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EXISTENCE OF A MILD SOLUTION TO A SECOND-ORDER

IMPULSIVE FUNCTIONAL-DIFFERENTIAL EQUATION

WITH A NONLOCAL CONDITION

Haydar Akça, Valéry Covachev, Zlatinka Covacheva

An abstract second-order semilinear functional-differential equation such
that the linear part of its right-hand side is given by the infinitesimal gen-
erator of a strongly continuous cosine family of bounded linear operators,
and provided with impulse and nonlocal conditions is studied. Under not
too restrictive conditions the existence of a mild solution is proved using
Schauder’s fixed point theorem.

1. Introduction

Many evolutionary processes in nature are characterized by the fact that at cer-
tain instants of time they experience a rapid change of their states. The theory of
the impulsive differential equations is one of the attractive branches of differential
equations which has extensive realistic mathematical modelling applications in
physics, chemistry, engineering, and biological and medical sciences. The non-
local condition generalizes the classical initial condition. In our previous papers
[1, 2] we found sufficient conditions for the existence, uniqueness and continuous
dependence of a mild solution of a first-order impulsive functional-differential evo-
lution nonlocal Cauchy problem such that the linear part of the right-hand side
of the differential equation is given by the infinitesimal generator of a strongly
continuous semigroup of bounded linear operators. In our recent paper [3] we
proved theorems for existence and uniqueness of a mild and classical solution
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of an abstract second-order semilinear functional-differential equation such that
the linear part of its right-hand side is given by the infinitesimal generator of a
strongly continuous cosine family of bounded linear operators, and provided with
impulse and nonlocal conditions.

In the present paper we consider the abstract second-order nonlinear impul-
sive functional-differential equation with nonlocal condition

x′′(t) = Ax(t)(1)

+f(t, x(t), x(b1(t)), . . . , x(bm(t)), x′(t), x′(b1(t)), . . . , x
′(bm(t))),

t ∈ (0, T ] \ {τ1, τ2, . . . , τκ},

∆x(τk) = Ik(x(τk)),

∆x′(τk) = Ik(x(τk), x
′(τk)), k = 1, κ,

x(0) = x0,

x′(0) = x1 − g(x),

where A is a linear operator from a real Banach space X with norm ‖·‖ into itself,
x : [0, T ] → X, ∆x(τk) = x(τk + 0) − x(τk − 0) ≡ x(τk + 0) − x(τk), ∆x′(τk) =
x′(τk + 0)− x′(τk − 0) ≡ x′(τk + 0)− x′(τk), 0 < τ1 < τ2 < · · · < τκ < T are the
instants of impulse effect, f : [0, T ]×X2m+2 → X, bi : [0, T ] → [0, T ] (i = 1,m),
Ik : X → X, Ik : X2 → X, x0, x1 ∈ X, and g(x) is a function with values in X

to be specified later.
Next we shall need the following definitions [8, 6, 7, 9].

Definition 1. A one-parameter family {C(t) : t ∈ R} of bounded linear

operators mapping the Banach space X into itself is called a strongly continuous
cosine family if and only if

1) C(s+ t) + C(s− t) = 2C(s)C(t) for all s, t ∈ R.

2) C(0) = I (the identity operator).

3) C(t)x is continuous in t on R for each fixed x ∈ X.

Definition 2. The infinitesimal generator of a strongly continuous cosine

family {C(t)} is the operator A : X ⊃ D(A) → X defined by

Ax :=
d2

dt2
C(t)x

∣

∣

∣

∣

t=0

, x ∈ D(A),

where

D(A) :=
{

x ∈ X : C(t)x is of class C2 with respect to t
}

.
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Example 1. If A is a positive bounded operator in a Hilbert space X, then
{cosh(

√
At)} is a strongly continuous cosine family of operators with infinitesimal

generator A. If A is a negative bounded operator in a Hilbert space X, then
{cos(

√
−At)} is a strongly continuous cosine family of operators with infinitesimal

generator A.

We introduce the assumptions:

A1 The operator A is the infinitesimal generator of a strongly continuous cosine
family {C(t) : t ∈ R} of bounded linear operators from X to itself.

A2 The adjoint operator A∗ is densely defined in X∗, i.e., D(A∗) = X∗.

Let us denote

E :=
{

x ∈ X : C(t)x is of class C1 with respect to t
}

.

The associated sine family {S(t) : t ∈ R} is defined by

S(t)x :=

∫ t

0

C(s)x ds, x ∈ X, t ∈ R.

Further on we denote by ‖C(t)‖, ‖S(t)‖ and ‖A‖ the operator norms of C(t), S(t)
and A in the Banach space X, respectively. From Assumption A1 it follows that
there is a constant M ≥ 1 such that

(2) ‖C(t)‖ ≤ M and ‖S(t)‖ ≤ M for t ∈ [0, T ].

Following [5], we present a result obtained by J. Bochenek in [4].
Let us consider the Cauchy problem

x′′(t) = Ax(t) + h(t), t ∈ (0, T ],

x(0) = x0, x′(0) = x1.(3)

Definition 3. A function x : [0, T ] → X is said to be a classical solution of

problem (3) if

x ∈ C1([0, T ],X) ∩ C2((0, T ],X),

x(0) = x0 and x′(0) = x1,

x′′(t) = Ax(t) + h(t) for t ∈ (0, T ].
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Theorem 1. Suppose that

1) Assumptions A1 and A2 are satisfied;

2) h : [0, T ] → X is Lipschitz continuous;

3) x0 ∈ D(A) and x1 ∈ E.

Then problem (3) has a unique classical solution given by the formula

x(t) = C(t)x0 + S(t)x1 +

∫ t

0

S(t− s)h(s) ds, t ∈ [0, T ].

It is easy to see that this result can be generalized for the impulsive system

x′′(t) = Ax(t) + h(t), t ∈ (0, T ] \ {τ1, τ2, . . . , τκ},(4)

∆x(τk) = Ik,

∆x′(τk) = Ik, k = 1, κ,(5)

x(0) = x0, x′(0) = x1.(6)

For convenience we denote J = [0, T ], J0 = [0, τ1], Jk = (τk, τk+1], k = 1, κ− 1,
Jκ = (τκ, T ], J

′ = J \ {0, τ1, τ2, . . . , τκ}. For a function x : J → X we denote by
xk the restriction of x to Jk, k = 0, κ, with ‖xk‖Jk = sup

s∈Jk

‖xk(s)‖. If the function

xk happens to be differentiable, we denote its derivative by x′k. Further we define
the following classes of functions:

PC(J,X) =
{

x : J → X| xk ∈ C(Jk,X), k = 0, κ,

and there exist x(τk + 0), k = 1, κ
}

,

PC1(J,X) =
{

x ∈ PC(J,X)| x′k ∈ C(Jk,X), k = 0, κ,

and there exist x′(τk + 0), k = 1, κ
}

.

PC(J,X) is a Banach space with norm ‖x‖PC = max
{

‖xk‖Jk , k = 0, κ
}

, and
PC1(J,X) is a Banach space with norm ‖x‖PC1 = ‖x‖PC + ‖x′‖PC .

Definition 4. A function x ∈ PC1(J,X)∩C2(J ′,X) is called a classical so-

lution of problem (4)–(6) if it satisfies the differential equation (4) on J ′ together

with the impulse conditions (5) and the initial conditions (6).

Theorem 2. [3] Suppose that

1) Assumptions A1 and A2 are satisfied;

2) h ∈ PC(J,X) is such that its restrictions to Jk are Lipschitz continuous,

k = 0, κ;
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3) x0 ∈ D(A) and x1 ∈ E.

4) Ik ∈ D(A) and Ik ∈ E for k = 1, κ.
Then problem (4)–(6) has a unique classical solution given by the formula

x(t) = C(t)x0 + S(t)x1 +

∫ t

0

S(t− s)h(s) ds

+
∑

0<τk<t

C(t− τk)Ik +
∑

0<τk<t

S(t− τk)Ik, t ∈ J.

Theorem 2 can be proved by applying Theorem 1 on each interval of continuity
Jk, k = 0, κ.

This theorem suggests the following definition.

Definition 5. A function x ∈ PC1(J,X) satisfying the integro-summary

equation

x(t) = C(t)x0 + S(t)(x1 − g(x))(7)

+

∫ t

0

S(t− s)f(s, x(s), x(b1(s)), . . . , x(bm(s)), x′(s), x′(b1(s)), . . . , x
′(bm(s))) ds

+
∑

0<τk<t

C(t− τk)Ik(x(τk)) +
∑

0<τk<t

S(t− τk)Ik(x(τk), x
′(τk)), t ∈ J,

is said to be a mild solution of the nonlocal problem (1).

In the next section we present not too restrictive sufficient conditions for the
nonlocal problem (1) to have a mild solution.

2. Main result

For r > 0 denote

Xr =
{

u ∈ PC1(J,X) : ‖u‖PC1 ≤ r
}

.

Next we introduce the assumption:

A3 x0 ∈ E, x1 ∈ X, f : J ×X2m+2 → X is such that the function
t 7→ f(t, u0, u1, . . . , um, v0, v1, . . . , vm) belongs to PC(J,X) for each
(u0, u1, . . . , um, v0, v1, . . . , vm) ∈ X2m+2 and the function
(u0, u1, . . . , um, v0, v1, . . . , vm) 7→ f(t, u0, u1, . . . , um, v0, v1, . . . , vm) belongs
to C(X2m+2,X) for each t ∈ J , bi ∈ C(J, J) (i = 1,m), Ik ∈ C(X,E),
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Ik ∈ C(X2,X), g ∈ C(PC1(J,X),X) and there exist positive constants
Ci (i = 1, 4) and r such that































‖f(t, u0, u1, . . . , um, v0, v1, . . . , vm)| ≤ C1

for t ∈ J, ‖ui‖+ ‖vi‖ ≤ r (i = 0,m),

‖g(u)‖ ≤ C2 for u ∈ Xr,

‖Ik(u)‖ ≤ C3 for ‖u‖ ≤ r, k = 1, κ,

‖Ik(u, v)‖ ≤ C4 for ‖u‖+ ‖v‖ ≤ r, k = 1, κ

and

r ≥ M {(1 + ‖A‖)‖x0‖+ 2‖x1‖+ 2TC1 + 2C2 + κ[(1 + ‖A‖)C3 + 2C4]} ,

where M is the constant from inequalities (2).

Example 2. Consider the scalar problem

x′′(t) = x(t) + C1

[

(x(t) + x′(t))2/2 +

m
∑

i=1

2−i−1(x(bi(t)) + x′(bi(t)))
2

]

,(8)

t ∈ (0, 2] \ {τ1, τ2, . . . , τκ},

∆x(τk) = ckx(τk), k = 1, κ,

∆x′(τk) = c′k
(

x(τk) + x′(τk)
)

, k = 1, κ,

x(0) = x0,

x′(0) = x1 − C2

p
∑

j=1

2−j
(

x(tj) + x′(tj)
)

,

where 0 < τ1 < · · · < τκ < 2, 0 < t1 < · · · < tp ≤ 2 and

|ck| ≤ C3, |c′k| ≤ C4 for k = 1, κ.

Here X = R, A = 1, C(t) = cosh t, S(t) = sinh t, max
0≤t≤2

cosh t = cosh 2 < 4

since arcosh 4 = 2.063437, max
0≤t≤2

sinh t = sinh 2 < cosh 2 < 4, thus we can choose

M = 4. If we take r = 1, it is easy to see that the constants Ci, i = 1, 4 in
problem (8) can be chosen as the constants in condition A3. Then condition A3

is satisfied if

‖x0‖+ ‖x1‖+ 2C1 + C2 + κ(C3 + C4) ≤
1

8
.
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Now we formulate our main result.

Theorem 3. Suppose that assumptions A1 and A3 are satisfied. Then prob-

lem (1) has a mild solution.

P r o o f. We can write equation (7) in an operator form

x = Fx,

where the operator F is defined on the Banach space PC1(J,X) by the formula

(Fu)(t) = C(t)x0 + S(t)(x1 − g(u))(9)

+

∫ t

0

S(t− s)f(s, u(s), u(b1(s)), . . . , u(bm(s)), u′(s), u′(b1(s)), . . . , u
′(bm(s))) ds

+
∑

0<τk<t

C(t− τk)Ik(u(τk)) +
∑

0<τk<t

S(t− τk)Ik(u(τk), u
′(τk)), t ∈ J.

It is easy to see that Fu ∈ PC(J,X) for u ∈ PC1(J,X). Moreover, since

d

dt
(Fu)(t) = AS(t)x0 + C(t)(x1 − g(u))(10)

+

∫ t

0

C(t− s)f(s, u(s), u(b1(s)), . . . , u(bm(s)), u′(s), u′(b1(s)), . . . , u
′(bm(s))) ds

+
∑

0<τk<t

AS(t− τk)Ik(u(τk)) +
∑

0<τk<t

C(t− τk)Ik(u(τk), u
′(τk)), t ∈ J,

we have d
dt
Fu ∈ PC(J,X) and, consequently, Fu ∈ PC1(J,X). Thus the opera-

tor F maps the Banach space PC1(J,X) into itself.
In order to find a mild solution x of problem (1) we are looking for a fixed point

of the operator F in a suitably chosen subset of the Banach space PC1(J,X).
Obviously, Xr is a convex subset of PC1(J,X). To apply Schauder’s fixed point
theorem, we shall show that F(Xr) is a precompact subset of Xr.

Let u ∈ Xr. Then from (9) by virtue of assumption A3 we obtain

‖Fu‖PC ≤ max
t∈J

‖C(t)‖ · ‖x0‖+max
t∈J

‖S(t)‖(‖x1‖+ ‖g(u)‖)

+max
t∈J

∫ t

0

‖S(t− s)‖ · ‖f(s, u(s), u(b1(s)), . . . , u(bm(s)), u′(s),

u′(b1(s)), . . . , u
′(bm(s)))‖ ds

+max
t∈J

∑

0<τk<t

‖C(t− τk)‖ · ‖Ik(u(τk))‖
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+max
t∈J

∑

0<τk<t

‖S(t− τk)‖ · ‖Ik(u(τk), u
′(τk))‖

≤ M [‖x0‖+ ‖x1‖+ C2 + TC1 + κ(C3 + C4)] .

Similarly, from (10) by virtue of assumption A3 we obtain

∥

∥

∥

∥

d

dt
Fu

∥

∥

∥

∥

PC

≤ M [‖A‖ · ‖x0‖+ ‖x1‖+C2 + TC1 + κ(‖A‖C3 + C4)] ,

and thus

‖Fu‖PC1 = ‖Fu‖PC +

∥

∥

∥

∥

d

dt
Fu

∥

∥

∥

∥

PC

≤ M {(1 + ‖A‖)‖x0‖+ 2‖x1‖+ 2C2 + 2TC1 + κ[(1 + ‖A‖)C3 + 2C4]} ≤ r.

The last inequality shows that Fu ∈ Xr for u ∈ Xr, that is, F(Xr) ⊂ Xr.
It also implies that the family of functions {Fu : u ∈ Xr} is equibounded.

Finally, we shall show that it is also equicontinuous on each interval of continuity
Jk, k = 0, κ.

Let u ∈ Xr and 0 ≤ t1 < t2 ≤ T . Then we have

(Fu)(t2)− (Fu)(t1) = (C(t2)− C(t1)) x0 + (S(t2)− S(t1)) (x1 − g(u))

+

∫ t1

0

(S(t2−s)−S(t1−s)) f(s, u(s), u(b1(s)), . . . , u(bm(s)),

u′(s), u′(b1(s)), . . . , u
′(bm(s))) ds

+

∫ t2

t1

S(t2−s)f(s, u(s), u(b1(s)), . . . , u(bm(s)), u′(s), u′(b1(s)), . . . , u
′(bm(s))) ds

+
∑

0<τk<t1

(C(t2 − τk)− C(t1 − τk)) Ik(u(τk)) +
∑

t1≤τk<t2

C(t2 − τk)Ik(u(τk))

+
∑

0<τk<t1

(S(t2 − τk)− S(t1 − τk)) Ik(u(τk), u
′(τk))

+
∑

t1≤τk<t2

S(t2 − τk)Ik(u(τk), u
′(τk)).

From here by virtue of assumption A3 we derive the inequality

‖(Fu)(t2)− (Fu)(t1)‖ ≤ ‖C(t2)− C(t1)‖ · ‖x0‖+ ‖S(t2)− S(t1)‖(‖x1‖+ C2)

+

∫ t1

0

‖S(t2−s)− S(t1 −s)‖ ds · C1 + (t2 − t1)MC1
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+
∑

0<τk<t1

‖C(t2 − τk)− C(t1 − τk)‖C3 + i(t1, t2)MC3

+
∑

0<τk<t1

‖S(t2 − τk)− S(t1 − τk)‖C4 + i(t1, t2)MC4,

where i(t1, t2) is the number of instants of impulse effect in the interval [t1, t2).

We first notice that the right-hand side of this inequality is independent of
the choice of u ∈ Xr. Further on, due to the uniform continuity of the functions
C(t) and S(t) on J in the operator norm, all norms in the right-hand side of
this inequality can be made uniformly small for sufficiently small t2− t1. Finally,
i(t1, t2) is zero for t1, t2 both in one of the intervals of continuity Jk, k = 0, κ, and a
positive integer otherwise. This shows that the family of functions {Fu : u ∈ Xr}
is equicontinuous on each interval of continuity. Since all assumptions of Arzela-
Ascoli’s theorem are satisfied on each interval of continuity, the set F(Xr) is
a precompact subset of Xr. According to Schauder’s fixed point theorem, the
operator F has a fixed point x in Xr, which is a mild solution of problem (1). �

References

[1] H. Akça, A. Boucherif, V. Covachev. Impulsive functional-differential
equations with nonlocal conditions. International Journal of Mathematics and

Mathematical Sciences, 29, 5 (2002), 251–256.

[2] H. Akça, V. Covachev, E. Al-Zahrani. On existence of solutions of semi-
linear impulsive functional differential equations with nonlocal conditions.
Operator Theory: Advances and Applications, 153, (2005), 1–11.

[3] H. Akça, V. Covachev, Z. Covacheva. Second order semilinear impulsive
functional differential equations with nonlocal conditions. In: BGSIAM’14
Proceedings. Sofia, 2015, 44–52.

[4] J. Bochenek. An abstract nonlinear second order differential equation. An-
nales Polonici Mathematici, 54, 2 (1991), 155–166.

[5] L. Byszewski, T. Winiarska. An abstract nonlocal second order evolution
problem. Opuscula Mathematica 32, 1 (2012), 75–82.

[6] H. O. Fattorini. Ordinary differential equations in linear topological spaces.
I. Journal of Differential Equations 5 (1968), 72–105; II. Journal of Differen-

tial Equations 6 (1969), 50–70.



66 H. Akça, V. Covachev, Z. Covacheva

[7] H. O. Fattorini. Uniformly bounded cosine functions in Hilbert space. In-
diana University Mathematical Journal 20, (1970), 411–415.

[8] M. Sova. Cosine operator functions. Rozprawy Matematyczne 49 (1966),
1–47.

[9] C. C. Travis, G. F. Webb. Cosine family and abstract nonlinear second
order differential equations. Acta Mathematica Academiae Scientiarum Hun-

gariae 32, 1–2 (1978), 75–96.

Haydar Akça

Department of Applied Sciences and Mathematics

College of Arts and Science

Abu Dhabi University

P. O. Box 59911, Abu Dhabi, UAE

e-mail: haydar.akca@adu.ac.ae

Valéry Covachev

Institute of Mathematics and Informatics, BAS

Acad. G. Bonchev Str., Bl. 8

1113 Sofia, Bulgaria

e-mail: vcovachev@hotmail.com

Zlatinka Covacheva

Middle East College

Muscat, Oman

e-mail: zkovacheva@hotmail.com


	Page 1

