t)
+f(t2(t),2(1(t)), ..., 2(bm (1), 2 (1), ' (b1 (t)), - . ., 2" (b (1)),
te (0, T)\{r1, 72, Tu},
Ax(ty) = Ip(x(1k)),
Ax'(r) = Tn(z(mp), ' (1)),  k=T1,k,
z(0) = o,
1:’(0) =z —g(v),

where A is a linear operator from a real Banach space X with norm ||- || into itself,
z: [0,T] = X, Ax(rg) = (1 +0) — (1% — 0) = z(7, + 0) — x(7%), A/ (7%) =
(e +0)—2' (1, —0) =2/ (7, +0) —2/(7%), 0 < 71 < T2 < --» <7, <T are the
instants of impulse effect, f: [0,T] x X?™*2 — X, b;: [0,T] — [0,7] (i = 1,m),
I X - X, I X? = X, 20,71 € X, and g(x) is a function with values in X
to be specified later.

Next we shall need the following definitions [8, 6, 7, 9].

Definition 1. A one-parameter family {C(t) : t € R} of bounded linear
operators mapping the Banach space X into itself is called a strongly continuous
cosine family if and only if

1) C(s+t)+C(s—t) =2C(s)C(t) for all s,t € R.

2) C(0) = I (the identity operator).

3) C(t)x is continuous in t on R for each fixred x € X.

Definition 2. The infinitesimal generator of a strongly continuous cosine

family {C(t)} is the operator A: X D D(A) — X defined by
Az = —<C(t)z| , z€D(A),

where

D(A):={x e X : C(t)z is of class C? with respect to t}.
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Example 1. If A is a positive bounded operator in a Hilbert space X, then
{cosh(v/At)} is a strongly continuous cosine family of operators with infinitesimal
generator A. If A is a negative bounded operator in a Hilbert space X, then
{cos(v/—At)} is a strongly continuous cosine family of operators with infinitesimal
generator A.

We introduce the assumptions:

A1 The operator A is the infinitesimal generator of a strongly continuous cosine
family {C'(t) : t € R} of bounded linear operators from X to itself.

A2 The adjoint operator A* is densely defined in X*, i.e., D(A*) = X*.
Let us denote
E:={z€X: C(t)z is of class C! with respect to th.

The associated sine family {S(t) : t € R} is defined by
¢
S(t)x ::/ C(s)xds, reX, teR.
0

Further on we denote by ||C(t)|, ||S(¢)|| and ||A|| the operator norms of C(t), S(t)
and A in the Banach space X, respectively. From Assumption A1 it follows that
there is a constant M > 1 such that

2) IC#)| <M and ||SE)| <M for tel0,T).

Following [5], we present a result obtained by J. Bochenek in [4].
Let us consider the Cauchy problem

a"(t) = Ax(t)+h(t), te(0,T],
3) 2(0) =z, 2'(0) = 1.
Definition 3. A function x : [0,T] — X is said to be a classical solution of
problem (3) if
z € CN([0,T], X) N C*((0,T], X),

z(0) =29 and 2'(0) =z,
2"(t) = Ax(t) + h(t) for te(0,T].
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Theorem 1. Suppose that

1) Assumptions Al and A2 are satisfied;

2) h: [0,T] — X is Lipschitz continuous;

3) zo € D(A) and z1 € E.

Then problem (3) has a unique classical solution given by the formula

z(t) = C(t)xo + S(t)z1 + /Ot S(t—s)h(s)ds, te]0,T].

It is easy to see that this result can be generalized for the impulsive system

(4) 2'(t) = Ax(t)+h(t), te (0, T)\{r1,72- - Tx},
Ax(ry) = I,

(5) A (ry) = I, k=1k,

(6) z(0) = =z9, 2/(0)=uz1.

For convenience we denote J = [0,T], Jo = [0,71], Jx = (Tky Tks1], £ = 1,k — 1,
Jo = (1, T), J' = J\ {0,711, 72,...,7«}. For a function z : J — X we denote by

xy, the restriction of x to Ji, k = 0, &, with ||zg|[s, = sup ||zk(s)|. If the function
seJg
x), happens to be differentiable, we denote its derivative by z}.. Further we define

the following classes of functions:

PC(J,X) = {z: J— X|ay€C(J, X ) k=0,x,
and there exist z(7;, + 0), }
PCYJ,X) = {zePC(J,X)| z} € C(Jk, ) K,

and there exist z’(1, +0), k=1, I-i} .

PC(J,X) is a Banach space with norm ||z| pc = max {||zy| s, k =0,x}, and
PC1(J,X) is a Banach space with norm ||z||pc1 = ||z]|pc + ||2'|| pc-

Definition 4. A function x € PCY(J, X)NC?(J', X) is called a classical so-
lution of problem (4)—(6) if it satisfies the differential equation (4) on J' together
with the impulse conditions (5) and the initial conditions (6).

Theorem 2. [3] Suppose that

1) Assumptions Al and A2 are satisfied;

2) h € PC(J,X) is such that its restrictions to Jy are Lipschitz continuous,
k=0,k;
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3) o € D(A) and z1 € E.
4) I, € D(A) and I}, € E for k =1, k.
Then problem (4)—(6) has a unique classical solution given by the formula

z(t) = C(t)xo + S(t)x1 + /0 S(t—s)h(s)ds

+ Y Clt—m)+ Y. St—7)Ip tel

0<m <t 0< <t

Theorem 2 can be proved by applying Theorem 1 on each interval of continuity
Ji, k=0, k.
This theorem suggests the following definition.

Definition 5. A function x € PCY(J,X) satisfying the integro-summary
equation

(7) 2(t) = C(t)xo + S(t)(x1 — g(x))

/ S(t—s)f(s,2(5),x(b1(8)), -, 2(bm(8)),2'(8), 2" (b1(8)), - .., 2 (b (s))) ds
+ Z Ct—Tka Z St—Tka ( )JJ/(Tk)), teJ,

O<T <t O<TE <t

is said to be a mild solution of the nonlocal problem (1).

In the next section we present not too restrictive sufficient conditions for the
nonlocal problem (1) to have a mild solution.

2. Main result
For r > 0 denote

X, ={ue PC'(J,X): |lullper <7} .
Next we introduce the assumption:

A3 zp € B, 1 € X, f: Jx X?*2 5 X is such that the function
t— f(t,ug,ut,. .., Um,vo,v1,...,0n) belongs to PC(J, X) for each
(U0, UL, -+ .y U, VO, VL, - - -, V) € X2™F2 and the function
(UOy ULy« e vy Uy VO, Vs e e vy Upn) > f(E, U0, ULy -« oy Uy V0, VL, - -, Upy) Delongs
to C(X?+2 X) for each t € J, b; € C(J,J) (i = I,m), I} € C(X,E),
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I, € C(X%X), g € C(PCYJ,X),X) and there exist positive constants
C; (i =1,4) and r such that

||f(t,UO,U1,... y Um,, Vo, U1y - - - ,Um)’ S Cl
for t € J, [lull + ]| < r (i = 077),

llg(w)]| < Cq for u € X,
1Te(w)]| < Cs for lul <7, k=T,
Tk, )| < C for fJull + lol] <7, k=T,%

and
r > M1+ [[ADzoll + 2l|z1]l +2TC1 4 2C2 + £[(1 + [|Al)C5 + 2C4]}
where M is the constant from inequalities (2).

Example 2. Consider the scalar problem

®) 2"(t) = =z(t) +C1 | (x(t) +5E’(t))2/2+22_i_1(w(5i(t)) +a'(bi(1))?|

te (0,2]\{m,72,---,7s},

Ax(ty) = cpx(rg), k=1,k,
Az (mp) = ¢ (l‘(Tk) + JJ/(Tk)) . k=1k,
1:(0) = X,

2(0) = - Cpy 27 (a(ty) +2/(t))),
j=1

where 0 <7 <+ <7,<2,0<t <---<t, <2and

k| < Cs, ’CHSCZ; for k=1,k.

Here X = R, A = 1, C(t) = cosht, S(t) = sinht, Or£1§1<x2008ht = cosh2 < 4

since arcosh 4 = 2.063437, On<11§i<x2 sinh¢ = sinh 2 < cosh 2 < 4, thus we can choose

M = 4. If we take r = 1, it is easy to see that the constants C;, i = 1,4 in
problem (8) can be chosen as the constants in condition A3. Then condition A3
is satisfied if

1
llzo|| + llz1 || + 2C1 + Co + k(C3 + Cy) < 3
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Now we formulate our main result.

Theorem 3. Suppose that assumptions A1 and A3 are satisfied. Then prob-
lem (1) has a mild solution.

Proof. We can write equation (7) in an operator form
r = Fuz,
where the operator F is defined on the Banach space PC'(.J, X) by the formula
(9) )(t) = C(t)zo + S(t)(z1 — g(u))
/ St —s)f(s,u(s),u(d1(s)), .., u(bm(s)),u'(s),u' (b1(8)), ..., u' (bn(s))) ds

+ > Clt—m)e(u(me) + Y St — 7o) Te(ulm), v/ (7)), te .

O<Tp <t O0<T <t

It is easy to see that Fu € PC(J, X) for u € PC(J, X). Moreover, since
d
(10) = (Fu)(t) = AS@t)xo + C(t)(z1 — g(u))

/ C(t—s)f(s,u(s),u(d1(s)), ., u(bm(s)),u'(s),u' (b1(8)), ..., u' (b(s))) ds

+ > ASEt—m)(u(m) + Y C(t = m)Tk(u(m) o' (1), t €,

O<rp <t 0<T <t

we have 4 Fu € PC(J,X) and, consequently, Fu € PC'(J, X). Thus the opera-
tor F maps the Banach space PCI(J, X) into itself.

In order to find a mild solution z of problem (1) we are looking for a fixed point
of the operator F in a suitably chosen subset of the Banach space PC'(J, X).
Obviously, X, is a convex subset of PC'(J, X). To apply Schauder’s fixed point
theorem, we shall show that F(X,) is a precompact subset of X,.

Let u € X,. Then from (9) by virtue of assumption A3 we obtain

IFullpe < max [C@)] - |zoll + max [|S@)[(lz1] + [lg(w)]])
eJ teJ

+I§1€6}]X/0 1S = )l - 1f (s, uls), ulbi(s)), - .., ulbm(s)), u'(s),
' (b1(s)),- -, u' (bm(s)))l] ds
+max Y et =7l - IHulm)l

O<m <t
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Fmax 3718 = 7o)l [Teu(m), o (m) |

O<Tp <t

< M ([[lzoll + llzall + C2 + TC1 + K(Cs + Cu)] -

Similarly, from (10) by virtue of assumption A3 we obtain

H—fu < MA] - lleoll + lle1l] + Co + TCy + w(AICs + C)],
PC
and thus
d
[Fullpcr = | Fullpe + |4 Fu
PC

< MA{QA+[[ADlzoll + 2llz1[| +2C2 4 2TCy + £[(1 + [|AI)C3 + 2C4]} <.

The last inequality shows that Fu € X, for u € X, that is, F(X,) C X,.

It also implies that the family of functions {Fu : u € X,} is equibounded.
Finally, we shall show that it is also equicontinuous on each interval of continuity
Jg, k=0, k.

Let u € X, and 0 <t <t9 <T. Then we have

(Fu)(ta) — (Fu)(tr) = (Clta) — C(tr)) w0 + (S(t) — S
" /0 (S(ta—5)— S(tr—3)) F(5,u(s), ulb1(5)), .., ulb(s)

t)) (1 = g(u))

+ %’(tg—s)f(s,u(s),u(bl(s)), o u(b(8)), 4/ (8),u/ (by

t1

+ > (Clta—m) = Clts — 7)) I(u(m)) + Y Clta — 7) Iu(u(7i))

0<T<t1 t1 <1 <t2
+ Y (St —7k) — St — 7)) Tr(ul(me), v/ (7))
0<TE<t1
+ > Sty — ) T(u(ri), v (7).
t1 <1 <t2

From here by virtue of assumption A3 we derive the inequality

[(Fu)(tz) = (Fu) ()| < [[C(t2) = CE)I - [lzoll + [15(t2) = SED (21 ]l + C)

-+ HS(tQ—S)—S(tl —s)Hds-C’1+(t2—t1)MCl
0
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+ Y IOt — ) — Oty — ) [ICs + i(t1, t2) MCs
0<Tp<t1

+ > 11S(ta = ) = S(ts — T)[ICa + it t2) MCy,

0<TE<t1

where i(t1,t2) is the number of instants of impulse effect in the interval [tq,t2).
We first notice that the right-hand side of this inequality is independent of
the choice of v € X,. Further on, due to the uniform continuity of the functions
C(t) and S(t) on J in the operator norm, all norms in the right-hand side of
this inequality can be made uniformly small for sufficiently small ¢5 —¢;. Finally,
i(t1,t2) is zero for t1, t2 both in one of the intervals of continuity Ji, k = 0, k, and a
positive integer otherwise. This shows that the family of functions {Fu : v € X, }
is equicontinuous on each interval of continuity. Since all assumptions of Arzela-
Ascoli’s theorem are satisfied on each interval of continuity, the set F(X,) is
a precompact subset of X,. According to Schauder’s fixed point theorem, the
operator F has a fixed point  in X, which is a mild solution of problem (1). O
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