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STUDIA MATHEMATICA

SEMILINEAR DIFFERENTIAL INCLUSIONS

IN BANACH SPACES

S. Bilal, T. Donchev, K. Haider, N. Kitanov, D. Kolev

We define limit solutions for semilinear differential inclusions in arbitrary
Banach space. The main properties of the limit solution set is then studied.
In particular it is shown that the limit solution set is Rδ.

1. Introduction

In this paper we study a class of semilinear differential inclusions, having the
form

(1) ẏ ∈ A(t)y + F (t, y), t ∈ I = [t0, T ]y(t0) = y0

Many papers and books are devoted to theory of the theory of multivalued
maps and differential inclusions (see for example [1, 6, 8, 12, 13, 18]).

Notice that the problem (1) covers a large class of parabolic partial differential
equations (inclusions). Many papers are devoted to (1) when A does not depend
on t. We refer the reader to the books [7, 10, 14] for the general theory of
such kind of systems. The theory of semilinear evolution inclusions is also fast
developed due to the applications in optimal control problems. For the theory
we refer [2, 3, 4, 5, 7] and for the applications [10].

Evolution inclusion (1) is studied in the literature under some compactness
or dissipative type assumptions. We refer the reader [2, 3, 4, 7, 12, 16, 18] for the
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theory of such kind of inclusions, the some properties of the set of solutions, and
[4, 9, 17] for the so-called generalized solutions. The compactness type assump-
tions are mainly in two directions.

(I) Assume that A(·) generates an equicontinuous evolution operator, while
F (·, ·) satisfies condition with respect to some measure of noncompactness. In
this case the solution set of (1) is nonempty and compact.

(II) Assume that the evolution operator K(·, ·) is compact. In this case one
has to use some conditions of the image of F (·, ·) has weak compactness of the
values or the Banach space Y is assumed to be reflexive. We refer the reader to
[2, 12]. If such conditions are not assumed then it is impossible practically to
prove existence of mild solution (for the mild solutions see for example [2, 3]).

In this thesis we assume that A(·) generates a compact operator K(·, ·), how-
ever, the values of F (·, ·) are only closed bounded. We define a new type of a
solutions (limit solutions) which have similar properties of the mild solutions.
The advantage here is that the limit solution set is nonempty and compact.

The dissipative type of assumptions are used commonly when A(·) generates
an equicontinuous operator and F (·, ·) is (locally) Lipschitz or more general locally
Perron. In this case the solution set is nonempty but not closed even F (·, ·) has
closed convex and bounded values. Its closure is the set of the limit solutions
defined and studied here. Notice that these results are proved in [4] in case
A(t) ≡ A, i.e. autonomous system.

In this chapter give the main definitions and notations used further.
Let Y be Banach space with dual Y ∗ and let A ⊂ Y be nonempty, closed and

bounded. The support function of the set A is

σ(l, A) = sup
a∈A

〈l, a〉.

Definition 1. Let A,B ⊂ Y the Hausdorff distance between A and B is
defined by

DH(A,B) = max{Ex(A,B), Ex(B,A)}

where Ex(A,B) = sup
b∈B

inf
a∈A

d(a, b).

The multifunction F : I × Y → Y is said to be lower semicontinuous (LSC)
if for any (t, y) ∈ I × Y , any v ∈ F (t, y) and any sequence (tn, yn)n with tn → t

and yn → y there exists a sequence (vn)n with (vn) ∈ F (tn, yn) such that vn → v.
Further F (·, ·) is continuous if it is continuous w.r.t the Hausdorff metric.

F (·, ·) is called upper hemicontinuous if the support function σ(l, F (·, ·)) is
upper semicontinuous as real valued function.
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The multifunction F : I × Y → Y is said to be almost lower semicontinuous
(almost continuous, etc) if for any ε > 0 there exists a compact set Iε ⊂ I with
meas(I\Iε) < ε such that F (·, ·) is lower smicontinuous (continuous, etc) on
Iε × Y .

Definition 2. Let E be a closed subset of Y , w be a real number and ∆ =
{ (t, s) : 0 ≤ s ≤ t}. A family of mappings

K = {K(t, s) : E → E ; 0 ≤ t ≤ s}

is said to be an evolution operator of type w if the following properties are satisfied:

(i) K(t, t) = I for all x ∈ E and t ≥ 0;

(ii) K(t, s)K(s, r) = K(t, r) for all x ∈ E and 0 ≤ r ≤ s ≤ t;

(iii) For each x ∈ E, the mapping (t, s) → K(t, s)x is continuous from ∆
into Y ;

(iv) ‖K(t, s)x−K(t, s)y‖ ≤ ‖x− y‖ew(t−s) for all x, y ∈ E and 0 ≤ s ≤ t.

For every evolution system, we can consider the respective evolution operator
K : ∆ → L(Y ), where L(Y ) is the space of all bounded linear operators in Y .
Since the evolution operator K is strongly continuous on the compact set ∆, by
the uniform boundedness theorem there exist a constant D = D∆ > 0 such that

‖K(t, s)‖L(Y ) ≤ D, (t, s) ∈ ∆.

Definition 3. An evolution operator is said to be compact when K(t, s) is a
compact operator for all t − s > 0 i.e. K(t, s) maps bounded sets into relatively
compact sets.

We refer the reader to chapter 5 of [16].

Let x, y ∈ Y , where Y is a Banach space with norm ‖ · ‖.

[x, y]+ = lim
h→0+

‖x+ hy‖ − ‖x‖

h
.

It is well known that [13]

(i) |[x, y]+ − [x, z]+| ≤ ‖y − z‖

(ii) [·, ·]+ is upper semicontinuous as a real valued function.
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2. Limit Solutions

In this section we define the limit solutions of (1) and study their main properties.
Let Y be a Banach space and I = [t0, T ] ⊂ R. We consider (1), i.e.

ẏ ∈ A(t)y + F (t, y(t)), t ∈ I, y(t0) = y0.

Here {A(t)}t∈[t0 ,T ] is a family of densely defined linear operators which generates
a strongly continuous evolution operator K : ∆ → L(Y ), and F : I × Y → Y is
a multivalued map with nonempty closed values.

Definition 4. The continuous function z(·) is said to be a (mild) solution of
(1) if

z(t) = K(t, t0)y0 +

∫ t

t0

K(t, s)fz(s)ds,

where fz(·) is a measurable selection of F (·, z(·)), i.e. fz(t) ∈ F (t, z(t)).
We will call fz(·) a pseudo derivative of z(·).

We will use the following assumptions:

A1. {A(t)}t∈[t0,T ] is the family of densely defined linear operators which
generates a strongly continuous evolution operator K : ∆ → L(Y ).

A2. The operator K(t, s) is compact for all t > s.

F1. F (·, ·) satisfies a growth condition, i.e. there exist a constant (Lebesgue
integrable) C such that|F (t, y)| ≤ C(1 + |y|).

F2. F (·, y) is measurable.

Definition 5. The continuous function y : I −→ Y is called ε-solution of
(1) if it is a solution on I of the problem

(2) ẏ ∈ A(t)y + F (t, y + εB), y(t0) = y0, t ∈ I.

Lemma 1. Under A1, F1, F2 there exist two constants M and N such that
|y(t)| ≤M and |F (t, y(t) +B)| ≤ N − 1 for every solution y(·) of

(3) ẏ(t) ∈ A(t)y + c̄oF (t, y(t) +B) +B.

P r o o f. Since

y(t) = K(t, t0)y0 +

∫ t

t0

K(t, s)((f(s) +B) +B)ds
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then

|y(t)| ≤ D(|y0|+
∫ t

t0
f(s)ds+ (D + 1)(t− t0))

≤ D|y0|+ (D + 1)(T − t0) +D.C(T − t0) +DC
∫ t

t0
|y(s)|ds, i.e.

|y(t)| ≤ a+ b
∫ t

t0
|y(s)|ds,

where a = D|y0|+(D+1)(T − t0)+D.C(T − t0) and b = DC. Due to Gronwall,s
inequality there exist a constant M such that |y(t)| ≤ M . Since |F (t, y(t)| ≤
C(1 + |y|) then

|F (t, y +B) ≤ C(2 +M) = N − 1.

The proof is therefore complete. �

Lemma 2. Under A1, F1, F2 for every ε > 0 there exist ε-solution of (1).
If A2 also hold then the set of all ε-solutions is C(I, Y ) precompact.

P r o o f. Let f0(t) ∈ F (t, y0) be measurable selection. We define

y(t) = K(t, t0)y0 +

∫ t

t0

K(t, s)f0(s)ds, t ∈ [t0, T ].

We have that

(4) |y(t)− y0| ≤ |K(t, t0)y0 − y0|+Mew(t−t0)C(1 + |y0|)(t− t0)

for any t ∈ [t0, T ]. Thus for every ε > 0 there exist t1 > t0 such that |y(t)−y0| < ε

for any t ∈ [t0, t1], i.e.

F (t, y0) ⊂ F (t, y(t) + εB).

Suppose that the required ε-solution y(·) exists on [t0, τ) with τ < T . Due to
Lemma 1 lim

tրτ
y(t) = yτ exist. We study (2) on [τ, T ] replacing t0 by τ and y0 by

yτ . Dealing as before we can show that there exist τ1 > τ0 such that

y(t) = K(t, τ)yτ +

∫ t

τ

K(t, s)fy(s)ds, fy(t) ∈ F (t, y(t))

is ε-solution on [τ, τ1]. Using trivial modification of Zorn’s Lemma one can show
that y(·) exists on [t0, T ]. Therefore there exists ε-solution. Let y(τ) = yτ .
Replacing y0 by yτ and t0 by τ in (4) we derive

|y(t)− yτ | ≤ |K(t, τ)yτ − yτ |+Mew(t−τ)C(1 + |yτ |)(t− τ)).
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Let A2 hold. Since K(t, s) is strongly continuous and compact, one has that it
is equicontinuous If {yn(·)}∞n=1 is a sequence of ε-solutions, then it is equicontin-
uous. Furthermore K(t, s)(NB) is precompact and hence Arzela-Ascoli theorem
applies. Consequently {yn(·)}

∞
n=1 is precompact and hence the set of ε-solutions

is precompact, i.e. its closure is C(I, Y ) compact set. �

Remark. Notice that the conclusion of Lemma 2 holds also for ε = 1.
Furthermore F (t, x) +B also satisfies the conditions of Lemma 1. Therefore the
solution set of (3) is precompact.

Definition 6. The continuous function y : I −→ Y is called a limit solution
of (1) if there exist a sequence of positive numbers (εn)n → 0 and εn-solution
yn(·) such that limn→∞ yn(t) = y(t) uniformly on I.

Theorem 1. The limit solution set of (1) is nonempty and compact.

Proposition 1. Let f(·, ·) be Caratheodary with f(t, ·) locally Lipschitz. If
f(·, ·) satisfies H1 and A1, then the evolution equation

(5) ẏ = A(t)y + f(t, y(t)), y(t0) = η, t ∈ I.

has a unique solution y(·, η), which is defined on I and depends continuously on
the initial condition.

Along with (1) we consider the system

(6) ẏ ∈ A(t)y +W (t, y), y(t0) = y0,

Where W (t, y) =
⋂

ε>0 c̄oF (t, y + εB).

Definition 7. Let Y be a complete metric space.
(i) A set A ⊂ Y is said to be contractible if there exists a continuous function

H : [0, 1] ×A→ A and ỹ ∈ A such that H(0, y) = y and H(1, y) = ỹ on A.
(ii) The set A ⊂ Y is said to be compact Rδ if there exist a decreasing sequence

of compact contractible sets An such that A =
⋂∞

n=1An.

Theorem 2. Under the assumptions A1, F1, F2 the limit solution set of
(6) is nonempty Rδ.

P r o o f. The proof will be given by locally Lipschitz approximations of W .
Let us denote LS the set of limit solutions of (6). Let rn = 1

3n and (Vν)ν∈M be a
locally finite refinement of the open covering Y =

⋃

y∈Y (y + rnB). Let (ψν)ν∈M
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be a locally Lipschitz partition of unity subordinate to (Vν)ν∈M and take yν such
that Vν ⊂ yν + rnB. Consider the approximations

Wn(t, y) =
∑

ν∈M

ψν(y)Cν(t),

where Cν(t) = c̄oW (t, yν + 2rnB). Then we have that

(7) W (t, y) ⊂Wn+1(t, y) ⊂Wn(t, y) ⊂W (t, y + 3rnB) on I × Y

Denote by Sn the mild solution of

(8) ẏ ∈ A(t)y +Wn(t, y), y(t0) = y0,

By (7) we have Sn+1 ⊂ Sn. Moreover, the solution set Sn is compact for every
n with rn <

1
3 . We shall prove that Sn is contractible. Let f̃ν be a measurable

selection of F (·, yν) for every ν ∈ M. We define

f(t, y) =
∑

ν∈M

ψν(y)f̃ν(t) on I × Y.

Since for a.e. t ∈ I, f̃ν ∈ F (t, yν) ⊂ Cν(t), we have that f(t, y) ∈Wn(t, y) for a.e.
t ∈ I and y ∈ Y . Also (Vν)ν ∈ M is locally finite then f(·, y) is measurable and
f(t, ·) is locally Lipschitz. Due to Proposition 1 the equation

(9) ẏ ∈ A(t)y + f(t, y(t)), t ∈ [s, T ]y(s) = ρ,

has a unique solution ỹ(·, s, ρ) which depend continuously on ρ. Take τ ∈ [0, 1]
and denote bτ = τ(T − t0) + t0. We define the homotopy H : [0, 1]× Sn → Sn as

H(τ, v)(t) =

{

v(t), t ∈ [t0, bτ ]
ỹ(t; bτ , v(bτ )), t ∈ (bτ , T ]

Let u(·), v(·) ∈ Sn and let

ż = A(t)z + f(t, z(t)), z(s) = u(s)
ẏ = A(t)y + f(t, y(t)), y(τ) = u(τ).

Suppose τ > s. Then

z(τ) = K(τ, s)u(s) +

∫ s

τ

K(τ, µ)f(µ, z(µ))dµ.
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Thus

z(t) = K(t, τ)z(τ) +

∫ t

τ

K(t, µ)f(µ, z(µ))dµ.

Consequently

y(t)− z(t) = K(t, τ)(y(τ) − z(τ)) +

∫ t

τ

K(t, µ)[f(µ, y(µ))− f(µ, z(µ))]dµ,

i.e.

|y(t)− z(t)| ≤ |K(t, τ)(y(τ) − z(τ))| +

∫ t

τ

K(t, µ)l(µ)|y(µ)− z(µ)|dµ.

Assume that |u(t)−v(t)| ≤ ε. Fix δ > 0 and |τ−s| so small that |u(τ)−u(s)| < δ

and |K(t, s)u(ξ)−K(τ, τ)| < δ for any |ξ| ≤M and ND(t− s) < δ.
Consequently

|z(τ)− v(τ)| ≤ |v(τ)− v(s)|+ |z(τ) − z(s)|

≤ δ + |K(τ, s)u(s)K(τ, τ)u(s)| + |

∫ τ

s

K(τ, µ)f(µ, y(µ))dµ

≤ δ + δ +D.M(t− s) ≤ 3δ.

Let |u(s)− v(s)| ≤ ε ∀s ∈ [t0, T ], then

|y(τ)− z(τ)| ≤ |u(s)− v(s)|+ |y(τ)− u(s)|+ |z(τ) − z(s)|
≤ ε+ 4δ.

Consequently

|y(t)− z(t)| ≤ |K(t, τ)||y(τ) − z(τ)| +

∫ t

τ

|K(t, s)|l(s)|y(s)− z(s)|ds,

i.e.

|y(t)− z(t)| ≤ D(ε+ 4δ) +D

∫ t

τ

l(s)|y(s)− z(s)|ds.

Thus |u(t) − z(t)| ≤ r(t), where r(t) = D(ε + 4δ) + D
∫ t

τ
l(s)r(s)ds. Gronwall’s

inequality then applies and hence H(·, ·) is continuous map from [0, 1]×Sn → Sn.
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Furthermore H(0, v) = ỹ and H(1, v) = v. So, we find a decreasing sequence of
compact contractible sets (Sn)n ⊂ C(I, Y ). By Definition 7, we have to only
show that

LS =

∞
⋂

n=1

Sn.

Notice that LS ⊂ Sn for any n ∈ N. Let y ∈ LS and fix n. Then, there exist
a decreasing (εm)m ↓ 0 and (ym)m a sequence of εm-solution for (6) such that
ym → y. Let mn be such that εmn

< rn. For any m ≥ mn we have

W (t, ym(t) + εmB) ⊂W (t, ym(t) + rnB) ⊂Wn(t, ym(t)),

because, if ψν(ym(t)) > 0, then ym(t) ∈ Vν ⊂ yν + rnB. Hence, ym ∈ Sn, for any
m ≥ mn. Now, let s ∈

⋂∞
n=1 Sn so s ∈ Sn, for any n. Then for any n there exist

a sequence (zmn )m ⊂ Sn such that znm → s(t) uniformly when m→ ∞. By (7) znm
is a solution of

ẏ ∈ A(t)y +W (t, y + 3rnB).ẏ ∈ A(t)y +W (t, y + 3rnB).

Thus znm is εn = 3rn-solution of (6). Let sn = znn . Then sn is εn-solution of
ẏ ∈ A(t) +W (t, y) and sn(t) → s(t) uniformly on I as n→ ∞, i.e. s(·) is a limit
solution for ẏ ∈ A(t)y +W (t, y). �

Proposition 2. Let A1, F1, F2 hold true. If F (·, ·) is (jointly) L
⊗

B

(Lebesgue, Borel) measurable then for any ε > 0 and every δ > 0 the solution set
of

(10) ẏ ∈ A(t)y + c̄oF (t, y + εB), y(t0) = y0

is contained in the closure of the (ε+ δ)-solution set of (1).

P r o o f. Let y(·) be a solution of (10) with pseudo derivative fy(·). That is

y(t) = K(t, t0)y0 +

∫ t

t0

K(t, s)fy(s)ds.

Furthermore, for any t0 ≤ τ ≤ t ≤ T one has that

y(t) = K(t, τ)y(τ) +

∫ t

τ

K(t, s)fy(s)ds.
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Since F (·, ·) is measurable and y(·) is continuous then t → F (t, y(t) + εB) is
measurable.

∫ t

τ

K(t, s)c̄oF (s, y(s) + εB)ds =

∫ t

τ

K(t, s)F (s, y(s) + εB)ds.

Fix ν > 0. The solution set of (10) is equicontinuous, i.e. there exists a uniform
subdivision

t0 < t1 < · · · < tk < · · · < tn < tn+1 = T

such that |y(t) − y(τ)| < ν
5 ∀t, s ∈ [tk, tk+1], k = 0, 1, 2, 3, . . . , n. Clearly for

any [tk, tk+1] there exist a measurable selection fz(t) ∈ F (t, y(t) + εB) such that

∣

∣

∣

∣

∫ tk+1

tk

K(tk+1, s)|fy(s)− fx(s)|ds

∣

∣

∣

∣

<
ν

n+ 1
.

∣

∣

∣

∣

∫ tk+1

tk

K(tk+1, s)[fy(s)− fz(s)]ds

∣

∣

∣

∣

<
ν

5(n+ 1)
.

Define

z(t) = K(t, t0)y0 +

∫ t

t0

fz(s)ds.

Consequently

|y(t)− z(t)| < |y(tk)− z(tk)|+ |y(t)− y(tk)|+ |z(t) − z(tk)|

≤
ν

5(n + 1)
(n+ 1) +

ν

5
+
ν

5
≤ ν,

i.e. |y(t)− z(t)| ≤ ν and hence y(·) is (ε+ ν)-solution for which |y(t)− z(t)| < ν.
Taking ν < δ we have that for any δ and any ν there exists (ε+ δ)-solution z(·)
with |y(t)− z(t)| < ν. �

It follows from Proposition 2 that underA1, F1, F2 the set of limit solutions
of (1) and (6) coincide.
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