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CRITICAL MARKOV BRANCHING PROCESSES

WITH NON-HOMOGENEOUS POISSON IMMIGRATION

Kosto V. Mitov, Nikolay M. Yanev

The paper deals with critical Markov branching processes with infinite off-
spring variance allowing an immigration component at the jump points of
a time inhomogeneous Poisson process. The asymptotic formulas for the
probability for non extinction are obtained depending on the rate of change
of the intensity of the Poisson process. Proper limiting distributions are
proved under the appropriate normalization.

1. Introduction

The first model of branching processes with immigration was introduced and
investigated by Sevastyanov [11]. He considered the continuous-time Markov
branching process when the moments of immigration form a homogeneous Poisson
process. The Sevastyanov immigration model was considered in the discrete time
case, for Galton-Watson processes, by Heathcote [4]. The discrete time model
was further developed by many authors (see for example the book of Athreya and
Ney [1] and references therein). Especially Foster [3] and Pakes [8] considered a
discrete time branching process with immigration only in the state zero.

It is well known that the behavior of critical branching processes without
immigration essentially defers in the cases of finite and infinite offspring variance.
The famous exponential limit law in the case of finite variance was proved by
Yaglom [16] for the processes with discrete and continuous time Markov case. The

2010 Mathematics Subject Classification: 60J80
Key words: Branching processes, Immigration, Poisson process, Limit theorems;



56 K. V. Mitov, N. M. Yanev

limiting behavior of critical Markov branching processes with infinite offspring
variance were studied later by Zolotarev [18] and Slack [13].

The critical Markov processes with homogeneous Poisson immigration also
have different limiting behavior in cases of finite or infinite variance. The Gamma
distribution proved by Sevastyanov [11] differs from the limit laws proved by
Vatutin [15].

In the recent papers of Hyrien et al. [5, 6] the authors study subcritical
and supercritical Markov branching process with non-homogeneous Poisson im-
migration. The critical branching processes with finite variance allowing non-
homogeneous Poisson immigration have been studied by Mitov and Yanev [7] in
much more general situation, namely for Sevastyanov branching model. The re-
sults obtained there can be easily transferred to the Markov processes with finite
offspring variance and non-homogeneous Poisson immigration.

In the present paper we investigate the critical Markov branching processes
with non-homogeneous Poisson immigration if the variance of the offspring of
one particle is infinite. Instead of studying the process in the general settings we
restrict us to the case when the probability generating functions have an explicit
form (see Sevastyanov [10] or Sagitov and Lindo [12]).

2. Markov branching processes

Markov branching process can be described as follows (see for details Athreya and
Ney [1]). The particles of a given type evolve in a broad-media. Each particle,
independently of the others, lives random time τ with exponential distribution
function G(t) = P{τ ≤ t} = 1−e−t/µ, t ≥ 0, and at the end of its life the particle
produces random number ξ ≥ 0 of new particles of the same type. Each of them
evolves in the same way. If we assume that this evolution started at time t = 0
with one new particle, then the number of particles Z(t) at every moment t ≥ 0
forms a Markov branching process.

Denote by h(s) = E[sξ] the offspring p.g.f. and let F (t; s) = E[sZ(t)], t ≥
0, s ∈ [0, 1] be the p.g.f. of the process Z(t), t ≥ 0. It is well known that
F (t + τ ; s) = F (t;F (τ ; s)) for every t, τ ≥ 0. The p.g.f. F (t; s) satisfies the
following non-linear integral equation

F (t; s) = se−t/µ +
1

µ

∫ t

0
h(F (t − u, s))e−u/µdu

with initial condition F (0; s) = s, and, under mild regularity conditions, it is the
only solution of this equation in the class of p.g.f.

A Markov branching process is said to be subcritical, critical, or supercritical
if a = h′(1) < 1, a = h′(1) = 1, or a = h′(1) > 1, respectively. Further we will
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consider the critical case (a = 1) with infinite offspring variance. In this case we
assume that as s ↑ 1,

h(s) = s+ (1− s)γ+1L

(

1

1− s

)

, γ ∈ (0, 1](2.1)

Under these conditions

F (t) := 1− F (t; 0) ∼ t−1/γL1(t), t → ∞.

The following limit theorem is due to Zolotarev [18]. (See also the recent paper
of Pakes [9]).

Theorem 1. ([9]) If the condition (2.1) holds then

lim
t→∞

P{F (t)Z(t) ≤ x|Z(t) > 0} = Dγ(x),

where

D̂γ(λ) =

∫

∞

0
e−λtdDγ(t) = 1− (1 + λ−γ)−1/γ , λ ≥ 0.

3. Processes with non-homogeneous Poisson immigration

Let us suppose that along the Markov branching process Z(t) there is a sequence
of random vectors (Sk, Ik), k = 0, 1, 2, . . ., independent of Z(t), where

0 = S0 < S1 < S2 < S3 < . . .

are the jump points of a non-homogeneous Poisson process ν(t) independent of
Z(t) and Ik are i.i.d. non-negative integer valued random variables. Denote by

r(t) the intensity of ν(t), R(t) =

∫ t

0
r(u)du, and by g(s) =

∞
∑

k=0

qks
i the p.g.f. of

Ik.
Assume that at every jump-point Sn, a random number In of new particles

immigrate into the process Z(t) and they participate in the evolution as the other
particles. Let us denote the new process by Y (t). It can be represent as follows

Y (t) =











ν(t)
∑

k=1

Z(k)(t− Sk), ν(t) > 0;

Y (t) = 0, ν(t) = 0,

where Z(k)(t) have the same branching mechanism as Z(t), but they started with
random number of ancestors at random time, i.e. Z(k)(t − Sk) starts with Ik
ancestors at the moment Sk.

Definition 1. The process Y (t), t ≥ 0, is called Markov branching process
with non-homogeneous Poisson immigration (MBPNPI).
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The probability generating function of the process Y (t) has the following form
(see Yakovlev and Yanev[17]),

Φ(t; s) := E[sY (t)] = exp

{

−

∫ t

0
r(t− u)(1− g(F (u; s)))du

}

.(3.1)

4. Basic assumptions and notations

In the next sections we will consider the process under the following assumptions:

• We assume that the offspring p.g.f. is h(s) = E[sξ] = s + (1 − s)1+γ ,
0 < γ < 1, and G(t) = 1− e−t/µ, t ≥ 0.

Then the probability generating function of the the process Z(t), t ≥ 0 has
the following explicit form

F (t; s) = 1−
1− s

(1 + ct(1 − s)γ)1/γ
, t > 0, s ∈ [0, 1).(4.1)

where c =
γ

(1 + γ)µ
∈ (0,∞).

This example is given in the Sevastyanov’s book [10] (see also the recent
paper of Sagitov and Lindo [12]).

The process is critical, that is the number of the offspring of one particle is
a random variable with mean one and infinite variance.

For the intensity of the Poisson process we assume the following conditions:

r(t) =
ρ

(t+ 1)θ
, t ≥ 0,(4.2)

r(t) ↑ ρ > 0, t → ∞,(4.3)

r(t) = ρtθ, t ≥ 0,(4.4)

where ρ and θ are positive constants.

• We assume also that only one particle immigrates at the every jump point
of the Poisson process, that is g(s) = s.

Under these assumptions the probability generating function of the process
Y (t) has the following form (see (3.1)),

Φ(t; s) = E[sY (t)] = exp

{

−

∫ t

0
r(t− u)F (u; s)du

}

(4.5)

= exp

{

−

∫ t

0

(1− s)r(t− u)

(1 + cu(1− s)γ)1/γ
du

}

,
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where

F (t; s) = 1− F (t; s) =
(1− s)

(1 + cu(1− s)γ)1/γ
.(4.6)

5. Probability for non extinction

In this section we prove the asymptotic formulas for the probability for non
extinction under the above basic assumptions. We will use the following notations

F (t) = F (t; 0) = 1− F (t; 0) =
1

(1 + ct)1/γ
(5.1)

Q(t) =

∫ t

0
F (u)du =

γ

c(1− γ)

(

1− (1 + ct)1−1/γ
)

(5.2)

Q = Q(0) =

∫

∞

0
F (t)dt =

γ

c(1− γ)
∈ (0,∞)(5.3)

Setting s = 0 in (4.5) we have for the probability for non extinction

P{Y (t) > 0} = 1− Φ(t; 0) = 1− exp

{

−

∫ t

0
r(t− u)F (u)du

}

.(5.4)

Theorem 2. Assume that (4.1) and (4.2) holds.

(a) If θ > 1, then

P{Y (t) > 0} ∼ Qr(t) +RF (t) =
γ

c(1 − γ)
r(t) +

ρ

θ − 1
(1 + ct)−1/γ , t → ∞,

where R =

∫

∞

0
r(t)dt =

ρ

θ − 1
∈ (0,∞).

(b) If θ ∈ (0, 1], then

P{Y (t) > 0} ∼ Qr(t) =
γ

c(1 − γ)
r(t), t → ∞.

P r o o f. From (5.1) and (5.3) we get that F (t)/Q, t ≥ 0 is a density on
[0,∞).

(a) Since θ > 1, then r(t)/R is a density of a distribution on [0,∞). Now
from Theorem 1, [2] we obtain that as t → ∞,

I(t) =

∫ t

0
r(t− u)F (u)du

= QR

∫ t

0

r(t− u)

R

F (u)

Q
du ∼ QR

(

r(t)

R
+

F (t)

Q

)

∼ Qr(t) +RF (t).
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The assertion follows from the relation 1− e−x ∼ x, x → 0 and (5.4).
(b) Let ∆ ∈ (0, 1) be fixed. Then

I(t) =

∫ t

0

ρdu

(t+ 1− u)θ(1 + cu)1/γ
=

∫ t∆

0
+

∫ t

t∆
= I1(t) + I2(t).

For I1(t) we have

I1(t) =

∫ t∆

0

ρdu

(t+ 1− u)θ(1 + cu)1/γ
≤

ρ

(t(1−∆) + 1)θ

∫ t∆

0

du

(1 + cu)1/γ
,

and

I1(t) ≥
ρ

(t+ 1)θ

∫ t∆

0

du

(1 + cu)1/γ
.

Since,

∫ t∆

0

du

(1 + cu)1/γ
→ Q =

γ

c(1− γ)
, t → ∞ we obtain that

1 ≤ lim inf
t→∞

I1(t)

Qr(t)
≤ lim sup

t→∞

I1(t)

Qr(t)
≤

1

1−∆
.(5.5)

For I2(t) will consider the cases θ ∈ (0, 1) and θ = 1 separately.
If θ ∈ (0, 1) then

I2(t) =

∫ t

t∆

ρdu

(t+ 1− u)θ(1 + cu)1/γ
≤

ρ

(1 + ct∆)1/γ

∫ t(1−∆)

0

du

(u+ 1)θ
(5.6)

≤
ρ

(1 + ct∆)1/γ
×

(t∆+ 1)1−θ

1− θ
= o(r(t)), t → ∞,

because of 1/γ > 1.
Similarly, in the case when θ = 1 we have

I2(t) =

∫ t

t∆

ρdu

(t+ 1− u)(1 + cu)1/γ
≤

ρ

(1 + ct∆)1/γ

∫ t(1−∆)

0

du

(u+ 1)
(5.7)

≤
ρ

(1 + ct∆)1/γ
× log(t(1−∆) + 1) = o(r(t)), t → ∞,

because of 1/γ > 1 = θ and log x varies slowly at infinity. Therefore, from (5.5),
(5.6), and (5.7) we get

1 ≤ lim inf
t→∞

I(t)

Qr(t)
≤ lim sup

t→∞

I(t)

Qr(t)
≤

1

1−∆
.

Having in mind that ∆ was arbitrary, we conclude that

I(t) ∼ Qr(t), t → ∞.

Using again the relation 1− e−x ∼ x, x → 0 and (5.4) we complete the proof of
case (b). �
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Theorem 3. Assume that (4.1) and (4.3) hold. Then:

P{Y (t) > 0} → 1− e−ρQ = 1− e
−

ργ
c(1−γ) , t → ∞.

P r o o f. Following the same way as in the proof of case (b) in Theorem 2
we will prove that

lim
t→∞

I(t) = ρQ =
ργ

c(1− γ)
.(5.8)

Let ∆ ∈ (0, 1) be fixed. Then

I(t) =

∫ t

0

r(t− u)du

(1 + cu)1/γ
=

∫ t∆

0
+

∫ t

t∆
= I1(t) + I2(t).(5.9)

For I1(t) we have

I1(t) =

∫ t∆

0

r(t− u)du

(1 + cu)1/γ
≤ r(t(1−∆))

∫ t∆

0

du

(1 + cu)1/γ

and

I1(t) ≥ r(t)

∫ t∆

0

du

(1 + cu)1/γ
.

Since,

∫ t∆

0

du

(1 + cu)1/γ
→ Q, t → ∞, we obtain that

lim
t→∞

I1(t) = ρQ.(5.10)

For I2(t) we have

I2(t) =

∫ t

t∆

r(t− u)du

(1 + cu)1/γ
≤

ρ

(1 + ct∆)1/γ

∫ t(1−∆)

0
du(5.11)

≤
ρt(1−∆)

(1 + ct∆)1/γ
→ 0, t → ∞,

because of 1/γ > 1. Now (5.10), (5.11), and (5.9) prove (5.8) and the theorem. �

Theorem 4. Assume that (4.1) and (4.4) hold. Then

P{Y (t) > 0} → 1, t → ∞.

P r o o f. For I(t) we have

I(t) =

∫ t

0

ρ(t− u)θdu

(1 + cu)1/γ
≥

∫ t/2

0

ρ(t− u)θdu

(1 + cu)1/γ
≥ ρ(t/2)θ

∫ t/2

0

du

(1 + cu)1/γ
.

Since

∫ t/2

0

du

(1 + cu)1/γ
→

γ

c(1 − γ)
, t → ∞, then I(t) → ∞, t → ∞. Now the

assertion follows from the relation e−x → 0, x → ∞ and (5.4). �
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6. Limit theorems

In this section we will use also the following notations:

Q(t; s) =

∫ t

0
F (u; s)du =

γ(1− s)(1−γ)

c(1− γ)

(

1− (1 + c(1− s)γt)1−1/γ
)

(6.1)

Q(s) =

∫

∞

0
F (t; s)dt =

∫

∞

0

(1− s)du

(1 + cu(1 − s)γ)1/γ
=

γ(1− s)1−γ

c(1 − γ)
.(6.2)

Let us consider the conditional p.g.f. of the process Y (t), t ≥ 0,

(6.3) E[sY (t)|Y (t) > 0] = 1−
1− Φ(t; s)

1− Φ(t; 0)
, t ≥ 0.

Depending on the variability of the rate r(t) we obtain different types limit the-
orems.

Theorem 5. Assume that (4.1) and (4.2) with θ > 1 hold true.
(a) If F (t) = o(r(t)), t → ∞, then

lim
t→∞

P{Y (t) = k|Y (t) > 0} = pk, k = 1, 2, . . . ,

where
∞
∑

k=1

pks
k = 1− (1− s)1−γ , s ∈ [0, 1].

(b) If r(t) = o(F (t)), t → ∞, then

lim
t→∞

P{Y (t)F (t) ≤ x|Y (t) > 0} = Dγ(x), x ≥ 0,

where Dγ(x) has Laplace transform D̂γ(λ) = 1− λ(1 + λγ)−1/γ , λ > 0.
(c) If r(t)/F (t) → d ∈ (0,∞), then

lim
t→∞

P{Y (t) = k|Y (t) > 0} = pk, k = 1, 2, . . . ,

∞
∑

k=1

pks
k =

Q

Q+R/d
(1− (1− s)1−γ), s ∈ [0, 1],

and

lim
t→∞

P{Y (t)F (t) ≤ x|Y (t) > 0} =
Qd

R+Qd
+

R

R+Qd
Dγ(x), x ≥ 0.

P r o o f. Under the conditions of the theorem we have that for any fixed
s ∈ [0, 1) F (t, s)/Q(s) is a density on [0,∞). On the other hand, we have also
that r(t)/R is a density on [0,∞). Therefore, as in the proof of Theorem 2(a) we
get by Theorem 1, [2] that for any fixed s ∈ [0, 1),

I(t; s) =

∫ t

0
r(t− u)F (t; s)du ∼ Q(s)r(t) + F (t; s)R, t → ∞.
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By the relation 1− e−x ∼ x, x → 0, we get that for any fixed s ∈ [0, 1)

1− Φ(t; s) = 1− exp(−I(t; s)) ∼ Q(s)r(t) + F (t; s)R, t → ∞.

(a) In this case F (t) = o(r(t)) as t → ∞. Using the relation (5.5) we get

1− Φ(t; s)

1− Φ(t; 0)
∼

Q(s)r(t) + F (t; s)R

Qr(t) + F (t)R
=

Q(s) + F (t;s)
r(t) R

Q+ F (t)
r(t) R

.

By the assumption in this case we have that

F (t)

r(t)
→ 0,

F (t; s)

r(t)
≤

F (t)

r(t)
→ 0, t → ∞

for any fixed s ∈ [0, 1). Therefore, we get

1− Φ(t; s)

1− Φ(t; 0)
→

Q(s)

Q
= (1− s)1−γ , t → ∞.

Using equation (6.3) we complete the proof.
(b) Let us assume that r(t) = o(F (t)), t → ∞.
In this case the whole mass goes to infinity. Now we will consider the be-

havior of the sample paths under an appropriate normalization, which provides a
proper continuous limiting distribution. Let us denote by s(t) = exp(−λF (t)) =
exp(−λ(1 + ct)−1/γ). For an arbitrary but fixed ∆ ∈ (0, 1) we have

I(t; s(t)) =

∫ t

0
F (t− u; s(t))r(u)du =

∫ t∆

0
+

∫ t

t∆
= I1(t; s(t)) + I2(t; s(t))

For I1(t; s(t)) we have

I1(t; s(t)) =

∫ t∆

0

(1− s(t))r(u)du

(1 + c(t− u)(1 − s(t))γ)1/γ

≤
1− s(t)

(1 + ct(1−∆)(1− s(t))γ)1/γ

∫ t∆

0
r(u)du

I1(t; s(t)) ≥
1− s(t)

(1 + ct(1− s(t))γ)1/γ

∫ t∆

0
r(u)du.

Using the well known asymptotic 1− e−x ∼ x, x → 0 we have that

1− s(t) = 1− exp(−λF (t)) ∼ λF (t), t → ∞.

This relation provides that

lim sup
t→∞

I1(t; s(t))

F (t)
≤ lim sup

t→∞

1− s(t)

F (t)

1

(1 + ct(1 −∆)(1− s(t))γ)1/γ

∫ t∆

0
r(u)du

=
Rλ

(1 + (1−∆)λγ)1/γ
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and

lim inf
t→∞

I1(t; s(t))

F (t)
≥ lim inf

t→∞

1− s(t)

F (t)

1

(1 + ct(1− s(t))γ)1/γ

∫ t∆

0
r(u)du

=
Rλ

(1 + λγ)1/γ
.

On the other hand for I2(t; s(t)) we obtain

I2(t; s(t)) =

∫ t

t∆

(1− s(t))r(u)du

(1 + c(t− u)(1 − s(t))γ)1/γ

≤ (1− s(t))r(t∆)

∫ t(1−∆)

0

du

(1 + cu(1− s(t))γ)1/γ

≤
(1− s(t))r(t∆)

c(1 − s(t))γ

∫ t(1−∆)

0

d(1 + cu(1− s(t))γ)

(1 + cu(1− s(t))γ)1/γ

≤
(1− s(t))1−γr(t∆)

c

[

(1 + ct(1−∆)(1− s(t))γ)1−1/γ

1− 1/γ
−

1

1− 1/γ

]

.

From here it is not difficult to derive that

lim
t→∞

I2(t; s(t))

F (t)
= 0.

Now from the relations for I1(t; s(t)) and I2(t; s(t)) we obtain that

Rλ

(1 + λγ)1/γ
≤ lim inf

t→∞

I(t; s(t))

F (t)
≤ lim sup

t→∞

I(t; s(t))

F (t)
≤

Rλ

(1 + (1−∆)λγ)1/γ
.

Since ∆ was arbitrary we conclude that

I(t; s(t)) ∼ F (t)
Rλ

(1 + λγ)1/γ
,

which gives that

1− Φ(t; s(t)) ∼ F (t)
Rλ

(1 + λγ)1/γ
,

using the asymptotic 1− e−x ∼ x, x → 0. In this case we have from (5.5) that

1− Φ(t; 0) ∼ F (t)R, t → ∞.

Therefore

lim
t→∞

E[e−λY (t)F (t)|Y (t) > 0] = D̂γ(λ) = 1−
λ

(1 + λγ)1/γ
, λ > 0,

which completes the proof in this case.
(c) The proof of this case follows the proof of case (a) for trajectories without

normalization and the proof of case (b) for the trajectories that go to infinity. �
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Theorem 6. Assume that (4.1) and (4.2) with θ ∈ (0, 1] hold. Then

lim
t→∞

P{Y (t) = k|Y (t) > 0} = pk, k = 1, 2, . . . ,

∞
∑

k=1

pks
k = 1− (1− s)1−γ , s ∈ [0, 1].

P r o o f. Let ∆ ∈ (0, 1) be fixed. Then

I(t; s) =

∫ t

0
r(t− u)

1− s

(1 + cu(1 − s)γ)1/γ
du(6.4)

=

∫ t∆

0
+

∫ t

t∆
= I1(t; s) + I2(t; s).

For I1(t; s) we have

I1(t; s) ≤ r(t(1−∆))

∫ t∆

0

(1− s)du

(1 + cu(1− s)γ)1/γ
,

and

I1(t; s) ≥ r(t)

∫ t∆

0

(1− s)du

(1 + cu(1− s)γ)1/γ
.

Since
∫ t∆

0

(1− s)du

(1 + cu(1− s)γ)1/γ
→ Q(s) =

γ(1− s)1−γ

c(1− γ)
, t → ∞

we obtain that

1 ≤ lim inf
t→∞

I1(t; s)

Q(s)r(t)
≤ lim sup

t→∞

I1(t; s)

Q(s)r(t)
≤

1

1−∆
.(6.5)

Since F (t; s) ≤ F (t) we have that

I2(t; s) =

∫ t

t∆
r(t− u)F (u; s)du ≤

∫ t

t∆
r(t− u)F (u)du.

From (5.6), and (5.7) we obtain that I2(t; s) = o(r(t)), t → ∞. This relation,
(6.5), and (6.4) yield that

1 ≤ lim inf
t→∞

I(t; s)

Q(s)r(t)
≤ lim sup

t→∞

I(t; s)

Q(s)r(t)
≤

1

1−∆
.

Having in mind that ∆ was arbitrary, we conclude that

I(t; s) ∼ Q(s)r(t), t → ∞.

Using the relation 1− e−x ∼ x, x → 0, we have that

1− Φ(t; s) ∼ Q(s)r(t), t → ∞.

Now the proof follows from Theorem 2, (ii) and (6.3). �
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Theorem 7. Assume that (4.1) and (4.3) hold. Then

lim
t→∞

P{Y (t) = k|Y (t) > 0} = pk, k = 1, 2, . . . ,

∞
∑

k=1

pks
k = exp(−ρQ(s)) = exp

(

−ρ
γ(1− s)1−γ

c(1 − γ)

)

, s ∈ [0, 1].

P r o o f. We have

I(t; s) =

∫ t

0
r(t− u)F (u; s)du =

∫ t/2

0
+

∫ t

t/2
= I1(t; s) + I2(t; s).(6.6)

Let ε > 0 be fixed. For every t large enough we have

ρ(1− ε)

∫ t/2

0
F (u; s)du ≤ I1(t; s) ≤ ρ(1 + ε)

∫ t/2

0
F (u; s)du.

Since
∫ t∆

0
F (u; s)du → Q(s), t → ∞

we obtain that

(1− ε)ρQ(s) ≤ lim inf
t→∞

I1(t; s) ≤ lim sup
t→∞

I1(t; s) ≤ (1 + ε)ρQ(s).(6.7)

Since F (t; s) ≤ F (t) we have that

I2(t; s) =

∫ t

t/2
r(t− u)F (u; s)du ≤ F (t/2)

∫ t/2

0
r(u)du → 0, t → ∞.

This relation, (6.7), and (6.6) yield that

(1− ε)ρQ(s) ≤ lim inf
t→∞

I(t; s) ≤ lim sup
t→∞

I(t; s) ≤ (1 + ε)ρQ(s).

Having in mind that ε > 0 was arbitrary, we complete the proof of the theorem.
�

Theorem 8. Assume that (4.1) and (4.4) hold.

(a) If 0 < γ <
1

1 + θ
, then

lim
t→∞

E
[

exp
(

−λY (t)t−θ/(1−γ)
)]

= exp

(

−
ργ

c(1− γ)
λ1−γ

)

, λ > 0,

which is the Laplace transform of a stable distribution D(x) with exponent 1− γ,
and

1−D(x) ∼
ργ

cΓ(2− γ)
x−(1−γ) x → ∞.
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(b) If γ =
1

1 + θ
, then

lim
t→∞

E
[

exp
(

−λY (t)t−(θ+1)
)]

= D̂(λ) := exp

(

−c−1/γ

∫ cλγ/(1+cλγ)

0
u(1−γ)/γ(1− u)−1/γdu

)

, λ > 0,

which by the continuity theorem for Laplace transform provides that

lim
t→∞

P{Y (t)t−(1+θ) ≤ x} = D(x), x ≥ 0,

where D(x) has Laplace transform D̂(λ).

(c) If
1

1 + θ
< γ < 1, then

lim
t→∞

Φ(t;λt−(1+θ)) = exp(−
ρλ

1 + θ
), λ > 0,

which is the Laplace transform of a degenerate distribution with mass 1 at the
point ρ/(θ + 1), that is

lim
t→∞

P{Y (t)t−(1+θ) ≤ x} =







0, x <
ρ

1 + θ
,

1, x ≥
ρ

1 + θ
.

P r o o f. (a) We set s(t) = e−λt−θ/(1−γ)
. For ∆ ∈ (0, 1) we have

I(t; s(t)) =

∫ t

0

ρ(1− s(t))(t− u)θdu

(1 + cu(1 − s(t))γ)1/γ
=

∫ t∆

0
+

∫ t

t∆
= I1(t; s(t)) + I2(t; s(t)).

For I1(t; s(t)) we obtain

I1(t; s(t)) ≤
ρ(1− s(t))tθ

c(1 − s(t))γ

∫ t∆

0

d(1 + cu(1− s(t))γ)

(1 + cu(1− s(t))γ)1/γ

=
ργ(1− s(t))1−γtθ

c(1 − γ)

(

1− (1 + ct∆(1− s(t))γ)1−1/γ
)

.

Since s(t) = e−λt−θ/(1−γ)
, using the relation 1 − e−λ/t−θ/(1−γ)

= λt−θ/(1−γ)(1 +
o(1)), t → ∞ we obtain that as t → ∞,

(1− s(t))1−γ → 0, tθ(1− s(t))1−γ → λ1−γ ,

t(1− s(t))γ ∼ λγt1−(θγ)/(1−γ), (1 + ct(1− s(t))γ)1−1/γ → 0.

Therefore

lim
t→∞

(

ργ
tθ(1− s(t))1−γ

c(1 − γ)

)

(

1− (1 + ct∆(1− s(t))γ)1−1/γ
)

=
ργ

c(1− γ)
λ1−γ .
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In the same way we obtain that as t → ∞,

I1(t; s(t)) ≥
ργ(1− s(t))1−γtθ(1−∆)θ

c(1 − γ)

(

1− (1 + ct∆(1− s(t))γ)1−1/γ
)

→ (1−∆)θ
ργ

c(1− γ)
λ1−γ .

On the other hand for I2(t, s(t)) we have

0 ≤ I2(t; s(t)) ≤
1− s(t)

(ct∆(1 − s(t))γ)1/γ

∫ t(1−∆)

0
ρuθdu = ρ(c∆)−1/γt−1/γ (t∆)θ+1

θ + 1

= ρ
∆−1/γ+θ+1t−1/γ+θ+1

c1/γ(θ + 1)
→ 0, t → ∞,

since −1/γ + 1 + θ < 0. Therefore

(1−∆)θ
ργ

c(1− γ)
λ1−γ ≤ lim inf

t→∞

I(t; s(t)) ≤ lim sup
t→∞

I(t; s(t)) ≤
ργ

c(1 − γ)
λ1−γ .

Since ∆ ∈ (0, 1) was arbitrary we obtain that

lim
t→∞

I(t; s(t)) =
ργ

c(1− γ)
λ1−γ .

Therefore

lim
t→∞

Φ(t; s(t)) = exp

(

−
ργ

c(1− γ)
λ1−γ

)

, λ > 0,

which is the Laplace transform of a stable distribution D(x) with exponent 1−γ,
(see [14], p. 146 (5.4.3), (5.4.6)),

1−D(x) ∼
ργ

cΓ(2− γ)
x−(1−γ) x → ∞.

(b) Now γ =
1

1 + θ
. Then we set s(t) = e−λt−(1+θ)

. Let ε > 0 be fixed. For

every t large enough we have

(1− ε)λt−(θ+1) ≤ 1− s(t) ≤ (1 + ε)λt−(θ+1).

Using these inequalities we obtain for

I(t; s(t)) =

∫ t

0

(1− s(t))ρ(t− u)θdu

(1 + cu(1− s(t))γ)1/γ

that

(1 − ε)ρλ

∫ t

0

t−(θ+1)(t− u)θdu

(1 + c(1 + ε)λ1/(θ+1)ut−1)θ+1
≤ I(t; s(t))

≤ (1 + ε)ρλ

∫ t

0

t−(θ+1)(t− u)θdu

(1 + c(1− ε)λ1/(θ+1)ut−1)θ+1
.
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Substitute u = vt in the above integrals to get

(1± ε)ρλ

∫ t

0

t−(θ+1)(t− u)θdu

(1 + c(1∓ ε)λ1/(θ+1)ut−1)θ+1

= (1± ε)ρλ

∫ 1

0

(1− v)θdv

(1 + c(1∓ ε)λ1/(θ+1)v)θ+1
.

Since ε > 0 was arbitrary it is not difficult to conclude that

lim
t→∞

I(t; s(t)) = ρλ

∫ 1

0

(1− v)θdv

(1 + cλ1/(θ+1)v)θ+1

= ρc−(θ+1)

∫ 1

0

(1− v)θdv

( 1
cλ1/(θ+1) + v)θ+1

= c−(θ+1)

∫ 1

0

(1− v)θdv

(K + v)θ+1

where we denote K =
1

cλ1/(θ+1)
. Changing variables v = 1− u(1 +K) we finally

get

lim
t→∞

I(t; s) = −ρc−(θ+1)

∫ 0

1−K/(1+K)

uθdu

(1− u)1+θ

= ρc−1/γ

∫ cλγ/(1+cλγ )

0
u(1−γ)/γ(1− u)−1/γdu.

Therefore

lim
t→∞

Φ(t; exp(−λt−(θ+1)))

= D̂(λ) := exp

(

−ρc−1/γ

∫ cλγ/(1+cλγ )

0
u(1−γ)/γ(1− u)−1/γdu

)

, λ > 0,

which by the continuity theorem for Laplace transform, provides that

lim
t→∞

P{Y (t)t−1/γ ≤ x} = D(x), x ≥ 0,

where D(x) has Laplace transform D̂(λ).

(c) Let now
1

1 + θ
< γ < 1, θ > 0, r(t) = ρtθ. In this case we set s(t) =

exp(−λt−(θ+1)), λ > 0.
For an arbitrary but fixed ∆ ∈ (0, 1) we have as in the case (a) that

I(t; s(t)) =

∫ t

0

ρ(1− s(t))(t− u)θdu

(1 + cu(1 − s(t))γ)1/γ
=

∫ t∆

0
+

∫ t

t∆
= I1(t; s(t)) + I2(t; s(t)).

For I1(t; s) we obtain

I1(t; s(t)) ≤
ργ(1− s(t))1−γtθ

c(1 − γ)

(

1− (1 + ct∆(1− s(t))γ)1−1/γ
)

.
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Using the relation 1− e−λ/t−(1+θ)
= λt−(1+θ)(1 + o(1)), we obtain that

(1− s(t))t1+θ → λ, t(1− s(t))γ ∼ λγt1−(θγ)/(1−γ) → 0,

as t → ∞. Then from the relation 1− (1 + x)k ∼ −kx, x → 0 we have that

1− (1 + ct∆(1− s(t))γ)1−1/γ ∼ −

(

1−
1

γ

)

ct∆(1− s(t))γ , t → ∞.

Therefore

0 ≤ I1(t; s(t)) ≤
ργ(1 − s(t))1−γtθ

c(1− γ)

(

1− (1 + ct∆(1− s(t))γ)1−1/γ
)

∼ −
ργ(1− s(t))1−γtθ

c(1− γ)

(

1−
1

γ

)

ct∆(1− s(t))γ → ∆λ, t → ∞.

On the other hand we have for I2(t; s) that

I2(t; s(t)) ≤
ρ(1− s(t))

(1 + ct∆(1− s(t))γ)1/γ

∫ t(1−∆)

0
uθdu

=
ρ(1− s(t))

(1 + ct∆(1− s(t))γ)1/γ
tθ+1(1 −∆)θ+1

θ + 1

=
(1−∆)θ+1

θ + 1

ρ(1− s(t))tθ+1

(1 + ct∆(1− s(t))γ)1/γ
→

(1−∆)θ+1

θ + 1
ρλ, t → ∞.

Similarly we obtain for I2(t; s) that as t → ∞,

I2(t; s(t)) ≥
ρ(1− s(t))

(1 + ct(1− s(t))γ)1/γ

∫ t(1−∆)

0
uθdu

=
(1−∆)θ+1

θ + 1

ρ(1− s(t))tθ+1

(1 + ct(1− s(t))γ)1/γ
→

(1−∆)θ+1

θ + 1
ρλ.

Therefore

(1−∆)θ+1

θ + 1
ρλ ≤ lim inf

t→∞

I(t; s(t)) ≤ lim sup
t→∞

I(t; s(t)) ≤ ∆ρλ+
(1−∆)θ+1

θ + 1
ρλ.

Since ∆ ∈ (0, 1) was arbitrary we obtain that lim
t→∞

I(t; s) =
ρλ

1 + θ
, λ > 0.

Therefore

lim
t→∞

Φ(t; s(t)) = exp(−
ρλ

1 + θ
), λ > 0,

which is the Laplace transform of a degenerate distribution with mass 1 at the
point ρ/(θ + 1). This completes the proof of the case (c) and the theorem. �
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Remark 1. Since the limit is degenerate at one point we have also the con-
vergence in probability,

Y (t)t−(1+θ) →
ρ

1 + θ
, t → ∞,

which can be interpreted as a LLN.
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